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1 Proof of Theorem 1

From Eqs. (13) and (15), the filtering error covariance matrices of unknown inputs and system states
can be derived as follows:

Pi,d(lt)

=E{d̃i(lt)d̃Ti (lt)}
=E{(−Li(lt+1)(Ci(lt+1)A(lt)x̃i(lt|lt) + Ci(lt+1)Ā(lt)�ω(lt) + νi(lt+1)

− σi(lt+1)))(−Li(lt+1)(Ci(lt+1)A(lt)x̃i(lt|lt)
+ Ci(lt+1)Ā(lt)�ω(lt) + νi(lt+1)− σi(lt+1)))

T}
=(Li(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)x̃T

i (lt|lt)}AT(lt)(Li(lt+1)Ci(lt+1))
T

+ (Li(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)�ωT(lt)}ĀT(lt)(Li(lt+1)Ci(lt+1))
T

+ Li(lt+1)E{νi(lt+1)ν
T
i (lt+1)}LT

i (lt+1) + Li(lt+1)E{σi(lt+1)σ
T
i (lt+1)}LT

i (lt+1)

+ Υ1 + ΥT
1 + Υ2 + ΥT

2 + Υ3 + ΥT
3 + Υ4 + ΥT

4 + Υ5 + ΥT
5 + Υ6 + ΥT

6 ,

(S1)

and

Pi,x(lt+1|lt+1)

=E{x̃i(lt+1|lt+1)x̃
T
i (lt+1|lt+1)}

=E{((I −Ni(lt+1)Ci(lt+1))(A(lt)x̃i(lt|lt) + Ā(lt)�ω(lt))−Ni(lt+1)(νi(lt+1)

− σi(lt+1)))((I −Ni(lt+1)Ci(lt+1))(A(lt)x̃i(lt|lt)
+ Ā(lt)�ω(lt))−Ni(lt+1)(νi(lt+1)− σi(lt+1)))

T}
=(I −Ni(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)x̃T

i (lt|lt)}AT(lt)(I −Ni(lt+1)Ci(lt+1))
T

+ (I −Ni(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)�ωT(lt)}ĀT(lt)(I −Ni(lt+1)Ci(lt+1))
T

+Ni(lt+1)E{νi(lt+1)ν
T
i (lt+1)}NT

i (lt+1) +Ni(lt+1)E{σi(lt+1)σ
T
i (lt+1)}NT

i (lt+1)

+ Υ7 + ΥT
7 + Υ8 + ΥT

8 + Υ9 + ΥT
9 + Υ10 + ΥT

10 + Υ11 + ΥT
11 + Υ12 + ΥT

12,

(S2)
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where

Υ1 �(Li(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)�ωT(lt)}ĀT(lt)(Li(lt+1)Ci(lt+1))
T,

Υ2 �(Li(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)νTi (lt+1)}LT
i (lt+1),

Υ3 �− (Li(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)σT
i (lt+1)}LT

i (lt+1),

Υ4 �(Li(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)νTi (lt+1)}LT
i (lt+1),

Υ5 �− (Li(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)σT
i (lt+1)}LT

i (lt+1),

Υ6 �− Li(lt+1)E{νi(lt+1)σ
T
i (lt+1)}LT

i (lt+1),

Υ7 �(I −Ni(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)�ωT(lt)}ĀT(lt)(I −Ni(lt+1)Ci(lt+1))
T,

Υ8 �− (I −Ni(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)νTi (lt+1)}NT
i (lt+1),

Υ9 �(I −Ni(lt+1)Ci(lt+1))A(lt)E{x̃i(lt|lt)σT
i (lt+1)}NT

i (lt+1),

Υ10 �− (I −Ni(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)νTi (lt+1)}NT
i (lt+1),

Υ11 �(I −Ni(lt+1)Ci(lt+1))Ā(lt)E{�ω(lt)σT
i (lt+1)}NT

i (lt+1),

Υ12 �−Ni(lt+1)E{νi(lt+1)σ
T
i (lt+1)}NT

i (lt+1).

It follows immediately from

E{x̃i(lt|lt)�ωT(lt)} = 0,

E{x̃i(lt|lt)νTi (lt+1)} = 0,

E{�ω(lt)νTi (lt+1)} = 0,

E{�ω(lt)σT
i (lt+1)} = 0,

(S3)

that Υ1 = 0, Υ2 = 0, Υ4 = 0, Υ5 = 0, Υ7 = 0, Υ8 = 0, Υ10 = 0, Υ11 = 0. Nevertheless, the two other cross terms
E{x̃i(lt|lt)σT

i (lt+1)} and E{νi(lt+1)σ
T
i (lt+1)} are not equal to zero, which requires further discussion.

According to the definitions of σi(lt+1) and δi, one can easily obtain

E{νi(lt+1)σ
T
i (lt+1)}

=E{νi(lt+1)(yi(lt+1)− yi(sτ i
j
))T}

=E{νi(lt+1)(Ci(lt+1)x(lt+1) + νi(lt+1)− yi(sτ i
j
))T}

=δiVi(lt+1).

Besides, in light of the adaptive event-triggered mechanism, it is not difficult to find that

σi(lt+1)σ
T
i (lt+1) ≤ σT

i (lt+1)σi(lt+1)I ≤ ρ̄I. (S4)

By means of Lemma 1, one obtains

Υ3 + ΥT
3 ≤ξi(Li(lt+1)Ci(lt+1))A(lt)Pi,x(lt|lt)AT(lt)(Li(lt+1)Ci(lt+1))

T

+ ξ−1
i ρ̄Li(lt+1)L

T
i (lt+1)

Υ6 + ΥT
6 ≤− 2δiLi(lt+1)Vi(lt+1)L

T
i (lt+1),

Υ9 + ΥT
9 ≤εi(I −Ni(lt+1)Ci(lt+1))A(lt)Pi,x(lt|lt)AT(lt)(I −Ni(lt+1)Ci(lt+1))

T

+ ε−1
i ρ̄Ni(lt+1)N

T
i (lt+1)

Υ12 + ΥT
12 ≤− 2δiNi(lt+1)Vi(lt+1)N

T
i (lt+1).
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Taking them into account, one further acquires

Pi,d(lt) ≤(Li(lt+1)Ci(lt+1))A(lt)Pi,x(lt|lt)AT(lt)(Li(lt+1)Ci(lt+1))
T

+ (Li(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)(Li(lt+1)Ci(lt+1))
T

+ Li(lt+1)Vi(lt+1)L
T
i (lt+1) + ρ̄Li(lt+1)L

T
i (lt+1)

+ Υ3 + ΥT
3 + Υ6 + ΥT

6

≤(1 + ξi)(Li(lt+1)Ci(lt+1))A(lt)Ξi,x(lt|lt)AT(lt)(Li(lt+1)Ci(lt+1))
T

+ (Li(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)(Li(lt+1)Ci(lt+1))
T

+ (1− 2δi)Li(lt+1)Vi(lt+1)L
T
i (lt+1) + (1 + ξ−1

i )ρ̄Li(lt+1)L
T
i (lt+1)

�Ξi,d(lt)

and

Pi,x(lt+1|lt+1) ≤(I −Ni(lt+1)Ci(lt+1))A(lt)Pi,x(lt|lt)AT(lt)(I −Ni(lt+1)Ci(lt+1))
T

+ (I −Ni(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)(I −Ni(lt+1)Ci(lt+1))
T

+Ni(lt+1)Vi(lt+1)N
T
i (lt+1) + ρ̄Ni(lt+1)N

T
i (lt+1)

+ Υ9 + ΥT
9 + Υ12 + ΥT

12

≤(1 + εi)(I −Ni(lt+1)Ci(lt+1))A(lt)Ξi,x(lt|lt)AT(lt)(I −Ni(lt+1)

· Ci(lt+1))
T + (I −Ni(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)

· (I −Ni(lt+1)Ci(lt+1))
T + (1− 2δi)Ni(lt+1)Vi(lt+1)N

T
i (lt+1)

+ (1 + ε−1
i )ρ̄Ni(lt+1)N

T
i (lt+1)

�Ξi,x(lt+1|lt+1),

which mean

Pi,d(lt) ≤ Ξi,d(lt),

Pi,x(lt+1|lt+1) ≤ Ξi,x(lt+1|lt+1).
(S5)

The proof is now completed.

2 Proof of Theorem 2

It follows from Eq. (17) that the upper bound Ξi,d(lt) of the filtering error covariance of unknown inputs
can be rewritten into a more compact form:

Ξi,d(lt) = Li(lt+1)Θi(lt+1)Li(lt+1)
T. (S6)

In what follows, under constraint (13), a Lagrange multiplier Λi(lt+1) is introduced to construct a new
function

H(Li(lt+1), Λi(lt+1))

=Li(lt+1)Θi(lt+1)Li(lt+1)
T + Λi(lt+1)(I − Li(lt+1)Ci(lt+1)B(lt))T

+ (I − Li(lt+1)Ci(lt+1)B(lt))ΛT
i (lt+1).

(S7)
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Using the completing-the-square method, one can further achieve

H(Li(lt+1), Λi(lt+1))

=Li(lt+1)Θi(lt+1)Li(lt+1)
T − Λi(lt+1)(Li(lt+1)Ci(lt+1)B(lt))T

− (Li(lt+1)Ci(lt+1)B(lt))ΛT
i (lt+1) + Λi(lt+1) + ΛT

i (lt+1)

+ Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1)(Ci(lt+1)B(lt))ΛT

i (lt+1)

− Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1)(Ci(lt+1)B(lt))ΛT

i (lt+1)

=(Li(lt+1)− Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1))Θi(lt+1)(Li(lt+1)

− Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1))

T + Λi(lt+1) + ΛT
i (lt+1)

− Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1)(Ci(lt+1)B(lt))ΛT

i (lt+1).

It can be seen that H(Li(lt+1), Λi(lt+1)) is minimized when the gain Li(lt+1) is taken as

Li(lt+1) = Λi(lt+1)(Ci(lt+1)B(lt))TΘ−1
i (lt+1).

Substituting it into constraint (14), we have

Λi(lt+1) = ((Ci(lt+1)B(lt))TΘ−1
i (lt+1)(Ci(lt+1)B(lt)))−1.

Obviously, the upper bound (17) takes the minimum value when the inequality in problem (25) holds.
On the other hand, Ξi,x(lt+1|lt+1) can be rewritten as

Ξi,x(lt+1|lt+1)

=(I −Ni(lt+1)Ci(lt+1))((1 + εi)A(lt)Ξi,x(lt|lt)AT(lt) + Ā(lt)W̄ (lt)

· ĀT(lt))(I −Ni(lt+1)Ci(lt+1))
T +Ni(lt+1)((1 − 2δi)Vi(lt+1)

+ (1 + ε−1
i )ρ̄I)NT

i (lt+1)

=(1 + εi)A(lt)Ξi,x(lt|lt)AT(lt) + Ā(lt)W̄ (lt)ĀT(lt)−Ni(lt+1)Ci(lt+1)

· ((1 + εi)A(lt)Ξi,x(lt|lt)AT(lt) + Ā(lt)W̄ (lt)ĀT(lt))

− ((1 + εi)A(lt)Ξi,x(lt|lt)AT(lt) + Ā(lt)W̄ (lt)ĀT(lt))CT
i (lt+1)N

T
i (lt+1)

+Ni(lt+1)Ci(lt+1)((1 + εi)A(lt)Ξi,x(lt|lt)AT(lt)

+ Ā(lt)W̄ (lt)ĀT(lt))CT
i (lt+1)N

T
i (lt+1)

+Ni(lt+1)((1 − 2δi)Vi(lt+1) + (1 + ε−1
i )ρ̄I)NT

i (lt+1)

=Φi(lt)−Ni(lt+1)Ci(lt+1)Φi(lt)− Φi(lt)CT
i (lt+1)N

T
i (lt+1)

+Ni(lt+1)Ωi(lt+1)N
T
i (lt+1).

Following the same methodology for function H(Li(lt+1), Λi(sk+1)), one has

Ξi,x(lt+1|lt+1)

= (Ni(lt+1)− Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1))Ωi(lt+1)(Ni(lt+1)

− Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1))

T + Φi(lt)− Φi(lt)CT
i (lt+1)

·Ω−1
i (lt+1)Ci(lt+1)Φi(lt).

It is easy to see that Ξi,x(lt+1|lt+1) is minimized when

Ni(lt+1) = Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1). (S8)

Noting the definition of Ni(lt+1) in Eq. (S8) and the value of Li(sk+1) in Eq. (19), one has

Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1)

=Ki(lt+1) + (I −Ki(lt+1)Ci(lt+1))B(lt)Li(lt+1).
(S9)
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Furthermore, we have

Ki(lt+1)

=(Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1)− B(lt)Li(lt+1))(I − Ci(lt+1)B(lt)Li(lt+1))

†

=
{
Φi(lt)CT

i (lt+1)Ω
−1
i (lt+1)− B(lt)(Θcb

i (lt+1))
−1(Ci(lt+1)B(lt))T

·Θ−1
i (lt+1)

}
(I − Ci(lt+1)B(lt)(Θcb

i (lt+1))
−1(Ci(lt+1)B(lt))TΘ−1

i (lt+1)))
†.

Finally, it is not difficult to see that the upper bound Ξi,x(lt+1|lt+1) is minimized when the above equation
holds. The proof of Theorem 2 is completed.

3 Proof of Theorem 3

For convenience, we first define the following notations:

Ai,1(lt+1) =(I −Ni(lt+1)Ci(lt+1))A(lt),

Ai,2(lt+1) =(I −Ni(lt+1)Ci(lt+1))Ā(lt),

fi(lt+1) =Ai,2(lt+1)�ω(lt)−Ni(lt+1)(νi(lt+1)− σi(lt+1)),

Z(lt+1) =(I −Ni(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)(I −Ni(lt+1)

· Ci(lt+1))
T + (1 − 2δi)Ni(lt+1)Vi(lt+1)N

T
i (lt+1)

+ (1 + ε−1
i )ρ̄Ni(lt+1)N

T
i (lt+1).

Obviously, the filtering error dynamics (16) can be rewritten as

x̃i(lt+1|lt+1) =Ai,1(lt+1)x̃i(lt|lt) + fi(lt+1), (S10)

and the upper bound in Eq. (18) can be rewritten as

Ξi,x(lt+1|lt+1) �(1 + εi)(I −Ni(lt+1)Ci(lt+1))A(lt)Ξi,x(lt|lt)AT(lt)

· (I −Ni(lt+1)Ci(lt+1))
T + Z(lt+1)

=(1 + εi)Ai,1(lt)Ξi,x(lt|lt)AT
i,1(lt) + Z(lt+1).

(S11)

In what follows, we introduce a quadratic function

Vi,k(x̃i(lt|lt)) = x̃T
i (lt|lt)Ξ−1

i,x (lt|lt)x̃i(lt|lt).
Then we have

Vi,k(x̃i(lt+1|lt+1)) =x̃T
i (lt+1|lt+1)Ξ

−1
i,x (lt+1|lt+1)x̃i(lt+1|lt+1)

=(Ai,1(lt)x̃i(lt|lt) + fi(lt+1))
TΞ−1

i,x (lt+1|lt+1)(Ai,1(lt)x̃i(lt|lt) + fi(lt+1)).

According to Eq. (19), Eq. (20), and inequality (22), we have

‖ Li(lt+1) ‖
= ‖ ((Ci(lt+1)B(lt))TΘ−1

i (lt+1)(Ci(lt+1)B(lt)))−1

· (Ci(lt+1)B(lt))TΘ−1
i (lt+1) ‖

≤ θ̄c̄b̄

c2b2θ
� l̄,

‖ Li(lt+1) ‖
= ‖ ((Ci(lt+1)B(lt))TΘ−1

i (lt+1)(Ci(lt+1)B(lt)))−1

· (Ci(lt+1)B(lt))TΘ−1
i (lt+1) ‖

≥ θcb

c̄2b̄2θ̄
� l, (S12)
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and

‖ Ki(lt+1) ‖
= ‖ (Φi(lt)CT

i (lt+1)Ω
−1
i (lt+1)− B(lt)Li(lt+1))

· (I − Ci(lt+1)B(lt)Li(lt+1))
† ‖

≤ ‖ (Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1)− B(lt)Li(lt+1)) ‖

· ‖ (I − Ci(lt+1)B(lt)Li(lt+1))
† ‖

≤(‖ Φi(lt)CT
i (lt+1)Ω

−1
i (lt+1) ‖ + ‖ B(lt)Li(lt+1) ‖)

· ‖ (I − Ci(lt+1)B(lt)Li(lt+1))
† ‖

≤
(
θ̄c̄

�
+ b̄l̄

)
(1 + cbl)−1 � k̄. (S13)

Noting the expression of Ni(lt+1) in Eq. (S8), we can obtain

‖ Ni(lt+1) ‖
= ‖ Φi(lt)CT

i (lt+1)Ω
−1
i (lt+1) ‖

≤ φ̄c̄

�
.

(S14)

On the other hand, one can derive

‖ Ai,1(lt)AT
i,1(lt) ‖

= ‖ (I −Ni(lt+1)Ci(lt+1))A(lt)AT(lt)(I −Ni(lt+1)Ci(lt+1))
T ‖

≤(1 +
φ̄2c̄4

�2
)ᾱ2

1

=ã21

‖ Ai,2(lt)AT
i,2(lt) ‖

= ‖ (I −Ni(lt+1)Ci(lt+1))Ā(lt)ĀT(lt)(I −Ni(lt+1)Ci(lt+1))
T ‖

≤(1 +
φ̄2c̄4

�2
)ᾱ2

2

=ã22,

‖ Ai,2(lt)AT
i,2(lt) ‖

= ‖ (I −Ni(lt+1)Ci(lt+1))Ā(lt)ĀT(lt)(I −Ni(lt+1)Ci(lt+1))
T ‖

≥(α2 −
φ̄c̄2ᾱ2

�
)2

=a22,

‖ Z(lt+1) ‖
= ‖ (I −Ni(lt+1)Ci(lt+1))Ā(lt)W̄ (lt)ĀT(lt)(I −Ni(lt+1)Ci(lt+1))

T

+ (1− 2δi)Ni(lt+1)Vi(lt+1)N
T
i (lt+1) + (1 + ε−1

i )ρ̄Ni(lt+1)N
T
i (lt+1) ‖

≤ã22 + ((1 − 2δi)ν̄ + (1 + ε−1
i )ρ̄)

φ̄2c̄2

�2

=z̄.

(S15)
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Then, one has

E{fT
i (lt+1)fi(lt+1)}

=E{(Ai,2(lt)�ω(lt)−Ni(lt+1)(νi(lt+1)− σi(lt+1)))
T(Ai,2(lt)�ω(lt)

−Ni(lt+1)(νi(lt+1)− σi(lt+1)))}
≤E{((I −Ni(lt+1)Ci(lt+1))Ā(lt)�ω(lt))

T((I −Ni(lt+1)Ci(lt+1))Ā(lt)�ω(lt))}
+ E{(Ni(lt+1)νi(lt+1))

T(Ni(lt+1)νi(lt+1))}
+ E{(Ni(lt+1)σi(lt+1))

T(Ni(lt+1)σi(lt+1))}

≤ã22nxω̄ +
φ̄2c̄2

�2
(ν̄ + ρ̄+ 2δiν̄)

=f̄ . (S16)

For any scalar εi > 0, it is not difficult to derive that

E{Vi,k+1(x̃i(lt+1|lt+1) | x̃i(lt|lt))} − (1 + εi)Vi,k(x̃i(lt|lt))
=E{(Ai,1(lt)x̃i(lt|lt) + fi(lt+1))

TΞ−1
i,x (lt+1|lt+1)(Ai,1(lt)x̃i(lt|lt)

+ fi(lt+1))} − (1 + εi)x̃
T
i (lt|lt)Ξ−1

i,x (lt|lt)x̃i(lt|lt)
=E{x̃T

i (lt|lt)AT
i,1(lt)Ξ

−1
i,x (lt+1|lt+1)Ai,1(lt)x̃i(lt|lt)}+ E{fT

i (lt+1)Ξ
−1
i,x (lt+1|lt+1)fi(lt+1)}

+ E{x̃T
i (lt|lt)AT

i,1(lt)Ξ
−1
i,x (lt+1|lt+1)fi(lt+1)}+ E{fT

i (lt+1)Ξ
−1
i,x (lt+1|lt+1)

· Ai,1(lt)x̃i(lt|lt)} − (1 + εi)x̃
T
i (lt|lt)Ξ−1

i,x (lt|lt)x̃i(lt|lt)
≤(1 + εi)E{x̃T

i (lt|lt)(AT
i,1(lt)Ξ

−1
i,x (lt+1|lt+1)Ai,1(lt)

− Ξ−1
i,x (lt|lt))x̃i(lt|lt)}+ (1 + ε−1

i )E{fT
i (lt+1)Ξ

−1
i,x (lt+1|lt+1)fi(lt+1)}.

Using the matrix inversion lemma, the matrix in the first term in the above equation can be handled as
follows:

AT
i,1(lt)Ξ

−1
i,x (lt+1|lt+1)Ai,1(lt)− Ξ−1

i,x (lt|lt)
=AT

i,1(lt)((1 + εi)Ai,1(lt)Ξi,x(lt|lt)AT
i,1(lt) + Z(lt+1))

−1Ai,1(lt)− Ξ−1
i,x (lt|lt)

≤AT
i,1(lt)(Ai,1(lt)Ξi(lt)AT

i,1(lt) + Z(lt+1))
−1Ai,1(lt)− Ξ−1

i,x (lt|lt)
=− (Ξi,x(lt|lt) + Ξi,x(lt|lt)AT

i,1(lt)Z
−1(lt+1)Ai,1(lt)Ξi,x(lt|lt))−1 (S17)

=− (I +AT
i,1(lt)Z

−1(lt+1)Ai,1(lt)Ξi,x(lt|lt))−1Ξ−1
i,x (lt|lt)

≤−
(
1 +

ã21p̄

z

)−1

Ξ−1
i,x (lt|lt),

which means

E{Vi,k+1(x̃i(lt+1|lt+1)) | x̃i(lt|lt))} − (1 + εi)Vi,k(x̃i(lt|lt))

≤− (1 + εi)(1 +
ã21p̄

z
)−1Vi,k(x̃i(lt|lt)) + (1 + ε−1

i )
f̄

p
. (S18)

Such an inequality can be rearranged by

E{Vi,k+1(x̃i(lt+1|lt+1)) | x̃i(lt|lt))}
≤χVi,k(x̃i(lt|lt)) + η

≤0,

(S19)
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where

χ =(1 + εi)(1 − (1 +
ã21p̄

z
)−1),

η =(1 + ε−1
i )

f̄

p
.

Obviously, there exists a positive scalar εi such that 0 < χ < 1. Subsequently, we can obtain from inequality
(S19) that

E{‖ x̃i(lt+1|lt+1) ‖2}
=E{x̃T

i (lt+1|lt+1)Ξ
−1
i,x (lt+1|lt+1)

· Ξi,x(lt+1|lt+1)x̃i(lt+1|lt+1)}
≤p̄E{Vi,k+1(x̃i(lt+1|lt+1))}

≤ p̄

p
χk+1

E{‖ x̃i(0) ‖2}+ p̄η

∞∑

l=0

χl

≤ p̄

p
χk+1

E{‖ x̃i(0) ‖2}+ p̄η

1− χ
.

Based on the above discussions and Definition 1, we can know that the filtering error x̃i(lt|lt) is exponentially
bounded in the mean square sense. The proof of Theorem 3 is completed.
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