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Proof of Theorem 1

Consider a Lyapunov function as follows:

V (t) = Υ (t)Vσ(t)(t) + (1− Υ (t))Vσ(t)�(t)(t), (S1)

where Υ (t) ∈ {0, 1},
{

σ(t) = �(t), Υ (t) = 1,

σ(t) �= �(t), Υ (t) = 0,

Vσ(t)(t) = xT (t)Pσ(t)x(t) +

∫ t

t−εm

eαi(t−κ)xT (κ)H1
σ(t)x(κ)dκ

+

∫ t−εm

t−εM

eαi(t−κ)xT (κ)H2
σ(t)x(κ)dκ+ εm

∫ t

t−εm

∫ t

ς

eαi(t−κ)ẋT (κ)M1
σ(t)ẋ(κ)dκdς

+ (εm − εM )

∫ t−εm

t−εM

∫ t

ς

eαi(t−κ)ẋT (κ)M2
σ(t)ẋ(κ)dκdς, (S2)

Vσ(t),�(t)(t) = xT (t)Pσ(t),�(t)x(t) +

∫ t

t−εm

eγi,j(t−κ)xT (κ)H1
σ(t),�(t)x(κ)dκ

+

∫ t−εm

t−εM

eγi,j(t−κ)xT (κ)H2
σ(t),�(t)x(κ)dκ+ εm

∫ t

t−εm

∫ t

ς

eγi,j(t−κ)ẋT (κ)M1
σ(t),�(t)ẋ(κ)dκdς

+ (εm − εM )

∫ t−εm

t−εM

∫ t

ς

e−γi,j(t−κ)ẋT (κ)M2
σ(t),�(t)ẋ(κ)dκdς. (S3)

Case I: When σ(t) = �(t) = i, ∀i ∈ W , the modes of the system are synchronized with the modes of
controller. Then, by calculating the derivative of Vi(t) along Eq. (S2), we obtain

V̇i(t) = xT (t)(AT
i Pi + PiAi +H1

i − αiPi)x(t) + 2xT (t)PiB̃iKix(t− ε(t)) + 2xT (t)PiEiω(t)

− 2xT (t)PiB̃iKie(sc,vk) + eαiεmxT (t− εm)H2
i x(t− εm)− eαiεMxT (t− εM )H2

i x(t− εM )

− eαiεmxT (t− εm)H1
i x(t− εm) + (εM − εm)2ẋT (t)M2

i ẋ(t) + ε2mẋT (t)M1
i ẋ(t)

− εm

∫ t

t−εm

ẋ(κ)TM1
i ẋ(κ)dκ− (εM − εm)

∫ t−εm

t−εM

eαi(t−κ)ẋ(κ)TM2
i ẋ(κ)dκ+ αiVi(t). (S4)

Applying Jensen’s inequality, we have

−εm

∫ t

t−εm

ẋ(κ)TM1
i ẋ(κ)dκ ≤ −[x(t)− x(t − εm)]TM1

i [x(t)− x(t− εm)]. (S5)
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Because
[

M2
i Zi

ZT
i M2

i

]
> 0, by using Park’s method, we get

− (εM − εm)

∫ t−εm

t−εM

eαi(t−κ)ẋ(κ)TM2
i ẋ(κ)dκ

≤− eαiεm

[
xT (t− εm)− xT (t− ε(t))

xT (t− ε(t))− xT (t− εM )

]T [
M2

i Zi

ZT
i M2

i

] [
x(t− εm)− x(t− ε(t))

x(t − ε(t))− x(t− εM )

]
. (S6)

Combine Eqs. (2) and (S4)–(S6), we have

V̇i(t) + x(t)TQix(t) + u(t)TDiu(t)

=xT (t)(AT
i Pi + PiAi +H1

i − αiPi −M1
i +Qi)x(t) + 2xT (t)PiB̃iKix(t− ε(t)) + 2xT (t)PiEiω(t)

− 2xT (t)PiB̃iKie(sc,vk) + 2xT (t)M1
i x(t − εm)− eαiεmxT (t− ε(t))(2M2

i − Zi − ZT
i )x(t− ε(t))

+ 2eαiεmxT (t− ε(t))(M2
i − Zi)x(t − εM ) + 2eαiεmxT (t− εm)(M2

i − Zi)x(t− ε(t))

+ xT (t− εm)[eαiεm(H2
i −H1

i −M2
i )−M1

i ]x(t− εm) + 2eαiεmxT (t− εm)Zix(t− εM )

+ xT (t− εM )(eαiεMH2
i − eαiεmM2

i )x(t − εM ) + ε2mẋT (t)M1
i ẋ(t) + (εM − εm)2ẋT (t)M2

i ẋ(t)

− eT (sc,vk)K
T
i DiKix(t− ε(t))− xT (t− ε(t))KT

i DiKie(sc,vk)

+ xT (t− ε(t))KT
i DiKix(t− ε(t)) + αiVi(t) + eT (sc,vk)K

T
i DiKie(sc,vk)

≤�
T (t)[�0 + �(ε2mM1

i + (εM − εm)2M2
i )�T ]�(t) + αiVi(t) + ωT (t)ω(t), (S7)

where

� = [Ai B̃iKi 0 0 Ei − B̃iKi]
T ,

�(t) = col{x(t), x(t− ε(t)), x(t− εm), x(t − εM ), ω(t), e(sc,vk)}.

inequality (11) is treated by Schur’s lemma, we can get

�0 + �(ε2mM1
i + (εM − εm)2M2

i )�T < 0. (S8)

This combined with inequality (S7) shows

V̇i(t) ≤ αiVi(t) + ωT (t)ω(t) − �i, (S9)

where �i = x(t)TQix(t) + u(t)TDiu(t).
Since Qi and Di are positive definite matrices, inequality (S9) implies

V̇i(t) ≤ αiVi(t) + ωT (t)ω(t). (S10)

Case II: When σ(t) �= �(t), a mode mismatch will occur between the system and the controller. Selecting
constant γi,j for the LKF (S1), let σ(t) = i, �(t) = j, and we can then provide a proof similar to Case I and
inequality (12), resulting in the following outcome:

V̇i,j(t) ≤ γi,jVi,j(t) + ωT (t)ω(t)− �i,j . (S11)

Since Qi,j and Di,j are positive definite matrices, inequality (S11) implies

V̇i,j(t) ≤ γi,jVi,j(t) + ωT (t)ω(t). (S12)

Integrating inequality (S12) from th to t gives

Vσ(th),�(th)(t) < eγσ(th),�(th)(t−th)Vσ(th),�(th)(th) +

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ. (S13)
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From ETS (2), we can learn that the mode of subsystem th is detected within a momentary t̃k = [ thk ]k. But,
due to the impact of network-induced delays, the controller is unable to switch instantly until t̂h � t̃h + εt̃h .
Therefore, ∀h ∈ N, when t ∈ [t̂h, th+1), σ(t) = �(t); when t ∈ [th, t̂h), σ(t) �= �(t).

Note that σ(t̂h) = σ(th), �(t̂h) = �(th+1). From inequalities (15), (16), (S10), and (S12), ∀t ∈ [th, t̂h),
we get

V (t) = Vσ(th),�(th)(t)

≤ eγσ(th),�(th)(t−th)Vσ(th),�(th)(th) +

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

≤ eγσ(th),�(th)(t−th)μσ(th),�(th)Vσ(th),�(th)(th) +

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

+ μσ(th),�(th)

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

≤ eγσ(th),�(th)(t−th)μσ(th),�(th)e
ασ(th−1)(th−t̂h−1)Vσ(th−1),�(th)(t̂h−1)

+

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ+ μσ(th),�(th)

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

+ μσ(th),σ(th)

∫ th

t̂h−1

eασ(th−1)(t−κ)ω(κ)Tω(κ)dκ

≤ eγσ(th),�(th)(t−th)μσ(th),�(th)e
ασ(th−1)(th−t̂h−1)υσ(th−1),�(th−1)

Vσ(th−1),�(th−1)(t̂h−1)

+

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ+ μσ(th),σ(th)

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

+ μσ(th),�(th)

∫ th

t̂h−1

eασ(th−1)(t−κ)ω(κ)Tω(κ)dκ

+ μσ(th),�(th)υσ(th−1),�(th−1)

∫ th

t̂h−1

e
ασ(th−1)(t−κ)

ω(κ)Tω(κ)dκ

≤ · · ·

≤
h∏

k=1

μσ(tk),�(tk)

h−1∏
k=1

eγσ(tk),�(tk)ε(tk)eγσ(tk),�(tk)(t−tk)
h−1∏
k=0

υσ(tk),�(tk)

h−1∏
k=1

eασ(tk)(tk+1−t̂k)

· eασ(0)(t1−0)(Vσ(0),�(0)(0) +

∫ t

0

ω(κ)Tω(κ)dκ). (S14)

Let lnυσ(t0),�(t0) ≤ lnυi,j . By calculation, we have

h∏
k=1

μσ(tk),�(tk)

h−1∏
k=0

υσ(tk),�(tk) = exp

(
h∑

k=1

lnμσ(tk),�(tk)

)
exp

(
h−1∑
k=0

lnυσ(tk),�(tk)

)

= exp

⎛
⎜⎜⎝

h∑
k=1

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu

lnμi,j

⎞
⎟⎟⎠ exp

⎛
⎜⎜⎝

h−1∑
k=1

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

lnυi,j

⎞
⎟⎟⎠ exp

(
h∑

k=1

lnυσ(0),�(0)

)
. (S15)

Considering the stability and instability of the system that can occur when asynchronous switching is
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considered, the formula (S15) can be reconfigured as

exp

⎛
⎜⎜⎝

h∑
k=1

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu

lnμi,j

⎞
⎟⎟⎠ exp

⎛
⎜⎜⎝

h−1∑
k=1

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

lnυi,j

⎞
⎟⎟⎠ exp

(
h∑

k=1

lnυσ(0),�(0)

)

≤ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu

Nσ
i,j(0, t)lnμi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

Nσ
i,j(0, t)lnυi,j

⎞
⎟⎟⎠ . (S16)

Similarly, we have

h−1∏
k=1

exp
(
γσ(tk),�(tk)(tk+1 − t̂k)

)
exp

(
γσ(th),�(th)(t− th)

) h−1∏
k=1

exp
(
ασ(tk)ε(tk)

)
exp

(
ασ(0)(t1 − 0)

)

= exp

(
h−1∑
k=1

γσ(tk),�(tk)(tk+1 − t̂k) + γσ(th),�(th)(t− th)

)
exp

(
h−1∑
k=1

ασ(tk)ε(tk) + ασ(0)(t1 − 0)

)

= exp

⎛
⎝ ∑

(i,j)∈Θs,σ(tk)=i

αiTi(0, t) +
∑

σ(tk)=i,�(tk)=j,(i,j)∈Θu↓

γi,jTi(0, t) +
∑

σ(tk)=i,�(tk)=j,(i,j)∈Θu↑

γi,jTi(0, t)

⎞
⎠

= exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

αiTi(0, t) +
∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

γi,jTi(0, t) +
∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

γi,jTi(0, t)

⎞
⎟⎟⎠ , (S17)

where on the interval [0, t), Ti,j(0, t) and Nσ
i,j stand for the total runtime and switching numbers of subsystem

i whenever the subsystem i switches from subsystem j. Substituting (S16) and (S17) into (S14), and combine
(6), (7) and (9) as

Vσ(t),�(t)(t)

≤ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

(
Nσ

i,j(0, t)lnυi,j + αiTi,j(0, t)
)
⎞
⎟⎟⎠ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

(
Nσ

i,j(0, t)lnμi,j + γi,jTi,j(0, t)
)
⎞
⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

(
Nσ

i,j(0, t)lnμi,j + γi,jTi,j(0, t)
)
⎞
⎟⎟⎠ (Vσ(0),�(0)(0) + d)

≤ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

((
N0

i,j(0, t) +
Ti,j(0, t)

τai,j

)
lnυi,j + αiTi,j(0, t)

)⎞⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

((
N0

i,j(0, t) +
Ti,j(0, t)

dai,j

)
lnμi,j + γi,jTi,j(0, t)

)⎞⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

((
N

0

i,j(0, t) +
Ti,j(0, t)

dai,j

)
lnμi,j + γi,jTi,j(0, t)

)⎞⎟⎟⎠ (Vσ(0),�(0)(0) + d)
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≤ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

N0
i,j lnυi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

N0
i,j lnμi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

N
0

i,j lnμi,j

⎞
⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

(
lnυi,j
τai,j

+ αi

)
Ti,j(0, t)

⎞
⎟⎟⎠ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

(
lnμi,j

dai,j
+ γi,j

)
Ti,j(0, t)

⎞
⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

(
lnμi,j

dai,j
+ γi,j

)
Ti,j(0, t)

⎞
⎟⎟⎠× (Vσ(0),�(0)(0) + d). (S18)

According to Definition 2, Eqs. (9), (S1), and (S18), we can get

xT (t)Gx(t) ≤ 1

λ1
V (t) ≤ ρ

λ1
e
i,j × (Vσ(t)(x(0)) + d) (S19)

and

Vσ(0)(0) ≤ ϑi, (S20)

where

ρ = exp
( ∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

N0
i,j lnυi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

N0
i,j lnμi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

N
0

i,j lnμi,j

)
,

�i,j =
∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

(
lnυi,j
τai,j

+ αmax

)
Ti,j(0, t) +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

(
lnμi,j

dai,j
+ γmax

)
Ti,j(0, t)

+
∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

(
lnμi,j

dai,j
+ γmin

)
Ti,j(0, t),

ϑi = λ2c1

[
1− 1

αi
− εm

αi
+

1

αi
eαiεM − (εM − εm)2

αi
+

εm
α2
i

eαiεm − εM − εm
α2
i

(eαiεm − eαiεM )− ε2

αi

]
.

Hence, combining Eqs. (S19), (S20), and (18), we have xT (t)Gx(t) < c2, which implies the system (5) is
FTB with respect to (c1, c2, G, d, Tf ).

Then, we show how to implement the upper bound of the cost function. Integrating Eq. (S11) from th
to t gives

Vσ(th),�(th)(t)

< eγσ(th),�(th)(t−th)Vσ(th),�(th)(th) +

∫ t

th

eγσ(th),�(th)(t−κ)ω(κ)Tω(κ)dκ

−
∫ t

th

eγσ(th),�(th)(t−κ)
�σ(th),�(th)dκ. (S21)
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From Eqs. (S11)–(S20), and combining Case I and Case II, we can get

V (t) = Vσ(th),�(th)(t)

≤ exp
( ∑

�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θs

N0
i,j lnυi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

N0
i,j lnμi,j +

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

N
0

i,j lnμi,j

)

× exp

⎛
⎜⎜⎝

∑
(i,j)∈Θs ,
σ(tk)=i

∑
�(tk)=j

(
lnυi,j
τai,j

+ αmax

)
Ti,j(0, t)

⎞
⎟⎟⎠ exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↓

(
lnμi,j

dai,j
+ γmax

)
Ti,j(0, t)

⎞
⎟⎟⎠

× exp

⎛
⎜⎜⎝

∑
�(tk)=j,
σ(tk)=i

∑
(i,j)∈Θu↑

(
lnμi,j

dai,j
+ γmin

)
Ti,j(0, t)

⎞
⎟⎟⎠ (Vσ(0),�(0)(0) + d− J). (S22)

Since ρe
i,j > 0, V (t) > 0, combined with Eq. (S22), we see

ρe
i,jJ ≤ ρe
i,jJ + V (t) ≤ ρe
i,j × (Vσ(0),�(0)(0) + d).

And then, there holds

J ≤ ϑi + d ≤ ϑmax + d � J∗, (S23)

where

ϑmax = λ2c1

[
1− 1

αmax
− ε2

αmax
− εm

αmax
− (εM − εm)2

αmax
+

1

αmax
eαmaxεM +

εm
α2
max

eαmaxεm

− εM − εm
α2
max

(eαmaxεm − eαmaxεM )

]
, αmax = max

i∈W
{αi}. �


