
 
 
Appendix A  

 
We show the perturbation method to solve the general abstract equation in the form of 

Aw w e    where :A H H  is a linear continuous self-adjoint operator between some real 

Hilbert space H  with inner product denoted as ,    , ,w e H  and there is a known 0 0w   

such that 0 0Aw  , i.e., A has an eigenvalue 0. We show how w  behaves when 0  . We 

assume that w  can be expanded in the power series of   as 2
0 1 2 ...w Cw w w      where 

C  is a constant independent of  , and 1 2, ,...w w  are unknown functions. Then we substitute this 

expansion into the original equation: 
2 2 3

0 1 2 0 1 2( ...) ... .A Cw w w Cw w w e             For 0 -order terms: 0 0Aw   is trivial. For 
1 -order terms, 1 0Aw Cw e  . Finally for 2 -order terms, 2 1 0Aw w  . Taking inner product 

with 0w , it yields: 1 0 0 0 0, , ,Aw w C w w e w      , and by self-adjointness,

1 0 1 0 1, , ,0 0Aw w w Aw w    .  

Thus 0 0 0, / ,C e w w w    . To obtain 1w , we need to solve equation  

1 0 0 0 0, / , .Aw e e w w w w                          (S1) 

Eq. (S1) has non-unique solutions. But by taking the inner product of the equation 2 1 0Aw w  , it 

yields: 

2 0 1 0

2 0 1 0 1 0

0 , ,

, , , .

Aw w w w

w Aw w w w w

    

     
 

Thus 1w  is determined uniquely by this condition 1 0, 0w w  .  

Note that if e  is replaced by e ( 0 ) without the small  , the resulting equation 

Aw w e   has quite distinct behavior as 0  . In this case 0~w Cw  where ( )C  is 

depending on   and C   as 0   by 

0 0 0 0

0 0 0 0 0

, , , ,

, , , ~ ,

e w Aw w w Aw w w w

w Aw w w w w Cw w

 
  

       
        

 

and the explicit expression for C  is thus 1
0 0 0, / , .C w e w w      

 
 
Appendix B. 
 

We derive the governing equation: 
2 2

1 1 1 1 1

2 2
2 2 2 2 2

1 / 8 (4 ) ,

1 / 8 (4 )

M p R t pR w C

M p R t pR w C

    

    
 

where , , ,i i i iM w t R are cross-section resultant moments about the point of middle axis, radial 

displacements, thicknesses and middle axis radius at point s  where 1i   represents the 
corroded region and 2i   represents the intact region with C  being an unknown constant.  

Step 1. Assuming small tangential displacements and radial displacements (Assumption (1)), 

the curvature change at s  is represented linearly as 21 / ( )i i iR w v  and the membrane strains are 

1 / ( / )i i iR dv ds w .  

If both curvature change and membrane strain are zero, the related displacements are related 
to rigid-body motion. In that case the curvature change and membrane strain should vanish: 

, 0i i i iv w w v     . Substituting the first equation into the second, it yields: 0i iw w  . Thus 

sin cosi i iw a s b s  .  



Then substituting this iw  back to the first equation, it leads to cos sini i i iv a s b s c     

for some real , ,i i ia b c .  

The geometric meaning of ic  is some small rigid-body rotation around origin point. ia  is 

the horizontal rigid-body translation and ib  is the vertical rigid-body translation.  

Since the deformation is assumed to be symmetric, both rotational and horizontal 
translational rigid-body motion are excluded. But arbitrary vertical translation is allowed.  

Step 2. We make an essential assumption (2) here that the membrane compressive force iN

during deformation can be approximately represented by ( / 2 (1))i i iN p R t o    where (1)o  

is some term much smaller than unity.  
This assumption (2) is based on the observation that when curvature change is small (since 

displacements are small), the circular segment remains almost circular and thus the circular 
segment's membrane behavior should resemble the of a uniform ring. Note that for a uniform ring 
with middle axis radius iR  and thickness it  under pressure p , the membrane force is just 

( / 2)i ip R t . And our assumption (2) is just equivalent to the assumption that the membrane 

force of corroded ring in each uniform segment (corroded region and intact region) during 
deformation should be approximate to that of some uniform ring with some unknown but small 
error term (1)o . It is important to note that all displacements are assumed to be small in this 

paper and this assumption (1) is made based on the fact that in practical engineering the steel 
pipeline reaches critical collapse value when displacements are very small since the elastic 
modulus of steel is very large. The last assumption (3) is the conventional Euler-Bernoulli beam 
assumption asserting that the cross-section is not deformed and lines perpendicular to middle axis 
remain perpendicular. There are no other theoretical assumptions other than assumptions (1), (2), 
(3). All results are derived rigorously by these three assumptions. The calculation results under 
these assumptions are verified by some comparisons with FEA results in Section. 3and also in 
Appendix G for stress. 

We can always superimpose some vertical rigid-body translation without affecting the force 
balance and moment balance. Thus we may assume particularly without loss of generality after 
some such superimposition at point s=0, the membrane compressive force is:

1 0 1 1 1| ( / 2 (0))sN p R t w    . To be more specific: if during deformation at point s=0, the 

membrane force is 1 0 1 1| ( / 2 (1))sN p R t o     then the radial displacement 1w  at 0s   is w . 

Then we superimpose a vertical rigid-body translation by 1 (1)b o w    and define 

1 1 1

1 1 1

2 1 2

2 1 2

ˆ = cos ,

ˆ sin ,

ˆ cos ,

ˆ sin

w b s w

v b s v

w b s w

v b s v


 
 
 

 

as the new displacement field. 1 1ˆ (0) ( ) ( (1) ) (1)w b w o w w o          .  

And then with this new radial displacement field 1ŵ , 1 0 1 1 1ˆ| ( / 2 (0))sN p R t w    . Thus there is 

indeed no loss of generality. 
Step 3. Fig.S1 shows the schematic of force and moment of the deformed segment where C  
point is the middle axis point at 0s  . B  point is the outer point at 0s  . E  point is a middle 
axis point in intact region with angular coordinate s  and D  is the outer point at s . p  is the 

external pressure acting on the outer boundary. Euler-Bernoulli beam assumption is adopted here, 
i.e., cross-section is not deformed and cross-section remains perpendicular to the deformed middle 

axis after deformation. Denote EX


 as the position vector of point E  and explicitly we have: 

1 2 2 2 2 2 2 2( , ) ( sin sin cos , cos cos sin ).EX X X R s w s v s R s w s v s     


   (S2) 

A tangent vector at E  along the deformed middle axis is 1 2( / , / )t dX ds dX ds


 and the 

unit outer normal vector n


 at point s can be represented as: 
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comparison of this equation with Eq.(S10) yields that 1 21 1( ) ( )w s w s  . Then the inextensible 

condition yields: 

1 1
1 1 1 1 2 2 1 2[0, ] [ , ]
( ) (0) ; ( ) ( ) .

s s
v s v w v v s w


      

By symmetry of deformation, 1 2(0) ( ) 0v v    and leads to Eq.(5) directly. 

 
 
Appendix D.  
 

Here we present the solution of initial slope problem in section 2.4 and we only solve for the 
extensible model since the inextensible model (although simpler) does not yield the correct initial 
slope when comparison with FEA results in Section 3 is made. For simplicity, we adopt the 
simpler continuity conditions in Eq.(6). With the solution strategy outlined in Appendix A, we 
assume perturbative expansion as: 

2
1 01 11 31

2
2 02 12 32

2
0 1 2

...

...

...

w cw pw p w

w cw pw p w

C cC pC p C

   
   
   

                   (S11) 

where 01w , 02w , 0C  denote the eigenfunctions for the homogeneous equation when 0p  , c  is 

a constant independent of p  and 11 12,..., ,...w w  are functions on [0, ].  And of course 

01 02cos , cosw s w s   with 0 0C   is the eigenfunction of related homogeneous equation 

system: 
2 2

1 1 1 1 2 2 2 2/ / 0w w CR EI w w CR EI        

under conditions 

1 1
1 2 1 1 2 1 1 1 2 1 1 2[0, ] [ , ]
(0) ( ) ( ) ( ) ( ) ( ) 0.

s s
w w w s w s w s w s w w


            . 

Substitution of this expansion yields the equation systems for the 1p  order terms: 
3 2 2 2 2

11 11 1 1 01 1 1 1 1 1 1 1 1 1 1 1( ) / / ( / 2) / 1 / 8 / 4 );w w R EI cw C R EI R R t Et R EI t R            (S12) 
3 2 2 2 2

12 12 2 2 02 1 2 2 2 2 2 2 2 2 2 2( ) / / ( / 2) / 1 / 8 / ( 4 );w w R EI cw C R EI R R t Et R EI t R          (S13) 

1 1
11 12 1 1 1 1 1 2 2 2 2 1[0, ] [ , ]

( / 2) / ( / 2) / ( ).
s s

w w R R t Et s R R t Et s


         (S14) 

Integrate Eq.(S12) from 0 to 1s  and Eq.(S13) from 1s  to , sum the results and apply the 

continuity conditions and boundary conditions. We get that: 

1 1 2C H c H                             (S15) 

where  

1 1

3 3
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1 2
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2 2 2 21 1 1 2

1 1 2 2
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(S16) 

Then multiply Eq.(S12) by 01 cosw s , integrate it from 0 to 1s  and similarly multiply 

Eq.(S13) by 02 cosw s , integrate it from 1s  to  . Then summing up these two integrals and 

applying the boundary conditions and continuity conditions, it yields an expression for c : 
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 (S17) 

Then we calculate for 2p  order terms:  

 
3 2

21 21 1 1 11 2 1 1

3 2
22 22 2 2 12 2 2 2
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                 (S18)  
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            (S19) 

By similar integration,  

1 1

3 3
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2 2 2
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               (S20) 

Then multiplying the equations in Eq. (S18) with 01w  and 02w , taking integration and 

summing them up similarly, we find the orthogonality condition: 

1 1 1 1

3 3 2 2
1 1 11 01 2 2 12 02 2 1 1 01 2 2 2 02[0, ] [ , ] [0, ] [ , ]

/ / / / .
s s s s

R EI w w R EI w w C R EI w C R EI w
 

       (S21) 

Eq.(S21) and Eq.(S20) represent a necessary condition to be imposed on 11w  and 12w . Then 

we solve for 11w  and 12w  now. To simplify the notation, define 
2 2 2 2 3

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1/ ( / 2) / 1/ 8 / ( 4 ); / .G C R EI R R t Et R EI t R P R EI c         
2 2 2 2 3

2 1 2 2 2 2 2 2 2 2 2 2 2 2 2/ ( / 2) / 1/ 8 / ( 4 ); / .G C R EI R R t Et R EI t R P R EI c         

The general solution is then: 

1 1
11 1 1 1

2 2
12 2 2 2

( )cos ( )sin ;
2 2

( )cos ( )sin
2 2

P Ps
w G a s b s

P P s
w G a s b s

    

    
                (S22) 

where 1 1 2 2, , ,a b a b are constants from integration. Then we require these solutions to satisfy the 

following conditions: 

11 11 1 12 1 11 1 12 1(0) ( ) ( ) ( ) ( ) 0w w s w s w s w s                     (S23) 

and the orthogonal condition by Eq.(S20) and Eq.(S21). There are four conditions and four 
unknowns 1 2 1 2, , ,a a b b , thus a linear equation can be solved to obtain 1 2 1 2, , ,a a b b . The reader may 

wonder why we drop the boundary condition 
12

( ) 0w   : this is because this boundary condition 

is not necessary and can be verified to be automatically satisfied when 11w  and 12w  are 

obtained. 
 
 
Appendix E. 
 

In this appendix E, we discuss the effect of convergence parameters 0c  and generally the 

homotopy analysis method (Liao, 2012; Chen et al., 2021) leads to an equation: 

0(1 ) ( ) 0w c w Qw                            (S24) 

where Q  is an arbitrary fixed function on [0, ] , 0c  is the so-called convergence parameter to 

control the convergence of power series: 2
0 1 2 ...w w w w      and boundary conditions are 

specified to make this problem well-defined:  

0 0 0 0 0 0| | , | | , 1i s s i s sw w w w i        . 

We can substitute this expansion into the equation and use the boundary conditions to 
eliminate the integration constants. We find that: 



1 0 0 0 0 0 0 0 0[0, ] [0, ]
( ) (1 )( ( ) | | ) ( ) ( ) .s s s s

w s c w s w w s c Q w d ds              (S25) 

0 1 0 1[0, ] [0, ]
( ) (1 ) ( ) ( ) ( ) ; 2.i i is s

w s c w s c Q w d ds i                  (S26) 

If 0Q  , then 0 1( ) (1 ) ( )i iw s c w s   leads to a geometric power series so that the power 

series converges if and only if 0|1 | 1c  . Thus we may only expect the convergence when 

0|1 | 1c  ( 0 1c    is of course lying in this domain). We can show 0|1 | 1c   is indeed enough 

for convergence when 1  . Since by division we obtain 0

0

0
1

c
w Qw

c


 
  
 

, and by 

collecting 0 0/ (1 )c c     as h , it leads to w hQw  . It has been shown that ( )w s  

(depending on real number h ) is analytic for h     by Inequality 20. Thus we may regard 
( )w s  as an analytic function of h  and h  can also be regarded as a function of  . From basic 

functional analysis, it is well-known that composition of two analytic functions are analytic on 
certain domain and of course 0 0( ) / (1 (1 ))h c c     is analytic for 0| | 1/ |1 |c   . Since only 

convergence at 1   is required, thus 01/ |1 | 1c  (i.e., 0 (0, 2)c   ) suffices to guarantee the 

convergence. From this discussion, we show that setting 0 1c    leads to smaller convergence 

radius and thus there is no necessity to set 0c  to a number 0 1c   . For 0 0c  ,the integral term 

in Eq.(S26) vanishes and 1i iw w   for any 2i  . Thus unless 2 0w   identically, the resulting 

series 0 1 ...w w w    must be diverging.  

Let us present an example to verify this discussion. As an example, set 0 1w s   and 

1Q s  , then we can calculate iw  by Eq.(S26) and Eq.(S25). We would check the convergence 

of truncated series 1 ... mw w   when m  is going to infinity. To check the 

divergence/convergence critical values 0 0, 2c   , we calculate truncated w  for 0 0.1c    and 

0.1, -1.7,-1.9 and -2.05 in Fig.S14, Fig.S15, Fig.S16, Fig.S17 and Fig.S18 respectively. In 
Fig.S14, at 0 0.1c   , when 40,50,60m  , the curves converge. However when 0c  is slightly 

higher than 0.0, at 0 0.1c  , the divergence is rapid. Slow convergence and extremely slow 

convergence are observed for 0 1.7c   and -1.9, but rapid divergence is observed when 0c  is 

slightly lower than 0 2.0c   . These verify the conclusion that 0 ( 2,0)c    guarantees the 

convergence. This appendix serves to enhance the understanding of the controlling parameter in 
the so-called homotopy analysis method (Chen et al., 2021). 
 
 
Appendix F.  
 

We present the shooting method combined with Newton-Raphson iteration to numerically 
solve Eq.(10) and Eq.(11). This method firstly converts the problem into an equivalent initial 
value problem. To solve Eq.(10) we define 

1 2 3 [0, ]
( ) ( ), ( ), ( ) ( )

x
y x w x y w x y x w x dx     

and Eq.(10) is equivalent to: 

1 2

2 3
2 1 1

2 2 2

3 1

( ) ( );

( ) ( ) / ( ) ( ) ( ) / ( ) ( )

1 / 8 ( ) / ( ) ( ( ) 4 ( ) );

( ) ( ).

y x y x

y x CR x EI x y x pR x EI x y x

pR x EI x t x R x

y x y x

 

    

   
 

 

where C  is an unknown constant. Then boundary conditions lead to 2 (0) 0y  , 3(0) 0y  , 

2 ( ) 0y    and 3( ) 0y   . The initial condition 1(0)y c (denoted as c ) is unknown and thus 



there are two unknowns c  and C  with two constraints 2 ( ) 0y    and 3( ) 0y    at end point 

x  . For each p  fixed, an initial guess for ,C c  would be prescribed; then by this initially 

guessed ,C c , this initial value problem can be solved by the Runge-Kutta method by ODE45 

solver in Matlab software(denoted as original calculation), i.e., for each ,c C , we can obtain the 

values 2 ( )y   and 3( )y  ; if 2 ( ) 0y    and 3( ) 0y    with small error, we are done and these 

,C c are the required solution; otherwise we can replace ( , )C c  by perturbed ( , )C c  and 

( , )C c  by perturbed ( , )C c   where  is a very small perturbing value, e.g., 1e-4 to carry out 

second and third calculations respectively by the Runge-Kutta method; denote the value 2 ( )y   

and 3( )y   by original calculation as 2 0 3 0( ) | , ( ) |y y   and similarly 2 1 3 1( ) | , ( ) |y y   in second 

calculation, 2 2 3 2( ) | , ( ) |y y   in third calculation; then an approximately Jacobian matrix is 

formed: 

2 1 2 0 2 2 2 0

3 1 3 0 3 2 3 0

( ) | ( ) | ( ) | ( ) |1
;

( ) | ( ) | ( ) | ( ) |

y y y y
J

y y y y

   
   

  
    

 

[ , ]C c  is updated as 1
2 0 3 0[ , ] [ ( ) | , ( ) | ]C c J y y    ; repeat the above Newton-Raphson iteration 

until convergence is attained for such value of p  and then increment p to repeat the above 

process again. The method to solve Eq.(11) is similar and thus omitted.  
 
 
Appendix G. 
 

In this appendix G, we use the elastic solution in this paper and initial yielding criterion or 
the full plastic criterion (Fatt, 1999) to assess the critical collapse pressure of corroded pipes. And 
a comparison to FEA results is included when plasticity is considered. To simplify the discussion, 
we assume elastic-perfectly plastic material model with yielding stress 240Y MPa  . We fix 

parameters 2 1mR  m, 200E GPa , 2 20.1t R (thick enough such that plasticity effect cannot 

be neglected, see also the work (Yan et al.,2016)) as in Section 3.2 and Riks step by Abaqus 
software is carried out while external pressure is imposed on outer boundary (Nlgeom option is 
On to account for the large deformation effect, so that pressure is modelled as a follower load ). 
We find excellent prediction capability of maximum stress by our formulation if no yielding 
happens (here we use the extensible model). Firstly theoretically at each cross-section at s , the 
circumferential stress is the sum of bending stress and membrane stress and the absolute value of 
maximum stress at cross-section of s  can be represented explicitly by  

2( ) / (2 ) | | ( / 2) / , 1,2i i i i i i i is Et R w v p R t t i                   (S27) 

where ( / 2) / ( )i i i i i iv pR R t Et w      for 1,2i   as in Eq.(3). 

Case (1). We first present results when 0e  (symmetric case). Fig.S3 shows how the 
maximum stress ( )s  changes when pressure is increasing by theoretical formulation where 

1( ) ( )s s   if 1[0, ]s s  and 2( ) ( )s s   if 1( , ]s s  . Due to smaller thickness, when 

1 / 6 0.5s s    , stress is significantly larger than the stress in intact region where 1s s . 

There is an abrupt stress drop at 1s s . As p increases as 2,4,6,8,10,11.53MPa, the stress 

increases. We just record that when 11.53p  , the maximum stress ( )s  has maximum value 

240.14MPa (approximately the same as the specified yielding stress 240MPa). For the 
corresponding FEA results, Fig.S4 shows the Mises stress distribution when 11.7077p  MPa 

(the maximum pressure in load-displacement path). Please note that the maximum Mises stress is 
indeed 240MPa by using Abaqus "probe stress value" functionality (the same as the yielding 
stress) and the number 256.6MPa in the left box should not be taken as the maximum stress (this 
somewhat misleading number may be due to some visualization algorithm through data 



inter
crite
FEA

offer
since
extra
S5. I
Fig.S

Whe

the s

mini

beco
diffe
p 

240M

cons
yield
is st
pres
for 

and 
and 
form
agre
the s

also 
8.04

rpolation or e
erion is used, 
A collapse pre

rs a good cha
e by theoretic
act the circum
In Fig.S5, cir
S5) for all p

en 11.09p 
stress distribu

imum absolu

omes a const
ers from von
11.5513 MPa

MPa. Finally 

stant. This cl
ding and the 
till interesting
sure predictio

1e   in the f

Case (2). Fi
also the theo
membrane st

mulation and 
ee well with t
similar patter

 The FEA c
about 80% t

4MPa while t

extrapolation
the theoretic

essure 11.70M

ance to see ho
cal calculatio
mferential str
rcumferential
points in cro

995MPa , the 

utes as a stra

ute value abo

tant around 2
-Mises stress
a, when /x

when 1p 
early shows 
collapse pres
g to note that
on when FEA
following. 

Fig. 

Fig

g.S6 shows t
oretical stress
tress and thus
compared w

the FEA resu
rn of "propaga
collapse pres
thickness (th
he collapse p

in Abaqus a
al critical col

MPa. FEA str

ow plasticity 
on in Fig.S3 th
ress by using
l stress is ext
ss-section of

yielding stre

aight line with

out 215MPa 

240MPa (ple
s by the exist

1/ 0.4t  , the

1.7077 MPa 

how the plas
ssure is reach
t, even so, th

A result is com

S3 Distributio

. S4 Stress whe

the circumfer
s at s=0 (theo
s forms a stra

with FEA resu
ults, however
ating" plastic
ssure about 1

his resembles 
pressure is m

and this poin
llapse pressur
ress is also a

affects the st
the maximum
g "stress linea
tracted throug
f 0s   and 

ess is slightly

h maximum 

at 1x t . H

ease note tha
tence of very
e stress is a

(collapse pre

stic region "p
hed when this
he initial yiel
mpared (see T

on of stress wh

en maximum p

rential stress 
oretical stress
aight line, see
ults (see disc
r, when p is l
c region is obs
10.43MPa is 

Case (1)). T
much larger as

t applies to F
re is 11.53M

abruptly dropp

tress when co
m stress 240.1
arization" fun
gh the stress 

1(0, )x t  d

y smaller tha

absolute valu

However when

at circumfere
y small radia
almost const

essure), for x

propagates" i
region "occu

ding criterion
Table.S1). Bu

hen e=0(theoret

pressure occur

variation (fro
s is a linear 
e solid lines 

crete symbol 
larger than 8.
served when p
reached whe

The initial yie
s 10.43MPa. 

Fig.S8 also). 
Pa and this is
ping at s s
ollapse pressu
4MPa is attai

nctionality in 
extraction pa
enotes the lo

an yielding st

ue about 237M

n Pa, for sm

ntial stress e
l and shear s
tant and slig

1/ 0.8x t  , th

n the thickne
upies" 80% o
n leads to a v
ut situations a

 
tical) 

rs for e=0 

om FEA) for 
combination 
in Fig.S6) is 
lines). All th
.03MPa,  yie
p is further in
en the plastic
elding pressu
This large di

If initial yie
s very close t

1s . Moreover 

ure is approac
ined at 0s 
 Abaqus into

ath (see subpl
ocation of po

tress 240MPa

MPa at 0x 
mall x , the s

extremely sli
stress). And w
ghtly larger 

he stress is al

ess direction 
of thickness. B
very close cr
are quite diff

various pres
of bending s
calculated by

heoretical str
elding occurs
ncreasing.  
c region occu
ure in FEA is
iscrepancy fo

lding 
to the 
FEA 

ched: 
0 , we 
o Fig. 
lot in 
oints. 

a and 

0 and 

stress 

ghtly 
when 
than 

lmost 

after 
But it 
ritical 
ferent 

sures 
stress 
y our 

resses 
s and 

upies 
s just 
or the 



e=1 
mean
(disp
distr
theo
corre
8.04

com
8.0M
yield
inste

| M

plast

cros

M 

inser

Com
infor
litera
initia
have
form
meth
The 
resu

show

here has not
ning of this 
placements a
ribution is qu
oretical resul
esponding p

4MPa. The t

mpared. If ini
MPa which s
ding criterion
ead to reflec

0| / ( /M N N

tic cross-sec

s-section for

1 1 1( )EI w v  

rting the theo

mpared with 
rmative for e
ature for acc
al yielding cr
e just showed

mulation and p
hod to predic
main differe

ults for all e
wn the signifi

Fig. S5 Str

t been observ
investigation
are amplified
uite non-uni
lts are show
ressure is 8
theoretical di

itial yielding
significantly u
n is not suita
ct the plastic

2
0 ) 1N   is s

ction momen

rce. By adap
2

1/ R  for s

oretical solut

collapse pre
engineering a
ounting for v
riterion or ful
d how engine
plastic criteri

ct the critical 
ence is that 

[ 1,1]  . The

icant effect of

ress when colla

ved for the c
 on the effec
d by a facto
form and qu

wn in Fig.S
.0MPa which
istribution o

 criterion is 
underestimat
able for e=1
city effect m

atisfied wher

nt, N  is m

pting this cr

0s  and M

tions for diffe

essure 10.43M
applications (
various level 
lly plastic crit
eering applic
ion to predict
external pres
Fatt studied 

e above comp

f e  and this

apse pressure i

case (1) wher
ct of e. The d
or 10 to ma
uite different
S8. When m
h result is 
f ( )s  is m

used for e=
tes the collap
. We may u

more accurate

re M  is cro

membrane fo

riterion to o

0 1 / 4 YM  

ferent p , thi

MPa, only r
(see Table.S
of plasiticity

terion is not 
cation is poss
t critical pres
ssure of corro

the special 
parison betwe

s is also the m

is approached 

re e=0. So th
deformed con
ake visualiza
t from that i
maximum str
consistent to
much more 

=1 case, the 
pse pressure 
se Fatt's full

ely: pressure 

oss-section re

orce, 0N  is

our case, at 
2
1t , (N p
s equation is

elative error 
1). Indeed th
y (Fraldi and
the only choi
sible by using
ssure. And Fa
oded ring base
case e=0, bu
een the 0e 

main motivatio

at cross-sectio

his delicate an
nfiguration is
ation easier)
in Fig.S4. Th
ress reaches

o the counte
non-uniform 

predicted cr
10.43MPa in

l plastic crite
is critical o

esultant mom

s the fully 

critical cro

1 1( / 2)R t , 

s satisfied at 

of 6.6% ex
here are many
d Guarracino,
ice. But from
g elastic data
att (1999) has
ed on pure el
ut we presen
0  and 1e   

on of this pap

 
n s=0(crown p

nalysis show
s shown in F
). And the s

The correspon
s 239.8MPa,
erpart FEA r

m when Fig.S

ritical pressu
n FEA. So i
erion (Fatt, 1
once the equ

ment, 0M  is 

plastic resu

ss-section s

0 1YN t .

9.7399p  M

xists and ma
ny such criter
, 2011; 2013)

m this example
a from theore
s used this sim
lastic solution
nted more ge

cases has cl

per.  

point) from FE

ws the 
ig.S7 
stress 
nding 
, the 
result 
S4 is 

ure is 
nitial 

1999) 
uation 

fully 

ultant 

0 , 

 By 

MPa. 

ay be 
ria in 
) and 
e, we 
etical 
milar 
n too. 
eneral 
learly 

EA 



 

 

Affl

 

iated Figure

F

Fig. S7  Mis

Fig

Table. S

Cases

Case 
Case 2

es 

Fig. S6 Stress f

ses stress distr

g. S8 Stress dis

1 Collapse pre

s FEM

1:e=0 11.70M
2:e=1 10.43M

for e=1 case at

ribution at coll

stribution whe
 
 

essures for FEA

M Analy

MPa 11.53M
MPa 9.74MP

t cross-section 

apse pressure 

n e=1(theoreti

A and analytic

tical Relat
Error

MPa 1.45%
Pa 6.61%

 
of s=0 

 
10.43MPa in F

 
cal) 

cal results 

tive 
r 
% 
% 

FEA 



Fig. S

Fig

Fig

S9 Meshes arou

 

g. S10 Initial sl

 

g.S11 Initial Sl
 

und s1 

lope  

lope 

 

 

 



 

 

 
F

 
F

  

Fig.S12 Ampli

Fig. S13 Ampli

Fig.S14 Slow

ified plots at s1

 

ified plots at s1

 

w convergence 

1=0.45 for d=0.

1=0.35 for d=0.

when c0=-0.1

2 

.5 

  

 

 



Fig.

Fig.S15 Rap

Fig.S16 Slow

.S17 Extremely

 

pid divergence

 

w convergence 

 

y slow converg

 when c0=0.1

when c0=-1.7

gence when c0=

 

 

 
=-1.9 



e 

1 

0.8 

0.6 

0.4 

0.2 

0 

-0.2 

-0.4 

-0.6 

-0.8 

-1 

simplified1 

0.2225 

0.2250 

0.2274 

0.2299 

0.2325 

0.2351 

0.2377 

0.2404 

0.2432 

0.2459 

0.2488 

Ta

full1 erro

0.2221 -0.

0.2246 -0.

0.2272 -0.

0.2298 -0.

0.2324 -0.

0.2351 0 

0.2378 0.0

0.2406 0.0

0.2434 0.1

0.2463 0.1

0.2492 0.1

Fig.S18 Rapi

able S2. Comp

or1/% simpli

1954 0.080

1551 0.083

1160 0.086

0765 0.089

0383 0.092

0.095

03743 0.098

07444 0.102

1114 0.106

1471 0.109

1832 0.114

id divergence w
 
 
 

parison of bifur

ified2 full2 

09 0.0809

36 0.0835

64 0.0863

93 0.0893

23 0.0923

56 0.0956

89 0.0989

24 0.1024

61 0.1061

99 0.1099

40 0.1140

 

when c0=-2.05

rcation pressu

error2/% 

9 -0.0218 

5 -0.0159 

3 -0.0107 

3 -0.0064 

3 -0.0028 

6 0 

9 0.0021 

4 0.0039 

1 0.0047 

9 0.00455

0 0.00526

res 

simplified3 

0.8095 

0.8113 

0.8131 

0.8149 

0.8167 

0.8185 

0.8203 

0.8221 

0.8239 

0.8256 

0.8274 

 

full3 erro

0.8094 -0.0

0.8112 -0.0

0.8130 -0.0

0.8148 -0.0

0.8167 -0.0

0.8185 0 

0.8203 0.0

0.8221 0.0

0.8239 0.0

0.8257 0.0

0.8276 0.0

or3/% 

0127 

0104 

0078 

0053 

0027 

0028 

0056 

0085 

0115 

0146 


