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Abstract: Our study is concerned with the time-varying formation tracking problem for second-order multi-agent
systems that are subject to unknown nonlinear dynamics and external disturbance, and the states of the followers
form a predeﬁned time-varying formation while tracking the state of the leader. The total uncertainty lumps the
unknown nonlinear dynamics and the external disturbance, and is regarded as an extended state of the agent. To
estimate the total uncertainty, we design an extended state observer (ESO). Then we propose a novel ESO based
time-varying formation tracking protocol. It is proved that, under the proposed protocol, the ESO estimation error
and the time-varying formation tracking error can be made arbitrarily small. An application to the target enclosing
problem for multiple unmanned aerial vehicles (UAVs) veriﬁes the eﬀectiveness and superiority of the proposed
approach.
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1 Introduction
There has been a spurt of interest over several
decades in the area of formation control of multiagent systems (Oh et al., 2015; Li and Xie, 2018).
It is partly due to the fact that the formation control can ﬁnd broad application in many engineering
ﬁelds, such as attitude control of spacecrafts (Du
et al., 2016), ﬂying control of unmanned aerial vehicles (UAVs) (Zhu et al., 2017), control of autonomous
underwater vehicles (AUVs) (Leonard et al., 2010),
and formation control of mobile robots (Li et al.,
2017). To improve the intelligence, reliability, and efﬁciency of multi-agent systems without human intervention, diﬀerent formation control approaches have
‡
*

Corresponding author

Project supported by the Delta-NTU Corporate Lab through
the NRF Corporate Lab@University Scheme
c Zhejiang University and Springer-Verlag GmbH Germany, part

of Springer Nature 2019

been proposed. These approaches can be roughly
categorized as the leader-follower strategy, the behavioral approach, the virtual structure method, and
the artiﬁcial potential mechanism (Liu and Jia, 2012;
Peng et al., 2013; Yang et al., 2014). Ren (2007)
proposed a consensus based formation control approach to second-order multi-agent systems, and it
was shown that the leader-follower strategy, the behavioral approach, and the virtual structure method
can be uniﬁed in the framework of consensus based
approaches. More consensus based formation control approaches can be found in Ren and Sorensen
(2008), Guo et al. (2010), Lin et al. (2013), Oh and
Ahn (2014), and Dong et al. (2015).
In some practical applications, to accomplish
more complex tasks, it is only the ﬁrst step for a
multi-agent system to form a desired time-varying
formation. For example, to perform a source seeking or target enclosing task, the whole formation
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needs to further track the leader’s trajectory. In such
circumstances, the time-varying formation tracking
problem arises; namely, the followers form the predeﬁned time-varying formation when tracking the
leader’s trajectory. Although there are many diﬀerent approaches to formation control of multi-agent
systems, only a few studies are concerned with the
time-varying formation tracking problem. Ren and
Sorensen (2008) considered the formation tracking
problem for ﬁrst-order multi-agent systems with a
virtual leader. Guo et al. (2010) studied the target
enclosing problem for ﬁrst-order multi-agent systems
subject to switching topologies, which is considered
as a special case of the formation tracking problem. Lin et al. (2013) adopted a complex Laplacian
based formation tracking approach to second-order
multi-agent systems. Dong et al. (2017a) studied the
time-varying formation tracking problem for secondorder multi-agent systems with a leader. Dong et al.
(2017b) established the switching topologies counterpart of the approach in Dong et al. (2017a).
In the aforementioned studies on formation control of multi-agent systems (Ren and Sorensen, 2008;
Guo et al., 2010; Lin et al., 2013; Oh and Ahn,
2014; Dong et al., 2015, 2017a,b), the dynamics of
each agent are limited to be linear. However, most
of practical control systems are inherently nonlinear (Khalil, 2002). Therefore, it is meaningful and
important to study formation control problems for
multi-agent systems with nonlinear dynamics (Meng
et al., 2014; Li et al., 2017). What is more, in
practice, it is generally hard to establish the accurate mathematical model of the nonlinear dynamics (Bechlioulis and Rovithakis, 2017). To the best
of our knowledge, time-varying formation tracking
for multi-agent systems subject to unknown nonlinear dynamics is still open. In practical applications,
external disturbance may disturb the dynamics of
the agents. For example, for an underwater vehicle,
the external ocean disturbance, perhaps induced by
wave, ocean-current, and so on, cannot be ignored in
the control design (Cui et al., 2010; Chen YY et al.,
2017b).
In this study, we investigate the time-varying
formation tracking problem for multi-agent systems
subject to unknown nonlinear dynamics and external
disturbance. We model the followers by second-order
uncertain nonlinear systems with external disturbance. Our study is inspired by Han (2009), where
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an active disturbance rejection control (ADRC) approach was proposed. In recent years, ADRC has received increasing attention, in both academia (Guo
and Zhao, 2011; Zheng et al., 2012; Jiang et al., 2015;
Ran et al., 2017a,b; Hu et al., 2018) and industry
(Castañeda et al., 2015; Chang et al., 2015; Herbst,
2016; Lotﬁ et al., 2016; Wang et al., 2016). In ADRC,
the total uncertainties are regarded as an extended
state of the system, estimated by an extend state observer (ESO), and ﬁnally cancelled out in the control
loop. Such design philosophy will be applied to the
current study to solve the time-varying formation
tracking problem for multi-agent systems with unknown nonlinear dynamics and external disturbance.
We design a third-order ESO to estimate the deﬁned
extended state, which is the combination of the unknown nonlinear dynamics and external disturbance,
and propose a novel ESO based time-varying formation tracking protocol. Rigorous theoretical analysis
shows that, under the proposed protocol, the convergence of the ESO estimation error and the timevarying formation tracking error can be guaranteed.
Compared with existing studies, our contributions of are twofold. First, we attempt to tackle the
time-varying formation tracking problem for multiagent systems subject to unknown nonlinear dynamics and external disturbance. In practical applications, the inevitable unknown nonlinear dynamics
and external disturbance may reduce the formation
performance and even lead to instability of multiagent systems. In Ren and Sorensen (2008), Guo
et al. (2010), Lin et al. (2013), Oh and Ahn (2014),
and Dong et al. (2015, 2017a,b), these approaches
cannot be applied to deal with the time-varying formation tracking problem related to our study. Second, we propose a novel ESO based time-varying formation tracking protocol. In Guo and Zhao (2011),
Zheng et al. (2012), Castañeda et al. (2015), Chang
et al. (2015), Jiang et al. (2015), Herbst (2016),
Lotﬁ et al. (2016), Wang et al. (2016), Ran et al.
(2017a,b), and Hu et al. (2018), the observer and
the control law were both designed in a centralized
manner. In this study, we assume that each agent
operates solely on the basis of its neighborhood information, and consequently the centralized approaches
in Guo and Zhao (2011), Zheng et al. (2012), Castañeda et al. (2015), Chang et al. (2015), Jiang et al.
(2015), Herbst (2016), Lotﬁ et al. (2016), Wang et al.
(2016), and Ran et al. (2017a,b), cannot be straight-
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forwardly applied in the considered formation control
problem.

2 Preliminaries and problem description
2.1 Notations
R and C denote the set of the real numbers and
the set of the complex numbers, respectively. Rn
and Rn×n denote the n-dimensional real vector space
and n × n real matrix space, respectively. X T represents the transpose of vector or matrix X. For
λ ∈ C, Re(λ) is the real part of λ.  ·  represents
the Euclidean norm. λmax (P ) and λmin (P ) denote
the maximum and minimum eigenvalues of matrix
P , respectively. 1N ∈ RN with one in its elements.
IN denotes the N × N dimensional identity matrix.
A ⊗ B denotes the Kronecker product of matrices A
and B.
2.2 Graph theory
Let a multi-agent system consist of N agents.
A directed graph G = (V, E) is used to model
the communication among the agents, where V =
{v1 , v2 , . . . , vN } and E ⊆ V2 denote the set of vertices and the set of edges, respectively. The graph
/ E. The
is assumed to be simple, i.e., (vi , vi ) ∈
adjacency matrix associated with graph G is denoted by A = [aij ] ∈ RN ×N with aij ∈ {0, 1},
i, j = 1, 2, . . . , N . aij = 1 means that agent i can obtain information from agent j (namely, (vi , vj ) ∈ E),
while aij = 0 means that there is no information
ﬂow from agent j to agent i (namely, (vi , vj ) ∈
/ E).
The neighborhood of a vertex vi is denoted by
Ni = {vj |(vi , vj ) ∈ E}, and the degree matrix is de
ﬁned as D = diag[di ] ∈ RN ×N with di = j∈Ni aij .
The Laplacian matrix with graph G is denoted by
L = D − A ∈ RN ×N . A directed path in G is a
ﬁnite sequence vi1 , vi2 , . . ., vil of vertices such that
(vij , vij+1 ) ∈ E for j = 1, 2, . . . , l − 1. An agent is
called a leader if it has no neighbor and is called a
follower if it has at least one neighbor.
2.3 Problem description
Consider that a multi-agent system consists of
N − 1 followers, labeled from 1 to N − 1, and one
leader, labeled N . F = {1, 2, . . . , N − 1} is the
follower subscript set. The dynamics of follower i
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(i ∈ F) are given by
⎧
⎨ ẋi (t) = vi (t),
v̇ (t) = fi (xi (t), vi (t)) + di (t) + ui (t),
⎩ i
yi (t) = xi (t),

(1)

where xi (t) ∈ Rn , vi (t) ∈ Rn , ui (t) ∈ Rn , and
yi (t) ∈ Rn are the position, velocity, control input,
and measured output vectors of follower i, respectively, di (t) ∈ Rn is the external disturbance, and
fi (·) : Rn × Rn → Rn is the unknown continuously
diﬀerentiable system function. Similar to Dong et al.
(2017a,b), the dynamics of the leader are given by


ẋN (t) = vN (t),
v̇N (t) = αx xN (t) + αv vN (t),

(2)

where xN (t) ∈ Rn and vN (t) ∈ Rn are the position and velocity vectors of the leader, respectively,
and αx ∈ R and αv ∈ R are known damping constants. Without loss of generality, we assume n = 1
henceforth.
Remark 1 From Eq. (1), the followers are subject
to unknown nonlinear function fi (xi (t), vi (t)) and
external disturbance di (t). If fi (xi (t), vi (t)) ≡ 0 and
di (t) ≡ 0, the dynamics of each follower become the
well-studied double integrator; if fi (xi (t), vi (t)) ≡ 0,
the dynamics of each follower are reduced to the
double integrator with external disturbance studied in Galzi and Shtessel (2006); if fi (xi (t), vi (t)) =
αx xi (t)+αv vi (t) and di (t) ≡ 0, the dynamics of each
follower become the linear time-invariant secondorder system considered in Dong et al. (2017a,b).
In Chen YY et al. (2017a,b), the robust formation
tracking problem was considered for second-order
uncertain nonlinear multi-agent systems. However,
in Chen YY et al. (2017a,b), the uncertain nonlinear functions were composed of known base vectors
and unknown coeﬃcients, and the velocity vector
was assumed to be available directly. In this study,
the nonlinear functions fi (·), i ∈ F, are totally unknown, and the velocity vector of each follower is not
available for control design.
Let the time-varying formation for the followers
T
to form be speciﬁed as hF (t) = [hT
1 (t), h2 (t), . . . ,
T
T
T
hN −1 (t)] , where hi (t) = [hix (t), hiv (t)] (i ∈ F)
and hiv (t) = ḣix (t). Denote φi (t) = [xi (t), vi (t)]T ,
i = 1, 2, . . . , N .
Deﬁnition 1 (Dong et al., 2017a,b) The multiagent system formed by Eqs. (1) and (2) is said to
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achieve time-varying formation tracking if for any
given bounded initial states,
lim (φi (t) − hi (t) − φN (t)) = 02×1 , i ∈ F.

t→∞

(3)

Remark 2 As pointed out in Dong et al. (2017a,b),
the target enclosing problem and the consensus tracking problem can be regarded as special
cases of the time-varying formation tracking problem speciﬁed by Deﬁnition 1.
Speciﬁcally, if
N −1
limt→∞ i=1 hi (t) = 02×1 , from Eq. (3), we can
obtain
lim

t→∞

N
−1

i=1

φi (t) = (N − 1) lim φN (t),
t→∞

which indicates that the leader lies in the center when
the time-varying formation tracking is accomplished.
Hence, Deﬁnition 1 is reduced to the target enclosN −1
ing problem in the case limt→∞ i=1 hi (t) = 02×1 .
What is more, if hF (t) ≡ 0, Deﬁnition 1 becomes
the consensus tracking problem.
Then, in this study, we will design the protocol
ui (t), i ∈ F, such that the uncertain nonlinear multiagent system formed by Eqs. (1) and (2) achieves the
time-varying formation tracking speciﬁed by Deﬁnition 1. To accomplish the purpose, we make the
following assumptions:
Assumption 1 The external disturbance di (t), i ∈
F, and its derivative ḋi (t) are uniformly bounded
with respect to t.
Assumption 2 There exists at least one directed
path from the leader to each follower.
Considering the leader-follower topology structure, the Laplacian matrix L satisﬁes

L1
L2
(4)
L=
∈ RN ×N ,
01×(N −1) 01×1
where L1 ∈ R(N −1)×(N −1) and L2 ∈ R(N −1)×1 . If
Assumption 2 is satisﬁed, the following lemma holds:
Lemma 1 (Meng et al., 2010) If the directed interaction topology G satisﬁes Assumption 1, then all
the eigenvalues of L1 have positive real parts. What
is more, each row sum of −L−1
1 L2 is one, and each
−1
entry of −L1 L2 is nonnegative.
Assumption 3 The state of the leader φN (t),
the formation vector hi (t), i ∈ F, and ḣiv (t) are
uniformly bounded with respect to t.
Remark 3 Assumption 3 implies that the leader’s
state φN (t), the formation vector hi (t), i ∈ F, and
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ḣiv (t) are upper-bounded by some constants (which
could be large though). The leader’s state being
bound is reasonable because usually in real applications the leader will not diverge, and similar assumptions can be found in many previous multiagent studies (Zhang and Lewis, 2012; Lü et al.,
2016). Considering that the states of the practical dynamic system are bounded and continuous,
and that the control is also bounded due to the
inherent actuator limitations, it is impossible and
impractical for the states of the followers to form
the time-varying formation described by hi (t) with
[hix (t), hiv (t), ḣiv (t)]T trending to inﬁnity. Thus, the
boundedness requirement of hi (t) and ḣiv (t) is also
reasonable.

3 Main results
In this section, we investigate the time-varying
formation tracking protocol design and analysis
problems for the multi-agent system formed by
Eqs. (1) and (2). We design an ESO to estimate
the unmeasurable states and uncertainty, and then
present a novel ESO based time-varying formation
tracking protocol.
3.1 Time-varying formation tracking protocol
design
For follower i (i ∈ F), the extended state is
deﬁned as the combination of the unknown nonlinear
function fi (xi (t), vi (t)) and the external disturbance
di (t), that is,
ξi (t) = fi (xi (t), vi (t)) + di (t).

(5)

Then, the following ESO is designed for follower i
(i ∈ F):
⎧
l1
˙
⎪
⎨ x̂i (t) = v̂i (t) + ε (xi (t) − x̂i (t)),
l
v̂˙ i (t) = ξ̂i (t) + ε22 (xi (t) − x̂i (t)) + ui (t),
(6)
⎪
⎩ ˙
ξ̂i (t) = εl33 (xi (t) − x̂i (t)),
where [x̂i (t), v̂i (t), ξˆi (t)]T ∈ R3 is the observer state,
ε is a small positive constant, and [l1 , l2 , l3 ]T ∈ R3
is the selected observer gain, so that the following
matrix is Hurwitz:
⎡
⎤
−l1 1 0
E = ⎣ −l2 0 1 ⎦ ∈ R3×3 .
(7)
−l3 0 0
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The scaled ESO estimation error is deﬁned as ηi (t) =
[ηi1 (t), ηi2 (t), ηi3 (t)]T ∈ R3 , i ∈ F, with
⎧
1
⎨ ηi1 (t) = ε2 (xi (t) − x̂i (t)),
1
ηi2 (t) = ε (vi (t) − v̂i (t)),
⎩
ηi3 (t) = ξi (t) − ξˆi (t).

(8)

Then, from Eqs. (1) and (6), the dynamics of ηi (t),
i ∈ F, can be written as
⎧
⎨ εη̇i1 (t) = ηi2 (t) − l1 ηi1 (t),
εη̇ (t) = ηi3 (t) − l2 ηi1 (t),
⎩ i2
εη̇i3 (t) = εξ˙i (t) − l3 ηi1 (t).

(9)

Denote φ̂i (t) = [x̂i (t), v̂i (t)]T , i ∈ F. Let the
eigenvalues of L1 be λi , i ∈ F, with 0 < Re(λ1 ) ≤
Re(λ2 ) ≤ . . . ≤ Re(λN −1 ). The ESO based timevarying formation tracking protocol is given by
ui (t) =K




aij (φ̂i (t) − hi (t))

j∈Ni ,j=N


−(φ̂j (t) − hj (t))


+ KaiN (φ̂i (t) − hi (t)) − φN (t)


+ α φ̂i (t) − hi (t) + ḣiv (t) − ξ̂i (t), i ∈ F,
(10)
where
α = [αx , αv ], K = −δ[Re(λ1 )]−1 R−1 B2T PK .
Here δ > 0.5, and PK ∈ R2×2 is the solution of the
following equation:

 
T
PK B1 B2T + B2 α + B1 B2T + B2 α PK
−PK B2 R−1 B2T PK + I2 = 0, (11)
where B1 = [1, 0]T , B2 = [0, 1]T , and R > 0.
Let
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by Eqs. (1) and (2) can be written as



⎧
φ̇F (t) = IN −1 ⊗ B1 B2T + B2 α
⎪
⎪
⎪
⎪
+L1 ⊗ B2 K) φF (t) + (L2 ⊗ B2 K)φN (t)
⎪
⎪
⎪
⎪
⎪
−
(L1 ⊗ B2 K − IN −1 ⊗ B2 α) hF (t)
⎨
+(IN −1 ⊗ B2 B2T )ḣF (t) + η 3 (t) ⊗ B2



⎪
T
⎪
⎪
⎪ − IN −1 ⊗ B1 B2 + B2 α
⎪
⎪
F (t),
⎪
K) φ
⎪ + L1 ⊗ B
⎪
2

⎩
T
φ̇N (t) = B1 B2 + B2 α φN (t).
(12)
What is more, similar to Freidovich and Khalil
(2008), Jiang et al. (2015), and Ran et al. (2017b),
the control injected into the system is bounded by
Mi sat(ui (t)/Mi ), where Mi is the saturation bound,
and sat(·) is the saturation function deﬁned by
sat(ν) = sign(ν) · min{1, |ν|}.
3.2 Time-varying formation tracking protocol
analysis
Let UF ∈ R(N −1)×(N −1) be a nonsingular matrix such that UF−1 L1 UF = JF , where JF is the
Jordan canonical form of L1 . Deﬁne θi (t) = φi (t) −
T
T
hi (t), i ∈ F, θF (t) = [θ1T (t), θ2T (t), . . . , θN
−1 (t)] ,
and
ς(t) = (UF−1 ⊗ I2 )θF (t) − (UF−1 1N −1 ⊗ I2 )φN (t).
(13)
Then, the following lemma holds:
Lemma 2 The multi-agent system formed by
Eqs. (1) and (2) achieves time-varying formation
tracking under protocol (10) if and only if
lim ς(t) = 0(2N −2)×1 .

t→∞



UF
1N −1
, and con0(N −1)×1
1

UF−1
−UF−1 1N −1
. By
sequently T −1 =
0(N −1)×1
1
Lemma 1, we obtain −L−1
1 L2 = 1N −1 , which implies that
Proof

Let T =

L1 1N −1 + L2 = 0(N −1)×1 .

T
T
T
φF (t) = [φT
1 (t), φ2 (t), . . . , φN −1 (t)] ,
T
T
T
φ̂F (t) = [φ̂T
1 (t), φ̂2 (t), . . . , φ̂N −1 (t)] ,
F (t) = φF (t) − φ̂F (t),
φ
T

η 3 (t) = [η13 (t), η23 (t), . . . , η(N −1)3 (t)] .
Under protocol (10), the multi-agent system formed

(14)

(15)

From Eq. (15), we can obtain
T −1 LT =



JF
0

0
0

.

(16)

T
T
Deﬁne φ(t) = [φT
F (t), φN (t)] and ϑ(t) = φ(t)
T
−[I2 , 02×2(N −1) ] hF (t). From Eq. (12), we can
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obtain
ϑ̇(t) =



IN −1 ⊗ B1 B2T + B2 α
0
ϑ(t)
0
B1 B2T + B2 α

IN −1 ⊗ B1 B2T
+ (L ⊗ B2 K)ϑ(t) −
hF (t)
0



IN −1 ⊗ B1 B2T + B2 α + L1 ⊗ B2 K 0
+
0
0

 
F (t)
IN −1 ⊗ B1 B1T
φ
·
−
ḣF (t)
0
0

η 3 (t) ⊗ B2
+
.
(17)
0
T
Deﬁne ϑ(t) = [ς T (t), φT
N (t)] . Then, we obtain
 −1

T ⊗ I2 ϑ(t) = ϑ(t),
(18)

and consequently from Eq. (17), the dynamics of ς(t)
can be written as


˙ = IN −1 ⊗ (B1 B2T + B2 α) + JF ⊗ B2 K ς(t)
ς(t)




+ UF−1 ⊗ (B1 B2T ) hF (t) − UF−1 ⊗ (B1 B1T )



· ḣF (t) + UF−1 ⊗ B1 B2T + B2 α

F (t) + U −1 η (t) ⊗ B2
+UF−1 L1 ⊗ B2 K φ
3
F


= IN −1 ⊗ (B1 B2T + B2 α) + JF ⊗ B2 K ς(t)




+ UF−1 ⊗ B1 B2T + B2 α + UF−1 L1 ⊗ B2 K
F (t) + U −1 η (t) ⊗ B2 .
·φ
3
F

(19)

(20)
(21)

T
= eN ⊗ φN (t), where
Note that [01×2(N −1) , φT
N]
N
th
eN ∈ R with 1 as its N entry and 0 elsewhere. It
follows from Eq. (20) that

ϑf (t) = T eN ⊗ φN (t) = 1N ⊗ φN (t).

(22)

It follows from Eqs. (18), (20), and (22) that
ϑ(t) = ϑf (t) + ϑf (t),

81

which is equal to

φF (t) − hF (t) − 1N ⊗ φN (t)
ϑf (t) =
02×2(N −1)

.

(25)

From Eq. (25), it holds that the multi-agent system
formed by Eqs. (1) and (2) achieves time-varying
formation tracking under protocol (10) if and only if
lim ϑf (t) = 02N ×1 .

t→∞

(26)

Since T ⊗ I2 is nonsingular, it then follows from
Eq. (22) that condition (26) is satisﬁed if and only
if Eq. (14) is satisﬁed. The proof of Lemma 2 is
completed.
Remark 4 Note that the result stated in Lemma 2
is generalized from Dong et al. (2017a,b), in which
the followers are modeled by linear time-invariant
second-order dynamics and the velocity vector of
each follower is available for control design. However, we should point out that this generalization is
not straightforward, because of the more complex
agent dynamics and the coupling of the ESO. It can
be clearly observed from the dynamics of ϑ(t) and
ς(t) speciﬁed by Eqs. (17) and (19), respectively.
To proceed, select the Lyapunov function
candidate
Vς (ς(t)) = ς T (t)(IN −1 ⊗ PK )ς(t).

(27)

Let
τ=

sup

ς(t)∈R2N −2 ,ς(t)≤ς(0)

Vς (ς(t)) + 1,

Ω0 ={ς(t) ∈ R2N −2 |Vς (ς(t)) ≤ τ },
Ω1 ={ς(t) ∈ R2N −2 |Vς (ς(t)) ≤ τ + 1}.

Let

T
,
ϑf (t) =(T ⊗ I2 ) 01×2(N −1) , φT
N (t)
 T
T
ϑf (t) =(T ⊗ I2 ) ς (t), 01×2 .
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(23)

and ϑf (t) and ϑf (t) are linearly independent as T ⊗
I2 is nonsingular. From Eqs. (22) and (23), one has

I
ϑf (t) = φ(t) −
hF (t) − 1N ⊗ φN (t),
02×2(N −1)
(24)

Lemma 3 Consider the closed-loop system formed
by Eqs. (1), (2), (6), and (10). Assume that the
saturation bounds Mi , i ∈ F, are appropriately selected and Assumptions 1–3 are satisﬁed. Then there
exists ε0 > 0 such that for all ε ∈ (0, ε0 ) and any initial conditions of the closed-loop system, ς(t) ∈ Ω1 ,
∀t ∈ [0, ∞).
Proof (For notation simplicity, a time-varying vector ρ(t) will be replaced by ρ in the proof of
Lemma 3) We prove Lemma 3 by contradiction.
Suppose Lemma 3 is false. Considering ς is continuous with respect to t, ς(0) ∈ Ω0 − ∂Ω0 , and ui
is bounded, there exist t1 , t2 , and ε-independent t0
such that t2 > t1 > t0 > 0 and
⎧
⎨ Vς (ς(t1 )) = τ,
(28)
τ + 1 < Vς (ς(t2 )) ≤ τ + 2,
⎩
τ < Vς (ς(t)) ≤ τ + 1, t ∈ (t1 , t2 ).
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The diﬀerentiation of the extended state ξi , i ∈
F, can be computed as
∂fi
∂fi
ξ˙i =ẋi
(xi , vi ) + v̇i
(xi , vi ) + d˙i
∂xi
∂vi
∂fi
=vi
(xi , vi ) + d˙i
∂xi



ui
∂fi
+ fi (xi , vi ) + di + Mi sat
(xi , vi ).
Mi
∂vi
(29)
Considering Eq. (28) and Assumption 1, we can conclude that there exists ε-independent positive constants Ni , i ∈ F, such that |ξ̇i | ≤ Ni , ∀t ∈ [0, t2 ].
Note that the matrix E speciﬁed by Eq. (7) is
Hurwitz, and there exists a positive deﬁnite matrix
PE that satisﬁes PE E + E T PE = −I3 . Deﬁne the
Lyapunov function candidate Vi (ηi ) = ηiT PE ηi , i ∈
F, and let λi1 = λmin (PE ) and λi2 = λmax (PE ). It
follows that
λi1 ηi 2 ≤ Vi (ηi ) ≤ λi2 ηi 2 ,


 ∂Vi



 ∂ηi3 (ηi ) ≤ 2λi2 ηi .

(30)

Then computing the time derivative of Vi (ηi ) in the
interval [0, t2 ], in view of Eq. (9) and inequality (30),
yields
⎛
2
 ∂Vi
1 ⎝ 
dVi
(ηi ) =
ηi(j+1) − lj ηi1
(ηi )
dt
ε j=1
∂ηij

∂Vi
∂Vi
−l3 ηi1
(ηi ) + ξ˙i
(ηi )
∂ηi3
∂ηi3
1
≤ − ηi 2 + 2λi2 Ni ηi 
ε

Vi (ηi )
1
Vi (ηi ) + 2λi2 Ni √
. (31)
≤−
λi2 ε
λi1
T
T
Let η = [η1T , η2T , . . . , ηN
−1 ] and

Vη (η) =

N
−1


Vi (ηi ).

(32)

i=1

By inequality (31), the time derivative of Vη (η) in
the interval [0, t2 ] satisﬁes
N
−1

dVi
dVη
(η) =
(ηi )
dt
dt
i=1



N
−1

Vi (ηi )
1
≤
−
Vi (ηi ) + 2λi2 Ni √
λi2 ε
λi1
i=1

1
≤ − Π1 Vη (η) + Π2
ε

Vη (η),

(33)
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where
 √
!
2 N − 1λi2 Ni
√
, Π2 = max
.
Π1 = min
i∈F
i∈F
λi1
√

d Vη (η)
dV
Considering dtη (η) = 2 Vη (η) dt , inequality (33) can be rewritten as

d Vη (η)
1
Π2
≤ − Π1 Vη (η) +
.
(34)
dt
2ε
2


1
λi2

!

It follows from inequality (34) that ∀t ∈ [0, t2 ],


Π1
Π2
Π2
Vη (η) ≤
Vη (η(0)) −
ε e− 2ε t +
ε
Π1
Π1
"
⎛#
⎞
−1
#N

Π1
Π
2
≤ ⎝$
λi2 ηi (0)2 −
ε⎠ e− 2ε t
Π
1
i=1
+

Π2
ε.
Π1

(35)

Since ηi (0)2 = ε14 |xi (0) − x̂i (0)|2 + ε12 |vi (0) −
 
v̂i (0)|2 + |ξi (0) − ξˆi (0)|2 = O ε14 , i ∈ F, it can
be concluded that the right-hand side of inequality (35) converges to 0 as ε → 0 in the time interval [t0 , t2 ]. It follows from inequality (30) that
ηi  → 0 as ε → 0 in the time interval [t0 , t2 ].
Note that |x̂i | ≤ |xi | + ε2 |ηi1 |, |v̂i | ≤ |vi | + ε|ηi2 |,
|ξˆi | ≤ |ξi | + |ηi3 |, i ∈ F. Together with inequality (28), and Assumptions 1 and 3, it enables one to
select appropriate Mi , i ∈ F, such that the control is
out of saturation in the time interval [t0 , t2 ]. That is
Mi sat(ui (t)/M ) = ui (t), i ∈ F, ∀t ∈ [t0 , t2 ].
By Eq. (19), the time derivative of Vς (ς) in the
time interval [t0 , t2 ] can be computed as
dVς
(ς) = ς˙T (I ⊗ PK )ς + ς T (I ⊗ PK )ς˙
dt

T
= ς T IN −1 ⊗ (B1 B2T + B2 α) + JF ⊗ B2 K

T U −1 ⊗ (B1 B T + B2 α)
· (I ⊗ PK )ς + φ
F
2
F
T
−1
+ UF L1 ⊗ B2 K (I ⊗ PK )ς
T

+ UF−1 η 3 ⊗ B2 (I ⊗ PK )ς

+ ς T (I ⊗ PK ) IN −1 ⊗ (B1 B2T + B2 α)
+JF ⊗ B2 K) ς + ς T (I ⊗ PK )


F
· UF−1 ⊗ (B1 B2T + B2 α) + UF−1 L1 ⊗ B2 K φ


(36)
+ ς T (I ⊗ PK ) UF−1 η 3 ⊗ B2 .
From Eq. (11), the matrix Φ = Ψ + Ψ T , where Ψ =
T

IN −1 ⊗ (B1 B2T + B2 α) + JF ⊗ B2 K (I ⊗ PK ),
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is negative deﬁnite. Let κ = λmax (Φ) < 0. It follows
from Eq. (36) that ∀t ∈ [t0 , t2 ],
dVς
(ς) ≤ κς2 + N0 ςη,
dt

(37)

where N0 is an ε-independent positive constant.
Since ∀t ∈ [t1 , t2 ], τ ≤ Vς (ς)) ≤ τ + 2, and η → 0
as ε → 0, there exists ε0 such that for any ε ∈ (0, ε0 ),
dVς
(ς) < 0, ∀t ∈ [t1 , t2 ],
dt

(38)

which contradicts inequality (28). Thus, there exists
ε0 > 0 such that for any ε ∈ (0, ε0 ) and any initial
condition of the closed-loop system, ς ∈ Ω1 , ∀t ∈
[0, ∞). This completes the proof of Lemma 3.
Theorem 1 Consider the closed-loop system
formed by Eqs. (1), (2), (6), and (10). Assume that
the saturation bounds Mi , i ∈ F, are appropriately
selected and that Assumptions 1–3 are satisﬁed. For
any initial condition of the closed-loop system and
T > 0,
(39)
lim ηi (t) = 0, i ∈ F,
ε→0

uniformly in t ∈ [T, ∞), and
lim

ε→0,t→∞

(φi (t) − hi (t) − φN (t)) = 02×1 , i ∈ F.

(40)
Proof From Lemma 3, ς(t) ∈ Ω1 for all ε ∈ (0, ε0 )
and t ∈ [0, ∞), it follows that inequality (35) holds
for t ∈ [0, ∞). From inequality (35), we can obtain
that for any T > 0, ηi (t) → 0, i ∈ F, uniformly
in the time interval [T, ∞), as ε → 0. Consequently,
from inequality (37), we have ς(t) → 0 as ε → 0 and
t → ∞. Finally, from Lemma 2, we can conclude that
Eq. (40) holds. The proof of Theorem 1 is completed.
Remark 5 It should be pointed out that the ESO
estimation errors and the time-varying formation
tracking errors can be speciﬁed in the sense that
there exists t0 > 0 such that
supt∈[t0 ,∞) |xi (t) − x̂i (t)| = O(ε3 ),
supt∈[t0 ,∞) |vi (t) − v̂i (t)| = O(ε2 ),
supt∈[t0 ,∞) |ξi (t) − ξ̂i (t)| = O(ε),
limt→∞ sup φi (t) − hi (t) − φN (t) = O(ε), i ∈ F.
Theoretically, to achieve better estimation and tracking performance, we can select the value of ε to be
arbitrarily small. However, there will be some limitations on the value of ε due to both noises and

2019 20(1):76-87

83

sampling constraints when the protocol is implemented on computers (Jiang et al., 2015; Ran et al.,
2017b). What is more, similar to Freidovich and
Khalil (2008) and Ran et al. (2017b), it is generally not straightforward to calculate the saturation
bounds Mi , i ∈ F. In practice, the values of ε and
Mi , i ∈ F, can be selected by a simple trial-anderror procedure, based on the obtained estimation
and formation tracking performance. Our simulation
experience and many examples in the literature, e.g.,
Freidovich and Khalil (2008) and Ran et al. (2017b),
indicate that it is very easy to select a group of satisfactory ε and Mi , i ∈ F.
Remark 6 In the case that the position and velocity vectors of the followers are both available for
control design, the following reduced-order ESO can
be designed:
'
v̂˙ i (t) = ξ̂i (t) + lε1 (vi (t) − v̂i (t)) + ui (t),
(41)
˙
ξ̂i (t) = εl22 (vi (t) − v̂i (t)),
where [l1 , l2 ] ∈ R2 is selected such that the matrix

−l1 1
is Hurwitz. Correspondingly, the time−l2 0
varying formation tracking protocol (10) is replaced
by
ui (t) =

K

aij ((φi (t) − hi (t)) − (φj (t) − hj (t)))

j∈Ni ,j=N

+ KaiN ((φi (t) − hi (t)) − φN (t))
+ α (φi (t) − hi (t)) + ḣiv (t) − ξ̂i (t), i ∈ F.

(42)

Redeﬁne ηi (t) = [ηi1 (t), ηi2 (t)]T , i ∈ F, with ηi1 (t) =
1
ˆ
ε (vi (t) − v̂i (t)) and ηi2 (t) = ξi (t) − ξi (t). It can be
readily veriﬁed that the results stated in Theorem 1
hold under protocol (42).

4 Application to target enclosing of
multiple UAVs
In this section, we apply the theoretical approach to deal with the target enclosing problem
for a group of UAVs, and compare it with existing
approaches.
The formation control design of UAVs falls into a
two-loop structure: the outer loop guides a UAV toward the speciﬁed position with a speciﬁed velocity,
and yields the attitude commands, while the innerloop tracks the attitude commands. Due to the in-
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herent spectral separation between the two loops, the
outer-loop and inner-loop can be designed separately
(Wang and Xin, 2013). The design of the outer-loop
is our focus in this study.
Using the feedback linearization approach, the
outer-loop dynamics of a UAV can be approximately
described by a double integrator (Wang et al., 2007;
Wang and Xin, 2013; Dong et al., 2015; Liao et al.,
2017) or a second-order linear time-invariant system (Dong et al., 2017a,b). However, it is now well
recognized that the feedback linearization method
lacks robust capability if the nonlinearity is uncertain (Isidori, 1989). In fact, the nonlinear dynamics
of a UAV are generally uncertain due to the uncertainties in the mass, the moments of inertia, and
so on. What is more, the outer-loop dynamics of
a UAV may be disturbed by external disturbance,
such as wind. Thus, it is important and meaningful
to consider the formation problem for UAVs subject to unknown nonlinear dynamics and external
disturbance.
Consider a multi-UAV system with ﬁve followers and one leader in the horizontal X − Y
plane; that is, n = 2. Fig. 1 shows the interaction topology of the multi-UAV system. Diﬀerent
from Wang et al. (2007), Wang and Xin (2013),
Dong et al. (2015, 2017a,b), and Liao et al. (2017),
the dynamics of each following UAV are described
by the second-order uncertain nonlinear system (1),
with position xi (t) = [xiX (t), xiY (t)]T and velocity
vi (t) = [viX (t), viY (t)]T . Assume αx = −0.64 and
αv = 0. The ﬁve following UAVs are required to
maintain a time-varying circular formation while surrounding the moving target in the horizontal X − Y
plane. Speciﬁcally, the time-varying formation for
the following UAVs is given as
⎡

⎤
20 cos(0.5t + 2(i − 1)π/5)
⎢ −10 sin(0.5t + 2(i − 1)π/5) ⎥
⎥
hi (t) = ⎢
⎣ 20 sin(0.5t + 2(i − 1)π/5) ⎦ ,
10 cos(0.5t + 2(i − 1)π/5)
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From hF (t), it can be veriﬁed that when the
desired formation tracking is achieved, the states of
the ﬁve followers will keep a time-varying circular
pentagon while enclosing the moving target.
4.1 Eﬀectiveness veriﬁcation
To verify the eﬀectiveness of the proposed approach, let fi (xi (t), vi (t)) =
 1
1
2 xiX (t) sin(xiY (t)) + 3 xiY (t) sin(xiX (t))
,
1
1
3 viX (t) sin(viY (t)) + 2 viY (t) sin(viX (t))
5
di (t) = sin(t), i = 1, 2, 3, 4, 5.
i
Select δ = 1. Solving the Riccati equation (11) with
R = I2 , one obtains K = I2 ⊗ [−1.8340, −4.8501].
The ESO (6) is designed with observer gain [3, 3, 1]T
and ε = 0.01. Saturation bounds are selected as
Mi = 50, i = 1, 2, 3, 4, 5. The initial conditions
of the UAVs are set as xiX (0) = , xiY (0) = ,
viX (0) = , and viY (0) = , i = 1, 2, 3, 4, 5,
where  is a random distribution value on the interval (0, 1); x6X (0) = 5, x6Y (0) = 5, v6X (0) = 2,
and v6Y (0) = 2. The initial conditions of the ESOs
are all set as null.
Fig. 2 shows the state trajectories of the six
UAVs within 10 s, where the ﬁnal states of the followers and the leader are marked by hexagrams and
circle, respectively. It can be observed that the states
of the ﬁve followers form a circular pentagon formation, and the state of the leader stays in the center of the pentagon. Fig. 3 illustrates the position
and velocity trajectory snapshots of the six UAVs at
t = 10 s, t = 14 s, and t = 18 s. One can see that
both the position and velocity components of the ﬁve
following UAVs form the time-varying circular pentagon formation, which keeps rotating around the
leader UAV. Fig. 4 depicts the states and the ESO
estimated states corresponding to follower 1, from
which one can see that the states x1 (t), v1 (t), and
the extended state ξ1 (t) are well estimated by the
ESO.

i = 1, 2, 3, 4, 5.
4.2 Comparison with previous work
1

2

3

6

5

4

Fig. 1 Network topology

To further show the superiority of the proposed
approach, we compare the proposed approach with
the approach in Dong et al. (2017a,b). Suppose that
the ﬁve following UAVs are modeled by the following
second-order time-invariant linear system subject to
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Note that protocol (44) is based on full statefeedback and that the inﬂuence of external disturbance is not taken into account. Let di (t) = 25 sin(t),
i = 1, 2, 3, 4, 5. To make a fair comparison, all the
parameters and initial conditions are the same as
before. Figs. 5 and 6 depict the simulation results
under protocols (44) and (10), respectively. Fig. 5
shows that the time-varying formation tracking
failed. However, Fig. 6 shows that the desired
time-varying formation tracking was achieved satisfactorily by the proposed protocol. The main reason
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is that in the proposed protocol, the external disturbance is estimated by the ESO, and compensated for
in the control protocol in real time. From this viewpoint, the proposed approach provides a more practical solution to the time-varying formation tracking
problem.

5 Conclusions and future work
In this study, we study the time-varying formation tracking problem for uncertain second-order
nonlinear multi-agent systems, and propose an ESO
based time-varying formation tracking protocol. The
proposed approach provides a novel and practical solution to the time-varying formation tracking problem for multi-agent systems, especially in the case
where the agent is subject to unknown nonlinear dynamics and external disturbance. An application to
the target enclosing of UAVs shows the eﬀectiveness
and superiority of the proposed approach. Extension of the proposed approach to more complex formation problems, such as the formation-containment
problem (Chen LM et al., 2017; Li et al., 2018), is
part of our future work. What is more, note that
the proposed protocol relies on the knowledge of λ1 .
In Li et al. (2015), a consensus protocol was proposed which was independent of any global information of the communication graph. Designing a fully
distributed time-varying formation tracking protocol based on the idea proposed in Li et al. (2015) is
under investigation.
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