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Abstract: Although standard iterative learning control (ILC) approaches can achieve perfect tracking for active
magnetic bearing (AMB) systems under external disturbances, the disturbances are required to be iteration-invariant.
In contrast to existing approaches, we address the tracking control problem of AMB systems under iteration-variant
disturbances that are in diﬀerent channels from the control inputs. A disturbance observer based ILC scheme
is proposed that consists of a universal extended state observer (ESO) and a classical ILC law. Using only
output feedback, the proposed control approach estimates and attenuates the disturbances in every iteration. The
convergence of the closed-loop system is guaranteed by analyzing the contraction behavior of the tracking error.
Simulation and comparison studies demonstrate the superior tracking performance of the proposed control approach.
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1 Introduction

like artiﬁcial hearts (Lee et al., 2003).

The maglev rotor system is collectively related
to magnetic bearings (MBs), which make the rotor rotate without friction. MBs can be classiﬁed
into active magnetic bearings (AMBs) and passive
magnetic bearings (PMBs), of which AMBs provide some unique characteristics, including high rotation speed, low bearing losses, and lack of mechanical wear. Therefore, AMBs have attracted much
attention in their broad applications such as vacuum pumps (Noh et al., 2005), spacecraft actuators
(Sawada et al., 2001; Yu et al., 2015; Matsumura
et al., 2016), and pumps that transport liquid in
environments that have high cleanliness standards,

Disturbances exist widely in diﬀerent AMB system processes, such as vibration of the external system, exogenous noises, and measurement uncertainties. These disturbances can severely aﬀect the performance of the system, and even damage mechanical
parts when a shaft rotates at an ultra-high speed.
Thus, it is essential for AMBs to attenuate the effect of exogenous disturbances. There are many
approaches that deal with the disturbance rejection
of the AMB system. Matsumura et al. (1996) applied a loop-shaping design procedure to asymptotically reject disturbances caused by an unbalanced rotor. Lindlau and Knospe (2002) introduced an augmented linearized suspension plant and used a robust
μ synthesis controller to counteract the independent
disturbance force based on a feedback linearization
model of voltage-controlled AMBs. Hong and Langari (2000) proposed a nonlinear magnetic bearing
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represented by a Takagi-Sugeno-Kang robust fuzzy
model, in which harmonic disturbances and parameter uncertainties were considered.
However, for these modern robust control designs, the response of the system is not fast enough,
and it is not easy for them to overcome severe plant
uncertainties or disturbances because they cannot
directly suppress system disturbances (Yang and
Zheng, 2014). Meanwhile, disturbances of the actual AMB system exist periodically or have inherent characteristics, such as harmonics, which are not
easily or promptly attenuated by traditional control designs. For these reasons, composite protocol combined modern control strategies with novel
direct disturbance rejection tools, known as disturbance observers, have become more popular in recent years. These tools provide direct observation
and rejection of system disturbances, and are considered a promising solution to address the intrinsic
constraints of traditional feedback diagrams, such as
nominal performance versus robustness (Chen et al.,
2016). The superiority and convenience of disturbance observers have inspired researchers to explore
their application in a magnetic bearings system. Yu
et al. (2018b) proposed a disturbance observer based
method that can attenuate the synchronous vibration of a magnetically suspended wheel. Yu et al.
(2017) designed another instance of active vibration
control of magnetically suspended wheels based on
an active shaft deﬂection method. Peng et al. (2015)
divided a dynamic AMB system into two equal parts,
and used a robust controller and a disturbance observer to attenuate both matched and unmatched
disturbances.
Most of the AMB system literature focuses on
system stability issues, but does not deal with suspension tracking problems for suppression of the
noise due to the relative motion of outer constructions. Some researchers discuss AMB system
tracking problems. Yu et al. (2018a) discussed
sliding mode based methods to deal with unmodeled matched coupling disturbances. Chladny and
Koch (2008) proposed a nonlinear reduced-order disturbance observer incorporated into ﬂatness-based
tracking control. However, the AMB system motion is periodic and repetitive, so it is essential to
consider repetitive-variant disturbances. Iterative
learning control (ILC) is a type of system control
that processes control tasks by repeatedly adjusting
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the control input. In each cycle, it processes the
set algorithm from the error information collected in
the previous or current cycle, thus leading the system oﬀset to ﬁnally converge to zero. The controller
acts like this to ensure that the system can follow
speciﬁc trajectories. Broad applications have been
implemented using the ILC algorithm. Bolder et al.
(2012) successfully implemented the ILC algorithm
in an inkjet printer. Baßler et al. (2015) described an
application of a multi-body service robot combined
with the ILC protocol. A dual-stage ILC system
has been introduced to improve the performance of
a multi-input multi-output (MIMO) unmatched system in joint elasticity robots, and there has been
large-scale research on improving the ILC system.
An overview of the development of the ILC system
was available in Ahn et al. (2007). ILC is also widely
applied in systems where similar tasks are repeated,
such as motors (Mandra et al., 2015) and robotics
(Zhao et al., 2015). It is also convenient to apply the
ILC scheme in the AMB system to perform tracking goals cycle by cycle while rejecting exogenous
disturbances.
Nevertheless, for the AMB system, the variation in the perturbation caused by shaft vibration
would be hard for ILC to deal with alone. Because
traditional ILC systems are focused on repetitive disturbances, there is no simple solution for a system
with non-repetitive perturbation, such as random vibration in every period (Sun et al., 2014). On the
other hand, for voltage-controlled AMBs, which are
more widely used and aﬀordable in real life, analysis shows that exogenous force disturbances usually
aﬀect the acceleration of the motion system, which
is in a channel that is diﬀerent from the control input. This is what we call the unmatched disturbance problem. The extended state observer (ESO)
can actively estimate system disturbances without
actual sensors, and requires only system input and
output information. Thus, it is ideal for application
in the AMB system. It is proved that ESO-based
control can dynamically attenuate unmatched disturbances and improve the performance of systems
that suﬀer from undesirable uncertainties. Therefore, in this study, an extended disturbance observer
is introduced and combined with an ILC scheme to
estimate and reject exogenous unmatched iteration
variation disturbances of the AMB system.
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2 Problem formulation
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equation of the rotor can be derived as

Active magnetic bearings are usually built in ﬁve
degrees of freedom (DOFs), with two radial translational DOFs, two radial torsional DOFs, and an axial
translational DOF. The unbalanced factors, including vibration, external noises, and non-alignment
between the mass center and the geometric center,
could lead to runout of the rotor (Bi et al., 2005).
Each of the translational DOFs can be an explicit
single-degree-of-freedom (SDOF) model controlled
by active electromagnets, while the control current
operating the exogenous force is applied on the bearings. Thus, in this study, an unbalanced tracking
problem for the radial SDOF model of AMBs is considered. Kucera (1997) proposed an SDOF nonlinear
model of the AMBs (Fig. 1). Exogenous disturbances
are in the form of external force Fs .
u1
i1

mẍ = F1 − F2 + Fs ,

(1)

where m is the mass of the rotor. According to the
Ampere law, we have
 2
K ij
, j = 1, 2,
(2)
Fj =
4 xj
where K = μ0 N 2 A, and μ0 , N, and A refer to the
vacuum permeability, number of turns, and surface
area, respectively.
As x1 = x0 + x, x2 = x0 − x, i1 = i0 + i, and
i2 = i0 − i, we conclude that the electromagnetic
force is
 
 2 
2
i1
i2
K
F1 − F2 =
−
4
x1
x2

2 
2  (3)
i0 + i
i0 − i
K
=
−
.
4
x0 + x
x0 − x
Now, we linearize Eq. (3) at around x = x0 and
i = i0 via the Taylor expansion, and can obtain

F1

Fs

F1 − F2 =
x1
x

μ0 N 2 Ai0
μ0 N 2 Ai20
i
−
x = ks x + ki i,
x20
x30
(4)

where
ks = −

x2

x0
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F2

K i20
K i0
, ki =
.
2 x30
2 x20

The voltage drop of the system can be determined as
u = Ri + Ls

i2
u2

Fig. 1 Active magnetic bearing (AMB) model

In Fig. 1, rotor displacement along the x axis is
controlled by two electromagnetic poles working in
diﬀerential mode. Control voltages u1 and u2 generate winding currents i1 and i2 of the upper pole and
down pole, respectively, bringing magnetic forces F1
and F2 , respectively. The external disturbance force
is represented by Fs , while x0 refers to the displacement when the rotor is in an equilibrium position.
The magnetic gap lengths are represented by x1 and
x2 , while x is the displacement deviation along the x
axis.
According to the Newton laws, the motion

di
dx
+ ki ,
dt
dt

(5)

where R and Ls are the referred resistance and inductance of the magnetic coils, respectively (Bleuler
et al., 2009).
If we deﬁne velocity as v = ẋ, then the system
states can be expressed as x = [x, v, i]T . The thirdorder state equation we obtain can be described as
⎤
⎡
⎡ ⎤
⎡ ⎤
0
1
0
0
0
⎢ s
⎢ ⎥
2ki ⎥
1⎦
⎣
0
0
ẋ = ⎣ 2k
Fs .
x
+
u
+
⎣ ⎦
m
m ⎦
m
−ki
−R
1
0
0
Ls
Ls
Ls
(6)
Putting it in the state-space form, we have
ẋk (t) =Axk (t) + Bu uk (t) + Bd dk (t),
yk (t) =Cxk (t),

(7)

where yk (t), xk (t), uk (t), and dk (t) represent the
k th iteration displacement output, system state,
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control input, and external disturbances, respectively. Deﬁne x(t + kJ) = xk (t), d(t + kJ) = dk (t),
and u(t + kJ) = uk (t), where t ∈ [0, J], k ∈ N, and
J is a positive constant. Meanwhile, A, Bu , Bd , and
C represent the system matrix parameters; refer to
Eq. (6), of which C = [1, 0, 0].
From the above state space form expression of
the SDOF-AMB kinematic model, it can be found
that all external constant factors, such as the mass
of the rotor, are oﬀset by part of the electromagnetic force, which comes from the bias current, or
permanent magnetic force for some other traditional
passive MBs. Therefore, control schemes need to be
applied for adjustment of the electromagnet voltages,
because it can easily be seen that the system is an unstable open loop. However, for most traditional control schemes like the proportional-integral-derivative
(PID) controller, system runout would occur in certain initial conditions in a real system, caused by
the non-alignment of the geometric center and mass
center (Bi et al., 2005). Iterative learning schemes,
referred to as ILC, can actively stabilize the system
by reﬁning the control input from the error information obtained by the previous cycle. Its repetitiveness can also compensate for the perturbation
by tuning the control signal. For the AMB system, the designed ILC can generate a speciﬁc force
to adjust the motion state of the bearings with the
error information provided by the position sensors.
The traditional ILC does not make direct use of disturbance information, but uses error information to
compute the control input, which makes it diﬃcult
to deal with iteration-variant disturbances. Hence,
it is essential to add the disturbance observer to observe and compensate for variant disturbances in every cycle; as for the real AMB system, perturbation
mostly appears with random amplitude rather than a
periodic signal.

3 Mismatched disturbance estimation
and rejection of an active magnetic
bearing system
3.1 Common extended state observer design
Disturbance observer based control (DOBC) has
been widely proposed in the literature, and there is
a detailed overview of diverse forms of disturbance
observer design and related methods in Chen et al.

2019 20(1):131-140

(2016). ESO is a kind of disturbance observer that
can be designed with a minimum requirement of system information, which makes it widely applied and
studied in various areas. For the proposed linear
AMB system, only the order of the plant is required.
A common ESO is formulated as follows.
Consider a system with order n:
⎧
q̇ = q2 ,
⎪
⎪
⎪ 1
⎪
⎪
⎪
⎪ q̇2 = q3 ,
⎪
⎨
..
(8)
.
⎪
⎪
⎪
⎪
⎪
q̇n = a1 q1 + . . . + an qn + cω + bu,
⎪
⎪
⎪
⎩
p = q1 ,
where ω and u refer to disturbances and system input, respectively. It can be written as the state-space
form:
q̇ = Āq + B̄u u + B̄d ω,
(9)
p = C̄q,
where q = [q1 , q2 , . . . , qn ]T ,
⎡

0
⎢0
⎢
Ā = ⎢ .
⎣ ..
a1

1
0
..
.
a2

0
1
..
.
a3

⎤
0
0⎥
⎥
.. ⎥ ,
.⎦
. . . an
...
...

B̄u = [0, 0, . . . , b]T ,
B̄d = [0, 0, . . . , c]T ,
C̄ = [1, 0, . . . , 0].
Then we augment the proposed equation by adding
the state qn+1 = a1 q1 + a2 q2 + . . . + an qn + cω,
and thus obtain q̇n = qn+1 + bu, q̇n+1 = a1 q̇1
+ . . . + an q̇n + cω̇. An ESO can be designed as
Ż = [z˙1 , z˙2 , . . . , żn+1 ]T = M Z + N p + Du, (10)
where

⎡

−α1
−α2
..
.

⎢
⎢
⎢
M =⎢
⎢
⎢
⎣ −αn
−αn+1
T

1 0
0 1
.. ..
. .
0 0
0 0

⎤
... 0
. . . 0⎥
⎥
.. ⎥
⎥
.⎥ ,
⎥
. . . 1⎦
... 0
T

N = [α1 , α2 , . . . , αn+1 ] , D = [0, . . . , b, 0] , where
zi (i = 1, 2, . . . , n) represent the estimates of the original system states, and αi (i = 1, 2, . . . , n) represent
the observer gains that need to be designed.
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Thus, the estimation error can be calculated by
subtracting the estimation value from the proposed
system equations as
⎡
⎤
−α1
⎤
1 0 ... 0
⎡
ė1
⎢ −α
0 1 . . . 0⎥
2
⎥
⎢ ė2 ⎥ ⎢
⎥
⎥ ⎢
⎢
.
.
.
.
⎢
.. ..
.. ⎥
Ė = ⎢ . ⎥ = ⎢ ..
⎥E
⎣ .. ⎦ ⎢
⎥
⎣ −αn
0 0 . . . 1⎦
ėn+1
−αn+1 0 0 . . . 0
⎡
⎤
⎡ ⎤
0
0
...
0
0
0
⎢ 0
⎥
⎢
⎥
0
...
0
0⎥
⎢
⎢0⎥
+⎢ .
⎥ q̇n+1 + ⎢ . ⎥ ω̇.
.
.
.
..
..
.. ⎦
⎣ ..
⎣ .. ⎦
−a1

−a2

. . . −an

0

c

(11)
With a properly chosen observer gain, it was proved
in Liu and Li (2012) that the stability is guaranteed if
the system states, disturbances, and their derivatives
are bounded.
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plant can be acquired as
x̃˙ k (t) = Ãx̃k (t) + B̃u uk (t) + B̃d d˙k (t),
yk (t) = C̃ x̃k (t),

(13)

where
x̃k (t) = [x1 , x2 , . . . , xn+1 ]T ,


An×n (Bd )n×1
T
Ã =
, B̃u = [(Bu )1×n , 0] ,
01×n
01×1
T
B̃d = [01×n , 1] , C̃ = [C1×n , 0].
In terms of realizing a generalized ESO design, the
following assumptions are proposed:
Assumption 1 The disturbance dk and its derivation d˙k are bounded, i.e., ||dk (t)||2 ≤ H1 ,||d˙k (t)||2 ≤
H2 for any k ∈ N over t ∈ [0, ∞), where H1 and
H2 are positive constants, while the exogenous disturbance converges to a constant value during one
period of the iterative cycle, i.e., limt→T d˙k (t) = 0.
Assumption 2 (Ã, C̃) is observable.
A universal ESO can be designed as

3.2 Universal extended state observer design
However, for traditional ESO design, the proposed AMB model does not satisfy the standard
form, because there is no integral framework. Meanwhile, for the AMB system, the exogenous disturbance force is applied in a diﬀerent channel than
the control input, which is widely known as the unmatched case. It is diﬃcult to apply the standard
DOBC form in a system with unmatched lumped
disturbances.
Using system (7), a fundamental DOBC
composite controller can be designed in the form of
u∗k (t) = uk (t) −

zn+1
,
b

(12)

where uk (t) is the controller designed to achieve
system stability or for tracking purposes. Thus, it
can obviously be observed that a direct compensation design cannot attenuate the inﬂuence of lumped
disturbances from the output channel.
Remark 1 Although disturbances here can still be
estimated, direct rejection is not applicable. Therefore, a generalized composite controller can be designed in the form u∗k (t) = uk (t) + Kd ω̂, and a new
controller gain Kd is calculated to attenuate the
unmatched disturbances.
A generalized ESO can evolve from a framework
similar to the basic ESO. If we deﬁne a new system
state xn+1 = dk in system plant (7), an augmented

ˆ k (t) + B˜u uk (t) + L (yk (t) − ŷk (t)) ,
ˆ˙ k (t) = Ãx̃
x̃
ŷk (t) = C̃ x̃k (t),
(14)
where L is the observer gain to be designed. Comparing an augmented system with a generalized
ESO, the estimation error can be obtained by the
diﬀerence between two equations:
Ėg = (Ã − LC̃)Eg − B̃u d˙k (t),

(15)

where Eg = [x1 , x2 , . . . , xn , dk ]T refers to the vector
included estimation error information on the system
state and exogenous disturbances.
Lemma 1 (Li et al., 2012) Supposing Assumptions 1 and 2 hold for Eq. (13), the error vector Eg is
bounded if observer gain L is chosen to ensure that
(Ã − LC̃) is Hurwitz.

4 Iterative learning control
4.1 Iterative learning control framework
The basic idea for ILC is to create the control
input of the present cycle by processing input and
error information collected in the past and present
cycles. In other words, it is a method that processes
repetitive tasks based on the transient response of
diﬀerent sessions. Therefore, it is ideal to deal with
repetitive work plant control problems. Recalling
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Ek (s) =Yk (s) − Yk−1 (s) + Ek−1 (s)

the state-space AMB system (7), we have
ẋk (t) = Axk (t) + Bu uk (t) + Bd dk (t),
yk (t) = Cxk (t).
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=Ek−1 (s) − (Θ1 (s)Uk−1 (s) + Θ2 (s)Dk−1 (s))
(16)

+ (Θ1 (s)Uk (s) + Θ2 (s)Dk (s))
=Ek−1 (s) + Θ1 (s)(Uk (s) − Uk−1 (s))

Assumption 3 xk (0) = 0, for any k ∈ N.
Assumption 4 (A, Bu ) is controllable.
Suppose Assumptions 1–4 hold for Eq. (7) when
t ∈ [0, J], where J is a positive constant (Sun and Li,
2017). The aim of the ILC system is to ﬁnd an input,
uk (t), to ensure that the trajectory yk converges to
the real trajectory yr , when the cycles tend to inﬁnity. The k th iteration tracking error ek (t) is deﬁned
by ek (t) = yr (t) − yk (t).
Considering a classical ILC system like the
following (Arimoto et al., 1984):
uk (t) = uk−1 (t) + P ek (t) + Qek−1 (t),

(17)

where P and Q are the iterative learning gains that
need to be designed, it can be simply derived that
the initial status is u0 (t) = 0.
4.2 Tracking performance analysis
To derive tracking errors, the Laplace transform
is applied to Eq. (7):
sXk (s) = AXk (s) + Bu Uk (s) + Bd Dk (s),
Yk (s) = CXk (s),

(18)

Xk (s) = (sI − A)−1 Bu Uk (s) + (sI − A)−1 Bd Dk (s),
(19)
−1

Yk (s) =CXk (s) = C(sI − A)
−1

+ C(sI − A)

Bu Uk (s)

Bd Uk (s)

(20)

=Θ1 (s)Uk (s) + Θ2 (s)Dk (s),

Θ2 (s) = C(sI − A)−1 Bd .

(23)
According to Eq. (17), Uk (s) − Uk−1 (s) = P Ek (s) +
QEk−1 (s) can be obtained. Hence, we can derive
Ek (s) =(1 + Θ1 (s)P )−1 Θ2 (s)(Dk (s) − Dk−1 (s))


+ (1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q) Ek−1 (s).
(24)
Theorem 1 For the designed ILC system,
the tracking error converges asymptotically to
a speciﬁc value if the learning parameters
P and Q are set properly to ensure that
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ≤ 1.
Proof From Eq. (24), we have
||ek (t)||2
≤||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ||ek−1 (t)||2
+ ||(1 + Θ1 (s)P )−1 Θ2 (s)||∞ ||dk (t) − dk−1 (t)||2 .
(25)
It is clear that ||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞
and ||(1 + Θ1 (s))−1 Θ2 (s)||∞ are bounded. Consider that the second term of inequality (25) is
bounded due to Assumption 1, and thus the convergence of the ILC tracking error depends on the term
As||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ||ek−1 (t)||2 .
sume that the second term of inequality (25) is
bounded with
||(1 + Θ1 (s))−1 Θ2 (s)||∞ ||dk (t) − dk−1 (t)||2 ≤ S1 .
(26)
There exists R that satisﬁes
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ≤ R < 1.

where
Θ1 (s) = C(sI − A)−1 Bu ,

+ Θ2 (s)(Dk (s) − Dk−1 (s)).

(21)

The tracking error can be obtained by calculating
the diﬀerence between the reference trajectory and
the control output of every cycle. Let yr (t) be the
reference signal, and Yr (s) the Laplace transform of
yr (t). The tracking error can be represented as
Ek (s) − Ek−1 (s) = Yk (s) − Yr (s) − (Yk−1 (s) − Yr (s)),
(22)

In such a way, combined with inequality (26), we
have
||ek (t)||2 ≤ R||ek−1 (t)||2 + S1
≤ R2 ||ek−2 (t)||2 + RS1 + S1
≤ R3 ||ek−3 (t)||2 + R2 S1 + RS1 + S1
..
.
≤ Rk ||e0 ||2 + S1

k−1


Rn .

n=0

(27)
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From the ﬁrst term of inequality (27), ||e0 (t)||2 is
bounded, and
||(1 + Θ1 (s))−1 Θ2 (s)||∞ ||dk (t) − dk−1 (t)||2 ≤ S1 .
According to the sum algorithm of the geometric
sequence, it can be concluded that the convergence
of both terms is ensured if R < 1.
Remark 2 If and only if S1 = 0, namely, the
exogenous disturbances are iteration-invariant, the
learning gains P and Q can be chosen so
that ||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ≤ 1, and the
tracking error would converge to zero.
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Theorem 2 For the designed composed control
system (28) with proper compensation gain T , the
tracking error would be signiﬁcantly reduced if the
learning parameters P and Q are set to ensure that
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ≤ 1.
Proof Likewise, based on the analysis in Section 4,
we have
||ek (t)||2 ≤
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ||ek−1 (t)||2
+ ||dk−1 (t) − dk (t) − dˆk−1 (t) + dˆk (t))||2
· ||(1 + Θ1 (s))−1 Θ2 (s)||∞

(31)

+ ||dk−1 (t) − dk (t)||2

5 Composite iterative learning control
The tracking performance of the traditional ILC
system was proved in Section 4. The universal ESO
design in Section 3 provides a solution to attenuate disturbances in a diﬀerent channel with control
input.
Recall the generalized ESO composite controller. A similar form of the composite disturbance
controller can be written as
ūk (t) = uk (t) + T dˆk (t),

(28)

where T is the disturbance compensation gain that
needs to be designed, and dˆk (t) refers to the estimated iteration-variant disturbances.
If we replace new input Eq. (28) into the original
AMB system (7), the Laplace transformed system
tracking error can be displayed as
Ek (s) =Yr (s) − Yk (s) − (Yr (s) − Yk−1 (s)) + Ek−1 (s)
=Yk−1 (s) − Yk (s) + Ek−1 (s)
=Ek−1 (s) − (Θ1 (s)U¯k + Θ2 (s)Dk (s))

· ||(1 + Θ1 (s)P )−1 (T Θ1 (s) + Θ2 (s))||∞ .
It is obvious that the second and third terms are
bounded when Assumptions 1 and 2 are satisﬁed.
Assume
||dk−1 (t) − dk (t) − dˆk−1 (t) + dˆk (t))||2
· ||(1 + Θ1 (s))−1 Θ2 (s)||∞ + ||dk−1 (t) − dk (t)||2


· ||I + Θ1 (s)P −1 T Θ1 (s) + Θ2 (s) ||∞ ≤ S2 .
(32)
It is proved in inequality (27) that the convergence of ek depends on the proper choice of learning gains P and Q to ensure R < 1. The same
results hold for inequality (32). The variable R
here refers to the maximum value of the term
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ . Back to inequality (32), if the disturbance compensation gain is set
as
−1

C(sI − A)−1 Bd , (33)
T = C(sI − A)−1 Bu
together with inequality (32), we can obtain
||dk−1 (t) − dk (t) − dˆk−1 (t) + dˆk (t))||2
· ||(1 + Θ1 (s))−1 Θ2 (s)||∞
=||(dk−1 (t) − dˆk−1 (t)) − (dˆk (t) − dk (t))||2

+ (Θ1 (s)Ūk−1 (s) + Θ2 (s)Dk−1 (s))
=Ek−1 (s) + Θ1 (s)(Ūk−1 (s) − U¯k (s)),
(29)
and based on Eqs. (17) and (28), it can be derived
that

· ||(1 + Θ1 (s))−1 Θ2 (s)||∞ ≤ S2 ,
and substituting it into inequality (31) gives

= − (1 + Θ1 (s)P )−1 Θ2 (s)


· Dk−1 (s) − Dk (s) − (D̂k−1 (s) − Dˆk (s))


+ (1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q) Ek−1 (s)


+ (1 + Θ1 (s)P )−1 (T Θ1 (s) + Θ2 (s))
· (D̂k−1 (s) − D̂k (s)).
(30)

k−1


S2 − S2 Rk−1
.
1−R
n=0
(35)
Remark 3 Comparing inequalities (27) and (35),
it can be seen that the tracking error of composite
ILC is much smaller, because the estimation error of
disturbances (dk−1 (s) − dˆk−1 (s)) − (dˆk (t) − dk (t))
is surely smaller than (dk−1 (s) − dk (t)) if the ESO is
properly designed.
||ek (t)||2 ≤ R ||e0 (t)||2 + S2
k

Ek (s) =Θ2 (s)(Dk−1 (s) − Dk (s))

(34)

Rn ≤
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6 Simulation results

8

where t ∈ [0, 0.01] and k ∈ N. Two sets of diﬀerent
reference trajectories were used in the simulation to
prove the superiority and eﬃciency of the proposed
control scheme.
The step response tracking performance of r =
0.5 mm is shown in Figs. 2a–2d. The rotor position trajectories under diﬀerent control schemes at
four diﬀerent iteration cycles (k = 2, 5, 10, and 30)
were demonstrated. It can be seen that the oscillation of the system trajectories gradually decreased
for both systems, with the eﬀect of the ILC algorithm. However, traditional ILC cannot oﬀset the
steady-state error, because the variability of the disturbances makes ||dk−1 (t) − dk (t)||2 a variant value
cycle by cycle. The composite control system, which
combines ESO and ILC, quickly attenuated the disturbances, signiﬁcantly reducing the steady-state
error.
Figs. 3a–3d demonstrate the system tracking
performance under the harmonics input reference
r = 0.5 × 10−3 (1 − e−1200t )sin(3 × 103 t),
where t ∈ [0, 0.01], k ∈ N. It can be seen that the
oscillation at the beginning of every cycle decreased
as the number of cycles increased, and the system
responses of two diverse control schemes show the
same convergence rate. From both input signals, it
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An AMB plant was built with the composite ILC
system, based on the model that has been described.
To prove the eﬃciency and superiority of the composite control scheme, iterative-variant-exogenous disturbances were introduced in the simulation, and
the performance of each control scheme is shown and
compared.
System
parameters
were
set
as:
5
ks = 9.5 × 10 N/m, ki = 675 N/A, m = 15 kg,
Ls = 0.025 H, R = 12 Ω, and thus the state-space
model can be calculated.
The learning gain can be designed in PI form,
which is Q(s) = 0.5 + 1s , P = 1.5 + 2.5
s , and thus
||(1 + Θ1 (s)P )−1 (1 − Θ1 (s)Q)||∞ ≤ R < 1 is satisﬁed, and the disturbance compensation gain can be
designed according to Eq. (33). The disturbance estimation gain is set as L = [−547.2, −340, −40, −60]T.
The iteration-variant disturbance force was set as

4
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Fig. 2 Step tracking performance comparison for k=2
(a), k=5 (b), k=10 (c), and k=30 (d) (ILC: iterative
learning control; ESO: extended state observer)

can be seen that traditional ILC can roughly track
the references with a steady-state error, while the
observer-based composite control can reject exogenous disturbances to realize a more precise tracking goal. The inﬂuence of iteration-variant disturbance is proven to be eliminated. Compared to
some existing results, the closed-loop-composite ILC
can track set trajectories while rejecting exogenous
disturbances.

Tang et al. / Front Inform Technol Electron Eng

8
Rotor position (mm)

4
2
0
−2
−4

Reference
ILC
ESO+ILC

(a)

−6
−8
0

2

4
6
Time (ms)

8

References

10

Rotor position (mm)

2
1
0
−1
−2
−3
Reference
ILC
ESO+ILC

−4

(b)

−5
−6
0

2

4
6
Time (ms)

8

10

1.0
Rotor position (mm)

139

iteration-variant disturbance rejection ability, compared with the standard ILC system. Simulation results demonstrated that the proposed methods can
achieve reference tracking while signiﬁcantly attenuating the inﬂuence of unmatched-iteration-variant
disturbances.
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Fig. 3 Harmonics tracking performance comparison
for k=2 (a), k=5 (b), k=10 (c), and k=30 (d) (ILC:
iterative learning control: ESO, extended state observer)

7 Conclusions
In this study, a linearized model of voltage controlled AMBs has been analyzed under unmatched
external disturbances. Then an integrated control scheme was proposed that combines a universal extended state observer and Arimoto-ILC
and solves the unmatched problem improving the
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