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Abstract:

A dual random model of a portfolio of variable amount whole life annuity is set with the 72th mo-

ment of the present value of benefits, and the respective expressions of the moments under the assumption that
the force of interest accumulation function is Wiener process or Ornstein- Uhlenbeck process. Furthermore, the
limiting distribution of average cost of this portfolio is discussed with the expression of the limiting distribution
under the assumption that the force of interest accumulation is an independent increment process.
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INTRODUCTION

For life insurance and social pension insur-
ances interest rate and mortality are two very
important random factors. But in traditional ac-
tuarial theory, only the mortality is random and
the interest rate is not certain. In the mid-
1970’ s, interest randomness began to be an as-
sumption in actuarial science> and study of dual
randomness (i.e. the mortality and interest rate
are both random) affecting life insurance and so-
cial pension insurance gradually became an im-
portant field of actuarial science. (Wu, 1995;
He> 1998).

The interest rate was usually modeled by
random process under assumption of dual ran-
domness. In some actuarial literature, the inter-
est rate is modeled by the time series method, for
examples white-noise processs AR processs
ARIMA process. Boyle(1976), Panker & Bell-
house(1980; 1981, Giaccotto( 19867, Dhaene
(1989), Hiirlimann (1992 ) used this method.
Since the 1990 s, the interest rate in some liter-
ature has been modeled by the perturbation
method, which yielded a series of annuity results
certain with dual randomness. In 1990 and
1991, Beekman and Fuelling(1990; 1991) ob-

tained separately the first and second moments of
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some annuities under the assumption that the
force of interest is modeled by Ornstein-Uhlen-
beck process or Wiener process. In 1993, they
obtained the first and second moments of the
present value of benefit of whole life insurance
under the assumption that the force of interest is
modeled by Ornstein-Uhlenbeck process or
Wiener process. In 1992, De Schepper et al.
(1992a; 1992bs; 1992c¢). obtained the moment
generating function, distribution function and
Laplace transform of annuity under the assump-
tion that the force of interest is modeled by
Wiener process.

Under assumption of dual randomness, cal-
culating the moments of the present value of ben-
efit is an important task, and exploring the dis-
tribution of the present value of benefit is a more
important task. Gray Parker ( 1994a; 1994b;
1994c; 1994d) discussed the present value of
benefit of a portfolic of term life policies and a
portfolic of endowment policies established their
dual random model, and obtained the first three
moments of the two kinds of polices, and also
discussed the limit of average cost of policies
when the number of the policies approach infini-
tys and obtained the recurrence formula of the
approximate distribution function of the limiting
random variable.
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He Wenjiong and Jiang Qingrong ( 1998 )
discussed increasing life insurances where the
death benefit is paid as soon as the insured dies,
and established its dual random model where the
force of interest accumulation function is a gener-
al Gauss processs and obtained the moments of
the present value of the benefits. Since then He
(2001 discussed a general kind of increasing an-
nuity based on its force of interest accumulation
function as a general random process; established
the dual random model of the present value of the
benefits of the increasing annuity; and then cal-
culated moments under certain conditions.

Here we conduct a dual random model of a
portfolio of whole life annuity policies; calculate
the moments of the present value of its benefits,
and discuss the limiting distribution of the aver-
age present value of benefits. The model is useful
for clarifying the theory of “dual randomness”s
and is also as a powerful tool for calculating the
government debt during the transformation of so-
cial pension insurance in China. The later will be
discussed in a separate paper.

MODEL OF PRESENT VALUE OF BENE-
FITS

Annuity insurance is an important kind of
commercial life insurance. Technically, social
pension insurance is also a kind of annuity insur-
ance. So annuity insurance is important for actu-
arial science. Because variable annuity insurance
is increasing in China and the adjustment mecha-
nism in social pension insurance has already been
established, the whole life annuity discussed in
this paper yields variable benefits.

Given n insured same sex, age x» people
getting the same amount of pension in a year.
The annuity benefits are paid at the beginning of
the year if the insured is living. The first benefit
is B> and the kth benefit is B*c¢(k), where ¢
(k) is a positive function of £, and ¢(0)=1.

We use the symbols of actuarial science with
(2 indicating a person at the age of x> and T}
indicating the future lifetime of person /. In the
model of interest randomness; we can use force
of interest function 8C¢) (the interest at time z)
or force of interest accumulation function «(z)

t
= [ 5(s)ds to indicate interest randomness.

)

Here the force of interest accumulation function
is used to indicate interest randomness.
Therefore, we can set the dual randomness
model for the portfolio of variable amount whole
life annuity policies whose number is 7:
L, 7]

S, = B> D) c(k) e

=1 k=0

(1a)

where «u() =38z + y(z), and y(z) is a ran-
dom process. & is a nonnegative random variable
or constant. e ““’is a discount function, which
indicates discount value of 1 unit from ¢ to 0.

In model Eq. (1a), the following assumption
is reasonable,

Assumption 1° T,/ =1,2, ***» n) have
independent and identical distribution; their den-
sity functions are the same i.e. f(z);

Assumption 2° v (z) is independent of
{TZ’ [=1525"sn }
Model Eq. (1a)can also be written as
S, =B Y, (1b)
=1
(1]
Where Y, =

DIeCk) o e "% Tt is evident that
k=0

the random variables T,(/ =152, ***s n) have
the same distribution> but that they are not inde-
pendent. In fact, they have a common random
process u(z) which indicates the force of interest
accumulation function.

We notice thats if ¢c(k)=1, the variable
amount annuity becomes equal amount annuity.
Correspondingly»

n LT]

S, = B> >je

=1 k=0

2>

Without loss of generality, let B =1 in model
Egs. (1a) or (1b), and Eq. (2.

MOMENTS OF PRESENT VALUE OF BENE-
FITS

Now we study the 72th moment of the pre-

sent value of benefits, and obtain their expres-
sions under certain conditions.
Theorem 1  In model Egs. (1a) or (1b), if § is
a nonnegative constant, and y(z) is independent
of {I, 1=1,2,"sn}, and {T}} have inde-
pendent and identical distribution and their den-
sity functions are f(z), then
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ES, = nEY, (3>
ES? = nEY: + n(n — DEY,Y, (4>
ES} = n(n — 1D(n — 2EY, Y, Ys + 3n(n — DEY?Y, + nEY? (5
\ n! Y)Yy (6)
Where
o oo Lo, ] [e,1 [e]
EY?Y;Z"'Y;" :JOJO Jozyycl(]l)c (]2).'.6‘ (] )e 8(r1j+r e +r/)
51=0 ,=0 j,

Ee (r1y(j1>+rzy(]z)+"‘+r,rv(jn)}f( tl)f( tz)...f( z, )dtldtz°'°dtn 7

Here, different expressions can be obtained when m and > 7,5 ***» r, take different values; for ex-
ample,
[0, [e,1 [4]

o] 1 1

EY2Y, — jjf SN el ide MR e GRS (4 () dede,  (8)

0 %=0 j=0 i=0

EY | Y,Y; = fo JOJ > D (DGl e D g (D)

f(tl)f( tz)f( t3)dt1dt2dt3 9

Proof Theorem 1 can be directly obtained through assumptions 1° and 2° by simple calculation.
Now suppose y( ) comprise some particular random processes. We will get the concrete form of
moments in Theorem 1.
°. If y(z) is Wiener process with parameter ¢, y(z)= W(z), and y(0)=0,
OS] () =="""=—j(;,H=="""=—j(,» indicates the decreasing sort of j;» j,»***> j,» We have,
Feo toG0 G+ 4ryGY — foa oo+ ropntio + o, 00G, )b —

S

Ee (UEM —yGi-D1) E[y< S DI i[vmw(im]} _

(2)
(n)

E —{r(1)+r(2)+‘"+r(n):|z[y(z’)—y(z’—l)]} —{r(2)+"‘+r( )] 2 [y()—yG-DT} —{r(”) 27 [y(d—yG-1D1}
e i=1 e ...e i=i(n-D11 —
(1) 2 (n)
—{r(lﬁr(2)+"‘+r(,,)JSEy&v—y(i—l)J} —{r(zﬁ"”rr(")]2[3}(1‘)-)}(1‘—1)]} -, 2 [y(D-3G-DD
Ee i=1 Ee i=i (DI ...Ee i=jDi1 —
1 2. 201 2. . 2
70 i ey Tt ) 5‘7 (‘l(Z)_j(l)>(r(2)+.“+r(n)> 2" (/w) Jen ) _
HeZO (fu oy vr(k) (10)
PSR % I % B
EY YY) = Jo Jo ."[0 2 2 E GGy (G, e M)
71=0 j,=0 7,=0
12 . . 2
1 5o G- 2 D
20 Mk G
Ile FCeD fCaym fCe,deydey+de, (11
i=1

Different expressions can be obtained when 7 and s 7,5 ***» r, take different values, for example,
L, [e1 [4]

EY% Y2 — JOJ 2 2 y c(k)c(])c(z)e 8</€+/+1)+2d {b+j+i+2minCk, j)+2min(j )+ 2minCk, )}

k=0 j=0 i=0
f( tl)f( tz)dtldtz 12>
[e,] [4,] [4]

[e] 1

N YT . .
EYl Y2Y3 — J‘ J J‘ Z Z C(k)C(] )C(i)efﬁ(k+]+z)+2o' {k+]+z+2mm(le,j)+2mm(jvz>+2mm(/e,z)} -

0 %z=0 j=0 i=0
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f( tl)f( Zz)f( Z3)dt1dtzdt3 13>
2°. If y(z) is Ornstein-Uhlenbeck processs i.e. y(z)= X(z), and satisfies

{dX(t) =— oX(di + adW ()
X0 =0

where W(¢) is Wiener process, then

Ev(:)=0, Cov(y(s), y(s))zpz(efa(hs)Jre*“(H“'))’ s<<t> Where: o> = ¢%/2a.
Therefore

(14>

1, . . .
5 Dy(j) Gy )
Ee {rly(j1>+rzy(j2>+"'+r”v(jﬂ>} 2 {; M +;rkrloov(y Kt )

(S
o oo o [1] L] L] . . .
EY Yy Yr = | [T T 3 e M (e e i )
00 0 j=0j,=0  j=0

1N . . .
50O rDv(],)+2rrCOv<v<] ), y(G D}
5 W2yl )
e’ = k ! f(tl)f( tZ)".f( tn)dtldtz...dtn

LIMITING DISTRIBUTION OF %

. .. . . . Sn . .

The limiting distribution of -, is an important property of S, and reflects the average cost of a
portfolioc of variable amount whole life annuity policies when the number of policies is large enough.
About this, we have the following theorem.

Theorem 2 In Theoreml, if the moment generating function Ee

nite, ¥V 7€ R, thens

> of random process y(z) is fi-

%—Ea(@e‘*‘y(“-mi’o (31— 00) (15

k=0

where w indicates limit age, p, = P,CT=Fk).

Io prove this theorem, we give two lemmas,
Lemma 1  (Kolmoglov large number law) If random variables X;> X5, ***» X, have independent
and identical distribution, and EX| is finite, then

1 n P
;Exi—wjxl (n—> o)

i=1
P
Lemma 2 1° If the expectation and variance of X is finite, Y, —>0 (2—>0), then
P
X*Y,—0O (np>o0)

2° If Y;,—P>O (n—>00),i=1,2,**,c(c is a constant), then

C . P
2Y, >0 (n—>o0)
i=1
Proof 1° Its proof is simple.
2° From P,( Z Y!
i=1

Let us prove Theorem 2.

c

>e)< ZP,(I Y |>C£> » we can obtain 2° simply.

i=

2 [T ; (7]

Proof S, = >, >, c(k)e ®® — {2 cChIe *®) . 1[T1>o]}=

I=1 k=0 =1 k=0
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(7]

20 cCR e * 3 . 20 I[TI<TI<5+1]}:
= 5=

ZO 2 cCp)e %l o I[f1<T1<Tz+1]}:

@

“‘ — Ok —y(k)
> cChde ® 8 _,SI[T1<T1<TZ+1]}:
k=0

o=k

Z C(k )eié\kiy(k) ° I[]’})k] } =

=1 k=0
D7 cChde BT py))
k=0 =1 )

Because the T, s have independent and identical distribution, from Lemma 15 we have

n

1 P
;; Ity 1= Elirzpy (n—> 00

Let Xk == C(k )e*b‘k*y(k)’ then

EX, = c(kle ¥pe < oo

EX} = M Rle PEe 2P

DX, = (ke M (Ee »™ — (Ee ")) = (ke 2+ De "< oo
From lemma 2, we have

S DRI *YEP (T =) =
n £=0
Ec%)e—ﬁk—y(“(lE ILT, =kr]-P(T, = k))—P> 0 (n— o).

£=0 oo

In particular situations, we can get the limiting distribution of 7" Let

@

§ — ZC(k)e_Bk_y(k> . pk (16)

k=0

If y(z)=X(z), X(z) has stationary and independent increments process, then

P2 = P.( D clhde®¥® o p < 1) =
k=0
© o= )Gt D=y ()
P,(Zc(k)e = ' 'P/g<x_P0)

k=1

Let 2, = e @ D942 then 2, has independent and identical distribution. We suppose the

density function of =z, is f(z).

Let Y, = ayz122°"" 2> where @, = c(kde ¥p,» then the density of ( Y5 Y5+ Y, can be ex-

pressed as follows,

1 Vi aiy A1
Cypryprsetry ) = ———————— (—) —) (7) a7z
Pryv Yo aaylyz"'yw—lf a f( azy ! Ay Vo1
According to the definition of Y, we get
€ = Z Y. + po
k=1

and
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"'Jp<y1’yz"“’yw)dyldyz'"dyw =

Mttty e p,

J

R S

1

IS S G|
ay1Y2" " Vo1

ag

o A

The model of this paper comes from a realis-
tic problem related to calculation of the govern-
ment debt during the transformation of social
pension insurance in China. The model Eq. (1a)
expresses the debt of “the old employees” of x
years old; the sum of the debt can be calculated
when x varies from the age of retirement in law
to the age of the insured when he dies. Two
properties of the present value of benefits were
discussed in this paper. The expressions of the
moments were calculated in Theorem 1 and the
limit distribution of S,/ n were discussed in The-
orem 2. It is obviously that the results in this pa-
per can be regarded not only as a powerful tool to
calculate the government debt during the trans-
formation of social pension insurance in China,
but also as important for premium calculation,
reserve calculation, insurance product design,
risk management, etc. in life insurance and so-
cial insurance.
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