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Abstract:

This paper presents two new theorems for multiplicative perturbations of C-regularized resolvent families,

which generalize the previous related ones for the resolvent families.
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INTRODUCTION

Da Prato and Iannelli (1980) first introduced
the notion of resolvent family on a Banach space X.
From then on, many researchers have studied the
theories of resolvent families in the past 20 years
due to their wide and interesting applications to
problems in physics, engineering, biology, etc.
(Chang and Shaw, 1997; Lizama, 1993; 1995; Priss,
1993; and the references therein)

The concept of C-regularized resolvent family
is introduced by Zheng and Sun (2000) and Li
(2002), where C is an injective bounded operator on
a Banach space X. The definition is stated below.
Definition 1 Let X be a Banach space and A be a
closed linear operator in X. L(X) is the space of all
bounded linear operators. Ce L(X) is injective and

ael

oo (R7). A linear operator family {7(f)s0}c
L(X) is called a C-regularized resolvent family with
the generator 4 if the following conditions are sat-
isfied:

(a) T(¢) is strongly continuous on R*and 7(0)
=C;

(b) T(t)A< AT(¢) for t>0 and A=C"'AC;

CLC number: O177

(¢) T(0)x = Crt | 0 a(t —s)T(s)Axds, ¥x € D(A),

0.
In addition, if there are some constants M, >
0 such that |T(2)|< Me” fort>0, then {T(t)} _, is

called an exponentially bounded C-regularized
resolvent family.

Obviously, the notions of C-regularized re-
solvent families are natural extensions of resolvent
families, C-semigroups and C-regularized cosine
operator functions, which are the special cases
C=1,a(t)=1 and a(¢) =t, respectively.

This paper deals with multiplicative perturba-
tions of C-regularized resolvent families. Some
new results regarding multiplicative perturbations
of C-regularized resolvent families are presented in
the second part.

MULTIPLICATIVE PERTURBATION THEOREMS

Throughout this paper, X is a Banach space.
We write p(4) and p.(4)={1€C,A-4 is in-

jective and R(C)c R(A— A) } for the resolvent set
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and the C-regularized resolvent set of 4.
Theorem 1  Let 4 be a closed densely defined
linear operator in X and Be L(X). CeL(X) is

injective. BC=CB and A= C"'AC. The following
statements hold.

(a) If BA generates a C-regularized resolvent
family on X, then so does 4B.

(b) If AB generates a C-regularized resolvent
family on X, then so does B4 provided p(BA)# .

Proof (a) Let {T(r)}_, be the C-regularized re-

solvent family on X generated by BA. Then by
Definition 1, noting the denseness and closedness
of A, we have

T(t)BA c BAT(¢), I;a(t —8)T(s)xds € D(BA) = D(A),
t>20,xe X (D)
and

T(t)x = Cx+ BA| ;a(t ST (s)ds,t>0,xe X.  (2)

| ;a(t—s)T(s)Bxds define a bounded

linear operator family on X. Set
R(t)x = Cx+ Af ;a(t _$)T(s)Bxds, >0, xe X. (3)

We see easily, by Eq.(2) and the fact that the graph
norms of 4 and B4 are equivalent, that {R(¢)}  isa

t>0

strongly continuous family of bounded linear op-
erators on X. Furthermore, by Egs.(1), (2) and (3),
we obtain that
R(t)ABx = CABx + A O’a(t — §)T(s)BABxds

= ABCx + ABA[ ; a(t — )T(s)Bxds

= ABR(t)x,t >0, x € D(AB), (4)
BR(t)x = BCx + BA[ 0 a(t — s)T(s)Bxds = T(#)Bx,

t>0,xe X.

It follows that for >0, x € X,

B| 0 a(t—s)R(s)xds =] O’a(t — $)T(s)Bxds € D(A)

and
AB| ;a(t — $)R(s)xds = A 0 a(t — s)T(s)Bxds
= R(t)x — Cx.

By Eq.(4) and the closedness of AB, this indicates
R(t)x—Cx = 0 a(t — s)R(s)ABxds, x € D(AB).  (5)

Combined with C'ABC =C"'ACB = AB, Eqgs.(4)
and (5) show that AB generates a C-regularized
resolvent family {R(?)}

0"

(b) Suppose 4B generates a C-regularized re-
solvent family. Take y ep(BA) and put

Ao= (u—BA)B, B, = A(u—BA)™".

Then A is a closed linear operator and Bye L(X).

By the hypothesis we know that By4,=AB generates
a C-regularized resolvent family and B,C=CB,.

Since p(BA)#J, we have C'BAC = BA. Then it
follows that

C’IAOC =uB— C'BABC = UB — C'BACB
= (u~BA)B= 4,

Thus Ay, By satisfy the conditions of (a) and 4¢By=
BA generate a C-regularized resolvent family on X.

Before the next perturbation theorem, we must
give the following two results.

If R.(1,4)=R.(4,4) for some le
pc(A) N po(A), then C'AC = C'AC, where R.(A,
A)=(A—A)"'C is the C-resolvent.

Proof It is easy to verify. We omit its proof.

Lemma 1

In the following, we assume that 4 is dense,
a+#0 a.e. and 7(7), a(¢) are exponentially bounded,

i.e., there exist M, @>0 such that ||T (t)|| < Me" and
|a(t)| < Me™ . Then we can denote by a(A1)and T (1)
the Laplace transforms of a(¢) and 7'(z).

Suppose that {T(r)} < L(X) is a

24

Theorem 2

strongly continuous bounded linear operator family.

Then {T (t)} is an exponentially bounded C-regu-

>0

larized resolvent family with the generator 4. If and
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only if there exists @ >0 such that
(a) A=C"4C;

(b) ;epc(/l) for A>w with a(1)#0;
a(l)

() (A—Aa(A)4)" Cx = : e “T(f)xdt for Vx e X,

1 o.
If (a) is replaced by Ac C™'AC, then {T (1)} _,

is an exponentially bounded C-regularized resol-

vent family with the generator C™'AC .
Proof  The first conclusion has been proved by

Zheng and Sun (2000) and Li (2002). Let C'AC =
A . To prove the second conclusion, we only need
to show 4 =C"AC. We see easily that 1 —Aa(1)A
is injective for A>w.

Let y=(A-Aa(A)A)"'Cx, xe X, >0 . We
have yeD(4A)cD(A) and (A-Aa(A)4d)y=(1
—Aa(A)A)A—-Aa(A)A) " Cx = Cx, which imply y=
(A-2Aa(A)4)"'Cx, ie.,

(A —Aa(A)A)" Cx = (1 - Aa(A)A)" Cx. (6)

By the assumption of a(¢) and the uniqueness
theorem for Laplace transform, it follows that there
exists 4> such that a(1)#0. Then by Eq.(6)
and Lemma 1, we have A =C'AC=C"4C .

The next perturbation theorem will be based on
the following assumption (H).

(H) a(t) is of bounded variation on each com-
pact interval [0,7], 7 >0 and a(0)=0.

In this case we define the operator S(¢) by

S@)=| ;T(t—s)xda(s) for xe X and r€[0,T].

Theorem 3 Let 4 be a generator of an exponen-
tially bounded C-regularized resolvent family
{T (1)}, on X. a(1) satisfies the assumption (H). Let

BeL(X), R(B)c R(C). If B satisfies the follow-
ing conditions:
(M1) For feC([0, «], X),

[ O’S(t —$)C™'Bf (s)ds € D(4) for ¢>0and

HAjo’S(z —$)C B (s)ds

< Mj.;ew(tm |/ (s)|ds for £ >0;

(M2) There exists a bounded injective operator C,
on X such that R(C))cR(C), CiA(I+B)cA(I+B)C,,
then C;'A(I+B)C, generates an exponentially

bounded C;-regularized resolvent family on X.
Proof We first define a family of operator
T () (t=z0,ne N,) on X as follows: T,(t)x =T(¢)x

and

T, (t)x = 4f 0 S(t—s)C" BT, (s)xds,xe X,neN. (7)
Next we will show by induction that
(i) for xe X, T (t)xeC([0, ], X),
k
(ii) for £ 0, |1, < M*" %e‘”’ .

For n=0, these follow immediately from the
hypothesis. If (i), (ii) are true for n=k, then, by Eq.
(7) and (M1) we can easily obtain that7,, (f)x e
C([0, ], X) and

I7,... ()| = HA | 0 S(t—s)C™ BT, (s)xds“

< MI ; e’ |1, (s)x”ds
tk+l
< Mk+2 —en)t X"
(k+1)!
So (i), (ii) hold. Set
R()x=YT()C'Cx,1>20,xe X. (8)
n=0

By (ii) and C'C, € L(X) it is easy to see that
the series Eq.(8) uniformly converges on any
compact interval of R", which implies that the
operator R(¢) is well defined. Obviously we have

|R@)| < M||C'1C1| e and R(¢) is strongly con-

tinuous on R*. By Eqgs.(7) and (8), we know that
the following equation holds:

R(t)x=T({t)C™'Cx + AJ ; S(t - s)C™'BR(s)xds,
xeX,t>0. )

For x € X and large enough A, we can define
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the Laplace transform of R(¢) by
R(A)x=| 0°° e R(t)xdt .
Taking Laplace transform with Eq.(9) for large

enough 4, we have

R(A)x =(A-Aa(A)A) " Cx + Aa(A) AL
—Aa(A)A)'BR(A)x, xeX.

Then we have

(I+B)R(A)x=(A-Aa(A)4)" Cx+ A4
- Aa(A)A)'BR(A)x, xeX,

which implies R((/ + B)R(A)) = D(A) and (1 —Aa-
(W) A)I + B)R(A)x=Cx+ ABR(A)x,x € X, i.e.,

(A= Aa(A)AU + B)R(A)x =Cx,x € X. (10)

In the following we will prove that when A is
large enough the operator A-—Aa(1)A(I+ B) is
injective. Since for Vx € D(1— Aa(1)A(I + B))

(A= Aa(A) AU + B))x = (A — Aa(A) AT — Aa(A) A(A
—Aa(A)A) " B)x, (11)

we only need prove I —Aa(A)A(A—Aa(1)A)"'B is

injective. Set

W(tpx=A] O'S(r —5)C'Bxds, xe X, t>0. (12)
Hence by (M1), we have

||W(t)||£%(e“” -1) (¢=20) if >0

or

wo|<me @¢=20) if w=0 (13)

We denote by W (A) the Laplace transform of W (r)
for large enough A. Then by Eqgs.(12) and (13), we
have |Aa(2)A(4 - Aa(A)4) ™" B| = ||/m7(/1)|| — 0, as

A — o, which implies that

|2a(2)4(2 - 2a(2)4)" B[ <1 for large enough 4.

Therefore I —Aa(A)A(A—Aa(A)A)™"' B is invertible,
ie., A—Aa(1)A(I + B) is injective. When A is
large enough, by Eq.(10) we obtain that

(A—Aa() A +B) ' Cx = 0°° e “R(t)xdt,x € X.

Thus by Theorem 2, C'A(I + B)C, generates an

exponentially bounded C;-regularized resolvent.
Corollary 1 Let 4 be a generator of a C-regulariz-
ed resolvent family {T(¢)} _ on X. The conditions

=

in Theorem 3 hold. If we also suppose (w,©)ep(4),
then A(/+B) generates an exponentially bounded
C)-regularized resolvent family.

Proof By Theorem 3 and its proof we know C;' 4 -
({ + B)C, generates an exponentially bounded C;-
regularized resolvent family and for large enough
A the operator I—[Aa(A)A(A—Aa(A)A)"'B] is
invertible. Because of the uniqueness property of
Laplace transform and the assumption on a(¢), we

see easily that there exists large enough A4 >0 such
that a(1)#0. So by Eq.(11) and (w,©)ep(4), it
follows that p(A(I+B))#J, which implies C;" A(I +
B)C,=A(I+B).

Definition 2 A Banach space (Z,||-||Z) is said to

which

is a C-regularized resolvent family with the gen-

satisfy condition (Z) with respect to {7'(z)}

>0

erator 4 if
(Z1) Z is continuously embedded in [R(C)]

and [R(C)] is continuously embedded in .X;

(Z2) for all continuous functions
feC([0,0],Z),

| 0 S(t —$)C f(s)ds € D(A),t> 0;
(23)

HAJ-;S(I —$)C f(s)ds| < M'l.;e“’(”s)

oD

Corollary 2 Suppose Banach space Z satisfies
condition (Z) with respect to a C-regularized re-
solvent family {7'(¢)},,, with the generator A4.
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BeL(X,Z). The condition (M2) in Theorem 3
holds. Then C;'A(I + B)C, generates an exponen-

tially bounded Ci-regularized resolvent family on
X.

Proof For Vf eC([0,], X), we have Bfe C([0,],

Z). Because Z satisfies condition (Z), it is easy to
know that

| 0 S(t —5)C'Bf (s)ds € D(A) for t>0
and

AJOS(t —5)C"' Bf (s)ds SMJ.Oe“"H)

Bf ()], ds

! —S
<M|Bl,. [ & 11 ds,

which imply that the conditions in Theorem 3 are
satisfied. We finish the proof.
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