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Abstract: This paper provides theoretical foundation for the problem of localization in multi-robot formations. Sufficient
and necessary conditions for completely localizing a formation of mobile robots/vehicles in SE(2) based on distributed
sensor networks and graph rigidity are proposed. A method for estimating the quality of localizations via a linearized
weighted least-squares algorithm is presented, which considers incomplete and noisy sensory information. The approach in
this paper had been implemented in a multi-robot system of five car-like robots equipped with omni-directional cameras and
IEEE 802.11b wireless network.
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INTRODUCTION
In order for a team of mobile robots to navigate
autonomously in some desired formations and further perform cooperative tasks, such as surveillance
and target acquisition, they must be able to localize
themselves in the formation as well as in a global
reference frame (Belta and Kumar, 2001; Das et al.,
2002). Therefore, how to estimate the robots’ positions and orientations (poses) in a precise and
efficient way is of particular interest. Our interest
was in localizing a team of heterogeneous robots in
SE(2), and in localizing targets with information
obtained from heterogeneous sensors. Specifically,
we are interested in conditions under which all
robots in the formation can be localized in the environment, and in minimizing the relative and absolute uncertainty in the estimates. We aimed to
derive necessary and sufficient conditions for localizing a formation of three or more robots in SE(2)
from distributed camera measurements, quantifying
the quality of the resulting estimates, and adapting
the team formation to improving these estimates.
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Recent research addressed the problem of
network localization in non-deterministic domains.
Examples of fusing observations from heterogeneous sensors to estimate the state of a robot team
include the distributed Kalman filter (Roumeliotis
and Bekey, 2000) and maximum likelihood (Howard et al., 2002) methods. These approaches consider communication and computational cost but do
not address the impact of robot formation on the
quality of the solution obtained. Other studies investigated generating optimal sensing trajectories
for robots engaged in target tracking tasks given the
robot state are known exactly (Spletzer and Taylor,
2003). The work presented in this paper addresses
the combination of these two problems. Given the
fact that the quality of estimates obtained from
measurements depends on how well sensors can be
localized, we extend these ideas to find an optimal
formation control scheme which will facilitate not
only maximal target localization but also consider
the robot configuration estimate quality.
Also relevant to this work is the recent literature that uses graphs to model sensor networks
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and cooperative control schemes (Desai et al., 2001;
Pappas et al., 2001). Results on graph rigidity theory (Laman, 1970; Roth, 1982; Whiteley and Tay,
1985) can be directly applied to multi-robot systems in R2 (Olfati-Saber and Murray, 2002; Eren et
al., 2002). However, relatively little attention has
been paid on networks with bearing observations,
which is particularly important for networks of
cameras.
In Section II, the problem will be modeled
topologically by using graph theory notations. Then
in Section III, four types of sensing constraints are
provided and a matrix form representation for those
constraints is derived. In Section IV, analytical and
computational criteria for localizability of multirobot formations are presented. Then in Section V,
we propose a method to compute the quality of
coordinates estimations, and Section VI compares
different estimation approaches based on this method. Experimental results will be shown in Section
VII, and conclusive remarks will be given in Section VIII.
MODELING
Consider a planar world, W = R2, occupied by a
team R = {R1, R2,…, Rn} of n robots. Assume that
all sensory information obtained by each robot can
be transformed to a reference frame located at the
center of that robot. Thus each robot in R can be
regarded as a point robot. We define a global reference frame, F, by forming a virtual robot R0 with
fixed configuration q0 = 0 in F (Fig.1). The confiyB j

xB j

Fig.1 Modeling of sensory information
(a) A formation of 2 robots in SE(2): Ri has range measurements about Rj; Rj has absolute measurements about
itself and bearing measurements about Ri. A body reference
frame, Bj, has been attached to Rj; (b) sensing graph
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guration of the team R in the frame F can be denoted
by qˆ = column{q1 , q2 , ..., qn } ∈ R3n , where qi=(pi, θi)
∈ R 3 is a parameterization of SE(2) with pi=(xi,
yi )T and θi being the estimates of absolute position

and orientation of the ith robot. Similarly, we also
define a body reference frame, Bj, which is located
at the jth robot. The configuration of R in the frame
Bj is q = column{q1j , q2j , ..., qnj }, where qij = ( p ji ,

θ ji )T with p ji = ( x ji , y ji )T and θji being the estimates of relative position and orientation of the ith
robot about the jth robot, and q jj = 0 .
The physical configurations of the robots
coupled with the characteristics of the hardware and
the requirements of the sensing and control algorithms dictate a physical network or a formation of
n robots in SE(2). This formation can be represented by a directed graph called sensing graph,
Gs=(Vs, εs, Z, P) where Vs=R∪R0 is a finite set of
vertices. The edge set εs⊂Vs×Vs consists of labeled
edges that represent the presence of sensor measurements (observations) between robots. In this
paper, we consider three types of exteroceptive
sensors: range sensor, bearing sensor, and GPS
sensor. Thus the measurement set Z will contain
three types of sensory information: (i) range between two robots, ρij, (ii) bearing of one robot in
relation to another, φij, and (iii) absolute position of
a robot in the frame F, (xj, yj), which is physically
obtained by GPS sensors. P is the set of variances
that represent the quality of measurements.
In a sensing graph Gs, the jth vertex has an
incoming edge from the ith vertex labeled by (ρij, φij)
whenever robot Ri can sense robot Rj. Corresponding to the three types of sensory information
shown above, we use (i) a shorthand relative range
edge (ρij) to denote (ρij, null), (ii) a relative bearing
edge (φij) for (null, φij) and (iii) an absolute
range-bearing edge (ρi, φi) pointed from R0 to Rj
respectively. Thus, the uncertainty set P consists of
variances

σ ρ2 , σ φ2
ij

ij

and

covariance

matrices

diag(σ x2j , σ y2j ) .

We also consider a communication network
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associated with the group R, which describes the
information flow between the robots. The communication network can be denoted by an undirected
graph, called communication graph, Gc=(R, εc),
where the edge set εc denotes the pairs of robots that
can communicate with each other (Throughout this
paper, assume that there are omni-directional transmiters and receivers on each robot).
Based on the physical sensing network and
communication network, a computational network
associated with the group R can be designed. This
network is represented by a directed graph called
formation control graph, Gf=(Vf, εf), where Vf = Vs ∩
R=R and εf =εs∩εc. In this paper, we assume that
each robot can listen to every other robot in R. Thus
Gc will be a complete graph where Gf is isomorphic
to a subgraph of Gs, which contains all vertices and
edges in Gs except for R0 and the edges associated
with it. In Section VI, we will show that under a
well designed computational network, the configuration of a formation of n robots in SE(2) can be
completely estimated with comparable quality.

Suppose that robots’ configurations in SE(2)
are simply maintained and consider the physical
sensor network as in quasi-static situations. Then
each sensing equation shown above can be regarded
as a formation constraint on robots’ configurations:
Type 1 is a range constraint specifying the relationship between range-type sensory information
and positions of two robots in the formation; Type 2
is a bearing constraint relating bearing information
with position of each robot in relation to the body
reference point, Rj; Type 3 and Type 4 constraints
state relative orientation and relative bearing information by robots’ configurations respectively.
Particularly, Type 4 constraints can be regarded as
substitution for Type 1 via cosine theory. Differentiating these constraint equations yields
 p ji 
[r1,ik r2,ik ] 
=0
 p jk 
 x ji 
[− y ji pTji p ji x ji p Tji p ji ]   = 0
 y ji 

θ 
[−1 1]  ji  = 0
θ 
 jk 

CONSTRAINT MATRIX
Considering the physical sensor network associated with a formation of n robots in a body
reference frame Bj, the sensory information available within the computational network is coupled
with the configurations of robots in the formation
by various types of sensing equations. Given a set
of local (relative) measurements,

[b1, jik b2, jik
where

r1,ik =

z = {( ρij , φij ) (i, j ) ∈ {1, 2..., n}} ,
r2,ik =

we can write sensing equations as follows:

b1, jik =

Type 1: ρik = ( p ji − p jk ) ( p ji − p jk )
T

Type 2 : φ ji = tan −1 ( y ji x ji )
Type 3 : φik − φki + π = θ ik =θ jk − θ ji
Type 4 : φij − φik = cos −1

( p ji − p jj )T ( p ji − p jk )
p ji − p jj ⋅ p ji − p jk

(1)

 p ji 


b3, jik ]  p jj  = 0
p 
 jk 

−
−

p ji − p jk
( p ji − p jk )T ( p ji − p jk )
p jk − p ji
( p ji − p jk )T ( p ji − p jk )
2[( p ji − p jj )T ( p ji − p jk )]
( p ji − p jj ) 2 ( p ji − p jk ) 2

(2 p ji − p jj − p jk )

2[( p ji − p jj )T ( p ji − p jk )]2
( p ji − p jj )4 ( p ji − p jk ) 2
2[( p ji − p jj )T ( p ji − p jk )]2
( p ji − p jj )2 ( p ji − p jk )4

( p ji − p jj )
( p ji − p jk )
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b2, jik =
+
b3, jik =

2[( p ji − p jj )T ( p ji − p jk )]
( p ji − p jj ) 2 ( p ji − p jk ) 2
( p ji − p jj )4 ( p ji − p jk )2
2[( p ji − p jj )T ( p ji − p jk )]
( p ji − p jj )2 ( p ji − p jk ) 2
2[( p ji − p jj ) ( p ji − p jk )]
T

+

said to be completely localizable in a body reference frame if all 3n coordinates of those n robots
can be estimated by relative sensory information
and a corresponding set of constraint equations.
Theorem 1 A sensing graph of a formation of n
robots in SE(2) is rigid only if

( p jk − p ji )

2[( p ji − p jj )T ( p ji − p jk )]2

( p ji − p jj )

( p jj − p ji )

R = 3n – 2ng – nb – nr ≤0, (n ≥ 2),

2

( p ji − p jj ) 2 ( p ji − p jk ) 4

( p ji − p jk )

Given sensory information on M measurements, we can form m formation constraints and
correspondingly m differential equations. By rearranging the first order terms, a matrix form representation can be written as
K f (q ) ⋅ q = 0, q = column{q1j , q2j , ..., qnj }
…


…
Kf = 
…

…



r1,ik
 − y ji
x ji
 T , T
 p ji p ji p ji p ji

…
b1, jik
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…

 …

−1

r2,ik

…

…

…

…

…

…

1

…

… b2, jik … b3, jik

…


…

…

…



where all level dots denotes zeros. The matrix Kf of
dimension m×3n is called a constraint matrix for a
formation of n robots in SE(2) in a body reference
frame.

where ng, nb and nr are numbers of measurements
obtained by GPS sensors, bearing sensors and range
sensors respectively.
Proof For two robots in SE(2), Ri and Rj, it is easy
to verify that sensory information of at least one
absolute position measurement (xj, yj) obtained by
GPS sensor, one absolute bearing measurement φj0
between Rj and the virtual robot R0, two relative
bearing (φij and φji) and one relative range measurement (ρij or ρji) is necessarily needed to compute
the remaining 3n–ng=4 coordinates in a global reference frame by equations

θ j = φ j0 − φ j + π
xi = x j + x ji cos(θ j ) − y ji sin(θ j )
yi = y j + x ji sin(θ j ) + y ji cos(θ j )
θ i = θ j + θ ji
where

φ j = tan −1 ( y j / x j )
x ji = ρ ji cos(φ ji )
y ji = ρ ji sin(φ ji )

(3)

θ ji = φ ji − φij + π

COMPLETELY LOCALIZABLE FORMATION
Naturally, any directed graph with n≥2 vertices in 2D space can be viewed as a sensing graph
for a formation of n robots in SE(2). By localizing
the formation completely, all 3n coordinates in the
configuration space of team R can be estimated
algebraically.
Definition 1 A sensing graph of a formation of n
robots in SE(2) is said to be rigid if the Euclidean
distance (range) ρij and the bearing φij between each
pair of robots are constant along any smooth trajectory the formation may undergo.
Definition 2 A formation of n robots in SE(2) is

(2)

Hence the previous theorem holds for two robots in
SE(2). Now adding a third robot Rk into the scenario,
additional sensory information of three relative
measurements (e.g. ρkj, φkj, φjk) or one absolute plus
one relative measurement (e.g. (xk, yk), φki) is necessary to localize Rk based on previous localization
of Ri and Rj. The same condition can be used for
localization of every robot added into the existing
formation. Therefore, Theorem 1 holds for a formation of arbitrary n robots in SE(2).
Theorem 2

Consider a formation of n robots in

SE(2), whose vertex set {q1j , q2j ,..., qnj } is not con-
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tained in any hyperplane within R3. Suppose
q ∈ R is a regular point maximizing the rank of Kf.
3n

The formation is completely localizable if and only
if its sensing graph is rigid and

rank{K f (q)} = 3n − 3, (n ≥ 2).
Proof

Consider a maintained formation in SE(2)

with vertex set q = column{q1j , q2j ,..., qnj } ∈ R3n . The
set of points, M ∈ R 3n , which are congruent to the
formation is a smooth manifold. Suppose the affine
span of these vertices is R3, which means that the
vertices are not contained in any hyperplane in R3.
Then M arises from the 1-dimensional manifold of
orthogonal transformations and the 2-dimensional
manifold of translations in SE(2). The tangent space
T to M at q with dimension dim(T) = dim(M ) = 3 is
a subset of kernel{Kf}. Thus we have
rank{Kf } = dim( q ) – nullity(Kf ) ≤ 3n – dim(T).
At a regular point q which maximize the rank{Kf },
the tangent space T is equal to the nullspace of M,
which makes dim( q )–nullity(Kf )=3n–dim(T).
For any formation on n robots in SE(2), one
can specify no more than 3n–3 formation constraints independently to localize those robots in a
body reference frame. In addition to the sufficient
condition proposed by Theorem 2, we also present
necessary conditions for rigid sensing graphs or
completely localizable formations in SE(2):
Condition 1 A minimum number of one Type 1
constraint must be included into which a completely
localizable formation in SE(2) is specified.
Condition 2 A minimum number of one Type 2
constraint must be included into which a completely
localizable formation in SE(2) is specified.
Condition 3 A minimum number of n–1 Type 3
constraint must be included into which a completely
localizable formation in SE(2) is specified.
Proof Consider the localization of robots’ positions in a body reference frame. It has been shown
in the proof of Theorem 1 that for a formation of
two robots in SE(2), at least one relative range

measurement (ρij or ρji), which specifies one Type 1
constraint, must be obtained. In order to use Eq.(2)
and Eq.(3) to calculate the position of Ri in Rj’s
reference frame, a relative bearing measurement (φji)
and a Type 2 constraint, which relates it to the position of Ri, must be also specified.
It is well known from the Henneberg construction method that any rigid graph in d-dimensional space can be constructed from a simply
maintained link by either adding a new vertex with
d edges to the existing graph, or removing an existing maintenance edge while adding a new vertex
with edges to the end vertices of the removed edge
and to another d–1 vertices in the existing graph.
Considering it as a sensing graph of a multi-robot
formation, the Henneberg method can be used to
construct any localizable (only for positions)
formations in R2 based on the simplest localizable
(only for positions) formation built by two robots as
above. Therefore, the necessity of one Type 1 constraint and one Type 2 constraint is hereditary for
localizing any formation of n ≥2 robot in SE(2).
For Condition 3, the localization of robots in
SE(2) includes the estimations of robots’ orientations, which call for Type 3 constraints naturally.
Consider the configuration space for relative orientations of n robots in a body reference frame Bj; it
is obvious that the dimension of this configuration
space is n–1, given that the orientation of the jth
robot, the origin of Bj, is fixed to be zero. Hence,
only n–1 constraints of Type 3 are independent and
necessary for estimating all relative orientations of
n–1 robots in Bj. Note that the sensing graph representation for bearing measurements must be a connected graph (Fig.2).

Fig.2 Bearing sensing graphs for three robots in SE(2).
In a rigid bearing sensing graph, (b) can be always transformed trigonometrically into (a) based on available exteroceptive sensory information
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For further matters, we know that the relative
positions of n robots in R2 can be estimated with
local uniqueness in a body reference frame by 2n–3
formation constraints of Type 1 (Olfati-Saber and
Murray, 2002; Eren et al., 2002). Furthermore, a
globally unique localization that results in R2 can be
also guaranteed if the sensing graph is 3-connected
and redundantly rigid (Eren et al., 2004). However,
the uniqueness of localizations cannot be preserved
in SE(2) but will be up to rotation. As an example,
let us consider a group of two robots in SE(2). The
position of robot Ri in Rj’s reference frame, (xji, yji),
cannot be uniquely determined unless a constraint
of Type 2, which provides the rotation angle by a
relative bearing measurement, is specified.
Within any completely localizable formation,
the configurations of n robots in SE(2) can be estimated in a body reference frame by a set of constraints which satisfies Theorem 2 and the necessary
conditions shown above. Let p j = ( x j , y j )T ∈ R 2 be
the absolute location of the body reference point in
relation to a fixed virtual robot in its global reference frame and let T be the rotation matrix formed
by θ j = φ j 0 − φ j + π , where φ j = tan −1 ( y j / x j ). Then
giving the transformation (pj, T) ∈ SE(2), the absolute configuration of the formation can be also
determined in the global reference frame F.

ESTIMATION ERRORS
Uncertainty or errors exist in the preceding
localization process since there always exists noise
within sensory information acquired through the
physical network. Considering the uncertainty in
the model, we can generalize m constraints as
H ⋅ z = g (q ) + L ⋅ r0 ,

(4)

where z is the vector of measurements, r0 ~ N (0, R0)
is the vector of measurements’ noise (assuming
zero-mean independent noise and hence a diagonal
covariance matrix R0), g is the set of functions of q ,
H denotes linear combinations of measurements
while L denotes linear combinations of measure-
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ments’ noises. For Type 3 constraint in Eq.(1), for
example, we have

σ φ2 + σ φ2 = σ θ2 ,
ij

ji

ij

and thus
H = [−1

1];

L=[1

1].

Let r=L·r0 with r ~ N (0, R) denoting the vector of combined measurements’ noise, where R is a
covariance matrix. Since ∆ r = L·∆r0, we can multiply both sides of this equation by their transposes
and take the expectation values on both sides,
which yields
R = L R0 LT.
Theorem 3 The total number of constraint equations, m, which can be used to estimate the configuration of a formation of n robots in SE(2), must
satisfy

3n – 3 ≤ m ≤ M,

(n ≥ 2),

where M = size (z) is the number of measurements.
The left part of inequality can be satisfied by
Theorem 2. The right part of inequality is obvious
since the row rank of L must not exceed its column
rank in order to make R full-ranked, which is a
required condition for weighted least squares (WLS)
algorithm we used to solve Eq.(4). Physically
Theorem 3 implies that only M – (3n–3) redundant
constraints can be useful for enhancing the quality
of estimation in one endeavor. Let G be the Jacobian of g evaluated at current value of q . Given that

q jj = 0 in Bj, G has dimension m×(3n–3) and can be
obtained by deleting the 3 columns corresponding
to the jth robot coordinates q jj in Kf. Then a linearized version of the least squares algorithm can
be written as
∆q = (G TWG ) −1 G TWH ∆z ,

(5)

where W = R –1 is the weight matrix. Now squaring
Eq.(5) by multiplying both sides of the equation by
their transposes respectively and then taking the
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expectations on both sides, we can get the covariance matrix C for coordinates estimations as
C = (G TWG ) −1 G TWRW TG (G TWG )− T ,

or simply
C = (G T R −1G ) −1 .

(6)

DEPENDENCE ON COMPUTATIONAL NETWORK
Obviously, the quality of estimations, which is
given by C, is affected by the specific set of
measurements and corresponding constraint equations we chose to construct the constraint matrix G,
linear matrix L and eventually compute C. This
provides us a natural strategy for comparing the
quality of different approaches of coordinates estimations based on different sets of measurement
information.
As an example, let us consider a team of n = 3
robots in SE(2), R = {Ri, Rj, Rk}. The configuration
of the team in Bj is q = column{qij , q jj , qkj } , where
q = (0,0, 0) (Fig.3). The physical conditions are
j
j

T

limited such that the total sensory information
available in our computational network is

Fig.3 Modeling of sensory information
(a) physical network of 3 robots in SE(2): Ri has range and
bearing measurements about Rj and Rk; Rj has absolute
measurements of itself and bearing measurements of Ri and
Rk; Rk has range and bearing measurements of Rj. A body
reference frame, Bj, has been attached to Rj. (b) sensing
graph

z = ( ρij , ρik , φij , φik , φ ji , φ jk , ρ kj ,φ kj )T
R0 = diag(σ ρ2 ij , σ ρ2ik ,..., σ φ2 kj )
Due to the costs of computation and communications within the network, we want to have
the least possible amount of sensory information
and minimum number of constraints to make the
formation completely localizable. From Theorem 2
we see that only 3n–3 independent constraints are
needed to estimate all 3n coordinates successfully.
Thus the sensing graph representation for a formation specified by 3n–3 independent constraints is
called a minimally rigid graph for a team of n≥2
robots in SE(2). By this means, two subsets of measurements can be selected to construct a minimum
number of 6 formation constraints: (1) ρij, ρik, (φij,
φji), φji, ρkj, (φjk, φkj) where parentheses mean a
couple of measurements used to form one constraint;
(2) ρij, ρik, (φij, φik), (φij, φji), φjk, (φjk, φkj). The constraint matrix G and numerical matrix L for those
two approaches are
1
0

0
L1 = 
0
0

0

0
1
0
0
0
0

0
0
1
0
0
0

0
0
0
0
0
0

0
0
1
1
0
0

0
0
0
0
0
1

0
0
0
0
1
0

0
0 
0

0
0

1 

1
0

0
L2 = 
0
0

0

0
1
0
0
0
0

0
0
1
1
0
0

0
0
1
0
0
0

0
0
0
1
0
0

0
0
0
0
1
1

0
0
0
0
0
0

0
0 
0

0
1

0 

r1,ij


r1,ik


0

G1 =  − y ji x ji
 pT p p T p
 ji ji ji ji

0

0


0
0
1

0
r2, ki
0


 0 0

0 r2, jk
0 0

0
0 
0


0

0

1 
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 r1,ij
r
 1,ik
b1, jik

G2 =  0

 0


 0

0
0
0
1

0
r2, ki
b3, jik
0

 − y jk
x jk
0  T
 p p pT p
 jk jk jk jk
0
0





0
0
0

0

0


1 

Together with R0, two covariance matrices, C1 and
C2, can be established through Eq.(6). Computing
and comparing the determinants or traces of C1 and
C2, which are proportional to the volume and circumference of the rectangular regions enclosing the
covariance ellipsoids, we can find better estimation
approach with less uncertainty.

EXPERIMENTAL RESULTS

A limitation of the omni-directional cameras
we used was that their resolution decreases with the

(ρ51, φ51)

Fig.4 A formation of five car-like robots (left) and a
sample image from omni-directional camera (right)

distance of the objects. After 1.5 meters, errors
within range measurements could not be represented
by a normal distribution with zero offset, while the
bearing measurements present normal distribution
with zero-mean and approximately constant variance whenever a target could be detected. Thus we
assume that range data were subject to normally
distributed noise with variance proportional to the
fourth power of the range for values smaller than
1.5 meters, while bearing readings suffered from
normally distributed noise of constant variance.
Range values grater than 1.5 meters were ignored.
Consider a formation of five mobile robots in a
plane (Fig.4). As constrained by the physical conditions of our sensors and experimental environment, in a snapshot, all sensory information available in the computational network is represented in
Fig.5a. Using our Matlab algorithm, a subset of
measurements [size(z)=21 in Fig.5a] can be chosen
such that the quality of coordinates estimation by
those measurements is relatively the highest at the
moment.
Table 1 shows how the quality of estimations
is governed by different sets of measurement information we used in some typical cases. The first
case in Table 1 assumes availability of all sensory
information shown in Fig.5a, while Case 6 assumes
limited information for only a minimally rigid
sensing graph as shown in Fig.5b. Case 2 considers
all sensory information in Fig.5a except for φ53,
which did not contribute to the improvement of esti(ρ51, φ51)

To demonstrate the previous strategy, we
present some experimental results with a team of
five car-like mobile robots equipped with omnidirectional cameras as their only sensor (Fig.4). The
communication among the robots relies on IEEE
802.11 networking. In order to facilitate the visual
processing, each robot is marked with a different
color providing unique sensor identification for
each robot. A calibrated overhead camera with an
external computer is used to localize the team in the
environment. This external computer also collected
sensor information broadcasted within the computational network.
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Fig.5 Graph of two computational networks
(a) Computational network containing redundant sensory
information; (b) computational network containing only
necessary sensory information for a minimally rigid formation
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Table 1 Quality of coordinates estimations under different
sets of relative measurements
Case 1

Trace (C )
0.0142

Case 2

0.0142

Case 3

0.0171

Case 4

0.0228

Case 5

0.1231

Case 6

0.1505

mation quality. Case 3 and Case 4 are two transitional cases between Case 1 and Case 6, in which
two different subsets of redundant information are
considered. Case 5 represents another optional set
of measurement information for getting a minimally sensing graph, in which ρ53 is replaced by φ42
from Fig.5b.

CONCLUSIONS
In this paper, we provided a strategy of modeling multi-robot teams in SE(2) by using the
graphic models. Sufficient and necessary conditions for rigid sensing graphs and complete localizable formations of robot teams in SE(2) were
derived. A method of computing and comparing the
quality of different estimations approaches was also
proposed based on limited sensory information
available in the computational networks. Experimental data were used to show the effect of redundant sensory information on the coordinate
estimation quality. The analytical and computational criteria for rigid sensing graphs and completely localizable formations we present in this
paper can be generally applied to various kinds of
mobile robots or autonomous vehicles in SE(2) and
is scalable with the number of sensors or robots in a
formation. Future work includes the extension of
our strategy to dynamic situations, in which robots
will move cooperatively to achieve localizations
with minimized uncertainty.
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