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Abstract: It is well known that interleavers play a critical role in Turbo coding/decoding schemes, and contention-free interleaver design has become a serious problem in the parallelization of Turbo decoding, which is indispensable to meet the demands
for high throughput and low latency in next generation mobile communication systems. This paper unveils the fact that interleavers based on permutation polynomials modulo N are contention-free for every window size W, a factor of the interleaver length
N, which, also called maximum contention-free interleavers.
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INTRODUCTION
In order to satisfy the high throughput and low
latency requirements for next generation mobile
communication systems, the parallelization of decoding of Turbo codes (Berrou et al., 1993) has received remarkable attention. As the interleaving/deinterleaving operations may result in memory
contentions, interleaver design (Dinoi and Benedetto,
2005; Dobkin et al., 2005; Popovski et al., 2004; Thul
et al., 2002) is the bottleneck of the parallel Turbo
decoder. For certain interleaver length N, sub-window
size W and processor number M, the contention-free
interleaver must have the following condition (Nimbalker et al., 2004) for both the interleaver and deinterleaver:
 Π ( j + tW ) / W  ≠  Π ( j + vW ) / W  ,

(1)

where 0≤j<W, 0≤t, v<N/W=M, t≠v.

Recently, a new class of deterministic interleavers using permutation polynomials over integer
rings was introduced (Sun and Takeshita, 2005; Ryu
and Takeshita, 2005), where quadratic polynomials
were paid much attention to, with these interleavers
performing very well for 3G standard wireless
transmission. Takeshita (2005) introduced the notion
of maximum contention-free (MCF): an interleaver is
maximum contention-free when it is contention-free
for every window size W which is a factor of the
interleaver length N. He showed that quadratic
permutation polynomials generate MCF interleavers,
and conjectured that interleavers based on permutation polynomials over integer rings are all MCF1.
In this paper, we verify this conjecture and draw
some important conclusions. In Section 2, we give a
couple of lemmas and some known results about
permutation polynomials modulo N. The main theorem, divided into 2 sub-theorems, is proved in Section
3. Finally, we conclude this paper in Section 4.
1
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After submitting the first draft of this paper, we noticed that
Takeshita had already modified his paper and proved this
conjecture. But in this paper, we use a different way to verify it
in detail
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OVERVIEW OF PERMUTATION POLYNOMIALS OVER ZN

We divide the main theorem into two sub-theorems and prove them one by one.
Theorem 1.1 For any N = ∏ i =1 pini , where pi’s are
k

In this paper, all the summations and multiplications are modulo N and p is prime number unless
explicitly stated.
First, let us give the definition of permutation
polynomials over integer rings. Given an integer N>2,
a polynomial P(x)=a1x+a2x2+…+amxm (mod N),
where m, a1, …, am are non-negative integers, is said
to be a permutation polynomial over ZN when P(x)
permutes {0, 1, …, N−1} (Hardy and Wright, 1979).
Meanwhile, it is shown that the exclusion of the constant coefficient a0 does not make the problem less
general (Li, 2005; Sun and Takeshita, 2005). If N=pn,
there exists (Hardy and Wright, 1979):
Lemma 1 P(x) is a permutation polynomial modulo
pn if and only if P(x) is a permutation polynomial
modulo p and P′(x)≠0 (mod p) for all integers x∈{0,
1, …, pn−1}.
In Lemma 1, n must be larger than 1. Since
P′(x)≠0 (mod p) does not always hold for every integer x∈{0, 1, …, pn−1}, if n=1.
There is the general case (Sun and Takeshita,
2005; Li, 2005):
Lemma 2

distinct prime numbers and N i = pini , if permutation
polynomial f(x)=a1x+a2x2+…+amxm modulo Ni generates MCF interleavers ∀i, then f(x) modulo N generates MCF interleavers.
Proof
Assume f(x) modulo N does not generate
MCF interleavers, then there exist some certain W, j, t,
v such that
[ f ( j + tW )(mod N )]/ W  = [ f ( j + vW )(mod N )]/ W  ,

where 0≤j<W, t−v≠0 (mod M). Let
W = ∏ i =1 pidi =∏ i =1Wi ,
k

M = ∏ i =1 pini − di = ∏ i =1 M i .
k

[ f ( jx + t xWx )(mod N x )]/ Wx 
= [ f ( jx + vxWx )(mod N x )]/ Wx  ,

k

distinct prime numbers and N i = pini . P(x) is a

PROOF OF THE MAIN THEOREM
Theorem 1 Permutation polynomials over integer
rings generate maximum contention-free interleavers.
In group theory parlance, permutation polynomials modulo a given N form a finite group G under
function composition in the form of f(f(x)), thus a
permutation polynomial f(x) has a finite order k, then
obviously, its inverse function f −1(x)=f k−1(x) is also a
permutation polynomial and can be always found by
this way. So we study f(x) in the general sense,
showing f(x) modulo N always satisfies Eq.(1).

k

Since gcd(Mi, Mj)=1, ∀1≤i, j≤k, i≠j, then there
exists Mx such that t−v≠0 (mod Mx). Let jx=(j mod Wx),
tx=(t mod Mx), vx=(v mod Mx), by the Chinese Remainder Theorem, we can easily conclude

For any N = ∏ i =1 pini , where pi’s are

permutation polynomial modulo N if and only if P(x)
is a permutation polynomial modulo Ni, ∀i.
The Chinese Remainder Theorem, which was
involved in the proof of Lemma 2, will also play a
vital role in the proving of Theorem 1.1 presented in
the next section.

k

which contradicts the assumption. Thus, f(x) generates MCF interleavers over ZN.
Now, we turn to discuss the N i = pin case,
where pi is an any prime number.
Theorem 1.2
Permutation polynomial f(x)=a1x+
a2x2+…+amxm modulo pn generates maximum contention-free interleavers.
Proof Following the way in (Takeshita, 2005), let
Qt=f(j+tW)/W and Qv=f(j+vW)/W,
then
f(j+tW)=QtW+[f(j+tW)(mod W)],
f(j+vW)=QvW+[f(j+vW)(mod W)].
Let W = p n1 , M = p n2 , where n1>0, n2>0 and
n1+n2=n. We should notice that there is no sense for
W=1 or N.
Then we must prove that Qt≠Qv for any 0≤j<W
and 0≤t, v<N/W=M, t≠v.
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Assume Qt≠Qv, then
1
{ f ( j + tW ) − [ f ( j + tW )(mod W )]
(2)
W
− f ( j + vW ) + [ f ( j + vW )(mod W )]} = 0.

Since f(x) is permutation polynomial modulo N, by
Lemma 1

Qt − Qv =

f(j+tW)=f(j+vW)=a1j+a2j2+…+amjm (mod W).

then obviously

So we can conclude that Eq.(6) never holds.
Let us come back to Eq.(5), and consider the
case of γ. Since we have shown that Eq.(7) never
holds, then f′(j)+pX=0 (mod p) never holds, and p|γ, so
Eq.(5) never holds, which completes the proof of
Theorem 1.2.
With the verification of Theorems 1.1 and 1.2,
the proof of Theorem 1 is completed.

So Eq.(2) can be simplified as
{[ f(j+tW)−f(j+vW)] (mod N)}/W
m

= ∑ ai [( j + tW )i − ( j + vW )i ](mod N )  W ,
 i =1

that is
i

(7)

f ′(j)≠0 (mod p n2 ) and f ′(j)+pX≠0 (mod p n2 ).

Observing that

m

f ′(j)≠0 (mod p),

k −1

(t − v)∑∑∑ ai ( ki ) j i − kW k −1t s v k −1− s = 0 (mod M). (3)
i =1 k =1 s = 0

CONCLUSION
By the assumption that t≠v (mod M), we can simplify
Eq.(3) as
m

i

k −1

∑∑∑ a (
i

i =1 k =1 s = 0

i
k

) j i − k p n1 ( k −1) t s v k −1− s = 0 (mod p n2 ). (4)

Because the product of two non-zero numbers in a
ring may be zero, so we must check when
m

i

k −1

∑∑∑ a (
i =1 k =1 s = 0

i

i
k

) j i − kW k −1t s v k −1− s = 0 (mod γ),

(5)

where γ is factor of M and γ>1. If this is satisfied, then
we must check if t−v=M/γ (mod M). If yes, then Eq.(4)
is satisfied.
Then, we show that Eq.(4) never holds. Eq.(4)
can be expanded as
a1+a2[2j+ p n1 (t+v)]+a3[3j2+…]+…+am[mjm−1+ …]
=0 (mod p n2 ).
Pick out the first item of every ai[], and put all the
others together into a single term pX (there always
exists factor p in each of them), then we get
a1+2a2j+3a3j2+…+mamjm−1+pX=0 (mod p n2 ), (6)
which is just
f ′(j)+pX=0 (mod p n2 ).

In this paper, we focused on the maximum contention-free property of interleavers using permutation polynomials over integer rings. For any
N = ∏ i =1 pini , where pi’s are distinct prime numbers
k

and N i = pini , we first showed that if ∀i permutation
polynomial f(x) modulo Ni generates MCF interleavers, then f(x) modulo N generates MCF interleavers,
and next, we verified that for any prime number p,
permutation polynomial f(x) modulo pn generates
MCF interleavers. In this way, we finally reached the
conclusion that interleavers based on permutation
polynomials over integer rings are all maximum
contention-free.
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