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Abstract: The Weibull distribution has been widely used in reliability fields. A mixed Weibull distribution represents a popu-
lation that consists of several Weibull subpopulations. In this paper, a new approach which combines the least-squares method with
Bayes’ theorem, takes advantage of the parameter estimation for single Weibull distribution is developed to estimate the pa-
rameters of each subpopulation. The estimates given by this paper also satisfy the maximum likelihood equation. The estimates of
the failure rate of the mixed Weibull population are given. An actual test data is computed by using the proposed method. The
Kolmogorov-Smirnov goodness-of-fit test turns out that the proposed method yields more accurate result.
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INTRODUCTION

In reliability engineering, it is known that elec-
trical equipment usually has more than one failure
mode (Liu, 2002a; 2002b). It has been recognized for
more than five decades that the mixed Weibull dis-
tribution (Weibull, 1951) is an appropriate distribu-
tion to use in modeling the lifetimes of the units that
have more than one failure cause. However, due to the
lack of a systematic statistical procedure for fitting an
appropriate distribution to such a mixed data set, it has
not been widely used. A mixed Weibull distribution
represents a population that consists of several
Weibull subpopulations. The reliability estimation for
a mixed distribution is much more difficult than that
for a single distribution. The difficulties are partly
caused by the involvement of more unknown pa-
rameters.

In this paper, a new approach which combines
the least-squares method with Bayesian theorem,
takes advantage of the parameter estimation for the
single Weibull distribution is developed to estimate
the parameters of each subpopulation. The estimates

given by this paper also satisfy the maximum likeli-
hood equation. The estimates of the failure rate of the
mixed Weibull population are given. An actual test
data is computed by using the proposed method. The
Kolmogorov-Smirnov goodness-of-fit test turns out
that the proposed method yields more accurate results.

MIXED WEIBULL DISTRIBUTION

If the population consists of a mixture of m in-
dependent subpopulations with no correlation and
each subpopulation has its own unique failure mode
and distribution, the lifetime distribution for the
mixed population can be expressed by

SO=pfi@®++p,[, @, (1

where f{¢) is probability density function of the mixed
population; fi(¢) is probability density function of the
ith subpopulation, i=1,2,...,m; p; is mixing weight of
the ith subpopulation, p;e(0,1), i=1,2,...,m, and

Zpi =1.
i=1
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If a subpopulation can be described by a single
Weibull distribution, i.e.

L@ =B /n)t/n) " expl-t/n)"].  (2)

Eq.(1) becomes a mixed m-Weibull distribution with
3m—1 parameters fB1,71,52,12s - sPmsHmsP1s -+« Prm1-

CURRENT METHODS

Currently, two major estimation methods are
used for the mixed Weibull distribution: the graphical
method (Mann et al., 1974) and the Maximum Like-
lihood Estimation (MLE) method (Nelson, 1990). The
graphical parameter estimation method is very popu-
lar for the mixed Weibull distribution due to its sim-
plicity and visibility. It depends on visual inspection

of the data plots, which fails in most well-mixed cases.

Also, it is hard to use for small sample sizes, which is
the case electrical engineers often encounter.

The MLE estimate has excellent statistical
characteristics. It can find simultaneously all pa-
rameters that maximize the likelihood function of the
observed sample. For a mixed Weibull population, the
MLE is very complex. It has to be pointed out that, for
small size samples, the MLE estimates tend to be
highly biased and should be used very carefully.

ESTIMATION OF THE FAILURE RATE FOR THE
MIXED WEIBULL POPULATION

Determination of the subsamples by Bayes’ theo-
rem

If a reliability life test is carried out on N units of
an electrical product, which has m failure modes, a
times-to-failure sample {z;, i=1,2,...,N} is obtained.
Assume that ;<t,<...<ty.

At time ¢, a failure is obtained. To split this
failure point rationally, the concept of belonging
probability, p,(#;), which is the posterior probability
that this failure belongs to the jth subpopulation
(=1,2,...,m), is introduced by Kececioglu (1993). By
definition

p,t)=p{Tef,(®)|t,—At/2<T <t +At/2},
j=12,,m; i=12,--,N.

€)

Applying Bayes’ theorem, yields

p,(t)=p{t,—~At/2<T <t +At/2|T € f,(t)}
-p{Tefj(t)}/{ip{ti—At/2<T<tl. (4)
+At/2|Tef,.(z)}-p{Tej;(t)}},

where p{Te/(1)}=p; (1<j<m).
Then, the probability that a failure occurring at
time ¢; belongs to subpopulation j (1</<m) is

_ p @) pfi@)
p./(tf)_ m - ?
Zp/f/(tz) f(t[)

i=1,2,--,N. (5)

Note that for each failure point, the sum of all be-
longing  probabilities must be unity, i.e.

ip,,-(ti) =1 (1<i<N).

By means of the posterior belonging probabili-
ties, the failure occurring at ¢ can be divided into m
portions: 100p,(#;) percentage of this failure belongs to
subpopulation j (1<j<m). It can be claimed that there
were pi(t;) failures expected at time ¢ if only sub-
populationj was put in test with the sample size of Np;.
In other words, p{(t;) can be considered as the failed
unit number at time ¢ in subpopulation j. Pooling
these “fractional failures” versus their corresponding
occurrence times under the same subpopulation yields
the following m subsamples:

i (1 <i< m) : {(tl’pi(tl))’(tppi(tz))"' '5(tN’pi(tN))}' (6)

Application of the least-squares method

In subsample j (1</<m), p;(#;) units fail at time #,,
pj(t2) units fail at time f,,...,p/(¢y) units fail at time #y.
For each subpopulation, its corresponding subsample
can be seen as a grouped data sample. For each sub-
sample, the conventional estimation method, for sin-
gle-Weibull distribution can be used to estimate the
parameters of each subpopulation.

The accumulated failure probability of the ith

failure in the jth (1<j<m) subpopulation will be

Fi)= Y9, ) | 2 p,(0). 9
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Therefore, the following m data sets will be ob-
tained:
Subpopulation

i (1 Sigm):{(tlﬁF;(tl)),(tzaE(tz))"":(tN’F;(tN))}-(S)

The unreliability, for a Weibull distribution (Lu
and Su, 2003) can be written in the form of

Inln {ﬁ} =p,Int,-p,Inn,, ®

or in the linearized form of

Y,())=B,X())+b, (10)

where Y(i)=In{-In[1-F(#;)]}, X())=Int;, b=—pIny;.
Applying the least-squares method, the distribu-
tion parameters are given by

ZX(i)Yj(i) —JIV{ZX (OF ZY,-(i)}

By =" )
ZXZ(Z')_{ZX(,')}

ZY(I) %iX(i), 1<j<m, (12)

0, =exp(=b,/B,), j =1,2,...0m. (13)

On the other hand, the posterior mixing weight
can be obtained from

L L .
p;= N;pj(ti)’ lS]Sm. (14)

For the mixed m-Weibull distribution, the like-
lihood function is

L=Hf(t,-)=H{ip,,L(ti)} (15)
or
I=InL= Zln{Zp/f(t )} (16)

Taking the partial derivative with respect to py,

yields
N
Z L@ =1 4 p ey a7
o (@)
Substituting Eq.(4) into Eq.(17), yields
ﬂ:i ) me(t) (18)
/7= A izl Pn

Then, substituting Eq.(14) into Eq.(18), yields

O _ . Pe_ N-Lu_yg.

- 19)
apk pk pm

By Eq.(19), the estimates given by Eq.(14) sat-
isfy the maximum likelihood equation.

By these two methods, if the population consists
of a mixture of two Weibull distributions, the prob-
ability density function of the mixed population can
be expressed by

f@=p (B, m)Em)" " exp[~(¢/m)™ ]

(20)
+(1=p, ) (By /M) M) exp[ =t/ ]

The corresponding unreliability of Eq.(20) is

F(0)= ], f e
= [ 2By MMM exp[ ~(em,) ]de

(1= p)(B, my)e M) expl ~(tim,) de

21)

Letting x=¢" /n/ in the first integration of
Eq.(21), y=t"/n in the second integration of
Eq.(21). We have

Fo=p[ " earra-p)[ " ey
=1-pexp[ ~(t/m)" |- (1= p)exp[~(t/m,)" |.

(22)

The corresponding reliability function is

R)=1-F() 23
=D eXp[_(t/nl)Bl]+(l_pl)exp|:_(t/n2)ﬁz:|'( :
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Finally, the corresponding failure rate function is

10
R(?)

(1= p)B, )t Y exp ~(e/m,)" |}
Jpexp[~@/m)" ]+ (- pexp[~@/n)" |-

A =222 = p (B Im)e/m)P exp| ~(e/m) ]

24)

Similarly, the estimation of the failure rate func-
tion for the mixed m-Weibull distribution is

26y ={p (B Im)e/n)" exp[ =t/ m)" [+
0, (B, )2 m,) " exp[ (2 /m,)™ ]} (29)

~/n (/)
/{ple Yo+ +p,e }

PROPOSED ALGORITH

The original estimation problem is that of having
a data sample from a mixed population, which has a
probability density function given in Eqgs.(1) and (2),
and then of estimating the 3m—1 parameters,
Bin1,B25M25 - sPnslmsP1s - Pm—1, Such that the distribu-
tion fits the data “best”.

In practice, the quality of the data is not always
good. However, the idea of the least-squares method
is to find the “best” fit. Regardless of how good or bad
the quality of the data, the “best” fitting line always
exists. According to the least-squares principle, the
“best” fitting line minimizes the residual variation
around the line. Generally, the correlation coefficient,
p, provides a good measure of how well the line fits
the data. The larger the absolute value of p, the better
the fitted line. Based on this discussion, the “best”
parameter estimates can be obtained by employing
the least-squares principle to iterate on the fi,11,5,,
N2seeesPrstimsP1s--Pm-1 vValues to maximize the abso-
lute value of p.

With any chosen set of S1,71,82,52,. \Buslim
P1,....Dm-1, the correlation coefficients of p; (1<<m)
are determined by the following equation:

P :{ZX(;‘))@(;‘)—%ZXU)‘ZYGU)}

JEro-sfg]

{ﬁyj?(i)—%[ilfj(i)} H 1<) <m. (26)

Since m lines are simultaneously fitted to m
subsamples from m-Weibull subpopulations and
every parameter has an effect on m correlation coef-
ficients, the sum of the squares of these m correlation
coefficients might be the “best” measure for the de-
gree of fitting, i.e.

p=2.P; @7)
j=1

Therefore, employing the iterative procedure, the
estimates of S1,71,82:125 - sBunsHmsP1s---sPm—1, can be
obtained by maximizing the value of p, starting from
the graphical estimates to save search time.

EXAMPLE

Table 1 shows the life test data of ten relays. If
the mixed two-Weibull distribution is used to repre-
sent the Times to Failure distribution, we can deter-
mine the mixed population’s parameters using the
proposed approach and the graphic method. The
Kolmogorov-Smirnov goodness-of-fit test was con-
ducted to compare the results. By using the proposed
approach, we can estimate the failure rate of the
mixed Weibull population.

Table 1 Failure data from a life test for example

Times to failure

3.0
28.5
71.6
91.1
129.1
157.8
188.9
226.1
278.0
367.2

Failure order i

O 0 3N L bW~

—_
o

Solutions to the example
1. Graphic estimation
By graphic method, the parameter estimates are

P =03, B, =06, 7, =394, B, =23, H, =233.51.
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2. The proposed estimation

To start the proposed approach, we use the
graphic estimates as the initial values of .7/,
B).15,p. . Using the proposed approach yields (the
calculation details are omitted here): p, =0.3,
=05,/ =501, 53 =19, H,=193.1.

3. Comparison

A comparison is made by conducting the Kol-
mogorov-Smirnov goodness-of-fit test on the pa-
rameter values obtained by the graphical method and
the proposed approach as follow:

The graphic method yields Dy,,=0.075; the
proposed approach yields Dy,,x=0.031.

It is easy to see that the proposed approach may
yield more accurate parameter estimates.

The estimation of the failure rate function of the
mixed Weibull population of the example using the
proposed approach is

At) = {0.003(z/50. 1™ exp[ ~(1/50.1)"* |
+0.007(1/193.1)°” exp[ ~(¢/193.1)"* ]}

/{0.3exp[—(t/50. 1)0'5:|+0.7exp|:—(t/193.1)1‘9]}.

(28)

CONCLUSION

The proposed method makes full use of the in-
formation on the distribution’s behavior of m sub-
populations over the whole test duration. The popu-

lation sample data are split into subpopulation data
sets over the whole test duration by using the poste-
rior belonging probability of each observation to each
subpopulation. Then, with the concept of accumu-
lated failure probability, the proposed approach
combines the least-squares method with Bayes’
theorem, takes advantage of the parameter estimation
for single Weibull distribution to each derived sub-
group data set, and estimates the parameters of each
subpopulation. The estimates given by this paper also
satisfy the maximum likelihood equation. The esti-
mates of its failure rate function are given.
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