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Abstract:    We studied the problem of bifurcation and chaos in a 4-side fixed rectangular thin plate in electromagnetic and me-
chanical fields. Based on the basic nonlinear electro-magneto-elastic motion equations for a rectangular thin plate and the ex-
pressions of electromagnetic forces, the vibration equations are derived for the mechanical loading in a steady transverse magnetic 
field. Using the Melnikov function method, the criteria are obtained for chaos motion to exist as demonstrated by the Smale 
horseshoe mapping. The vibration equations are solved numerically by a fourth-order Runge-Kutta method. Its bifurcation dia-
gram, Lyapunov exponent diagram, displacement wave diagram, phase diagram and Poincare section diagram are obtained. 
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INTRODUCTION 
 

The rectangular thin plates are widely used in 
engineering structures, such as machinery, shipbuild-
ing, aeronautic-astronautic, watercraft-hydropower, 
and civil engineering. Usually, these thin plates work 
under the conditions of mechanical fields, electro-
magnetic fields and thermal-elastic fields (Bai, 1996a). 
Therefore, a full understanding of their dynamics is 
crucial to developing high-tech constructions and 
mechanisms, and a well study on the vibration of thin 
plates coupled with various fields is very important.  

Many scholars have done numerous studies of 
the thermal-elastic coupling theory (Nowacki, 1975; 
Chang and Wang, 1986; Trajkorski et al., 1999). The 
exact solution for the simply supported multilayered 
and functionally graded magneto-electro-elastic 
plates was made by Pan (2001), Pan and Heyliger 
(2002), Pan and Han (2005), and Wang et al.(2003). 

In recent years, chaos theory has been a newly 
developed research subject (Chen, 1993; Huang, 
2000). Although chaotic vibrations exhibited by 
plates have been less analyzed, recently they have 
been studied more intensively. Many scholars have 
researched intense chaotic motion in all kinds of 
components subjected to mechanical forces, and have 
made great progress. Zhang et al.(2001) used the 
Galerkin method to derive averaged equations from 
the von Karman equation, and analyzed both local 
and global bifurcations of a parametrically and ex-
ternally excited simply supported rectangular thin 
plate. Awrejcewicz et al.(2003) analyzed bifurcation 
and routes to chaos exhibited by thin plate strips. 
Jump-like switching phenomena, series of bifurca-
tions, a route to chaos and various types of strange 
chaotic attractors have been reported and discussed. 
Awrejcewicz et al.(2004) reported the mechanism of 
transition to chaos of deterministic systems with an 
infinite number of degrees of freedom using the ex-
amples of paths for parametric vibrations of flexible 
rectangular plates. Regular and chaotic vibrations and 
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bifurcations of flexible plate strips with non- 
symmetric boundary conditions were investigated 
through the Bubnov-Galerkin and finite difference 
method by Awrejcewicz et al.(2006). Some new 
examples of the paths from regular to chaotic dy-
namics within chaotic dynamics were illustrated and 
discussed by them. The phase transitions from chaos 
to hyper chaos, and a novel phenomenon of a shift 
from hyper chaos to hyperhyper chaos were reported 
also. To the authors’ understanding, the study of bi-
furcation and chaos coupled with mechanical fields 
and magneto-electro fields was rarely reported. 

In our investigation of the nonlinear dynamics of 
rectangular thin plates, we obtained a decoupled 
modal form of equation of motion by the Galerkin’s 
method for certain geometries and boundary condi-
tions. By this approach, we establish the modal 
Duffing equation for a rectangular thin plate subject 
to steady electromagnetic and mechanical loading in 
the 4-side clamped boundary condition. In this paper, 
the problem of bifurcation and chaos of a 4-side fixed 
rectangular thin plate in electro-magnetic and me-
chanical fields is studied. Based on basic nonlinear 
electro-magneto-elastic motion equations for rec-
tangular thin plates and expressions of electromag-
netic forces, the vibration equations of the rectangular 
thin plate under the action of a mechanical field and a 
steady transverse magnetic field are derived. By using 
the Melnikov function method, the chaos condition 
and limitation of the system under the condition of 
Smale horseshoe map are given. Using the 
fourth-order Runge-Kutta method the vibration 
equations will be solved numerically. For some ex-
amples, the bifurcation diagram, the Lyapunov ex-
ponent diagram, the displacement wave diagram, the 
phase diagram and the Poincare section diagram of 
the system will be obtained. The influences of the 
electromagnetic field and mechanical loads on the 
system vibration will be analyzed. We illustrate thin 
plate behaviors by numerical results in electro- 
magnetic and mechanical vibrations. 

 
 
EQUATIONS OF MOTION 

 
Consider a rectangular thin plate in a steady 

electromagnetic field ( , , )x y zB B BB  and loaded by a 

uniformly distributed mechanical force 1 2 3( , , )P P PP . 

In the right-angle Cartesian coordinate system (OXYZ), 
OXY is the neutral plane, Z is its normal. By ignoring 
influences such as thermal effects, polarization and 
magnetization, and assuming that the electromagnetic 
field intensities on and under the surface of the thin 
plate are equal, the vibration equations of this elec-
tromagnetic-mechanical coupled thin plate can be 
written as follows (Xu, 1988; Bai, 1996b): 
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where N1, N2, N12 are the elements of the internal 
force vector in the neutral layer of the thin plate; M1, 
M2, M12 are the elements of the internal moment 
vector in the neutral layer of the thin plate; w(x, y) is 
the displacement in z direction of the neutral plate; P1, 
P2, P3 are the mechanical forces in z direction; h is the 
thickness of the thin plate; ρ is the specific mass; Q1, 
and Q2 are the internal forces of the flexible plate. 

In Eq.(1), ρf1, ρf2, ρf3 and m1, m2 are Lorenz 
forces and moments (Bai, 1996b), and they are writ-
ten as follows: 
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where ex, ey, ez are the elements of electrical field 
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intensity; E is the modulus of elasticity; t is the time; 
σ is the electrical conductivity; Bz is the electromag- 
netic field intensity in z direction. 

The stretch equations and geometry equations 
are (Xu, 1988) 
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where DN is the extensional rigidity of the plate, DM is 
the flexural rigidity of the plate, ν is the Poisson’s 
ratio. 

By substituting Eqs.(2)~(4) into Eq.(1), ignoring 
inertial effects and considering its nonlinear geometry, 
the simplified vibration equations of the thin plate can 
be written as follows: 
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The schematic diagram for a 4-side clamped 

rectangular thin plate loaded in the transverse steady 
electromagnetic field (0, 0, )zBB  and transverse uni-

formly distributed mechanical force 3(0, 0, )PP  is 
shown in Fig.1. 

 

 
 
 
 
 
 
 
 
 
 
 

The boundary conditions are 
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Assuming that the solution of Eq.(5) is 
 

( , , ) ( ) ( , ),W x y t t w x yφ=                     (7) 

 
where w(x,y) is the first order dominant mode of vi-
bration given by 
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The mechanical loads are assumed two kinds: 
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where p is the amplitude of the mechanical load. 
Substituting Eqs.(8) and Eq.(9a) or Eq.(9b) into 

Eq.(5), we obtain Eq.(10a) and Eq.(10b); Integrating 
Eq.(10) by the Galerkin’s method, we have Eq.(11a) 
and Eq.(11b) as follows: 
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Fig.1  Model of thin rectangular plate 
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Then Eq.(11) can be rewritten as 

 
3 cos( ) 0.F tφ μφ αφ βφ ω+ + + − =            (12) 

 
Assuming 
 

,x βφ
α

=  ,tτ α=  

0 ,ωω
α

=  ,μγ
α

=  ,f F
β
α

=  

 
replacing τ with t, and using the non-dimensional 
method, Eq.(12) can be finally rewritten as 

 
3

0cos( ).x x x x f tγ ω+ + + =              (13) 
 
 

MELNIKOV FUNCTION 
 
Suppose ,X Y=  f=εf1 and γ=εγ1, then the 

equivalent form of Eq.(13) can be written as 
 

3
1 1 0

,
( cos( )).

X Y
Y X X Y f tε δ ω

⎧ =⎪
⎨

= − − + − +⎪⎩
       (14) 

 
When ε=0, i.e., δ=0, γ=0, Eq.(14) is an unper-

turbed Hamiltonian system as 
 

3

,
;

X Y
Y X X

⎧ =⎪
⎨

= − −⎪⎩
                               (15) 

3

0,
0.

X Y
Y X X

⎧ = =⎪
⎨

= − − =⎪⎩
                         (16) 

 
From Eq.(16) we get the solutions for three fixed 
points (1,0), (−1,0), and (0,0). Then we can obtain 
two hetero-clinic orbital parameter equations 

 

2

1( ) tanh ,
2

1 1( ) sec h ,
2 2

i

i

X t t

Y t t

⎧ ⎛ ⎞
= ±⎪ ⎜ ⎟

⎪ ⎝ ⎠
⎨

⎛ ⎞⎪ = ± ⎜ ⎟⎪ ⎝ ⎠⎩     

i=1, 2.        (17) 

 
According to the Melnikov theory, if Mi(t0)=0, 

we have 
 

1

01
0 0 0

2 .
π3π csch cos( )

2
t

γ
ωδ ω ω

=
⎛ ⎞
⎜ ⎟
⎝ ⎠

         (18) 

 
Since Mi(t0)≠0, cos(ω0t0)≠±1, i.e., |cos(ω0t0)|<1, 

chaos motion of Eq.(1) under Smale horseshoe map-
ping may take place when  
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1 0
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NUMERICAL RESULTS AND ANALYSIS 
 
We take a thin aluminum plate as an example 

with the following parameters: h=0.5×10−3 m, 
ρ=2700 kg/m3, E=70 GPa, ν=0.33, σ=3.6×107 
(Ω·m)−1, a=π/8 m, b=π/4 m, ω0=1. 

Then the non-dimensional parameters are calcu-
lated for the above values. The second order ordinary 
differential equation (ODE) Eq.(13) is transformed to 
the first order ODE, which are then solved by the 
fourth-order Runge-Kutta method. In the following 
numerical calculations, the sampling period is 300 rad 
and the integral tolerance error is 10−6. In the simula-
tion, we begin to interpret the results of integral time 
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response after repeating 800 times, which assures that 
the dynamic response of the system has achieved a 
steady state. These results include displacement, ve-
locity, mechanical load, time, and so on, which will be 
used to plot the bifurcation diagram, phase diagram, 
wave diagram of displacement, Poincare section dia-
gram and the Lyapunov exponent diagram. 

1. P3=pcos(ωt) 
When ω0=1 and Bz=1 T, we can obtain the global 

bifurcation diagram and the homologous Lyapunov 
exponent diagram of the thin plate system by modu-
lating the value of p from 250 to 270 N/m2, as shown 
in Figs.2 and 3. From these figures, it can be found 
that the system changes alternately between a state of 
periodic motion and chaos when the value of p is 
escalating. Figs.4~6 show the Poincare section dia-
gram, the phase diagram and the wave diagram of 
displacement of the system with different values of p. 
For example, the system is in a chaotic motion state 
when p=252 N/m2, but it is in a periodic state when 
p=256 N/m2, and it is in a chaotic motion state again 
when the value of p increases to 266 N/m2. This is a 
representative characteristic of the chaotic motion for 
the nonlinear system. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 

Fig.4  Poincare map (a), phase diagram (b) and wave
diagram (c) of displacement (p=252 N/m2) 
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Fig.5  Poincare map (a), phase diagram (b) and
wave diagram (c) of displacement (p=256 N/m2) 
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Fig.2  Bifurcation diagram (ω0=1, Bz=1 T) 
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We can obtain the global bifurcation diagram 

and homologous Lyapunov exponent diagram of the 
thin plate system by modulating the value of Bz from 
0 to 2 T, as shown in Figs.7 and 8, taking ω0=1 and 
p=258 N/m2. The figures show that the electromag-
netic intensity Bz has an obvious influence on the 
motion state of the system. Reducing Bz (less than 1 
T), the system is in a chaotic motion state. Figs.9 and 
10 denote the Poincare section diagram, the phase 
diagram and the wave diagram of displacement of the 
system with different values of Bz. So the value of Bz 
must be not too small if we want to eliminate the 
influence of Bz on chaotic motion for this system. 

When p=258 N/m2 and Bz=1.0 T, we can obtain 
the global bifurcation diagram of the thin plate system 
by modulating the value of ω0 from 0.7 to 1.5 (Fig.11). 
It shows that the value of ω0 has a global influence on 
the motion state of the system. The system changes 
alternately between periodic motion and chaotic mo-
tion as the value of ω0 increases. Figs.12~14 show the 
Poincare section diagram, phase diagram and wave 
diagram of displacement for this system with differ-
ent values of ω0. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig.7  Bifurcation diagram (ω0=1, p=258 N/m2)
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Fig.9  Poincare map (a), phase diagram (b) and wave
diagram (c) of displacement (Bz=0.5 T) 
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Fig.6  Poincare map (a), phase diagram (b) and wave
diagram (c) of displacement (p=266 N/m2) 
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Fig.8  Lyapunov exponent diagram (ω0=1, p=258 N/m2)
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The only difference between Eqs.(11a) and (11b) 
is the coefficient of p. The global bifurcation and the 
homologous Lyapunov exponent of the thin plate 
system are investigated. Firstly we get Figs.15 and 16 
by modulating the value of p from 175 to 210 N/m2. 
Secondly we draw Figs.17 and 18 by modulating the 
value of ω0 from 0.4 to 1.6. Finally Figs.19 and 20 are 
obtained by modulating the value of Bz from 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.10  Poincare map (a), phase diagram (b) and wave
diagram (c) of displacement (Bz=1.2 T) 
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Fig.11  Bifurcation diagram (p=258 N/m2, Bz=1.2 T)

Fig.12  Poincare map (a), phase diagram (b) and wave
diagram (c) of displacement (ω0=0.85) 

4.1931       4.1931        4.1931      4.1931 

0.1833

0.1833

0.1833

0.1833

0.1833

0.1833

Ve
lo

ci
ty

 (m
m

/s
) 

Displacement (mm) 
(a) 

(b) 

−5 −4 −3 −2 −1     0      1   2     3     4    5 

10
5
0
−5
−10Ve

lo
ci

ty
 (m

m
/s

) 

Displacement (mm) 

1980            1990                                 2000          2010 

4
2
0
−2
−4

Time (s) 

D
is

pl
ac

em
en

t (
m

m
) 

(c) 

Fig.13  Poincare map (a), phase diagram (b) and
wave diagram (c) of displacement (ω0=1.0) 



Zhu et al. / J Zhejiang Univ Sci A  2009 10(1):62-71 70

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.14  Poincare map (a), phase diagram (b) and  wave diagram (c) of displacement (ω0=1.3) 
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Fig.15  Bifurcation diagram (ω0=1.0, Bz=1.0 T) 
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Fig.17  Bifurcation diagram (p=100 N/m2, Bz=1.0 T)
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Fig.19  Bifurcation diagram (ω0=1.0, p=100 N/m2) 
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Fig.20  Lyapunov exponent diagram (ω0=1.0, p=100 N/m2)
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0 to 2 T. It can be found that the system always 
changes alternately between periodic motion and 
chaotic motion in the three cases. 
 
 
CONCLUSION 

 
The vibration equations for the rectangular thin 

plate in electromagnetic and mechanical fields are 
obviously non-linear. When the amplitude p and 
frequency ω0 of mechanical load are changed, the 
system’s motion characteristics are comparatively 
complicated with two different kinds of incentive 
loads p3, and the system would change alternately 
between periodic motion and chaotic motion. The 
electromagnetic intensity Bz has an obvious influence 
on the motion state of the system. Since the system is 
in chaotic motion as Bz is reduced (less than 1 T), the 
value of Bz must not be too small if it needs to 
eliminate the influence of Bz on chaotic motion in this 
system. Thus, we can control the oscillation charac-
teristics of the thin plate system and make the system 
to turn chaotic motion or to avoid chaos by modu-
lating the mechanical loading, exciting the force 
frequency and electromagnetic parameters. It pro-
vides some values for the engineering design and 
safety. 
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