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Abstract: In fixed order quantity systems, uncertainty in lead time is expressed as a set of scenarios with occurrence probabilities,
and the mean and variance in demand distribution are supposed to be changeable according to a known pattern. A new concept of
“dynamic robust optimal reorder point” is proposed in this paper and its value is calculated as a “robust optimal reorder point
function with respect to reorder time”. Two approaches were employed in determining the dynamic optimal reorder point. The first
is a shortage rate satisfaction approach and the second is a backorder cost minimization approach. The former aims at finding the
minimum value of reorder point at each reorder time which satisfies the condition that the cumulative distribution function (CDF)
of shortage rate under a given set of scenarios in lead time is greater than or equal to a basic CDF of shortage rate predetermined by
a decision-maker. In the latter approach, the CDF of closeness of reorder point is defined at each reorder time to express how close
to the optimal reorder points under the set of scenarios, and the dynamic optimal reorder point is defined according to stochastic

ordering. Some numerical examples demonstrate the features of these dynamic robust optimal reorder points.
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1 Introduction

In fixed order quantity systems, the economic
order quantity (EOQ) is usually calculated to mini-
mize a total annual cost consisting of ordering cost
and inventory holding cost, and the safety stocks are
set to absorb demand fluctuation during a given lead
time, resulting in an appropriate level of reorder point.
Uncertainties in both lead time and demand distribu-
tion should be considered in determining the value of
reorder point (Tersine, 1982; Porteus, 1990; Mula et
al., 2006; Leung, 2008). In this paper, the uncertainty
in lead time is expressed as a set of scenarios with
occurrence probabilities, and the mean and variance
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in demand distribution are considered changeable
according to a known pattern.

If the demand distribution is stationary, a robust
optimal reorder point can be set as a constant value as
proposed by Tamura et al. (2009), but the new con-
dition of changeable demand distribution requires a
dynamic change in the value of reorder point ac-
cording to the pattern of demand distribution. This
paper extends this method to a case where demand in
each period follows a normal distribution but is
changeable according to a known pattern with respect
to mean and variance. A new concept of “dynamic
robust optimal reorder point” is proposed and its
value is calculated as a “robust optimal reorder point
function with respect to reorder time”.

Two approaches are employed in determining
the dynamic optimal reorder point. The first is a
shortage rate satisfaction approach and the second is a
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backorder cost minimization approach. The former
aims at finding the minimum value of reorder point at
each reorder time to satisfy the condition that the
cumulative distribution function (CDF) of shortage
rate under a given set of scenarios in lead time is
greater than or equal to a basic CDF of shortage rate
predetermined by a decision-maker. In the latter ap-
proach, the CDF of closeness of reorder point is de-
fined at each reorder time to express how close to the
optimal reorder points under the set of scenarios, and
the dynamic optimal reorder point is defined accord-
ing to stochastic ordering.

Some numerical examples demonstrate the fea-
tures of these dynamic robust optimal reorder points
in comparison with the other promising reorder points
obtained through the expected value optimization
method and the min-max optimization method.

2 Model formulation

The following assumptions are made for deter-
mining order quantity and reorder point in the fixed
order quantity system:

1. Demand in period t follows a normal distri-

bution with mean g and variance atz, that is,

D, ~ N(z, af), and is independent of demand in any
other period. The pattern of changeable parameters is
known in advance as (z,0?), t=1, 2, ..., T, where

one year is divided into T periods.

2. The uncertainty of lead time is expressed by a
set of lead times with occurrence probabilities,
L={Ly, Ly, ..., Lo} with P={PR,,P,,..,R,}, 0<P<1

and zin:lPi =1 The pairs of (L;, P;) and (L, P) are

called the ith scenario and a set of scenarios,
respectively.

3. Stockouts are all backordered, and the addi-
tional backorder cost is proportional to the amount of
stockouts in the backorder cost minimization
approach.

4. Order quantity is first determined by mini-
mizing the total annual cost under zero lead time, and
reorder point is then determined either by controlling
shortage rate within an allowable level or by mini-
mizing the annual additional cost under a set of sce-
narios of lead times, provided that the order quantity

is specified in the first phase. Therefore, the addi-
tional cost includes only the costs related to the safety
stock and backordering cost.

Under these assumptions, the order quantity is
specified as the EOQ given by

Q" =.2¢R/¢c,, (1)

where ¢, is the inventory holding cost per unit per

year, Cs is the ordering cost per order, and R is the
t+T-1

average annual demand, R = Zr:t y7a

To manage changeable demand distribution, we
use a variable economic reorder quantity reflecting
any change in demand distribution instead of using
the above constant EOQ. A possible method is to

replace RZZj_lﬂr in Eq. (1) with a nominal

changeable annual demand R, =(T/T1)th—1ﬂr,

but the procurement lead time may also change cor-
responding to a different size of order quantity, re-
sulting in more complicated uncertainty in lead time.
Therefore, we do not use this approach but adopt
other method to change the reorder point dynamically,
provided that the economic reorder quantity is given

by Eq. (1).

3 Shortage rate satisfaction

Under a given scenario (Lj, P;), we define the
safety stock as the expected inventory level just be-
fore a replenishment arrives such that

s (tL)= j: (s(t,L;)~ D) f (D)dD
trl-1 2
=s(t, L) - Z s

=t

where s¢(t, L;) is the safety stock with lead time L; at
time t, s(t, L) is the reorder point with lead time L; at
time t, D is the demand during lead time L; starting at

time t, DzD(t,Li):z::'le,, which follows a

normal distribution with mean ,u(t,Li)Ezt:ilﬂr

. t+L5-1 . .
and variance az(t,Li)zZ: o?. To maintain the
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shortage rate at less than or equal to an allowable level
ap, We have to specify the safety stock as

t+L-1
¢ (t, L / Z o? @3)

where ag is the allowable shortage rate, u, is the
upper-side 100« percent point in a standard normal
distribution, u,=® '(1-a). Substituting this result into
Eq. (2), we get the reorder point s(t, L;) as

t+5-1

stt.L)= > u +u,
7=t

t+1-1

> ol @

3.1 Reorder points based on existing methods

For a set of scenarios, we can derive the fol-
lowing methods for setting the value of reorder point
according to either the min-max method or the ex-
pected value optimization method as shown in Ta-
mura et al. (2009):

1. Reorder point based on the maximum lead

time, S(t, Lmax), Where LyaE MmaX,i, L.
2. Reorder point based on mean lead time,
s(t,L), where LEleignPiLi'

3. Reorder point based on the expected shortage
rate, s, (t).

Satisfying a(s, (t),t) =, or equivalently

-1 t+1-1
yf 3 o? |=a.
=t
()

where the expected shortage rate «(s,t) and the sce-

1- ZP@ [s (t)—Hi

nario shortage rate ¢;(s,t) are given by

a(st) = ipa (s,0), (6)
t+5-1 t+1-1
(St)l@ S—z,uT/ZJTZ
i=1 2

3.2 Dynamic robust satisfaction

Using scenario shortage rates ¢;(s,t), 1<i<n,
for the reorder point s in time t and the scenario oc-
currence probabilities P, 1<i < n, we define the CDF

of shortage rate o for the set of scenarios as

CDF(a:s,t) = z PS(a —a;(s,1)), (8)

I<i<n

if 0, 6(z) =1, otherwise, 0. From Eq. (7), itis clear
that «;(s,t) is increasing in L; and decreasing in s,
and that CDF(«:s, t) is also increasing in s. According
to the concept of stochastic ordering, for any two
reorder points s; and s,, s; is called “stochastically
better than or equal to” s,, if and only if CDF(« :s;,t)

> CDF(« :s,,t) holds for any a. As the reorder point

increases, the shortage rate decreases but the on-hand
inventory increases especially under the scenarios
with smaller lead times. If the occurrence probability
for the scenario with the largest lead time is small
enough to neglect, then the resulting large shortage
rate under this scenario might be permitted by a
decision-maker. How small the occurrence probabil-
ity is enough for the decision-maker to accept such a
large shortage rate depends on the preference struc-
ture of the decision-maker.

Therefore, to express the preference structure of
the decision-maker, we introduce a “basic CDF G(«a)
of shortage rate «” for a given allowable shortage rate
0o as

0, if0<ax< %o

t
G(a) = ZP[J']’ if Mo <@ <o, 1<t<n,
j=1

1 if Mm% < &,

©)

| o reien 10
7 = (1_4)%;/“2@4, icl, +
L ={i |R<U]Ilicl}, (11)

L=1\I,1={12,..n},

0<¢ <y, (12)
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|| | max P, I max P,

v=_12locy={1-"eh |1| iel,

L min P, | o| minPR,
icl, icl,

(13)

where | denotes the set of scenario indices and |l| is
the number of scenarios, that is, [I|=n. R;, indicates

the jth largest occurrence probability, resulting in
Ry 2Ry 2--2 Ry Parameters { and v are prede-

termined according to the decision-maker’s prefer-
ence structure so that Egs. (12) and (13) hold. The
right-hand side value in Eq. (13) is derived so

that 0 <y <7y <--- <7y, holds, or equivalently,
0<min;,, 7; and max;.,, 7 <min;,, 7;.
If CDF(e:s,t) >G(a), Va, holds for some s in

time t, then we can say that such a reorder point has a
stochastically smaller distribution of shortage rate
than the required basic distribution of shortage rate
expressing the preference structure of the decision-
maker. Of these reorder points, the smallest reorder
point is called “dynamic robust optimal” through
robust satisfaction approach.

Without loss of generality, we assume that
Li<L,<...<L,, resulting in o (s,t)<a,(st)<---

<a,(s,t) for any s in period t. The CDF(«x :s,t)
consists of edge points (0, 0), (4 (s),0), (e (s),R),

(@,(5).R), o (@@ R,
(aé(s),zéjzlpj), (an(s),zr;le) and

(e,(s),1). Since G(a) has edge points (0, 0),
(my 2. 0), (myao. Ry) (Mo By): -

i-1
(”{i]O‘o'zj:lP[u)’
n-1
ey (U[H]O’O’zjzlpli])’ and

condition for

(2(8), R+ Fy),

(2100, By + Rap),

i
(’7[i]0’0* Z,-:lp[i])’
(o, 1), the
CDF(a:s,t)2G(a) is that a,(s)<mn ya, holds
ic (0)

(-1 () :
ZH P[J]—z_l, Z Ry Since a(s,t)

is given by Eq. (7), this condition is equivalent to

satisfying

for any scenario ¢, where satisfies

t+L,-1

t+L,-1
1- ’7.(/)050347 S_Zﬂr/ ZGTZ
7=t

t+L,-1 t+L,-1
§2 Z He +(P_1(1—77ic(4)a0) 1/ z ol
=t r=t
viel.
Using this result, we define the “dynamic robust
optimal reorder point based on an allowable shortage

rate” s"(t) as

s ®=

t+L,-1 t+L,-1 14
ma { Z He+ DL 77.((/)%),} Z o, } (4

ZP <P”1> 1<i <n}

2<0<n, i.(1)=1,

i.(0)= max{

(15)

0 _N' p © _
where PZ _ZHPJ, 1</¢<n, and Pz =0.

4 Backorder cost minimization
4.1 Optimal reorder point

Next consider a case to minimize the backorder
cost. Since mean and variance of demand distribution
are changeable, we consider the individual additional

cost for each reorder, denoted by f,(s,t,L;), instead

of using the annual additional cost. For any reorder
made at time t, demand D during lead time L; follows

a normal distribution N(u(t,L;),c%(t, L)), and the

individual additional cost related to safety stock
s—u(t,L;) fora given order quantity Q under the ith

scenario is given by

fo(s,t, L) =c, %(5 - u(t L))
(16)

+cbj°°(D—s)f(D)dD,

where ¢, is the backordering cost per unit, c,Q/R
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stands for the unit inventory holding cost for the du-
ration of Q/R year. Using the same manner as Tamura
et al. (2009), we can reduce Eq. (16) into

fo(s,t, L) = Jol(t, L) {ch %ui (s,t)

A7)
+Cp[4(U; (5, 1)) — Ui (s, L - 2(y; (S,t))]]},

where ¢(u) is the probability density function of a

standard normal distribution, u~N(0,12), and

u(s,t)=(s

t, Li)=—u(t, Li)(chQ/Rcy), it is remarkable that if
R/Q<cy/cyp holds, then fy(s, t, Lj) becomes negative,
and the inventory holding cost can be reduced dras-
tically by setting the reorder point at zero, resulting in
backlogging all demand before a replenishment
arrives.

If R/Q>cy/cy, holds, the optimal value of reorder

point s;, (t) under the ith scenario exists and is de-
rived by setting

DL g n-ouson=o 9
and we can obtain

550 = u(t, L) +u o (L, L), (19)

u. = @ (1-¢,Q/(c,R)), (20)

o zl—@(uag ) =6,Q/(c,R), 1)

fu (s (0. L) = o (L L) {e,Qu,. /R )

+C, [gb(ua;)—ua;a;]}.

Since the minimum additional cost depends on
lead time under each scenario, we introduce closeness
(s, t, L) for any reorder point s under the ith scenario
with (L;, P;) as

fp(s,t, L) — f, (3:; t).t,L)
frrk:ax tL)- fb(S;[)ntv Li) ’

(st L) = (23)

— u(t,1,)) /4Jo (¢, ). Since we have fy(s,

where 2 (t,L;) denotes the worst value of indi-
vidual additional cost under the ith scenario with
respect t0 S in S [0, S ()], Spax () = 2(t, Lioe) +

U s yJo? (t, L), @' =0.0001, that is, 2, (t,L;)=

MaXoeees ¢y fo(Sit, L), or

1:ntw)ax (tv Li)
maX{ fb (Smax (t).t, L|),y(t, Li)(cb -c, %j},

_ . B (o

= if Q 2> ¢, , (24)
fy G Ot L), if <

b
As mentioned above, we derive some reorder

points by optimizing the related functions over
s €[0, s, ()] as follows.

1. Minimizing f,(s,t,L,,,) provides

S; (t) = ut, Lmax) + Ua; o’ (t, Lmax)-

2. Minimizing f,(s,t,L) provides
s, (t) = u(t, L) + ua;«/a2 (t,L).

3. Minimizing Zie. P f,(s,t,L,) provides

0= R {att L) +u o (L)}

iel

4. Minimizing Zin:lF{g(s,t,Li) provides s, (t)
satisfying

: RO (u; (s, (1))
iZ max (t L) fb (S:;J (t)’t’ Li)
P(l-a)

:é fn?ax (t’ L)I

i)— Ty (Si*b o, Li).
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4.2 Dynamic robust optimization

We introduce the CDF of closeness &, denoted
by CDF(&:s,t) as

CDF(£:5,)= ) Po(£-&(st, L))

iel

(25)

In this case, the CDF(¢:s,t) is not monotone

increasing in s, unlike the CDF of shortage rate o,
CDF(«:s,t), and the stochastic ordering cannot

always hold for any two reorder points. Therefore, we
introduce a rank-k basic CDF G, (&), and give the

rank Kk(s, t) for reorder point s in period t by compar-
ing CDF(&:s,t) with G, (&) as follows:

K(s,t) = min{ k|CDF(£:5,t) 2 G, (&), V&> o}, (26)

Gk (&)=
0, if 0<é&< 77[1]k‘90a
(27)

t
zp[i]' if key <& <mpagkey, 1<t<n,
=1

L if mpkey <6,

where & is a step size to generate the rank value, and
the other parameters are the same as those defined in

Egs. (10)-(13).
Letting &' = &(s,t,L,) and assuming & < &

<...< ™ without loss of generality, we can reduce
Eq. (26) into

k(s,t)=m|n |<|g<> <7 o kep 1< <, k>o}

= max (28)
N T ono
i—1
i.(0)=maxqi| > Ry sPﬁ‘l) 1<i<n
=1
2<r<n,i()=1 (29)

1<¢<n, and P

(0 _
where P Z Z =

Con3|der|ng a set of feasible reorder points,
0<s<s,,, (t), we define the “dynamic robust opti-

1J’

mal reorder point s, (t) ” as the reorder point with the
minimum rank given by

k(sp (t),t) = mindk(s,t) [0<s <5, (O} (30)

5 Numerical examples

To show some features of reorder points de-
rived by various methods including the proposed
dynamic robust optimal reorder point, we apply
these methods to some numerical examples. Con-

sider the nine sets of scenarios, (L(k), P(i)), k=1, 2,

3,i=1, 2, 3, where LW={3, 4, 5,6, 7}, L?={8, 9,
10, 11, 12}, L®={18, 19, 20, 21, 22}, PY ={0.05,
0.20, 0.50, 0.20, 0.05}, P®={0.70, 0.20, 0.05, 0.03,

0.02}, P®={0.10, 0.50, 0.30, 0.05, 0.05}. Demand
in each period follows a normal distribution with
#=100 and ¢=30, and the total annual demand is
given as R=10000. The cost coefficients are given as
cy=5 and ¢,=10, resulting in the EOQ Q"=200. The
allowable shortage level is set as «,=0.05. Pa-

rameters in the changeable demand distribution are
assumed to be (4,07 2) =(100, 30?) for the first and

third quarters, (130, 40%) for the second quarter, and
(70, 20°) for the fourth quarter.

In shortage rate satisfaction approach, Fig. 1
shows the robust optimal reorder point s'(t) with re-
spect to time t under scenarios (LY, PY), k=1, 2, 3,
i=1, 2, 3, where the value of parameters in G(«) and

Gy (&) aresetas v =0.0 and ¢=0.0. From Fig. 2, it is

obvious that the robust optimal reorder point s'(t) is
smaller than the reorder point obtained through the
maximum lead time method (Max L), and is larger
than the other methods (Exp L, Exp «). In the Max L
method, shortage rate is small enough to neglect in
any scenario as shown in Figs. 3 and 4, but the excess
on-hand inventory caused by the largest reorder point
may lead to dead stock. On the other hand, the other
methods result in too large shortage rate to be allowed
under scenarios with large lead times as shown in
Figs. 3 and 4, although the inventory level is curbed to
a lower level. The robust optimal reorder point pro-
vides sufficiently small shortage rate controlled by the
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basic CDF and the inventory level is also kept to a
moderate level. These features are observed in all sets
of scenarios (L%, PY), k=1, 2, 3, i=1, 2, 3, especially
in case of (LY, P®), k=1, 2, 3, where the difference
among these methods becomes the largest.

3500 — L0 p®
k=3 LW p@

3000 L(k)’ p®

2500

2000 k=2

[
al
=]
=]

=
i
-

o
o
o

Robust optimal reorder point

a
o
o

o
o

50 100 150 200
Time

250 300 350

Fig. 1 Robust optimal reorder point s"(t)

""""" Maximum lead time (Max L)

1200 — Robust satisfaction (Robust)
= 1000 Expected shortage rate (Exp a)
'% —— Expected lead time (Exp L)
E 800 ......................... / .
[} f \
© | 1
S 600 b | TR |
& \ |
400
200
0 50 100 150 200 250 300 350

Time

Fig. 2 Comparison of reorder points in case of (L%, PY)
in the shortage rate satisfaction approach

g
o

o
©

o
)

--==-== Maximum lead time (Max L)
Robust satisfaction (Robust)
Expected shortage rate (Exp a)
Expected lead time (Exp L)
Rank-k basic CDF

CDF(a:s,1)
o
SN

o
[N}

0 0.2 0.4 0.6
Shortage rate

0.8 1.0

Fig. 3 CDF(a:s,1) for each reorder point s derived
through each method in case of (L%, PY)

1.0 _ Expected lead time (Exp L) A
o 0.8 '\.' |‘.'
@
; 0.6 Expected shortage rate (Exp a)
g
‘g 0.4
ﬁ Robust satisfaction (Robust)

0.2

Maximum lead time (Max L)

0
0 50 100 150 200 250 300 350

Time
Fig. 4 Shortage rate as(s, t) in case of (L&, P®)

In the backorder cost minimization approach,
we can find a property that the robust optimal reor-
der point is very close to reorder point obtained
through the expected closeness minimization
method (Exp &) as shown in Fig. 5 with v=0.15 and
{=0.4, but it depends on parameters of vand {'and on
a set of scenarios. In any event, the robust optimal
reorder point exists between reorder points obtained
by the min-max and expected value minimization
methods.

1200 s Maximum lead time (Max L)
: — Robust optimization (Robust)

Expected closeness (Exp €)

1000 .................................................... .
E ‘
S 800 j
g sol e /
3
@ 400 —— Expected lead time (Exp L)

----- Expected additional cost (Exp f)
0 50 100 150 200 250 300 350
Time
Fig. 5 Comparison of reorder points in case of (L®, P®)
in the cost minimization approach

200

6 Conclusions

Uncertainties of lead times and demand distri-
bution in fixed order quantity systems were expressed
as a set of scenarios with occurrence probabilities and
a pattern of changeable mean and variance, respec-
tively. To manage these uncertainties, a “dynamic
robust optimal reorder point function based on al-
lowable shortage rate” was introduced according to
stochastic ordering. This concept was extended to the
case of minimizing the additional backorder cost.
Some numerical examples demonstrated some fea-
tures of these dynamic robust reorder point functions
compared to that of the reorder points obtained
through existing methods based on either a min-max
optimization method or an expected value optimiza-
tion method.

Since the proposed dynamic robust optimal re-
order point functions depend on the preference struc-
ture of the decision-maker, sensitivity with respect to
the preference structure should be analyzed for de-
termining the final reorder point function, which is for
future work.
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