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Abstract: The inversion mechanical model of foundation parameters based on Powell optimizing theory was studied with
generalized Bayesian theory. First, the generalized Bayesian objective function for foundation parameters was deduced with
maximum likelihood theory. Then, the expectation expression and the covariance expression of the foundation parameters were
obtained. After selecting the Winkler foundation as representative, the governing differential equations of the typical foundation
were derived. With the orthogonal series transform method, the Fourier closed form solution of a moderately-thick plate on the
Winkler foundation was achieved. After the optimal step length was determined with the quadratic parabolic interpolation method,
the Powell inversion mechanical model of foundation parameters was resolved, and the corresponding inversion procedure was
completed. Through particular example analysis, the highlight is that the Powell inversion mechanical model of foundation parameters with generalized Bayesian theory is correct and the derived Powell inversion model has universal significance, which can
be applied in other kinds of foundation parameters. Besides, the Powell inversion iterative processes of foundation parameters
have excellent numerical stability and convergence. The Powell optimizing theory is unconcerned with the partial derivatives of
systematic responses to foundation parameters, which undoubtedly has a satisfying iterative efficiency compared with the available Kalman filtering or conjugate gradient inversion of the foundation parameters. The generalized Bayesian objective function
can synchronously take the stochastic property of systematic parameters and systematic responses into account.
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1 Introduction
In geotechnical engineering, the necessary mechanical parameters used in geotechnical analysis
include typical kinds of fuzzy, indeterminate, and
discrete properties (Kim et al., 2015; Fathi et al.,
2016). How to evaluate the selected parameters efficiently becomes a fundamental task. Up to now, when
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the plate on the foundation or on the road surface is
tackled, the general soil medium models include the
Winkler foundation, the Pasternac foundation, the
Hetenyi foundation, the Reissner foundation models,
the elastic half sphere and finite depth elastic compression layer models, etc. (Chen et al., 2015; Ong
and Choo, 2016). Among these models, the Winkler
analytical model has been widely used in engineering
because it precisely simulates the factual working
status of the foundation and is comparatively convenient in mathematical manipulation (Zhao, 2007;
Ching et al., 2016). In engineering, some parameters
such as the thickness of the foundation plate and the
concrete strength can be directly achieved through the
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spot experiment while some parameters such as the
foundation parameter cannot be concisely gained.
The parameters are sometimes determined by experiences which cannot take the influence of stochastic
factors into account. Thus, if the parameters can be
accurately inverted with systematic responses of different measuring times and spatial spots, it helps to
evaluate and forecast performance of the foundation
more precisely (Xin et al., 2014; Zong et al., 2014; Jia
and Chi, 2015; Li et al., 2015). The parameters might
be determined through some specific methods including parameter inversion methods (Sarp Arsava et
al., 2016). In recent years, there has been some research emphasis on the inversion problems and some
achievement in dealing with the inversion of the
Winkler foundation parameter (Xie, 2011). Nevertheless, the conjugate gradient theory has been successfully used in parameter inversion (Zhao, 2007),
and the Kalman filtering theory, which has the advantages of auto revision and auto optimization, has
also been successfully applied in the inversion of the
foundation parameter (Zhang et al., 2008). However,
it is unfortunately a deficiency that in both the Kalman filtering theory and the conjugate gradient theory, the partial derivatives of the systematic responses
to the Winkler foundation parameters must be repeatedly computed in iterative processes, which will
consequentially lead to lower computational efficiency and error accumulation. As an improvement,
the Powell optimizing method is not concerned with
the perplexing partial derivatives. In addition, it has
been proved that the Pasternac foundation model as
well as some other foundation models are undoubtedly more precise than the Winkler foundation model
(Bouderba et al., 2013; Bousahla et al., 2014; Meziane et al., 2014; Zidi et al., 2014). The main point of
this study is how to derive the Powell optimizing
inversion mechanical model of foundation parameters
with generalized Bayesian theory, and in order to
make comparisons with other research results (Zhao,
2007; Zhang et al., 2008) in a convenient manner, the
concise Winkler foundation model is chosen the same
as Zhao (2007) and Zhang et al. (2008). Certainly, the
following Powell optimizing inversion model based
on generalized Bayesian theory has universal significance for different kinds of foundation parameters
and only the corresponding foundation model should
be considered.

Thus, in this paper, the generalized Bayesian
objective function for foundation parameters is deduced with maximum likelihood theory. Then, the
expectation expression and the covariance expression
of the foundation parameters are obtained. With the
Fourier closed form solution for the foundation, the
Powell inversion mechanical model of foundation
parameters is resolved and some typical examples are
analyzed in detail.

2 Generalized Bayesian objective function of
foundation parameters
During the process of Powell optimizing inversion of the soil medium model, the foundation parameters can be treated as random variables, which
are noted as the random vector X=[x1 x2 … xm]T (m is
the dimension of the vector X) to carry the parameter
inversion into execution. In inversion research studies
such as evaluation of models performance of fracture
toughness of polymeric particle nanocomposites, detection of material interfaces in piezoelectric structures and detection of flaws in piezoelectric structures
using extended finite element method (FEM) (Nanthakumar et al., 2013; 2016; Hamdia et al., 2016),
Bayesian theory is widely applied because one of its
superior properties lies in taking the stochastic property of systematic parameters and systematic responses into account efficiently. However, a much
more efficient Bayesian objective function is derived
below. From Bayesian theory, it can be noted:

f (X |W *) 

f (W * | X ) f ( X )
,
f (W * )

(1)

where f(X) is the priori information distribution,
f(W*|X) is the conditional distribution of the systematic response, f(W*) is the systematic response distribution, and f(X|W*) is the posterior information
distribution. It is presumed that the foundation parameters X conform to a Gaussian normal distribution, and then the priori information distribution f(X)
is expressed:
f ( X )  (2π)  m / 2 C X

1/ 2

 1

 exp   ( X  X 0 )T C X1 ( X  X 0 )  ,
2



(2)
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where X0 and CX are respectively the expectation
vector and covariance matrix of foundation parameters X.
In engineering practice, the systematic responses
at the testing nodes must be measured several times
and the measured systematic response data Wi* from
each measure are all extracted from the total data W*.
If the ordinary Bayesian objective function is set up to
inverse parameters, there is much repeated and
worthless work. Thus, the generalized Bayesian objective function of the foundation parameters is deduced. The joint density function of Wi* is
n

 f (W

*
i

| X ) , where n is the number of times of the

i=1

measured systematic response data. From maximum
likelihood theory, it can be obtained:
n

f (W * | X )  (2π)  mn / 2  CW *

1/ 2

 1 n

 exp    (Wi*  Wi )T CW1 (Wi*  Wi )  ,
i
 2 i 1


(3)

n

i

i 1

(4)

1
X

 ( X  X 0 ) C ( X  X 0 ).
T

The generalized Bayesian objective function J in
Eq. (4) is utilized in the Powell optimizing inversion.
In order to attain the variance inversion result of the
foundation parameters X, from Eq. (4) the partial
differentiations of the generalized objective function
J to the foundation parameters X are expressed:
T

n
J
 Wi  1
CW * (Wi  Wi* )  2C X1 ( X  X 0 ).
  2

i
X i 1  X 
(5)

When Wi(X) is submitted with a Taylor formula
expansion at the expectation point X and only the zeroand first-order items are reserved, it can be derived as

Wi
X

(6)

. SubX=X

stituting Eq. (6) into Eq. (5) gives
n
J
  2 SiT CW1* (Wi  Si X  Si X  Wi* )
i
X i 1

(7)

1
X

 2C ( X  X 0 ),

where Wi  Wi ( X ) . When the generalized Bayesian
objective function J reaches the minimum value,
Eq. (7) equals zero. Then,
 n T 1
1 
  Si CWi* Si  C X  X 
 i =1


S

T
i

1
Wi

C

i =1

where Wi=Wi(X) is the systematic response vector of
the computational results. Substituting Eqs. (2) and
(3) into Eq. (1), the generalized Bayesian objective
function J can be derived as
J   (Wi*  Wi )T CW1 (Wi*  Wi )

where the sensitivity matrix Si ( X ) 

n

i

i 1

Wi ( X )  Wi ( X )  Si ( X )( X  X ),

Assuming

(8)
1
X

(Wi  Wi  Si X )  C X 0 .
*

n

H   SiT CW1 Si  C X1
i 1

i

and

M=

H 1  S1T CW1 , S2T CW1 ,  , SnT CW1  , from Eq. (8) the
1
2
n 


inversion value X̂ of the foundation parameters X
can be written as
Xˆ  ( I  MS ) X 0  MW *  M (W  S X ),

(9)

where I is a unit matrix and W*=[W1*, W2*, ⋯, Wn*]T,
and Wi* is the vector of the measured systematic reT

sponse data of the ith time. W  W1 , W2 ,  , Wn  ,
where Wi is the systematic response vector of computational data of the ith time at the expectation point
X. S=[S1, S2, ⋯, Sn], where Si is the sensitivity matrix
of the measured systematic responses of the ith time.
Assuming the priori information X0 of the foundation
parameters X is unrelated to the measured systematic
response data Wi*, from Eq. (9) the variance of X̂
can be written as
C Xˆ   I  MS  C X  I  MS   MCW * M T ,
T

(10)
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where CW   diag(CW  , CW  , , CW  ) and CW  is the
1

2

n

i

covariance matrix of the measured systematic response data of the ith time. Using the non-singularity
property of CX and CW  , Eq. (10) can be transformed

ments of the normal lines of x-z plane and y-z plane,
respectively. The equations between generalized
stress and strain of the moderately-thick plate are
derived as

into the summation form of
1

n


C Xˆ  C X1   SiT CW1 Si  .
i
i 1



(13)

σs  Ds εs ,

(14)

(11)

where

3 Fourier closed form solution for the foundation model

In Eq. (4), the systematic response vector Wi of
the computational results must be grasped ahead of
inversion iterative analysis. The Pasternac foundation
model and some other foundation models are considered to be more precise than the Winkler foundation model of moderately-thick plate supposition
(Belabed et al., 2014; Hebali et al., 2014; Bourada et
al., 2015; Hamidi et al., 2015; Yahia et al., 2015;
Bennoun et al., 2016). Although in order to make
comparisons with the achievements conveniently
(Zhao, 2007; Zhang et al., 2008), the Winkler foundation model is deliberately chosen, it will not affect
the research emphasis of how to derive the Powell
optimizing inversion mechanical model of foundation
parameters with generalized Bayesian theory.
The main suppositions is that the normal line of
the middle surface before deformation remains a
straight line after deformation, but it may be not vertical to the middle surface, which means the transversal shearing deformation effect is admitted and the
stress vertical to the middle surface can be ignored
(Zhang et al., 2008; Xie, 2011). The displacement
field of the moderately-thick plate in Fig. 1 can be
expressed:
u ( x, y, z )  z x ( x, y ),

v( x, y, z )  z y ( x, y ),

 w( x, y, z )  w( x, y ),

σf  Df ε f ,

(12)

where x, y are the rectangular coordinates of the plate
plane and z is the thickness coordinate. u, v, and w are
the displacements along the x, y, and z directions,
respectively. θx and θy are the rotational displace-

σf=[Mx

My

Mxy]T

and

   y
εf   x
 x y

T

 x  y 

 are defined as generalized bending
y
x 
stresses and generalized bending strains, respectively.
T


w
w 
σs=[Qx Qy] and εs   x 
 y   are dex
y 

fined as generalized shearing stresses and generalized
shearing strains, respectively. Df is defined as the
bending elastic matrix which is connected to the
elastic modulus, Poisson’s ratio, and the thickness of
the moderately-thick plate. Ds is defined as the
shearing elastic matrix which is connected to the
shearing elastic modulus, the thickness, and the
shearing correction coefficient of the moderatelythick plate. When the forces including surface tension
are neglected, the governing differential equations for
the moderately-thick plate on the Winkler foundation
can be written as
T

Qx Q y

 q  kw  0,

y
 x
 M x M xy

 Qx  0,

y
 x
 M xy M y


 Q y  0,
y
 x

(15)

where k is the Winkler foundation parameter, and q is
the load density in the z direction. The boundary
conditions of the plate are considered as simply
supported. Directly solving the governing differential
Eq. (15) is very difficult and therefore the Fourier
transform method is used. Substituting Eqs. (13) and
(14) into Eq. (15), the important governing differential Eq. (15) can be turned into the differential equations with the variables named θx, θy, and w. Then, the
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three variables are expanded in the form of multiple
Fourier orthogonal series, and they can be obtained as

 x   Amn cos  m x sin  n y,
m n



 y  Bmn sin  m x cos  n y,
m n

 w   C sin  x sin  y,
mn
m
n

m n

(16)

where m and n are the multiple Fourier series terms;
αm and βn are the Fourier expanded coefficients; Amn,
Bmn, and Cmn are the undetermined coefficients. Based
on the orthogonal series transform method, substituting Eq. (16) into the achieved differential equations
with the variables θx, θy, and w of the moderatelythick plate on the Winkler foundation, the discussed
differential equations can be transformed into the
linear algebraic equations with the variables Amn, Bmn,
and Cmn, which can be easily solved. After the undetermined coefficients Amn, Bmn, and Cmn are determined and then back substituted into Eq. (16), the
displacement field functions θx, θy, and w for the
Winkler foundation are obtained, which are viewed as
the necessary computational systematic responses
during Powell optimizing inversion of the foundation
parameters. It is convincing that the Powell optimizing inversion model based on generalized Bayesian
theory has universal significance for other different
kinds of foundation parameters if the discussed
Eqs. (13)–(15) are properly substituted.
x

O
q
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ing method such as the Powell method and the complex method, and the second is the gradient optimizing method such as the Broyden-Fletcher-GoldfarbShanno (BFGS) method and the conjugate gradient
method. The gradient optimizing method incessantly
changes the matrix scale to produce new searching
directions during the optimizing iterative processes.
The gradient optimizing method has to determine the
partial differentiations of objective function to systematic parameters, which inevitably leads to error
accumulation, as in the Kalman filtering method.
However, the direct searching method is independent
of the partial differentiations of the objective function
to systematic parameters and is especially applicable
for the objective function without analytic expression
shown in Eq. (4). Among the available direct
searching methods, Powell theory can be regarded as
an effective method (Zhang et al., 2012), which uses a
1D searching method to produce the optimal orientations in the parallel directions from different initial
searching points.
Combined with generalized Bayesian theory, the
Powell stochastic inversion flowchart is shown in
Fig. 2 and the inversion steps of the foundation parameters are presented as follows:
1. Select the initial values X0,0 of the foundation
parameters X and the initial searching direction d0,i
and let d0,i=ei, where ei is the unit coordinate vector,
the variable i=1, 2, ···, m, and m is the dimension of
the foundation parameters X. Take the convergence
criteria ε1 and ε2, then let the iterative variable k=0.
2. Begin with the foundation parameters Xk,0 and
complete 1D searching in turn along the optimizing
direction dk,i (i=1, 2, ···, m), which means that J(Xk,i)=
min J ( X k ,i 1  hd k ,i ), where h is the step length. Then,
h

y

z

kw

the foundation parameter series Xk,i are obtained.
3. From the Bayesian objective function Eq. (4),
Eq. (17) is calculated as follows and the subscript l is
subsequently recorded:

Fig. 1 Moderately-thick plate on the foundation

lk  max ik  max  J ( X k ,i 1 )  J ( X k ,i )  .
1 i  m

4 Powell stochastic inversion mechanical
model for the foundation parameters
4.1 Powell theory

The available optimizing methods can be mainly
assorted into two kinds: the first is the direct search-

1 i  m

(17)

4. Begin with the foundation parameters Xk,m and
implement a 1D search along the search direction
dk=Xk,m−Xk,0, which means that J ( X k 1,0 ) 
min J ( X k , m  hd k ) , and then the foundation paramh

eters Xk+1,0 are achieved.
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Start

Select the initial foundation values X0,0 and the initial
searching direction, where ei is the unit coordinate vector,
i=1, 2, ···, m

Let the iterative variable k=0; give the convergence
criteria ε1 and ε2

Begin with Xk,0; complete J ( X k ,i )  min J ( X k ,i 1  hd k ,i ), i=1, 2, ···, m;
h
Xk,i are obtained

Compute lk  max ik  max J ( X k ,i 1 )  J ( X k ,i )
1i m

1i m

Begin with Xk,m; compute lk  max ik  max J ( X k ,i 1 )  J ( X k ,i )
1i m

along dk=Xk,m−Xk,0; Xk+1,0 are achieved

1i m

J ( X k 1,0 )  1,

Yes

No

or
X k 1,0  X k ,0   2 ?

Compute X k ,2m  2 X k ,m  X k ,0 , J1k  J ( X k ,0 ), J2k  J ( X k ,m ),
1 k k
k
k 2
k
k
k
k
k
k
k 2
J3k  J ( X k ,2m ), J 4  (J1  2J2  J3 )(J1  J 2  l ) , J5  l (J1  J3 )
2

Yes

J3k≥J1k ?

No

Xˆ  X k 1,0

Yes

No

J4k≥J5k ?

Compute
n


C Xˆ  C X1   SiTCW1 Si 
i
i 1



1

dk is absorbed to replace the mth searching direction:
dk+1,i=dk,i (i=1, 2, …, i-1); dk+1,i=dk,i+1 (i=l, l+1, …, m-1); dk+1,m=dk

Let Xk,0=Xk+1,0, k=k+1

Let Xk,0=Xk+1,0, dk,i=dk+1,i, k=k+1

End

Fig. 2 Flowchart of the Powell stochastic inversion of the foundation parameters

5. The convergence judgment Eq. (18) is completed to judge whether the Powell iteration is convergent or not:

J ( X k 1,0 )  1 ,
X k 1,0  X k ,0

2

 2.

(18)
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If ε1 or ε2 is satisfied, the Powell iteration is
convergent and the inversion results of the foundation
parameters X are Xˆ  X k 1,0 . The iteration is terminated and goes to step 10. Otherwise, continue the
next step.
6. This step is the judgment computation on
whether the searching direction dk is absorbed. Supposed that Xk,2m=2Xk,m−Xk,0, then the following equations result from Eqs. (4) and (17):
J1k  J ( X k ,0 ),
J 2k  J ( X k , m ),
J 3k  J ( X k ,2 m ),

(19)

J 4k  ( J1k  2 J 2k  J 3k )( J1k  J 2k  lk )2 ,
1
J 5k  lk ( J1k  J 3k ) 2 .
2
If J3k J1k, it is useless for absorbing the
searching direction dk. Therefore, the available
searching direction is unchanged and go into step 9.
Otherwise, continue the next step.
7. If J 4k  J 5k , the available searching direction
is unchanged and go into step 9. Otherwise, the calculation defined as absorbing the searching direction
dk is completed, in which the searching direction dk,l
in the available searching directions is deleted and the
searching direction dk is absorbed to replace the mth
searching direction:
d

k 1,i

d

k 1,i

d

k 1, m

d ,
d

k ,i 1

,

i  l , l  1,  , m  1,

of parameter inversion (Zhang et al., 2008; 2012). In
the available studies, the 1D searching method is
mainly referred to as the golden section method, the
quadratic parabolic interpolation method, etc. Among
these methods, the quadratic parabolic interpolation
method has much satisfying computational efficiency, which can automatically determine the span of the
optimal step length h and then optimize the step
length. The main steps include:
1. Determination of the span where the optimal
step length h lies. Assume the initial step length h1
and a step length increment h0 and set h2=h0+h1. If
J(h1)≥J(h2), the step length increment is defined as
hk=hk−1+2k−2h0, where k3 is calculated. The calculation does not cease until J(hk)≥J(hk−1). If not, the other
step length increment is defined as hk=hk−1+2k−3h0,
where k3 is calculated. Similarly, the calculation
does not cease until J(hk)≥J(hk−1). When the iterative
calculation is completed, the range of the optimal step
length h is obtained and noted as [ha, hd].
2. Interpolation of the optimal step length h. On
basis of the function extremum theory of the Bayesian
objective function and through pertinent mathematical deductions, the optimal step length h is achieved:

h 
1
h   ha  hd  b  ,
hc 
2
J (hd )  J (ha )
hb 
,
hd  ha
hc 

i  1, 2,  , l  1,

k ,i

(20)

d .
k

8. Let Xk,0=Xk+1,0, dk,i=dk+1,i, k=k+1, and go back
to step 2 to continue iterating.
9. Let Xk,0=Xk+1,0, k=k+1 and go back to step 2 to
continue iterating.
10. From Eq. (11), the covariance C X̂ of the
foundation parameters X is achieved.
4.2 Determination of the optimal step length

Searching of the optimal step length h is necessary in the step 2 and step 4 of the Powell stochastic
inversion steps of the Winkler foundation parameters,
which is a fairly complicated problem in the analysis

573

(21)


1  J (he )  J (ha )
 hb  ,

he  hd  he  ha


where ha and hd are the values of the two endpoints of
the span where the optimal step length h lies. hb and hc
are both transitional variables. he is the middle point
of the range [ha, hd].

5 Example analysis

In order to put the Powell stochastic inversion of
the foundation parameters with generalized Bayesian
objective function into action, the inversion program
named POWKER.for is compiled in which the subprogram of the Fourier closed form solution is employed. The reliability of the subprogram has been
validated (Zhang et al., 2008), and the validation is
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not repeated in this paper. Three different kinds of
Winkler foundations in Fig. 3, on which three different concrete bearing plates are respectively
placed, are taken into account. The dimension, elastic
modulus, Poisson’s ratio and the shearing correction
coefficient of the plates, and both the true value and
the coefficient of variation of the Winkler foundations are presented in Table 1. The uniform loads q1
and q2, which equal 200 N/cm2 and 120 N/cm2, respectively, along the z coordinate direction are applied on a concrete bearing plate on the first and
second Winkler foundations, respectively, and the
concentrated load P, which equals 4000 kN, is applied on concrete bearing plate on the third Winkler
foundation. The four selected points on the concrete
bearing plate in Fig. 4 are viewed as the displacement
measurement spots and the displacement of each
selected point is measured five times to take into
account of measurement error. The displacement
measurement data and the displacement standard
variance data are listed in Table 2.

the priori information of the Winkler foundation parameter is firstly supposed to satisfy a precise condition. The priori information data of the three Winkler
foundation parameters are 105, 80, and 65 N/cm3,
respectively. The two groups of the initial parameter
data k10 and k20 are set as 150 and 30 N/cm3, respectively. The convergence tolerances of ε1 and ε2 are
both equal to 0.001. Combined with the displacement
measurement and the displacement standard variance
shown in Table 2 and from the developed inversion
program, the Powell optimizing results are achieved
in Fig. 5 and Table 3. From the results in Fig. 5 and
Table 3, although different initial parameter data are
set, the relative errors of the Winkler foundation parameters are far less than 5% and the Powell iterative
inversion processes are steadily convergent to the true
values, which indicates that this Powell optimizing
inversion mechanical model is correct and the
completed program is reliable. From the inversion
analysis, unlike the Kalman filtering theory and the
conjugate gradient theory (Zhao, 2007; Zhang et al.,
2008), the partial derivatives of the systematic responses to the Winkler foundation parameters are not
involved in the Powell inversion processes, which
150
Winkler foundation parameter

(a)

Fig. 3 Concrete bearing plate on Winkler foundation

Foundation 1
Foundation 2
Foundation 3

135
120
105
90
75
60
1

Fig. 4 The four selected points on a concrete bearing plate
a is the length dimension; b is the width dimension

Circumstance 1 In order to validate the reliability of this Powell optimizing inversion theory and
the correctness of the completed analytical program,

3

4

5 6 7 8
Iterative time

9

10 11 12

110
Winkler f oundation parameter

(b)

2

100
90
80
70
60

Founda tio n 1

50

Founda tio n 2
Founda tio n 3

40
30
1

2

3

4

5

6 7 8 9 10 11 12 13 14
Iterative
time
Iterativ
e time

Fig. 5 Powell iterative inversion process in circumstance
1: (a) k10 is selected; (b) k20 is selected
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Table 1 Dimensions of concrete bearing plate and other parameters
Foundation
I
II
III

Plate
length,
a (cm)
120
100
60

Plate
width,
b (cm)
160
80
120

Plate
thickness,
t (cm)
10
8
10

Elastic
modulus,
E (N/cm2)
3.0×106
3.2×106
3.0×106

Poisson’s
ratio, μ
0.16
0.17
0.17

Shearing
correction
coefficient, γ
0.83
0.83
0.83

Winkler
parameter,
k (N/cm3)
105
80
65

Variation
coefficient,
η
0.1
0.1
0.1

Table 2 Displacement measurement (w1–w5) and displacement standard variance (σw1–σw5) (unit: cm)
Foundation
number

I

II

III

Selected
points
number
1
2
3
4
1
2
3
4
1
2
3
4

w1

w2

w3

w4

w5

σw1

σw2

σw3

σw4

σw5

0.591
0.793
0.573
0.571
0.143
0.199
0.146
0.141
0.449
1.156
0.635
0.640

0.597
0.798
0.575
0.574
0.141
0.192
0.144
0.153
0.452
1.159
0.633
0.632

0.594
0.797
0.578
0.567
0.139
0.195
0.151
0.143
0.447
1.153
0.631
0.635

0.598
0.788
0.568
0.575
0.146
0.203
0.150
0.142
0.451
1.161
0.632
0.637

0.585
0.792
0.569
0.577
0.138
0.206
0.142
0.147
0.448
1.153
0.638
0.636

0.015
0.022
0.015
0.013
0.011
0.012
0.010
0.007
0.006
1.041
0.013
0.011

0.013
0.026
0.018
0.016
0.008
0.005
0.006
0.011
0.010
1.045
0.006
0.008

0.018
0.028
0.012
0.015
0.009
0.007
0.008
0.012
0.009
1.036
0.007
0.009

0.012
0.020
0.016
0.011
0.006
0.010
0.004
0.009
0.008
1.039
0.011
0.008

0.017
0.025
0.019
0.018
0.012
0.009
0.007
0.008
0.011
1.043
0.008
0.010

Table 3 Powell optimizing results in circumstance 1
Group

k10

k20

Number of
foundation

Final parameter
(N/cm3)

Iterative time

Relative error
(%)

Convergent

1

105.895

7

0.852

ε1

2

80.305

9

0.381

ε2

3

65.448

12

0.689

ε2

1

104.877

14

0.117

ε2

2

79.877

8

0.154

ε2

3

64.579

6

0.648

ε1

consequentially leads to higher computational
efficiency.
Circumstance 2 The priori information of the
Winkler foundation parameter is supposed not to
satisfy the precise condition, which means that the
deviation degree of the priori information from the
true parameter value exceeds 10%. From large quantities of trial computations, it is a pity that the Powell
iterative processes are always divergent because the
second item in Eq. (4) cannot converge in accordance
with the set criteria in Eq. (18). In engineering

practice, the priori information cannot be always
precisely grasped and in this circumstance, the second
item in Eq. (4) should be omitted and the discussed
generalized Bayesian objective function is changed
into the generalized Markov form (Zhang et al.,
2012). The rest of the data are the same as in circumstance 1 and from the developed inversion program, the Powell optimizing results are shown in
Fig. 6 and Table 4. From the results in Fig. 6 and
Table 4, the Powell iterative inversion processes are
also steadily convergent to the true values. Compared
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Fig. 6 Powell iterative inversion process in circumstance
2: (a) k10 is selected; (b) k20 is selected

with the results of generalized Bayesian objective
function in circumstance 1, the iterative inversion
times are larger, which indicates that the precise priori
information of the Winkler foundation parameter
accelerates the Powell iteration. In this circumstance,
it is an improvement that the partial derivatives of the
systematic responses to the Winkler foundation parameters are still not needed or considered.
Circumstance 3 The displacement measurement data are supposed to dissatisfy the precise condition, which means that the deviation degree of the
measurement data from the true data in Table 2 is set
as 10%. The priori information of the Winkler foundation parameter is assumed to satisfy the precise
condition and the other data are similar to those in
circumstance 1. From the developed inversion program, the Powell optimizing results are shown in
Table 5. From the results in Table 5, when the displacement measurement data are imprecise, the
Powell iterative processes of the Winkler foundation
parameter are divergent and the relative errors are far
more than 5% even though the number of the iterations reaches 60. The computational results indicate
that the systematic responses must be accurately
measured and provided, otherwise the Powell

Table 4 Powell optimizing results in circumstance 2
Group

k10

k20

Number of
foundation

Final parameter
(N/cm3)

Iterative time

Relative error
(%)

Convergent

1

104.880

8

0.114

ε2

2

80.120

11

0.150

ε1

3

64.679

14

0.494

ε2

1

104.655

16

0.329

ε1

2

79.558

13

0.552

ε2

3

64.788

10

0.326

ε2

Table 5 Powell optimizing results in circumstance 3
Group

k10

k20

Number of
foundation

Final parameter
(N/cm3)

Iterative time

Relative error
(%)

Convergent

1

129.324

60

23.165

No

2

96.547

60

20.683

No

3

84.338

60

29.751

No

1

86.373

60

17.740

No

2

63.124

60

21.095

No

3

50.281

60

22.645

No
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optimizing inversion cannot be efficiently completed.
Thus, the precision of the measured systematic response is of great importance.

6 Conclusions

The research emphasis in this paper is how to
derive the Powell optimizing inversion mechanical
model of foundation parameters with generalized
Bayesian theory. From inversion model deduction
and typical example analysis and compared with
valuable references, the main conclusions can be
achieved:
1. The Powell optimizing inversion theory of the
foundation parameter based on generalized Bayesian
theory is deduced and the Powell iterative inversion
processes are steadily convergent to the true values,
which indicates that the Powell inversion mechanical
model is correct and reliable.
2. The derived Powell optimizing inversion
model based on generalized Bayesian theory has
universal significance for different kinds of foundation parameters and only the corresponding foundation model should be taken into consideration.
3. Unlike the Kalman filtering theory and the
conjugate gradient theory, the partial derivatives of
the systematic responses to the foundation parameters
are not relevant to the Powell inversion process,
which indicates that the Powell inversion theory is of
higher computational efficiency.
4. Searching of the optimal step length is a fairly
complicated problem in parameter inversion. The
quadratic parabolic interpolation method derived in
this paper can automatically determine the span of the
optimal step length and then achieve the step length.
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中文概要
题

目：基于广义 Bayes 理论地基参数的 Powell 反演力学

目

的：通过 Powell 优化反演方法建立 Winkler 地基参数

模型
的反演力学模型，获得地基参数的稳定数值解。
创新点：根据 Bayes 理论，推导广义 Bayes 目标函数；利
用 Fourier 变换，推求 Winkler 地基上简支板的
Fourier 闭式解，建立地基参数的反演力学模型。
方

法：1. 根据 Bayes 理论，推导广义 Bayes 目标函数（公
式(4)）及地基参数的广义 Bayes 均值和方差表达
式（公式(9)和(11)）；2. 引入 Mindlin 理论，推导
Winkler 地基上板的控制微分方程，推求 Winkler
地基上简支板的 Fourier 闭式解；3. 提出步长的一
维自动寻优方案，结合 Powell 优化方法建立
Winkler 地基参数的广义 Bayes 反演力学模型。

结

论：1. 地基参数的反演迭代过程稳定收敛于参数真
值；2. 与 Kalman 滤波方法和共轭梯度法不同，
Powell 优化方法的迭代过程不涉及目标函数的偏
导数计算；3. 广义 Bayes 目标函数能同时考虑不
同测量点和不同测量次数的位移实测资料，计算
效率更高。

关键词：Powell 反演；力学模型；地基参数；Bayes 目标
函数；随机性

