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Abstract: Initial fabric anisotropy can greatly affect the shear behavior of particulate materials during shear. The bedding plane
effect induced by particle orientation is one of the main fabric anisotropic factors that may affect other factors. It is hard to experimentally examine the effect of bedding direction of particles on the shear behavior of particulate materials, such as sand. A 2D
discrete element method (DEM) is employed in this paper to study the influence of different orientations of oval particles on the
behavior of dense assemblies under simple shear. As well as the macroscopic shear behavior, the evolution of particle orientation,
contact normal, and inter-particle contact forces within the samples with different initial bedding angles during shear have been
extensively examined. It was found that the initial bedding direction of the particles has great influence on the non-coaxiality
between the directions of principal stress and principal strain increment. The bedding direction also affects the strength and dilatancy responses of DEM samples subjected to simple shear, and the samples with larger bedding angles exhibit higher shear
strength and larger volume dilation. A modified stress-force-fabric relationship is proposed to describe the effect of particle bedding direction on the shear strength of samples, and the new equation can better describe the stress-force-fabric relationship of
assemblies with initial anisotropic fabrics compared with the existing model.
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1 Introduction
Soil fabric was first introduced by Brewer
(1964) to describe the spatial arrangement of solid
particles and associated voids. Oda et al. (1985)
summarized the three main sources of anisotropy: (1)
geometrical arrangement of the particles (includes
particle orientation and contact normal), (2) distribu‡
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tion of the contact forces, and (3) geometrical arrangement of the voids. Experimental evidence has
shown that the initial fabric has great influence on the
shear strength and deformation characteristics of
granular soils subjected to monotonic or cyclic shear
loading (Arthur and Menzies, 1972; Miura et al.,
1986; Guo, 2008; Tong et al., 2014). The bedding
plane effect induced by particle orientation is one of
the main fabric factors leading to inherent anisotropy
of granular assemblies (Oda and Nakayama, 1989).
Early experimental studies on initial fabric mainly use
ideal substituted materials such as metal rods or
photoelastic substances (Drescher and de Jong, 1972;
Oda et al., 1982). Special apparatus or measuring
techniques are required to investigate real sand
specimens. For instance, Oda (1972) used polyesterresin to “freeze” the internal fabric of anisotropic sand
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samples. Thin sand plates were cut from the specimens to observe the preferred particle orientation
using an optical microscope. Alshibli et al. (2000)
employed an X-ray computed tomography (CT)
technique to disclose the internal fabric and the local
deformation of dry Ottawa sand specimens subjected
to drained triaxial shear loading in a microgravity
environment. Ng et al. (2002) utilized a magnetic
resonance imaging technique to capture the initial
fabric of saturated dense Ottawa sand, and to obtain
the void distribution. These advanced measuring
techniques provide useful experimental measures to
explore the geometric arrangement of particles and
voids, but it is time-consuming to prepare the samples
and expensive to run the tests. In addition, important
information about the distribution of contact forces
cannot be revealed even with the most advanced experimental methods mentioned above.
The discrete element method (DEM) has been
proved to be a powerful tool to study the micro mechanics of granular materials (O’Sullivan, 2011;
Yang et al., 2013; Jiang et al., 2015; Lai et al., 2016;
Shi et al., 2016). The major advantage of DEM is that
the wealth of micromechanical and statistical information can be easily obtained along with the macroscopic responses. To study the bedding plane effect,
non-circular particles or non-circular clumped particles are normally used in 2D DEM models. Ting and
Meachum (1995) used elliptical particles of different
sizes to investigate the effect of bedding orientation
on the biaxial shearing behavior of granular systems,
showing that the samples with bedding plane normal
to the major principal stress direction exhibited the
highest shear resistance and the largest dilatancy.
Mahmood and Iwashita (2010) studied the influence
of inherent anisotropy on shear band formation within
biaxial loaded granular assemblies using elliptical
particles of aspect ratio (AR) 1.5. The particles were
generated in DEM by overlapping five circular discs.
Some of the phenomena observed in natural granular
materials have been simulated in their models, such as
the generation of large voids and excessive particle
rotation inside the shear band, which are hard to
simulate using circular particles. Yan and Zhang
(2013) and Yang et al. (2013) used planar elliptical
particles to study the effect of initial fabric on the
critical state behavior of granular masses under biaxial shear. They found a unique fabric structure at
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the critical state regardless of initial different fabrics.
Seyedi Hosseininia (2013) used irregularly polygonshaped particles to assemble inherently anisotropic
samples, and a theoretical stress-force-fabric relationship was developed to consider both inherent and
stress-induced anisotropies in biaxially sheared
assemblies.
To date, the reported DEM investigations on
inherently anisotropic samples mostly focus on samples under biaxial shear, but little work has been done
on the response of such samples under simple shear.
Different from biaxial shear, the distinctive feature of
simple shear is the rotation of principal stress and
principal strain increment directions induced by
shear. During this process, the rotation of the two
directions may not coincide, which results in the
non-coaxiality of the two directions. The influence of
initial fabric on the non-coaxiality and the stressforce-fabric relationship induced by simple shear is
critical for understanding the behavior of inherently
anisotropic samples under simple shear.
In this study, simple shear tests were simulated
using particle flow code in 2D (PFC2D) on inherently
anisotropic samples with various bedding angles, i.e.,
the angle between the particle’s long axis and the
horizontal axis, using oval clumped particles. The
main investigation was on the effect of bedding direction of particles on the macroscopic behavior of
DEM samples and the non-coaxiality induced by the
rotation of principal stress. The potential macromicro relationships were explored in the context of
the evolution of fabric anisotropy. Finally, a modified
stress-force-fabric relationship was proposed to consider the effect of bedding orientation on the shear
strength of the samples.

2 Numerical implementation
2.1 Sample preparation
Many different methods have been proposed to
prepare DEM samples with various bedding angles.
Yang et al. (2013) exerted inclined gravity forces on
oval particles with pre-defined orientations to form
inclined bedding planes. Mahmood and Iwashita
(2010) and Yan and Zhang (2013) employed a
method of trimming samples with different trimming
angles from one gravity-deposited “seed” assembly to
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particles may be altered, but the major direction of the
statistical distribution of particle orientation will not
be significantly affected, and will be shown in the
following sections. Fig. 2 shows the generated DEM
samples with various bedding angles. It should be
mentioned that the friction coefficients for particle
-particle and particle-wall interactions are all initially
set to 0 to ensure that no excessively high initial stress
is created during sample preparation.

(a)

(b)

(c)

(d)

d

form different bedding orientations. Ting and
Meachum (1995) prepared initially anisotropic samples by directly prescribing the preferred direction of
the generated elliptical particles’ long axes. In this
study, an approach similar to Ting and Meachum
(1995)’s method was adopted. The main advantage of
this method is to generate samples with identical
initial porosity.
To generate the samples, a polydisperse granular
assembly was first created using pure circular discs
(i.e., “base” disc particles) with particle diameter d
ranging from 0.15 mm to 0.20 mm within a 5 mm
5 mm squared space enclosed by four rigid walls, as
shown in Fig. 1a. The initial porosity n0 of the sample
is 0.12 with 935 pure circular particles. Secondly,
oval clumped particles with aspect ratio of 1.6 were
created using the CLUMP function built in PFC2D
(Itasca, 2008) to replace the “base” particles. Each
clumped particle is composed of one main disc and
two attached discs with their circumferences tangent
at the center of the main disc, as shown in Fig. 1b. The
mass and volume (or area) of the transformed oval
clumped particle are identical to those of the “base”
disc particle. Therefore, the diameters of the main
disc dm and attached discs da can be easily calculated
from the aspect ratio and the diameter d of the “base”
disc particle.

Equivalence of mass
and volume/area
AR=2da/dm=1.6
da

dm

da

(a)

(b)

Fig. 1 Procedure of numerical sampling
(a) DEM sample with “base” disc particles; (b) Transformation
from the “base” disc particle into the oval clumped particle

Five samples with bedding angles θ0, 30,
45, 60, and 90 were generated by prescribing the
long axes of the oval clumped particles along with the
desired bedding angles. Then, 2000 cyclic steps were
adopted in PFC2D to eliminate the possible initial
overlap between the regularly arranged oval clumped
particles. During this process, the initial orientation of

(e)

Fig. 2 DEM samples with various bedding angles
(a) θ0; (b) θ30; (c) θ45; (d) θ60; (e) θ90

2.2 Numerical simple shear tests
Before shearing, an isotropic confining pressure
of 200 kPa was applied to the samples using the
servo-control mechanism in PFC2D (Itasca, 2008).
Then, as illustrated in Fig. 3a, the two lateral walls
were rotated about their centroids with an angular
velocity ω of 8.0×10−5 rad/s to shear the samples. The
low shear rate is to minimize the dynamic effect
between the particles. The samples were sheared at a
constant vertical stress with the bottom wall fixed.
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Fig. 3a shows the initial (solid lines) and final (dashed
lines) positions of the walls.

ω

coefficient of local damping, which is at 0.7 as recommended by Qian et al. (2013), Yang et al. (2013),
and Shi et al. (2015); Fp is the resultant or unbalanced
force acting on particle p, and vp is the velocity vector
for particle p; Fdp is opposite to vp, and the sign(vp)
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where Fdp is the damping force on particle p; a is the
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Fig. 3 Scheme for simulated simple shear tests
(a) Sample boundaries and measurement circles; (b) sample
deformation and internal stress state; (c) orientations of the
major principal stress α and the major principal strain increment β. σv or σh: vertical or horizontal stress; σxx or σyy: normal
stress in x or y direction; τxy: shear stress (τyx=τxy); σ1 or σ3:
major or minor principal stresses; dε1 or dε3: major or minor
principal strain increment; other variables will be described in
the text later

As highlighted by Cavarretta et al. (2010), in real
granular materials, there will be damage to surface
asperities and plastic yielding during the formation of
particle contacts. Subsequently, significant plastic
strains will develop with the increment of the stresses.
In DEM, the particles are modelled with rigid particles. Munjiza (2004) described this difference as a
lack of “material damping” in rigid particulate DEM
codes. To avoid this, numerical damping is introduced in DEM simulations. A detailed description of
the role of numerical damping in DEM analyses can
be found in O’Sullivan (2011). In this study, a local
non-viscous damping mechanism was used to ensure
the quasi-static equilibrium of granular assemblies.
To do so, damping forces are applied to the particles:

indicates the sign of the vector vp.
The micromechanical parameters used in the
DEM simulations are summarized in Table 1. In the
table, the inter-particle contact stiffness is calibrated
on the basis of drained triaxial compression tests on
dense Fujian standard sand (Zhou et al., 2007), which
is a standard sand used in China by many researchers.
The inter-particle and particle and wall friction coefficient fc was set at 0 during sample preparation and
reset at 0.5 during isotropic compression and shearing, based on the reported value 0.49 by Procter and
Barton (1974) for quartz sand particles. The normal
and tangential contact stiffness between the walls and
particles are twice those between particles to reflect
the rigid wall effect.
Table 1 Micromechanical parameters for DEM simulations (Shi et al., 2015)
Parameter
Normal contact stiffness between
particles (N/m)
Tangential contact stiffness between
particles (N/m)
Coefficient of local non-viscous damping
Friction coefficient between particles
Particle density (kg/m3)
Normal contact stiffness between particle
and wall (N/m)
Tangential contact stiffness between
particle and wall (N/m)
Friction coefficient between particle and
wall

Value
2×108
1×108
0.7
0.5
2650
4108
2108
0.5


The particle density is 2650 kg/m3 for “base” disc particles, and
when the principle of mass equivalence is adopted, the particle
density for the transformed oval clumped particles is 1810 kg/m3

Fig. 3b presents the schematic diagram of simple
shear deformation and the stress state of soil elements
within the samples. Since there is no lateral normal
strain εxx in simple shear, the shear strain γ and volumetric strain εv can be calculated as follow:
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where η is the rotational angle of the lateral walls, and
εyy is the vertical normal strain component, which is
the ratio of the change of height dh and the initial
height of the sample h0. The volumetric strain εv is
positive for contraction and negative for dilation. For
convenience, the shear strain and volumetric strain
are expressed in % in the paper.
The simple shear friction angle ss and dilation
angle ψ can be calculated by
tan ss 

horizontal direction can be expressed as

(4)
(5)

where τxy is the shear stress, σv is the vertical stress,
and τxy/σv is the shear stress ratio; dεv and dγ represent
the volumetric strain and shear strain increment, respectively; −dεv/dγ denotes the dilation ratio of the
sample during shear.
As indicated by Qian et al. (2013), the distribution of shear stress at the top boundary in a simple
shear sample is generally non-uniform. Shen et al.
(2011) further confirmed that due to the non-uniform
stress distribution at the boundaries, the shear stress
ratio calculated using the boundary stress is only 80
of that calculated using the internal stresses. Therefore, the internal stresses rather than the boundary
stresses were used to evaluate the shear strength of
DEM samples here. To do this, four zones with a
diameter of 1 mm each were assigned near the top
plate to measure the internal stress and strain increment, as shown in Fig. 3a. The average values of
stress components (τxy, σxx, σyy) and strain increment
components (dεxy, dεxx, dεyy) within the zones were
used to derive the geomechanical properties of the
sample. The distribution of the stresses within the
samples is further discussed in Section 3.1.
As shown in Fig. 3c, the rotation of principal
stress and principal strain increment directions can be
captured in the simulated simple shear tests. The
orientations of the major principal stress α and the
major principal strain increment β relative to the


 ,


2d xy


 ,
 d xx  d yy 

  π  arctan 


(6)

(7)

where anti-clockwise rotation is defined as positive
for α and β.

3 Macromechanical properties
3.1 Macroscopic responses to simple shear

Fig. 4 presents the macroscopic responses of the
numerical samples with different bedding angles
under simple shear. It is apparent from Fig. 4 that the
dense granular assemblies exhibit typical volume
dilation and strain-softening shear behavior, which
agrees with those of dense sands under simple shear
loading reported by Pradhan et al. (1988) and Thay et
al. (2013). The values of the peak shear stress ratio
(τxy/σv)p and the peak dilation ratio (−dεv/dγ)p are
shown in Fig. 4 and summarized in Table 2. In Table 2, γ1p and γ2p denote the shear strains for (τxy/σv)p
and (−dεv/dγ)p, respectively. It can be seen in Fig. 4a
and Table 2 that the samples with different bedding
angles have almost the same initial shear stiffness
(i.e., the initial slope of the stress-strain curve), but
different peak shear stress ratios. The peak shear
stress ratio increases monotonically from 0.48 to 0.88
as the bedding direction θ increases from 0 to 90. As
shown in Fig. 4b and Table 2, the volume dilation
increases with the increase of bedding direction θ, and
the peak dilation ratio increases monotonically from
0.24 to 0.47 as θ increases from 0 to 90. It can also
be found in Table 2 that the shear strain level for the
point of peak dilation is very close to that for the peak
shear strength, regardless of the variation of bedding
direction, and the findings agree quite well with the
experimental behavior of sands reported by Tong et
al. (2014). Fig. 4c compares the variation of stresses
in different zones within the sample with bedding
angle of 0. It shows that the average stress in zone 1
to zone 4 is similar to that in zone 5, which is assigned
in the middle of the sample with a diameter of 3 mm.
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This suggests that the average stress in zone 1 to zone
4 can be used to represent the stress states in the
sample. The results also show that the shear stress and
normal stress ratio at the boundary is only about 80%
of the values inside the sample, which supports the
findings of Shen et al. (2011).
1.0

τxy/σv
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Average of zones 1-4
Zone 5
Top wall

0.5

τxy/v

0.4
0.3

Top wall

0.2

1 2 3 4
5

0.1
0.0

θ
0
30
45
60
90

(τxy/v)p
0.48
0.65
0.79
0.85
0.88

γ1p (%)
9.3
22.7
16.3
11.2
21.9

(−dεv/dγ)p
0.24
0.37
0.41
0.44
0.47

γ2p (%)
13.0
25.1
19.1
13.0
25.1

(a)

0.8

0.0

Table 2 Characteristic values of shear strength and
volume dilation of DEM samples

0

10

20

30

40

50

60

γ ()
Fig. 4 Macroscopic behavior of numerical samples with
different θ: (a) shear stress ratio-shear strain curves; (b)
volumetric strain-shear strain curves; (c) comparative
curves of shear stress ratio using different measuring
approaches of θ0 sample

As confirmed by Shibuya et al. (1997) and Wang
et al. (2007), the deformation pattern within the
middle shear zone under direct shear is essentially a
simple shear mode. Therefore, it can be accepted that
the experimental direct shear results can be used to
compare with the results of the simulated simple shear
tests. The experimental results from direct shear tests
on Mica sand from Tong et al. (2014) and quartz sand
from Chen et al. (2014) are compared with the numerical modelling results in Fig. 5 to study the variation of the peak friction angle (ss)p and the peak
dilation angle ψp with the bedding angle θ. The initial
porosity and vertical stress are 0.44 and 300 kPa for
the direct shear tests on Mica sand (Tong et al., 2014),
and 0.41 and 83.3 kPa for quartz sand tests (Chen et
al., 2014), respectively.
Since the initial states of numerical samples and
real sand samples are different, some differences have
been observed in the actual values for (ss)p and ψp
obtained from the numerical and experimental tests,
as shown in Fig. 5. The values of (ss)p of DEM
samples are smaller than those of real sands mainly
owing to the differences of particle shape and surface
roughness between ideal DEM particles and real
irregularly-shaped sand particles (Thomas and Bray,
1999). The values of ψp of 2D DEM samples are
greater than those of sand samples due to the fact that
the volume dilations are numerically constrained
within the 2D numerical model (Yang et al., 2012).
As discussed above, although the values of (ss)p and
ψp are not very consistent between numerical samples
and real sand samples, the increasing tendencies of
(ss)p and ψp with θ are still quite comparable for 2D
DEM samples and sand samples, as described in
Fig. 5.
Konishi et al. (1983) conducted biaxial tests on
samples of oval photoelastic rods, which were arranged along preferred bedding directions, and they
reported that the maximum variation in the peak
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direction α and the major principal strain increment
direction β with shear strain γ under various bedding
directions. It can be seen that both directions rotated
quickly with shear strain initially and then stabilized
at the angle of 135 to the x direction at large shear
strain. It is seen from Fig. 6 that for all the tested
bedding angles, the major principal strain increment
directions stabilized at lower strain levels, i.e., γ5,
whilst the major principal stress directions stabilized
at much higher shear strain levels, i.e., up to 40%.
This non-coaxiality was more obvious for the samples
with larger bedding angles, which will be quantitatively discussed below.

α and β ()

friction angle can be up to 8–20 depending on the
bedding plane orientation and particle angularity. In
the present numerical study, as shown in Fig. 5a, the
maximum increment in (ss)p resulting from the variation of bedding angle is about 16, which agrees with
the experimental results reported by Konishi et al.
(1983).
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Fig. 5 Variation of the peak friction angle (ss)p (a) and
the peak dilation angle ψp (b) with θ (ψp of quartz sand
was not available in Chen et al. (2014))
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γ ()

Fig. 6 Non-coaxiality between α and β during simple
shear: (a) θ0; (b) θ30; (c) θ45; (d) θ60; (e) θ90

3.2 Effect of bedding angle on non-coaxiality

Shi et al. (2015) studied the influence of
non-coaxiality on the simple shear behavior of dense
granular assemblies using circular and non-circular
particles with random particle orientations, but the
bedding plane effect was not discussed. In this study,
the influence of bedding angle θ on non-coaxiality
induced by simple shear was explicitly examined.
Fig. 6 shows the variation of the major principal stress

The non-coaxiality angle Δ is introduced to
quantitatively study the non-coaxility effect:
Δ    .

(8)

Then, the non-coaxiality angle at the peak
strength state (Δp), when ss is at its peak value (ss)p,
can be defined as
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(ss ) p

(9)

.

Fig. 7a shows the variation of the non-coaxiality
angle Δ with shear strain γ under different bedding
directions. It can be seen that in general, at γ40, the
larger the bedding angle, the greater the noncoaxiality. The variation of non-coaxiality angle at
the peak strength state Δp with bedding angle θ is
illustrated in Fig. 7b. It shows that Δp increases monotonically from 2.2 to 4.5 as θ varies from 0 to 90.
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Fig. 7 Effect of the bedding angle θ on non-coaxiality
(a) Δ-γ; (b) Δp-θ

3.3 Stress-dilatancy relationship

Shi et al. (2015) extended the Rowe-Davis
framework to study the stress-dilatancy relationship
incorporating non-coaxiality:

tan(ss ) p 

tan(ss ) r  sin( p  2 Δp )
cos( p  2 Δp )

tained earlier and some previously reported simple
shear test results as shown in Table 3. It should be
pointed out that in Table 3 the numerical samples with
circular and angular clumped particles employed by
Shi et al. (2015) are nearly initially isotropic, as the
samples were prepared with initially random particle
orientations under isotropic compression stresses.
However, DEM samples introduced by Thornton and
Zhang (2006) and Qian et al. (2013) are both initially
anisotropic even though pure circular discs were used,
because anisotropic compression stresses were applied before shearing. For the same reason, the samples of photoelastic rods (Oda and Konishi, 1974) and
Toyoura sand (Pradhan et al., 1988) also tended to be
inherently anisotropic due to the process of anisotropic compression.
It can be seen from Table 3 that the noncoaxiality angle Δp of initially anisotropic samples is
generally greater than that of initially isotropic ones.
The calculated values of (ss)p using Eq. (10) are very
comparable to the numerical and experimental results. The differences between the predicted and
measured or simulated values are mostly less than
10%. The largest difference is about −13.3%, which
was observed in the numerical model on disc particles
under lateral pressure coefficient K0=2 and vertical
stress of 10 MPa (Thornton and Zhang, 2006). It can
be further seen from Fig. 8 that Eq. (10) well estimates the peak shear strength of dense granular assemblies when different particle shapes and initial
fabrics are tested. The results show that the proposed
50

Simulated/Tested (ss)p ()

Δp    

40

(10)

where (ss)r is the residual friction angle under simple
shear.
In this section, the effectiveness of the above
equation is validated using the numerical results ob-
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DEM discs (Qian et al., 2013)
DEM discs (Thornton and Zhang, 2006)
Photoelastic rods (Oda and Konishi, 1974)
Toyoura sand (Pradhan et al., 1988)

Fig. 8
Validation of the proposed stress-dilatancy
relationship
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Table 3 Analysis of the stress-dilatancy relationship
Sample
This study

θ=0°
θ=30°
θ=45°
θ=60°
θ=90°
DEM discs (Shi et al., 2015) (initially isotropic,
n0=0.12, v=200 kPa)
DEM triangular particles (Shi et al., 2015) (initially
isotropic, n0=0.12, v=200 kPa)
DEM combined angular particles (Shi et al., 2015)
(initially isotropic, n0=0.12, v=200 kPa)
DEM discs (Qian et al., 2013) (initially anisotropic,
n0=0.21, v=130 kPa)
DEM discs (Thornton and Zhang, 2006) (initially
anisotropic, dense, v=10 MPa, K0=2.0)
Photoelastic rods (Oda and Konishi, 1974) (initially
anisotropic, n0=0.18, v=130 kPa)
Toyoura sand (Pradhan et al., 1988) (initially anisotropic, n0=0.41, v=98.1 kPa, K0=0.37)
*

(ss)p ()
Simulated/ Calculated
Tested
by Eq. (10)
25.6
25.3
32.9
32.1
38.4
38.4
40.4
40.3
41.4
43.2
22.8
22.0

(ss)r
()

ψp
()

Δp
()

17.2
19.9
26.0
29.1
31.7
12.4

13.5
20.1
22.5
23.6
25.4
13.2

2.2
2.9
3.3
4.2
4.5
1.5

19.3

14.5

2.2

27.5

28.1

2.2

20.8

18.1

2.5

30.5

31.9

4.6

20.7

7.5

2.5

21.7

22.9

5.5

15.1

15.5

5.0

23.3

20.2

−13.3

22.0

14.8

5.0

27.7

26.1

−5.8

34.7

12.6

3.5

35.5

38.5

8.5

Deviation ()
−1.2
−2.4
0
−0.2
4.3
−3.5

No information of initial porosity was referred in Thornton and Zhang (2006), and K0 is the ratio of initial horizontal stress to vertical stress

stress-dilatancy relationship in Eq. (10) can effectively describe the non-coaxiality effect of granular
materials under simple shear, independent of particle
shape and initial fabric.

Contact plane
Contact point

ftAB
nc
PA

PB
fnAB

B

A
y

4 Evolution of fabric
4.1 Mathematical expression of fabric anisotropy

Fig. 9 schematically shows the vectors of particle orientation, contact normal, normal contact force,
and tangential contact force of two contacting oval
particles. To quantitatively describe the evolution of
fabric anisotropy, Satake (1978) proposed the fabric
tensor method, which has been used by many researchers (Oda et al., 1985; Thornton, 2000; Hu et al.,
2010). In this method, the degree of fabric anisotropy
can be easily expressed using the deviatoric fabric
tensor, but the length of individual particles and the
magnitude of inter-particle contact forces cannot be
reflected as unit vectors are used (Yan and Zhang,
2013). Rothenburg and Bathurst (1989; 1992) proposed the Fourier approximation method to overcome
the shortcoming of the fabric tensor method:

o

x

Fig. 9 Schematic diagram of two contacting oval particles
PA, PB: particle orientation vectors; nc: contact normal vector;
fnAB: normal contact force vector; ftAB: tangential contact force
vector

1
1  ap cos 2(   p )  ,
2π 
1
N c ( )  1  a cos 2(   a )  ,
2π

Op ( ) 

(11a)

(11b)

f n ( )  f 0 1  an cos 2(   n ) ,

(11c)

f t ( )   f 0 at sin 2(   t ),

(11d)

where Op(θ), Nc(θ), fn(θ), and ft(θ) are the distribution
functions of particle orientation, contact normal,
normal contact force, and tangential contact force; ap,
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a, an, and at are the anisotropic coefficients of particle
orientation, contact normal, normal contact force, and
tangential contact force; θp, θa, θn, and θt are the
principal direction angles of the anisotropies of particle orientation, contact normal, normal contact
force, and tangential contact force, respectively; f0 is
the average value of contact normal forces over all
contacts within the assembly.
4.2 Analyses of DEM samples with θ=0 and 90

Fig. 10 shows the deformed samples with various bedding angles at their peak strength states.
Comparing with Fig. 2, the change of particle orientation induced by the shear loading can be directly
seen in Fig. 10. The Fourier approximation method as
described above is adopted to quantitatively study the
regularities of fabric evolution. For brevity, only the
fabric evolutions of the samples with θ=0 and 90 are
discussed in this section. Figs. 11a–11c illustrate the
statistical fabric distributions of the sample with θ=0
at the initial (γ=0), peak (γ=9.3), and residual
(γ=65) states, respectively. The solid line in Fig. 11
represents the DEM statistical results and the dashed
line denotes the Fourier approximation given in
Eq. (11).

(a)

(b)

(c)

(d)

(e)

Fig. 10 Deformed samples at the peak strength states
(a) θ0; (b) θ30; (c) θ45; (d) θ60; (e) θ90
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As shown in Fig. 11a, when in the initial state,
the particle orientation is mainly horizontal with θp at
5.5 and the main orientations of contact normal and
normal contact force are near vertical (θa=84.3 and
θn=83.8) as expected. Since the samples are isotropically compressed, the tangential contact force in
between the particles is minimal (Fig. 11(a4)). At the
peak state shown in Fig. 11b, the major direction of
particle orientation θp increases from 5.5 to 7.5,
with the anisotropic coefficient ap remaining at high
values. The dominant direction of contact normal θa
changes from 84.3 to 95.5, whilst the extent of
contact normal anisotropy remains almost unchanged.
The anisotropic coefficients of normal (an) and tangential (at) contact forces at the peak state increase
significantly (Figs. 11(b3) and 11(b4)). The dominant
directions of normal (θn) and tangential (θt) contact
forces rotate from approximately vertical directions to
125.1 and 147.4, respectively, as induced by simple
shear loading. When the residual state shown in
Fig. 11c is reached, the anisotropy of particle orientation (ap) decreases owing to the disorder of the
initial arrangement of particles under large shear
strain. The extent of contact force anisotropies (an and
at) reduces slightly because of strain-softening shear
strength behavior, whilst the main directions of contact force anisotropies (θn and θt) remain almost unchanged compared with those in the peak state.
Fig. 12a describes the variation of anisotropic
coefficients (ap, a, an, and at) of the θ0 sample with
shear strain γ. It is seen from Fig. 12a that during
shear, the anisotropic coefficient of particle orientation ap is always the greatest among the four anisotropic coefficients (ap, a, an, and at). The value of ap
starts to decrease when γ25. The anisotropic coefficient of contact normal a does not vary much with
shear strain. The anisotropic coefficients of normal
and tangent contact forces (an and at) follow a similar
trend to shear strain, and an and at maximize at the
peak shear strength state and decrease with shear
strain, which is comparable to the relationship of
shear stress ratio versus shear strain shown in Fig. 4a.
Fig. 12b depicts the variation of the principal
direction angles of anisotropies (θp, θa, θn, and θt) of
the θ0 sample with shear strain γ. To analyze the
potential macro-micro relationships, the variation of
major principal stress direction α with γ is also
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(b1)

(a1)

(c1)

ap=0.8571

ap=0.8730

ap=0.6364

θp=5.5

θp=7.5

θp=10.9

(b2)

(a2)

(c2)

a=0.1918

a=0.1929

a=0.1947

θa=84.3

θa=95.5

θa=105.5

(b3)

(a3)

(c3)

an=0.3485
θn=83.8

an=0.7006

an=0.5855

θn=125.1

θn=130.3

(c4)

(b4)

(a4)

at=0.0001

at=0.2560

at=0.1861

θt=91.4

θt=147.4

θt=149.9

Fig. 11 Fabric evolution of θ0 sample
(a) Initial state (γ0); (b) Peak state (γ9.3); (c) Residual state (γ65)
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Fig. 12 Variation of anisotropic coefficients (ap, a, an, and at) (a) and principal direction angles of anisotropies (θp, θa, θn,
and θt) (b) with γ of θ0 sample
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plotted in Fig. 12b. As illustrated in Fig. 12b, the
major direction of particle orientation θp increases
slightly with γ, resulting from the rotation of the particles. During shear, the major direction of contact
normal θa is generally perpendicular to the principal
direction of particle orientation (i.e., θa≈90θp). The
inclinations of principal directions of contact force
anisotropies (θn and θt) rotate with the major principal
stress direction α, and stabilize at the shear strain level
at about 10%.
Fig. 13 shows the variation of anisotropic coefficients (ap, a, an, and at) and the principal direction
angles of anisotropies (θp, θa, θn, and θt) of the θ90
sample with shear strain γ. It shows that the rotation of
θa, θn, and θt and the variation of a, an, and at of the
θ90 sample follow similar trends to those of the
sample with θ0, and slightly different trends have
been observed in the variation of ap and θp with γ. The
following section discusses the variation of the parameters with shear strain of all the samples to better
explain this.
1.0

ap, a, an, and at

0.8
0.6

ap

0.4

at

an
a

0.2

(a)

0.0
0

10

20

30 40
γ ()
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60
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60

70

θp, θa, θn, θt, and α ()

180
150
120
90
60
30
0
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p

t



n

0

10

(b)
20

30

40

70

γ ()
Fig. 13 Variation of anisotropic coefficients (ap, a, an, and
at) (a) and principal direction angles of anisotropies (θp, θa,
θn, and θt) (b) of the θ90 sample with shear strain γ
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4.3 Effect of bedding angle on fabric evolution

Fig. 14 shows the evolutions of anisotropic coefficients (ap, a, an, and at) and the principal direction
angles of anisotropies (θp, θa, θn, and θt) with shear
strain γ of the samples with different bedding directions. It can be seen from Figs. 14(a1) and 14(a2) that
ap and a are not very sensitive to the bedding directions of the particles and do not change much with
shear strain. An obvious drop of ap has been observed
in the sample with θ=0 when γ25. This may
suggest that the initial fabric would be disorganized
most easily for samples with initially horizontal bedding under simple shear loading, yet this needs to be
further verified with more experimental evidence.
The evolutions of an and at follow similar trends
(Figs. 14(a3) and 14(a4)), which both increase with
shear strain then stabilize at higher strain levels, i.e.,
γ25, but at is less sensitive to the bedding directions of the particles. It can also be seen that, at the
same strain level, in general the higher the bedding
angles the higher the an.
Figs. 14(b1) to 14(b4) show the variation of the
principal direction angles of anisotropies (θp, θa, θn,
and θt) of the samples with γ. As shown in Fig. 14(b1),
the θp-γ curves of the θ=0 and θ=90 samples, and
the θ=30 and θ=60 samples are almost symmetric to
the curve of θ=45. It shows that there is a tendency of
convergence of the curves towards the θ=45 curve.
This is due to the fact that the directions of the major
principal stress α for the samples with different bedding directions all converge to 135 at the stable state
as shown in Fig. 6, namely, the directions of the major
principal stress plane all converging to 45. It further
states that the major directions of particle orientation
have a tendency to approach the directions of major
principal stress plane under simple shear loading.
During shear, as depicted in Fig. 14(b2), the major
directions of contact normal are all nearly normal to
the principal directions of particle orientation, irrespective of bedding angles. As Figs. 14(b3) and
14(b4) show, unlike the major directions of particle
orientation and contact normal, the directions of the
normal and tangential contact forces converge
quickly at lower shear strain levels, i.e., γ10, and
the directions in the residual state are not much affected by the bedding directions of the particles.
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Fig. 14 Evolutions of anisotropic coefficients (ap, a, an, and at) (a) and the principal direction angles of anisotropies (θp, θa,
θn, and θt) (b) with shear strain γ of the samples with different bedding directions
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5 Stress-force-fabric relationship

Stress-force-fabric relationship is an important
topic in the studies of micro mechanics of granular
materials (Oda, 1972; Li and Yu, 2013). Rothenburg
and Bathurst (1989; 1992) presented a simple stressforce-fabric relationship based on simulated biaxial
tests using both circular and oval particles:

1
sin ps  (a  an  at ),
2

(12)

where sinps is the mobilized shear strength of the
sample under the plain strain condition. The anisotropy of the initial fabric was not considered in the
model. Seyedi Hosseininia (2013) proposed a new
stress-force-fabric relationship to reflect the initially
anisotropic fabric, but the application was limited to
the biaxial shear condition, while the rotation of
principal stress direction under simple shear was not
considered in his study. In this study, a novel stressforce-fabric relationship incorporating the particle
orientation factor will be proposed based on the simulated simple shear tests.
According to Shi et al. (2015), the relationship
between the mobilized shear friction angle ps and the
simple shear friction angle ss can be described as
sin ps 

tan ss
,
tan ss sin(  2 Δ)  cos(  2 Δ)

(13)

where ψ is the dilation angle, and Δ is the noncoaxiality angle.
As discussed earlier, the curves of principal direction of particle orientation θp with shear strain of
samples with different bedding angles are almost
symmetric to the curve of θ=45. To consider the
effect of particle orientation, a modified stress-forcefabric equation based on the form of Eq. (12) can be
empirically introduced as

1
sin ps  (a  an  at )  (1  ap )sin( p   p45 ), (14)
2

where  p45 is the principal direction of particle orientation of the θ=45 sample.
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Fig. 15 compares the computed results of sinps
using Eqs. (12)–(14) on DEM samples with different
bedding angles. It is seen from Fig. 15 that, except for
the case of θ=45, the calculated values of sinps
given by Eq. (12) overestimate the simulated shear
strength achieved using Eq. (13) for the cases of θ=0
and 30, while they underestimate the simulated
strength for the cases of θ=60 and 90. When
Eq. (14) is adopted, the above differences have been
reduced, and the calculated values of sinps using the
new stress-force-fabric equation (Eq. (14)) are very
close to the achieved shear strength using Eq. (13) for
all the tested cases. Taking the θ=0 sample for example, the maximum deviation decreases from 50
to 15 when comparing the results from Eq. (14) and
Eq. (12). These results indicate that the proposed
equation (Eq. (14)) well reflects the stress-forcefabric relationship of samples with initially different
bedding angles. Note that Eq. (14) is an empirical
equation based on a limited number of numerical
simulations. Further validation is recommended before the application of the equation.

6 Conclusions

This paper studied the effect of bedding plane
orientation on the simple shear behavior of dense
granular assemblies using oval clumped particles in
PFC2D. The effect of bedding angle on the macroscopic responses of DEM samples to simple shear,
especially on non-coaxiality between the directions of
the principal stress and the principal strain increment
has been extensively examined. The fabric evolution
of samples with different bedding angles was microscopically investigated and the influence of bedding
angle was discussed. A modified stress-force-fabric
relationship was proposed to quantitatively consider
the bedding plane effect. Based on the simulations
carried out in the study, it was found that:
1. Bedding angle has significant influence on the
strength and dilatancy responses of DEM samples
under simple shear. The peak friction angle and peak
dilation angle of DEM samples both increase with
bedding angle, and the numerical simulations are in
good agreement with the historical experimental results on real sands. The peak friction angle of DEM
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Fig. 15 Validation of the stress-force-fabric relationship
(a) θ0; (b) θ30; (c) θ45; (d) θ60; (e) θ90

sample can increase to about 16 when the bedding
angle increases from 0 to 90, and this behavior is
quite comparable to the physical biaxial test results
using 2D oval photoelastic rods as published in the
literature.
2. The non-coaxility is affected by bedding angle. Considerable difference in the non-coaxility angle can be observed within the shear strain range of
γ40, and the larger the bedding angle, the greater
the non-coaxiality. The proposed stress-dilatancy
equation (Eq. (10)) can well describe the non-coaxial
stress-dilatancy behavior of DEM samples under
simple shear, independent of particle shape and initial
fabric.
3. The anisotropic coefficients of particle orientation and contact normal are not very sensitive to
bedding angle and do not change much with shear
strain. For samples with different bedding angles, the
major directions of particle orientation have a tendency to approach the directions of major principal
stress plane under simple shear loading. During shear,
the major directions of contact normal are all nearly
normal to principal directions of particle orientation,
irrespective of the variation of bedding angle.
4. The effect of bedding angle on the distribution
of contact forces is dominantly dependent on the
evolution of normal contact force anisotropy, whilst
the extent of tangential contact force anisotropy is
minimal and little affected by bedding angle. The
inclinations of major directions of contact forces are
strongly affected by the rotation of the principal
stress, the directions of normal and tangential contact
forces converge quickly at lower shear strain levels,
i.e., γ10, and directions in the residual state are not
much affected by the bedding directions of particles.
5. Compared with Rothenburg and Bathurst’s
equation (Eq. (12)), the proposed stress-force-fabric
relationship (Eq. (14)) incorporating the anisotropic
parameters of particle orientation can well predict the
shear strength of samples with initially different
bedding angles. The maximum deviation between the
predicted and the simulated mobilized shear strength
can decrease from 50 to 15 when the new relationship (Eq. (14)) is applied.
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中文概要
题 目：椭圆颗粒层理面定向对密实颗粒试样单剪力学特
性的影响
目 的：利用离散元数值模拟技术，从宏细观角度探究单
剪受荷模式下，颗粒定向引起的层理面效应对数
值试样强度与变形特征、应力-剪胀关系以及组构
各向异性演化的影响及其机理。
创新点：1. 分析了单剪受荷条件下应力主轴偏转引发的主
应力与主应变增量之间的非共轴效应，针对密实
颗粒试样，研究了初始层理面倾角对非共轴应力剪胀关系的影响；2. 从细观力学角度，研究了应
力主轴偏转条件下初始不同层理面试样的应力
诱发组构各向异性特征，提出了一个可以考虑初
始层理面效应的应力-接触力-组构经验关系式。
方 法：1. 采用离散元团聚颗粒方法构建初始不同层理面
定向的数值试样；2. 采用傅里叶级数近似法对数
值试样细观组构各向异性演化规律进行统计和
定量数学分析；3. 通过与已有文献数值模拟和室
内试验结果的对比，探讨密实颗粒数值试样的单
剪特性及非共轴应力-剪胀关系。
结 论：1. 初始层理面定向显著影响数值试样的单剪强度
与体变特征，且在定量上能与室内物理试验结果
进行对比；2. 在单剪受荷模式下，初始层理角越
大，非共轴效应越显著；3. 随着应力主轴的偏转，
颗粒定向各向异性主方向逐渐趋于大主应力面
作用方向，而接触法向各向异性的主方向基本垂
直于颗粒定向各向异性主方向。4. 本文提出的应
力-接触力-组构关系式能够较好的反映颗粒定向
对试样抗剪强度的影响。
关键词：初始组构各向异性；颗粒定向；单剪；非共轴；
离散单元法

