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Abstract: The critical penetration condition is an essential component of studies on the mechanism of sink vortex formation. 
However, the condition and its transition process are unknown. To address this issue, we constructed a Rankine-vortex-based fluid 
mechanic model, and proposed a Helmholtz-equation-based solution method to acquire the critical penetration condition. The 
two-phase mass suction-extraction mechanism of the Ekman boundary layer was discussed. Numerical results show that the 
critical penetration condition is dependent on the initial velocity components; if the initial disturbances are enhanced, the  
suction-extraction height and Ekman layer thickness increase. A particle image velocimetry (PIV)-based observation experimental 
platform was developed, and the effectiveness of the proposed method was verified. The vortex core boundary was observed first, 
so the radius of the vortex core could be acquired precisely. 
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1  Introduction 
 
When a fluid drains from a vessel with a drain-

age outlet, owing to the effects of gravity, Coriolis 
force, and other external disturbances, a sink vortex 
with a free surface will appear. If the vortex front-end 
arrives at the outlet, the central area of the vortex 
generates a gaseous core, which is the so-called crit-
ical state of vortex formation, i.e. vortex penetration 
(Fig. 1a). The rotation direction of the vortex is ran-
dom, and depends on the rotating component of the 
initial disturbing velocity (Tan et al., 2010; Chen YC 
et al., 2013; Tan and Zhang, 2014; Chen JL et al., 
2015; Zhao and Li, 2016; Ghani et al., 2017; Ding et 
al., 2018). 

A sink vortex is not only a common physical 
phenomenon, but a complex fluid mechanics issue 
with highly nonlinear features. The sink vortex is 
relevant to some industry applications, in which the 
two-phase suction-extraction mechanism of the Ek-
man boundary layer is the key physical process. 
Therefore, revealing the variation laws of vortex 
formation and Ekman suction-extraction has scien-
tific and engineering significance for areas of metal-
lurgy, chemistry, and hydraulics (Tan et al., 2009, 
2013, 2017c; Dolan and Oliveira, 2013; Zhao et al., 
2017; Ge et al., 2018; Turkyilmazoglu, 2018). 

Through the use of classical fluid mechanic 
methods, the vortex velocity and height distribution 
on radius direction had been obtained (Lundgren, 
1985). With respect to nonlinear flow and surface 
tension, an upward flow region generated by the 
Ekman layer at the bottom of the container was ob-
served (Andersen et al., 2003, 2006). According to the 
above hypothesis, Aboelkassem et al. (2005) and 
Yokoyama et al. (2012) found that a sink vortex  
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exhibited a two-celled structure with Ekman  
pumping-upwelling. Lin et al. (2010) identified fac-
tors influencing a sink vortex using a water-modeling 
method. The factors included the initial liquid level, 
nozzle diameter, and eccentricity. He found that the 
initial flow field conditions could determine the ge-
ometrical scale of a sink vortex. Li et al. (2016) ana-
lyzed the key factors affecting free surface vortex 
formation and found that the Coriolis force had little 
effect on vortex formation, and the initial tangential 
disturbance was the main factor. 

The above reports show that studies of the sink 
vortex are very challenging, and the critical penetra-
tion condition and mass transfer mechanism remain 
unknown. Currently, there are no methods for ana-
lysing the critical condition of sink vortex formation. 
However, obtaining the critical condition is necessary 
to be able to actively control vortex formation in rele-
vant industrial applications (Shi et al., 2011; Peterson 
and Porfiri, 2012; Zeng et al., 2013, 2014; Li PX et al., 
2017; Tan et al., 2017b; Chen and Tan, 2018; Wang et 
al., 2018). Therefore, in this study we propose a sink 
vortex modeling method to obtain the critical condition 
of vortex formation, and reveal the mass transfer laws 
of Ekman boundary layer suction-extraction. 

Our results not only offer theoretical references 
for future research on fluid dynamic subjects with free 
interfaces, but can provide technical support and di-
rect guidance for the active control of vortex for-
mation in the engineering areas of metallurgy, chem-
istry, hydraulics, and petroleum production. 

2  Rankine-vortex-based mechanic model 
 

Since the velocity/pressure profiles of sink vor-
tices are similar to those of the Rankine vortex 
(Tyvand and Haugena, 2005; Aboelkassem and 
Georgicis, 2007; Wu ZH et al., 2016; Zhang et al., 
2017), we set up a mechanical model based on the 
Rankine vortex to analyze the penetration condition 
of a sink vortex. The Rankine vortex is a model for a 
2D potential vortex, which contains a vortex core and 
out-of-core flow, and can resolve the matter of ve-
locity singularity on a vortex central point (Fig. 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In the Euler frame, the velocity of the fluid 
mass-point is v, and vr, vθ, and vz are the three velocity 
components (Zheng et al., 2015; Tan et al., 2016c; Ji 
et al., 2017; Li J et al., 2017). Assuming the radius of 
the vortex core is r0, the vorticity Ω has an even dis-
tribution, and the vorticity intensity is Г, then the core 

angular velocity is 2
0(2 )Γ r   . The circular ve-

locity vθ accords with velocity distribution laws, and 
the amplitude equals the induced velocity: 

2
0(2 ) .θv Г r r r    If the vortex core is regarded 

as a cylindrical rigid body, then 
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Fig. 1  Free sink vortex and relevant applications 
(a) When the rotation energy breaks through the liquid surface 
tension, the vortex is penetrating; (b) A sink vortex occurs in 
some industrial processes, such as metallurgy pouring, 
chemical separation, and hydraulic drainage, and can conduct 
some negative effects on industrial production 

Fig. 2  Theoretical model of a Rankine vortex 
(a) The vortex structure comprises a rigid vortex core and 
out-of-core flow; the core radius is r0, and the depth is h;  
(b) The velocity distribution contains two segments in ac-
cordance with Eq. (1). For the fluid mass point at r=r0, vθ=0 
and vz>0; (c) The pressure distribution also contains two 
segments, as described in Eq. (5), in which the initial pressure 
is the sum of atmospheric pressure and potential pressure 

r0
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Supposing the fluid density is ρ and the atmos-
pheric pressure is P0, by the Lamb-ΓΡΟΜΕΚΟ equa-
tion (Tong, 2006), the following expression is  
obtained: 

 

21
,

2

p
v gz v Ω


 

     
 

               (2) 

 
where p is the fluid pressure, g is the acceleration due 
to gravity, and z is the height of the vortex surface. 
Because the velocity v has an orthogonal relationship 
to vorticity Ω, it can be described by the stream 
function ψ: 
 

.v Ω Ω                                     (3) 

 
Then, Eq. (2) is transformed as 
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where C is the pressure integral constant. 

For the following boundary conditions: 
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Eq. (4) can be integrated as 
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Apparently, the surface height z has a propor-
tional relationship to ω2. If ω reaches the critical 
value, the vortex will penetrate and generate a gase-
ous core. If the surface descends continuously with vz, 
the following expression is obtained: 
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Eq. (6) accords with the Bernoulli equation (Tan et al., 
2016a; Wu HP et al., 2016; Huang et al., 2017; Shi 
and Li, 2018), where p−P0 is the hydrostatic pressure, 

2 2 2 2 2
0 0(1 / (2 )) / 2,zr r r v     2 4 2 2

0 / (2 ) / 2zr r v   

are the dynamic pressures, and ρgz is the potential 
pressure. If 0 ,r r  referring to the boundary condi-

tions: 0,r r z rz v v      0,rp P   then 

C2=0. If 0,r r  
0 0 0 0, , ,r r r r r r r rp p     then C1=0, and 

Eq. (5) is transformed as  
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3  Helmholtz-equation-based solution method 

 
As indicated above, the critical penetration con-

dition of a sink vortex was the key research target of 
this study. To address the issue, we propose a  
Helmholtz-equation-based solution method. 

Firstly, the mathematical expression for the axial 
velocity at the critical penetration state should be 
obtained. If r=0, the free surface height is at its 
minimum, i.e. the maximum of the vortex depth. In 
the vortex penetration process, the vortex depth in-
creases monotonously, then / 0,zv z t     but it is 

hard to obtain the explicit relations among the vortex 
physical parameters. As the vortex depth increases, 
the fluid pressure of the vortex core will reduce con-
tinuously, i.e. / 0,p z    which is a necessary con-

dition for the free surface to descend. Any one point 
of the vortex core surface can satisfy the above con-
dition. Therefore, taking the r=0 point as the research 
object, we can obtain: 
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Then, let Eq. (2) embed into the Helmholtz equation 
(Matsumoto and Hoshino, 2004; Basu et al., 2012): 
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where  is the fluid kinematic viscosity. Considering 
the vortex penetration process, the motion laws of the 
vortex core fluid are unsteady. Therefore, we take the 
fluid that is at the critical time point of vortex pene-
tration as the research object, and solve the critical 
condition of vortex penetration. In the above hy-
pothesis, the fluid of the vortex core can be regarded 
as a steady inviscid flow. If the effects of time-varying 
parameters and viscosity are ignored, the following 
expression is obtained: 
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Substituting Eq. (10) into Eq. (8), we can obtain: 
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The critical condition of vortex penetration is 
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Finally, Eq. (12) is integrated by the variable separa-
tion method, and the vortex depth can be described as 
 

2
3ln ,z zz Av B v C                         (13) 

 

where 1 / (2 ),A g 2 2
02 / .B r g  Referring to the 

boundary condition: vz|z→0=0, then 2 2
3 02 / ,C r g   

and Eq. (13) is transformed as 

 
2 (ln 1).z zz Av B v                       (14) 

The above transcendental equation is the mathemat-
ical expression of axial velocity and depth for the 
vortex penetration process. 

According to Eq. (14), we infer that the axial 
disturbing velocity vz has an important effect on vor-
tex formation, and has the same monotone increasing 
trend as z, i.e. / 0.zv z    At the time point of vortex 

penetration, vz will be at the maximum amplitude. 
During the course of drainage, vz and z depend di-
rectly on the flow quantity. With increasing flow 
quantity, the vorticity intensity Г and angular velocity 
ω increase, and vz will have larger amplitude. There-
fore, changing the flow quantity is an effective 
measure to control the vortex formation process. 

 
 

4  Numerical results and discussion 

4.1  Critical penetration condition 

To obtain numerical results from the proposed 
method, a numerical model of a sink vortex was set up, 
with the boundary conditions listed in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
The flow field is affected by the Coriolis accel-

eration and initial disturbance velocity (ω0), so the 
simulation of the free vortex formation process 
should consider the influences of different initial 
rotating velocities. We considered three groups of 
rotating velocities: 1.5π rad/s, 2.0π rad/s, and 3.0π rad/s, 
with the corresponding Reynolds numbers 12 000, 
16 000, and 24 000, respectively, in which the turbu-
lence state will be formed (Ji et al., 2010, 2012; 
Turkyilmazoglu, 2011; Tan et al., 2016b; Qi et al., 
2017; Nguyen et al., 2018). 

Since sink vortex evolution is typically an un-
steady process, the simulation needs to address the 

Table 1  Boundary conditions of the vortex numerical 
model 

Item Attribute 

Inlet Pressure inlet 

Outlet Pressure outlet 

Wall Rotating wall 

Reference pressure (Pa) 1.01×105 

Zone Air, water 

Vessel height (m) 0.5 

Vessel diameter (m) 0.2 

Pipe length (m) 0.1 
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transition flow with complex inter-phase variations 
(Zheng et al., 2012; Zhang et al., 2018a). The cou-
pling processing for pressure and velocity is con-
ducted by the pressure implicit with splitting of op-
erators (PISO) algorithm to guarantee convergence 
efficiency. By the pressure staggering option 
(PRESTO) method, discrete pressure interpolation is 
performed to avoid higher fluctuation of internal 
pressure. The momentum and rotating velocity adopt 
the second-order upwind to obtain a precise solution 
(Li et al., 2012, 2013; Tan et al., 2017a; Qi et al., 2018; 
Zhang et al., 2018b; Zhang LB et al., 2018). 

To verify the validity of Eq. (14), a numerical 
instance is provided and an observation experiment 
was conducted. The results are shown in Fig. 3. The 
initial rotating velocity is 2π rad/s. The dashed line is 
a critical condition set of vortex penetration, and 
describes the relation between the effects of vz and z 
on the critical state of vortex penetration. Therefore, 
in the upper zone of the curve, the rotation energy 
would break through the surface tension, and the 
vortex would enter the penetration state. For the 
primary stage of vortex formation (z1=0.07 m), vz 
shows apparent fluctuation caused by the velocity 
ascending process of the servo motor of the experi-
mental apparatus. Then, the experimental curve is 
near to the theoretical curve. For the fluid viscosity 
resistance, the actual velocity amplitude is less than 
the theoretical value (z2=0.09 m), and W can be re-
garded as the viscosity work, as shown in the shaded 
area in Fig. 3. 

 
 
 
 
 
 
 
 
 
 
 
 
The radial velocity profiles of the sink vortex 

were obtained (Fig. 4). For the two velocity curves of 
the air phase, there are apparent upwelling phenom-
ena caused by Ekman boundary coupling effects. The 
three liquid phase curves take on characteristics of a 

Rankine vortex, and the control region of the vortex is 
within the radial range of 0–0.08 m. With increasing 
radial distance, all the velocity curves tend to zero, 
which represents the balanced state of circumferential 
velocity, inertial force, and viscous resistance. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.2  Suction-extraction of Ekman boundary layer 

For the Ekman suction-extraction mechanism of 
a sink vortex, two numerical instances were consid-
ered in which the penetration state is divided into two 
stages: suction and extraction. The gas-liquid volume 
fractions in the vortex suction stage at different ro-
tating velocities are shown in Fig. 5, in which the air 
zone is marked red, and the water zone blue. The 
bottom point of the liquid surface is the position of the 
suction hole, and the inter-phase coupling zone 
marked green is the boundary layer. 

To reveal the regularities of Ekman boundary 
layer coupling, the stream line profiles of the suction 
stage were acquired (Fig. 6). (1) In the suction hole, a 
small quantity of air is sucked into the liquid and 
transmitted to the drainage pipe, and most of air flow 
is back along the tangential direction of the liquid 
surface. (2) The central point of the suction hole is at 
the minimum height of the liquid surface, which 
keeps a constant value owing to the variation in cir-
cumferential velocity. (3) In the liquid boundary lay-
er, there is an apparent upwelling caused by Ekman 
spiral coupling effects. (4) The thickness of the Ek-
man layer is related to the circumferential velocity. If 
the circumferential velocity becomes larger, the 
macro-combination of turbulence vortices will lead to 
higher transportation efficiency. The above effects 
which can make small-scale vortices have larger  

Fig. 4  Radial velocity profiles 
The curves of z=0.30 m, z=0.25 m, and z=0.20 m are velocity 
profiles of the liquid phase, and the curves of z=0.15 m and 
z=0.12 m are the profiles of the air phase 

Radial coordinate (m)
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0 0.04 0.08 0.12 0.16 0.2
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Fig. 3  Curve of vortex height and axial velocity 
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velocity gradients and viscous stress, so the thickness 
of the boundary layer will be increased. 

With the evolution of the suction process, the 
increasing vortex energy can cause more air to be 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sucked into the subsurface, forming bubbles with 
larger sizes. This is the vortex extraction stage. The 
stream line profiles of the extraction stage are shown 
in Fig. 7. (1) Owing to the viscous resistance of the 
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Fig. 6  Stream lines of the suction stage 
(a) ω0=1.5π rad/s, t=27.00 s; (b) ω0=2π rad/s, t=22.40 s; (c) ω0=3π rad/s, t=16.00 s 
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Fig. 7  Stream lines of the extraction stage 
(a) ω0=1.5π rad/s, t=29.50 s; (b) ω0=2π rad/s, t=25.00 s; (c) ω0=3π rad/s, t=20.08 s 

Fig. 5  Two-phase fractions in the suction stage 
(a) ω0=1.5π rad/s, t=27.00 s; (b) ω0=2π rad/s, t=22.40 s; (c) ω0=3π rad/s, t=16.00 s 
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Ekman layer, the horizontal velocity decreases, and 
the dynamical pressure of vertical vortices will re-
duce. (2) As the circumferential component increases, 
the Reynolds number and turbulence intensity will be 
enhanced. This can expand the effecting range of 
boundary layer vortices. (3) The external potential 
flow can embed deeply into the boundary layer, and 
the surface between turbulence and potential flow 
takes on an unstable state. Accordingly, the external 
layer thickness of the boundary layer becomes larger, 
the thickness of the viscous layer decreases, and the 
Ekman extraction phenomena will disappear. 
 
 

5  Observational experiments 
 

To verify the numerical results, we set up a par-
ticle image velocimetry (PIV) experimental platform 
to observe the vortex penetration process (Fig. 8). To 
obtain the precise detailed features of the sink vortex, 
a binocular endoscope was adopted to capture the 
real-time vortex image. A sink vortex generation de-
vice was constructed to provide the required vortex in 
the measurement range of the endoscope. The vortex 
generation device contained a transparent shell to 
observe the vortex, and a servo motor to generate the 
required rotation velocity. Moreover, the platform 
contained a high frequency laser to generate ultra-fast 
pulses, and a post-processing system to obtain the 
velocity vector and vorticity contour. 

The experimental conditions were as follows. 
The environment temperature was 24 °C. Water was 
poured into the vessel, and stood for 30 min. Micro 
polypropylene particles were selected as the tracing 
particles (Di et al., 2015; Zeng et al., 2016; Zheng et 
al., 2017). The average diameter of the particles was 
5 μm, and their density was 0.95 g/cm3. The PIV 
capture frequency was 7.4 Hz. 

Based on the PIV platform, the observational 
results of the vortex penetration process are shown in 
Fig. 9 and Fig. 10 (p.69). (1) The vortex core bound-
ary was observed (Figs. 9a–9c and Figs. 10a–10c), so 
the radius of the vortex core could be acquired. This 
was important for improving the effectiveness of the 
theoretical vortex models. (2) As the circumferential 
component increased, the vortex depth remained 
constant in a formation state (suction or extraction). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(3) There was an Ekman upwelling of fluid near the 
vortex surface in the suction stage (Figs. 9d–9f). 
Moreover, as the velocity increased, the Ekman suc-
tion intensity increased. The above results accord 
with the simulated results (Fig. 6), as well as the ex-
perimental results of Andersen et al. (2003, 2006). (4) 
In the vortex extraction stage, the surface fluid dis-
played the Ekman pumping phenomenon (Figs. 10d– 
10f) in accord with the simulated results (Fig. 7). 
However, as the circumferential velocity increased, 
the pumping intensity tended to decline. (5) At the 
front-end area of the vortex in the suction stage, the 
vorticity showed an aggregation trend (Figs. 9g–9i), 
revealing the transition process from potential to 
kinetic energy. (6) At the front-end area in the ex-
traction stage, the vorticity decreased as the velocity 
increased (Figs. 10g–10i). This proved that the vortex 
was in the complete penetration stage, in which it has 
the maximum kinetic energy. The energy then dissi-
pated gradually until the vortex disappeared. 
 
 

6  Conclusions 
 

The formation mechanism and active control of 
sink vortices have important scientific significance 

Fig. 8  Schematic diagram of PIV observational experi-
ment platform 

1: post-processing system; 2: high-frequency pulse laser;  
3: PIV apparatus; 4: double pipe endoscope; 5: cylindrical 
vessel; 6: pouring apparatus; 7: overflow valve; 8: polyvinyl 
chloride (PVC) soft pipe; 9: angle-steel supporter; 10: micro 
submersible pump; 11: rectangular vessel; 12: drainage pipe; 
13: mechanical drive apparatus; 14: servo motor 
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for some engineering applications. To address this 
issue, we presented an analytical sink vortex me-
chanical model to obtain the critical condition of 
vortex formation, and reveal Ekman boundary layer 
suction-extraction regularities in the vortex penetra-
tion process. Appropriate experiments were per-
formed to validate the model. The main conclusions 
are as follows. 

A Rankine-vortex-based fluid mechanic model 
was set up to obtain the fundamental velocity/ 
pressure profiles of a sink vortex. A Helmholtz- 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
equation-based solution method was proposed to 
acquire the critical penetration condition of a sink 
vortex. Based on the above model and solution 
method, the Ekman boundary layer suction-extraction 
laws were revealed. Numerical results showed that 
the critical penetration condition of a sink vortex 
contains multiple solutions depending on the initial 
flow field states; the heights of suction/extraction 
holes from the container bottom are determined by 
geometrical parameters, and are not related to the 
initial velocity components; if the initial disturbances  

Fig. 9  PIV results of suction stage at three initial rotating velocities (1.5π rad/s, 2π rad/s, and 3π rad/s) 
(a)-(c) PIV photos: the highlight zone is the boundary of the vortex (incoming flow direction), where the fluid has the maximum 
linear velocity; (d)-(f) Velocity vectors: the velocity vector near to vortex surface points to the up direction, and it is the effect of 
Ekman suction; (g)-(i) Vorticity profiles: the fluid vorticity is aggregating at the vortex end, reflecting a transition process of 
turbulent kinetic energy 
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are enhanced, the suction-extraction height and Ek-
man layer thickness increase, but the Ekman bound-
ary vorticity intensities of the two stages (suction, 
extraction) decline. 

A PIV observation experimental platform was 
established, and the effectiveness of the proposed 
model and solution method was verified. Moreover, 
using the PIV experimental platform, we observed the 
vortex core radius and vorticity aggregation. The 
vortex core radius is a key parameter for all theoret-
ical vortex models, and is commonly acquired by the 
experimental data regression method. The above re-
sult is important for improving the effectiveness of 
theoretical vortex models. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The proposed methods can provide direct guid-

ance for the active control of sink vortex formation, 
and technical evidence for related engineering areas. 
Subsequent studies will explore facets of the finite 
element method-discrete element method (FEM- 
DEM) coupled solution for a multi-phase vortex and 
the vibration shock characteristics of the penetration 
process.  
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中文概要 
 

题 目：汇流旋涡临界贯穿条件与 Ekman 抽吸演化机理 

目 的：提出一种自由汇流旋涡形成过程建模求解方法，

得到其临界贯穿条件，并揭示其 Ekman 边界层抽

吸演化机理。 
创新点：1. 基于二维 Rankine 位势涡理论，建立自由汇流

旋涡动力学模型，得到其压力、速度分布；2. 提

出一种基于 Helmholtz 方程的汇流旋涡贯穿临界

条件求解方法；3. 成功搭建一种基于双目内窥技

术的汇流旋涡观测实验平台，可实现对旋涡贯穿

及 Ekman 抽吸过程的精确观测。 

方 法：1. 将汇流旋涡定义为涡核与核外流两部分，并基

于 Bernoulli 方程与 Lamb-ΓΡΟΜΕΚΟ方程得到汇

流旋涡界面形状及压力、速度分布；2. 基于上述

动力学模型，结合 Helmholtz 涡量动力学方程，

利用分离变量积分方法，得到旋涡形成轴向速度

与深度的解析关系表达式；3. 基于粒子图像测速

（PIV）方法，结合双目内窥技术，实现对汇流

旋涡临界贯穿与边界层抽吸的流动细节特征的实

时追踪。 

结 论：1. 汇流旋涡临界贯穿条件是一个解集，这是由不

同的流场初始扰动条件造成的；2. 旋涡抽吸孔最 

低点的高度由容器的几何参数决定，与初始扰动

速度无关；3. 若初始扰动增强，旋涡深度与 Ekman

层厚度增加，但在抽吸过程中的边界层涡量强度

有减弱趋势；4. PIV 实验验证了上述理论结果的

正确性，并观测到旋涡半径边界与涡量集聚现象。 

关键词：汇流旋涡；临界贯穿条件；Ekman 边界层; 抽吸

演化机理 


