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Abstract: Prefabricated vertical drains (PVDs) are widely used to accelerate the consolidation process within soft ground. The 
overall degree of consolidation (DOC) of soft ground is highly dependent on the arrangement of PVDs, such as their length and 
spacing. Nevertheless, only the ranges of spacing and length are recommended in codes and standards, which renders it difficult 
for designers to determine the appropriate arrangement of PVDs. A method is proposed in this paper to determine the appropriate 
arrangement of PVDs based upon multiple objectives, such as cost, safety, and design robustness. In this method, the design 
robustness is evaluated by the signal-to-noise ratio of the overall DOC, which is determined using Monte-Carlo simulation based 
on the statistics of uncertain soil parameters. A framework is proposed based on the optimal procedure and illustrated with an 
example. The results indicate that the proposed method can determine the most preferred arrangement of PVDs. Additionally, 
compared with the traditional deterministic method, it can suggest a series or a unique optimal design when the uncertainties of soil 
parameters are considered. Furthermore, factors affecting the most preferred arrangement are discussed. 
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1  Introduction 

 
Soft ground is widely spread not only on land, 

but also in coastal regions (Chen et al., 2016; Zheng et 
al., 2017; Yuan et al., 2018). For the safety of 
infrastructures built on soft ground, prefabricated 
vertical drains (PVDs) are widely used to accelerate 
the consolidation process by shortening the drainage 

path and accelerating the dissipation of excess pore 
water pressure within the soft ground (Bergado et al., 
1991, 1993, 2002; Parsa-Pajouh et al., 2016; Kim et 
al., 2018a, 2018b; Nguyen et al., 2018), which is 
defined as PVD-improved soft ground. On PVD- 
improved soft ground, the safety of infrastructures 
such as embankments, foundations, and roads de-
pends on the settlement and strength of the improved 
soft ground. Such an improvement is highly de-
pendent on the design of PVDs (e.g. length and 
spacing). However, in practice, the length and spacing 
of PVDs are often selected by the designer according 
to the ranges of length and spacing of PVDs recom-
mended in codes and standards, e.g. JGJ 79-2002 
(MOC, 2002). The designer’s experience becomes the 
dominant factor affecting the design effectiveness of 
PVDs. In addition, uncertainties in soil parameters 
render it more difficult to select an appropriate design 
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of PVDs. Consequently, a method facilitating de-
signers to determine the appropriate design of PVDs 
must be established, especially when the uncertainties 
of the soil parameters are considered. 

The length and spacing of PVDs are two key 
design parameters. For the length of PVDs, full pen-
etration is recommended in codes and standards to 
increase the drainage capacity of subsoil to the 
maximum (MOC, 2002). However, full penetration is 
uneconomic when the soil layer is thick (Ong et al., 
2012), and it is also ineffective for a two-way drain-
age deposit with vacuum pressure owing to the vac-
uum pressure leakage (Geng et al., 2011). Hence, 
PVDs are partially penetrated into soil layer in prac-
tice. The spacing between PVDs is another important 
parameter in the design of PVD-improved ground. A 
large spacing may cause ineffectiveness of horizontal 
drainage, while a small spacing may increase the 
number of PVDs, which results in a high cost. Cur-
rently, the length and spacing of PVDs are primarily 
determined based on a trial-and-error approach uti-
lizing some deterministic consolidation theories (Ho 
et al., 2015; Vu, 2015; Zhou et al., 2017; Li et al., 
2018; Zou et al., 2018). Although such deterministic 
methods can be used to select the optimal design of 
PVDs, the unique optimal design of PVDs is difficult 
to determine if the uncertainties of soil parameters are 
considered. 

Hence, Juang and his co-authors (Juang and 
Wang, 2013; Gong et al., 2014, 2016; Juang et al., 
2014; Khoshnevisan et al., 2014) proposed the 
framework of robust geotechnical design (RGD). In 
the framework of RGD, input parameters are char-
acterized as design parameters and noise factors. A 
robust design, which is insensitive to the variation in 
noise factors, can be obtained by adjusting the design 
parameters. In addition, multiobjectives such as 
safety, robustness, and cost can be simultaneously 
considered in RGD. The RGD has been used to op-
timize the designs of tunnels, slopes, and foundations 
(Gong et al., 2014, 2016; Juang et al., 2014; Yu et al., 
2019). Based on these applications, the RGD has been 
proven appropriate to optimize the designs in ge-
otechnical engineering with significant uncertainties 
in soil parameters. The concept of RGD is consistent 
with the objective of determining an optimal, reliable, 
and cost-efficient design of PVD-improved soft 

ground; hence, it can be an alternative option for 
optimizing PVDs for improving soft ground. 

In this study, a method is proposed to determine 
the appropriate length and spacing of PVDs 
accounting for the uncertainties of soil parameters 
based on the concept of RGD. The overall degree of 
consolidation (DOC) after a certain amount of 
elapsed time is estimated by the settlement of the soil 
layer. Based on the overall DOC, the design robust-
ness is evaluated and used to identify the optimal 
length and spacing of PVDs. A framework is 
established based on the optimal procedure and 
illustrated with an example. The most preferred PVD 
arrangement (e.g. the length and spacing) is deter-
mined based on the results of this study. Furthermore, 
the factors affecting the optimal PVD arrangement are 
discussed. 

 
 

2  Methodology 

2.1  Deterministic method to evaluate the overall 
DOC 

The time-dependent settlement is often used to 
evaluate the overall DOC. Fig. 1 shows an embank-
ment on a soft clay foundation treated with PVDs, 
which is adopted in this study as an illustrative  
example. 

To evaluate the time-dependent settlement, the 
filling loading-influenced depth, za, is determined 
based on the following principle (MOC, 2002):  

 

v 0 1,z

z

σ
.

σ
                                   (1) 

 

where σvz is the effective stress along the depth of a 
soil layer that is determined according to the bulk 
density of the soil stratum, za, and groundwater loca-
tion; σz is the additional stress induced by the filling 
loading on the subsoil surface. σz is computed ac-
cording to Boussinesq equations with respect to za and 
the foundation width. 

The soil foundation is divided into a number of 
sublayers. For each sublayer, the settlement is calcu-
lated according to the compression curve of soil de-
posit (Terzaghi, 1944; Terzaghi et al., 1996). Subse-
quently, the ultimate consolidation settlement sc can 
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be obtained by adding up the settlement of each sub-
layer. Based on different consolidation states, the 
computational procedure is expressed as follows. 

If the ith sublayer is composed of under- 
consolidation soil σvzi>σpzi or normally consolidation 
soil σvzi=σpzi, the settlement sc can be obtained as 
follows: 
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If the ith sublayer is composed of over-consolidation 
soil (σvzi<σpzi), the settlement sc can be obtained as 
follows: 

 

p v
c r c

1 0 v p

v p

lg lg ,
1

,

zii zi zi
i i

i i zi zi

zi zi zi

σH σ σ
s C C

e σ σ

σ σ σ





 
  




 



      (2b) 

v
c r

1 0 v

v p

lg ,
1

.

i zi zi
i

i i zi

zi zi zi

H σ σ
s C

e σ

σ σ σ





 
 




 



        (2c) 

 
In Eqs. (2a)–(2c), Hi is the thickness of the ith sub-
layer; e0i is the initial void ratio of soil in the ith 
sublayer; Cci and Cri are compression and recom-
pression indices of the ith sublayer, respectively; σvzi, 
σzi, and σpzi are the average effective stress, average 
additional stress, and pre-consolidation stress of the 
ith sublayer, respectively. 

Because the PVDs are partially penetrated into 
the soil, the whole soil layer is divided into sublayers 
with and without PVDs, as shown in Fig. 1. For the 
sublayers without PVDs, the time-dependent settle-
ment is predicted with the 1D consolidation theory 
proposed by Terzaghi (1944) and Terzaghi et al. 
(1996): 
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where Uv is the DOC along the vertical direction; 
Ai=(2i−1)π (i=1, 2, …); t denotes the elapsed time; L 
denotes the length of the PVD; cv represents the av-
erage vertical coefficient of consolidation along the 

whole thickness of soil layer. Therefore, the time- 
dependent settlement of soil sublayers without PVDs, 
s1(t), is expressed by  
 

1 v c1( ) ,s t U s                               (4) 
 

where sc1 is the ultimate settlement of soil sublayers 
without PVDs calculated by Eq. (2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
For the sublayers with PVDs, the axisymmetric 

consolidation solution proposed by Hansbo, which is 
called Hansbo’s consolidation solution (Hansbo, 
1979; Hansbo et al., 1981), is introduced to compute 
the time-dependent settlement for illustrative pur-
poses. Additionally, other consolidation solutions can 
be used (Berry and Wilkinson, 1969; Rixner et al., 
1986). Fig. 2 shows the computational unit cell for 
Hansbo’s consolidation solution, in which a single 
PVD is contained in an axisymmetric soil model. 

In the unit cell presented in Fig. 2, a one-way 
drainage deposit (pervious and impervious bounda-
ries for top and bottom of the unit cell, respectively) is 
assumed in the unit cell. The average DOC of the unit 
cell can be divided into the DOCs along the radial and 
vertical directions (Carrillo, 1942), which can be 
expressed as follows: 

 

vh v r=1 (1 )(1 ),U U U                        (5) 

 

where Uvh and Ur denote the average DOC and DOC 
along the radial direction, respectively. Uv is derived 
by Eq. (3); Ur is derived based upon the equal-strain 
assumption: 

Fig. 1  Embankment for calculation after Vu (2015) 
H is the height of embankment 
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where ch denotes the horizontal coefficient of con-
solidation; kh and kh′ represent the horizontal hydrau-
lic conductivity of sublayers within the undisturbed 
and smear zones, respectively; qw denotes the vertical 
discharge capacity of the PVD; re, rs, and rw represent 
the influenced radius, radius of smear zone, and 
equivalent radius of the PVD, respectively. re is de-
termined according to the PVD arrangement pattern 
(triangular or square) and PVD spacing (D), as shown 
in Fig. 3; s is the ratio between rs and rw. 

For a band-shaped PVD, which is widely used 
in practice, the equivalent radius of a band-shaped 
PVD is (a+b)/π (MOC, 2002), where a and b denote 
the width and thickness of a band-shaped PVD,  
respectively.  

It is noteworthy that F0(re), Fs, and Fr represent 
the effects of PVD arrangement pattern and spacing, 
smear effect, and well resistance on the consolidation 
behavior of PVD-improved soft ground. Many stud-
ies have been performed to investigate the effects of 
these expressions on the performance of PVDs 
(Rixner et al., 1986; Tran-Nguyen and Edil, 2011; 
Parsa-Pajouh et al., 2014; Azari et al., 2016). These 
three expressions are important for understanding the 
performance of PVDs in the design of PVD-improved 
soft ground. 

Consequently, the time-dependent settlement of 
soil stratum with PVDs, s2(t), can be expressed: 

 

2 vh c2( ) ,s t U s                             (11) 
 

where sc2 (sc2=sc−sc1) is the ultimate settlement of the 
sublayers with PVDs.  

Based on Eqs. (2), (4), and (11), the overall DOC 
of a specific design of PVDs in a particular soil layer, 
U(d, θ), can be expressed as  
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where d and θ are the vectors for the design parame-
ters and noise factors, respectively. 

In the framework of RGD, the design parameters 
can be designated by the designer, and the noise fac-
tors cannot be fully eliminated. Therefore, in this 
paper, the vector of the design parameters is d={L, 
D}, and the vector of the noise factors can be θ={ch, 
cv, kh/kh′, kh/qw, s}. Because ch is determined accord-
ing to cv, c=ch/cv is assumed as the noise factor instead 
of ch. Therefore, the vector of the noise factors is 
rewritten as θ={c, cv, kh/kh′, kh/qw, s}. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.2  Design robustness evaluation 

Indices, including the signal-to-noise ratio 
(SNR), variation in response, feasibility robustness, 

Fig. 2  Axisymmetric consolidation unit cell with single 
PVD (rd is the equivalent radius of PVD; u is the excess 
pore water pressure)  
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and the gradient of the system response, can be used 
to evaluate the design robustness. In this study, the 
SNR defined by Phadke (1989) is adopted not only 
because of its simplicity, but also because it can con-
sider both the mean and standard deviation of the 
overall DOC. The SNR after a certain elapsed time 
since the installation of PVDs is expressed as  
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where U  and SU indicate the mean and standard de-
viation of the overall DOC, respectively. A higher 
SNR indicates that the overall DOC has a smaller 
variation regarding its mean and thus is less sensitive 
to noise factors. 

The mean and standard deviation of the overall 
DOC can be obtained by the Monte-Carlo simulation 
(MCS) (Zhang et al., 2017; Wang et al., 2019). The 
MCS is used to generate random samples of noise 
factors based on their distribution, mean value, coef-
ficient of variation (COV), and correlation coeffi-
cient. The MCS can provide a reliable estimation of 
the statistic features of the DOC. This study adopts 
the MCS to describe the statistic features of the DOC. 

 
 
 
 
 
 
 
 
 
 
 
 

2.3  Cost estimation 

The cost includes the labor cost, preloading 
material cost, and PVD material cost. The labor cost 
and preloading material cost are a function of the 
number of PVDs. This function is dictated by local 
experience and practice. For simplicity and illustra-
tive purposes, the cost of using PVDs is assumed 
proportional to the length of PVDs and inversely 

proportional to the spacing between PVDs. Therefore, 
the expression proposed by Vu (2015) is introduced to 
estimate the cost C: 

 

2

L
C .

D
                                 (14) 

 
 
3  Framework for selecting the most pre-
ferred design parameters 
 

A flow chart to illustrate the framework for 
determining the most preferred design of PVDs is 
shown in Fig. 4. This framework can be summarized 
in the following steps: 

Step 1: Define the problem and divide all input 
parameters into two groups: the design parameters 
and noise factors. Recall that the design parameters of 
PVD-improved soft clay ground are the length (L) and 
spacing (D) of PVDs. Further, the noise factors are 
the ratio between the horizontal and vertical 
consolidation coefficient (c), vertical consolidation 
coefficient (cv), ratio between horizontal hydraulic 
conductivities in undisturbed and smear zone (kh/kh′), 
ratio between hydraulic conductivity in undisturbed 
zone and drainage capacity of the PVD (kh/qw), and 
ratio between radius of smear zone and equivalent 
radius of the PVD (s). 

Step 2: Identify the range of design parameters 
and then characterize the uncertainties of the noise 
factors. The values of L and D are specified in discrete 
numbers based upon their typical ranges and 
arrangement patterns (triangular or square). The 
uncertainties in the noise factors are often quantified 
using the available data from site investigation and 
laboratory tests, and augmented with experiences or 
published literature. 

Step 3: Identify the feasible design based on the 
computed overall DOC. For a specific PVD- 
improved soft ground, effective and additional 
stresses are obtained based on the magnitude of 
preloading or loading determined according to codes 
and standards (MOC, 2002). For each PVD design, 
the mean value of the overall DOC obtained by the 
MCS is the mean overall DOC of 10 000 samples. If 
the computed mean value of the overall DOC is 
larger than the target overall DOC, then the PVD 

D

Fig. 3  PVD arrangement patterns 
(a) Triangular; (b) Square 
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design is feasible. Repeat this computational 
procedure for all the PVD designs, which completes 
the loop in Fig. 4. 

Step 4: Compute the cost and design robustness 
for each feasible design. Subsequently, the preferred 
designs of PVDs can be obtained based on the Pareto 
front and knee point, which can be determined ac-
cording to the relationships of cost and design ro-
bustness, as shown in Fig. 5. The detailed procedures 
(Deb et al., 2002; Deb and Gupta, 2011; Khoshne-
visan et al., 2014) to establish the Pareto front and 
knee point are described subsequently. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
4  Illustrative example 

4.1  Characterization of design parameters and 
noise factors 

A PVD-improved soft clay ground (Fig. 1), re-
ported by Vu (2015), is introduced to illustrate the 
application of the proposed method and framework. 
The soil properties are listed in Table 1, where γi is the 
unit weight of the ith sublayer. The embankment is  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
24 m wide and 6 m high. The slope of the embank-
ment is 1 2׃. The bulk density of the fill material is 
20 kN/m3. The underground water level is located 
1.0 m below the subsoil surface. The target overall 
DOC is assumed to be 90% in one year (t=1 a) after 
the PVDs have been installed. The band-shaped PVD, 
whose geometric dimensions are 100 mm×5 mm, is 
installed with a triangular arrangement pattern.  

The typical ranges of length and spacing of the 
PVDs are 1.0–32.0 m and 0.8–5.0 m, respectively 
(Vu, 2015). The length and spacing of the PVDs are 
selected with intervals of 1 m and 42 mm, respec-
tively. Therefore, the length (L) is selected from {1.0, 
2.0, 3.0, …, 32.0} m, and the spacing (D) from {0.8, 
0.842, 0.884, …, 5.0} m. Combining L and D, the 
total number of all designs is 3232. 

Recall that c, ch, kh/kh′, kh/qw, and s are the noise 
factors. The overall DOC is sensitive to these noise 
factors, which are significantly uncertain. The mean 
and COV of these noise factors are evaluated based 
on published literature. The coefficient of vertical 
consolidation (cv) varies between 5.2 and 14.2 m2/a 
(Leclair, 1988), and the magnitude of c varies be-
tween 1.78 and 2.70 (Heo and Bae, 2013). Further, the 
noise factor of kh/kh′ varies between 1.03 and 1.25, 
and the noise factor of s varies between 3 and 4 
(Tran-Nguyen and Edil, 2011). The typical range of 
kh/qw is 2.1×10−3–4.2×10−3 m−2 (Chai and Miura, 
1999). Based on these values, the mean and standard 
deviation of the noise factors are evaluated based on 

Objective 1

Pareto frontUtopia point

Knee point
M

in

Feasible designs

Fig. 5  Schematic diagram of the principle of robust ge-
otechnical design (Juang et al., 2014) 

 

 

 

 

Fig. 4  Flowchart of the proposed method 
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the following equations (Duncan, 2000; Cherubini et 
al., 2001): 

 

max min
,

2
μ


                           (15) 

max min
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σ
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COV ,
σ

μ
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where μ and σ represent the mean and standard devi-
ation of each noise factor, respectively; max and min 
denote the maximum and minimum values of each 
noise factor, respectively. The obtained mean values 
and standard deviations of the noise factors are 
summarized in Table 2. 

4.2  Selection of the preferred PVD designs based 
on Pareto front and knee point 

For the illustrative example shown in Fig. 1, the 
influenced depths (za) and ultimate consolidation 
settlement (sc) are calculated as 65.7 m and 2.31 m, 
respectively. For each of the 3232 designs, the MCS 
is used to calculate the overall DOC. The detailed 
statistics of the noise factors are listed in Table 2. To 
determine the appropriate sample size, variations in 
the mean overall DOC of the PVD design (L=32 m, 
D=5 m) were computed with different sample sizes. 
Fig. 6 shows that the variations in the mean overall 
DOC tend to be stable at N=10 000. Therefore, a 
sample size of N=10 000 was used for each candidate  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

design in MCS. If the mean of the calculated overall 
DOC is not less than 90%, then this PVD design is 
feasible. Repeating this computational procedure, the 
feasible designs obtained by the MCS are shown in 
Fig. 7. 

Obtaining the optimal design in terms of 
robustness and cost is the goal of RGD. For each 
feasible design, its cost and robustness can be 
obtained. However, the design with the lowest cost 
and the highest robustness, which is called the utopia 
point, is generally unattainable because the two 
objectives, cost and roughness, are typically 
incompatible (Khoshnevisan et al., 2014). The 
nondominated designs form the Pareto front, which 
reveals a tradeoff between the two objectives (Deb et 
al., 2002). The knee point is used to identify the 
optimal designs in the Pareto front, which is the point 
that is the nearest from the utopia point (Khoshnevisan 
et al., 2014).  

Based on the feasible designs in Fig. 7 and the 
method proposed by Khoshnevisan et al. (2014), the 
Pareto front can be obtained by dividing the cost into 
many sublevels. Within each sublevel, the PVD 
design that has the largest SNR is selected. All the 
PVD designs selected from each cost sublevel 
compose the Pareto front. As shown in Fig. 7, the 
PVD designs on the Pareto front are nondominant 
designs, where one PVD design is not superior to 
another on both objectives of cost and robustness. The 
Pareto front provides the designer with a series of 
optimal designs, which can be selected based on the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Soil properties of the illustrative example in Fig. 1 

Layer Hi (m) γi (kN/m3) e0i Cci Cri σpzi (kPa) cv (m
2/a) 

1 31.7 16.1 1.67 0.627 0.030   66   8.31 

2   1.9 15.7 1.75 0.469 0.061   86 10.30 

3 >7.0 15.7 1.75 0.138 0.016 125 27.63 

Note: Layer 1 is silty clay with a high plasticity state; Layer 2 is silty clay with a plasticity state; Layer 3 is clay with a stiff plasticity state 

Table 2  Statistics of the noise factors 

Item c cv (m
2/a) kh/kh′ kh/qw (×10−3 m−2) s 

Range 1.78–2.70 5.2–14.2 1.03–1.25 2.1–4.2 3–4 

μ 2.24 9.7 1.14 3.15 3.50 

σ 0.23 2.25 0.06 0.53 0.25 

COV 0.10 0.232 0.05 0.17 0.07 

Distribution Lognormal Lognormal Lognormal Lognormal Lognormal 

Note: Summarized according to the references (Leclair, 1988; Chai and Miura, 1999; Tran-Nguyen and Edil, 2011; Heo and Bae, 2013) 
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designated cost or robustness of the project. If neither 
the cost nor robustness is designated in a project, a 
single most preferred PVD design can be determined 
based on the knee point. To find the knee point, L/D2 
and SNR should be normalized using the following 
equation: 

 

min
N

max min

,ix x
X

x x





                          (18) 

 
where XN represents the normalized value of L/D2 
and SNR; xi, xmin, and xmax denote the obtained 
output, the minimum output, and the maximum 
output, respectively.  

In the coordinates of the normalized L/D2 and 
SNR, the utopia point, which is the point with the 
lowest cost and highest robustness, is first obtained. It 
is noteworthy that the utopia point does not exist in 
reality. The knee point is determined as the point that 
has the minimum Eulerian distance to the utopia 
point. Fig. 7 illustrates the knee point of the PVD- 
improved soft clay ground. Compared with the PVD 
design obtained by Vu (2015), the length of the most 
preferred PVD design is approximately equal to that 
of Vu (2015)’s, and the spacing of the most preferred 
PVD design is approximately two-third the spacing of 
Vu (2015)’s. This means that the cost of the most 
preferred PVD design (L/D2) in RGD is higher than 
that obtained using the deterministic method. More 
expense should be incurred to address the uncertain-
ties of the soil parameters. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5  Discussion 

5.1  Effect of target overall DOC on the preferred 
PVD design 

To investigate the effects of different target 
overall DOCs on the preferred PVD arrangement, 
Pareto fronts and knee points with target overall 
DOCs of 85%, 90%, and 95% are obtained and pre-
sented in Fig. 8. When the cost (L/D2) of the PVDs is 
less than 23 m−1, the cost (L/D2) of the PVDs in-
creases with the target overall DOC (under the same 
SNR level). This means that higher safety require-
ments should be fulfilled with higher costs. When 
L/D2 is sufficiently large (e.g. >23 m−1), the robust-
ness of the PVD design is not affected by the target 
overall DOC. 

5.2  Effect of elapsed time on the preferred PVD 
design 

Fig. 9 shows the Pareto fronts and knee points 
corresponding to the elapsed times of 1 a, 2 a, and 3 a. 
As shown, the cost of the most preferred PVD design 
at the knee point decreases as the elapsed time in-
creases. However, a longer elapsed time means a 
lower constructional efficiency. Therefore, a higher 
constructional efficiency is guaranteed by a higher 
cost. For these three elapsed times, when the cost is 
sufficiently high, the design robustness reaches its 
maximum. This means that if L/D2 is sufficiently 
large, the PVD design is fully robust against the  

Fig. 7  Feasible designs, Pareto front, and knee point of 
the illustrative example 
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Fig. 6  Effect of randomly generated samples of MCS on 
the variation of the mean overall DOC of PVD design 
(L=32 m, D=5 m) 
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variation in the noise factors. Meanwhile, as L/D2 
decreases, PVD designs with shorter elapsed times 
cost more than those with longer elapsed times when 
the robustness is at the same level. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5.3  Effect of equivalent radius on the preferred 
PVD design 

As recommended in the codes and standards 
(MOC, 2002), the equivalent radius of the band- 
shaped drain in the previous sections was calculated 
as (a+b)/π, which was initially proposed by Hansbo 
(Hansbo, 1979; Hansbo et al., 1981). Additionally, 
other equivalent rules exist for calculating the equiv-

alent radius. To investigate the effects of different 
equivalent rules on the preferred PVD arrangement, 
the equivalent rule proposed by Rixner et al. (1986), 
(a+b)/2, is introduced as a comparison. Fig. 10 shows 
the Pareto fronts and knee points with equivalent rules 
proposed by Hansbo (1979), Hansbo et al. (1981), and 
Rixner et al. (1986). As shown, the optimal results are 
not affected by the equivalent rules because the two 
Pareto fronts and knee points almost coincide with 
each other. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5.4  Effects of different arrangement patterns of 
PVDs on the preferred PVD arrangement 

Square and triangular (Fig. 3) are two typical 
patterns of PVDs. To investigate the effects of square 
and triangular patterns on the preferred PVD ar-
rangement, Pareto fronts and knee points corre-
sponding to these two patterns are obtained and pre-
sented in Fig. 11. As shown in Fig. 11, PVD designs 
with the triangular pattern are more robust than those 
with the square pattern. Therefore, the triangular 
pattern is suggested when addressing uncertainties in 
the soil parameters. 

5.5  Effects of the coefficient of variation of noise 
factors on the preferred PVD design 

The COV of noise factors may be different in 
different situations. The effects of different COVs on 
the preferred PVD arrangement is discussed in this 
section. Four sets of COVs (0.1, 0.2, 0.3, and 0.4) 

Fig. 8  Pareto fronts and knee points with different target 
overall DOCs  

Fig. 10  Pareto fronts and knee points with different 
equivalent rules 
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were assumed for each noise factor. Fig. 12 shows the 
Pareto fronts and knee points with the assumed COVs. 
For noise factors c, cv, and kh/qw, as the COV in-
creases, the cost (L/D2) increases and the SNR de-
creases. This means that the robustness decreases as 
the uncertainties of the noise factors increase. Higher 
COVs require higher costs (L/D2). Therefore, if the 
actual COVs of c, cv, and kh/qw are underestimated, 
the cost of the most preferred PVD design will be 
underestimated. Furthermore, the robustness and cost 
are not sensitive to the variation in COVs for noise 
factors kh/kh′ and s. 

5.6  Effects of correlations between noise factors 
on the preferred PVD design 

Correlations may exist between noise factors in 
practical projects, which might affect the consolidation  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

process. The effects of correlations between noise 
factors on the preferred PVD arrangement are dis-
cussed in this section. The correlations are analyzed 
using 10 combinations among the five noise factors. 
We analyzed the positive and negative correlations 
between these noise factors, owing to the lack of 
relevant research. Seven sets of correlation coeffi-
cients (−0.9, −0.6, −0.3, 0, 0.3, 0.6, and 0.9) were 
assumed for each combination. Table 3 shows the 
cost (L/D2) of the most preferred PVD design at the 
knee point with different correlation coefficients. 
For most combinations, the correlations between 
noise factors do not affect the cost of the preferred 
PVD design. For combination [c, cv], the cost in-
creases with the correlation coefficients between 
them, which means that positive correlations be-
tween c and cv require higher costs. For combina-
tions [c, kh/qw] and [cv, kh/qw], the cost decreases as 
the correlations between them increase, which 
means that negative correlations between them re-
quire higher costs. Fig. 13 shows the Pareto fronts 
and knee points with the assumed correlations for 
combinations [c, cv] and [cv, kh/qw]. For combination 
[c, cv], as the correlation increases, the cost increases 
and the robustness decreases (when the correlation 
between them increases from −0.9 to 0.9, the SNR 
decreases from 55.85 to 53.67). Additionally, the 
robustness increases and the cost decreases as the 
correlation between cv and kh/qw increases (when the 
correlation between them increases from −0.9 to 0.9, 
the SNR increases from 53.74 to 56.14). The results 
imply that the preferred PVD design might change 
considering the correlations between certain noise 
factors. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

Table 3  Cost of the most preferred PVD design with different correlation coefficients 

Correlation 
coefficient 

Cost (L/D2) of the most preferred PVD design (m−1) 

[c, cv] [c, kh/kh′] [c, kh/qw] [c, s] [cv, kh/kh′] [cv, kh/qw] [cv, s] [kh/kh′, kh/qw] [kh/kh′, s] [kh/qw, s]

−0.9 16.01 18.21 19.48 18.21 18.21 20.90 18.21 18.21 18.21 18.21

−0.6 17.05 18.21 19.48 18.21 18.21 19.48 18.21 18.21 18.21 18.21

−0.3 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21

0 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21 18.21

0.3 19.48 18.21 18.21 18.21 18.21 17.05 18.21 18.21 18.21 18.21

0.6 19.48 18.21 18.21 18.21 18.21 17.05 18.21 18.21 18.21 18.21

0.9 20.90 18.21 17.05 18.21 18.21 16.01 18.21 18.21 18.21 18.21

Fig. 11  Pareto fronts and knee points with different ar-
rangement patterns 
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Fig. 12  Pareto fronts and knee points with different COVs 
(a) c; (b) cv; (c) kh/kh′; (d) kh/qw; (e) s; (f) All noise factors 
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6  Conclusions 
 

A method was proposed herein to determine the 
appropriate PVD arrangement based on an RGD. 
Both Hansbo’s and Terzaghi’s consolidation solutions 
were introduced to evaluate the overall DOC, based 
on which the design robustness was evaluated using 
the MCS. A framework was established based on the 
optimal procedure and illustrated with an example. 
The most preferred arrangement of PVDs was sug-
gested based on the results of this study. Additionally, 
we discovered that the target overall DOC, elapsed 
time, and PVD arrangement pattern affected the op-
timal PVD design when the cost was in a lower range. 
However, these effects are negligible when the cost is 
sufficiently high, which means that higher costs can 
guarantee the design robustness of PVD-improved 
soft clay ground. Moreover, we discovered that the 
COVs and correlations of some noise factors affected 
the optimal PVD design. If the COVs of certain noise 
factors are underestimated, the cost of the most 
preferred PVD design will be underestimated. 
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中文概要 
 

题 目：考虑土体参数不确定性的软土地基塑料排水板最

优化设计 

目 的：塑料排水板能够有效加速固结过程，因此被广泛

应用于软土地基处理。然而，相关规范只给出了

塑料排水板的间距和长度的取值范围，没有给出

最优设计。本文旨在通过考虑土体参数不确定

性、施工造价和设计要求三个方面，提出塑料排

水板的最优设计。 

创新点：1. 通过蒙特卡罗方法求解固结度的信噪比，得到

不同设计的鲁棒性；2. 讨论各种因素对最优设计

的影响。 

方 法：1. 通过理论分析，推导出总固结度鲁棒性的计算

公式；2. 通过定义不同设计组合，讨论不同噪声

参数，并运用蒙特卡罗模拟，得到满足要求的所

有设计情况的鲁棒性；3. 分析其他因素（如固结

时间和固结度等）对最优设计的影响，并讨论参

数变异性和相关性对结果的影响。 

结 论：1. 基于鲁棒性分析，得到了塑料排水板的最优设

计方法。2. 在低造价条件下，固结度、固结时间

和塑料排水板布置形式对最优设计存在影响；当

造价足够高时，该影响可以忽略。3. 参数变异性

和相关性对结果存在影响；如果低估了参数的变

异性，会低估最优设计的造价。 

关键词：岩土工程鲁棒性设计；固结；塑料排水板布置形

式；地基处理 

 


