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Abstract: To improve the low-frequency vibration reduction effect of a steel spring floating slab track (FST), nonlinear quasizero-stiffness (QZS) vibration isolators composed of positive stiffness elements (PSEs) and negative stiffness elements (NSEs)
were used to support the FST. First, considering the mechanical characteristics of the nonlinear QZS vibration isolators and the
dynamic displacement limit (3 mm) of the FST, the feasible parameter groups were studied with the nonlinear stiffness variation
range and bearing capacity as evaluation indices. A vertical vehicle‒quasi-zero-stiffness floating slab track (QZS-FST) coupled
dynamic model was then established. To obtain a reasonable nonlinear stiffness within a few millimeters, the original length of the
NSEs must be analyzed first, because it chiefly determines the stiffness nonlinearity level. The compression length of the NSEs at
the equilibrium position must be determined to obtain the low stiffness of the floating slab without vehicle load. Meanwhile, to
meet the dynamic displacement limit of the FST, the PSE stiffness must be increased to obtain a higher stiffness at the critical
dynamic displacement. Various stiffness groups for the PSEs and NSEs can provide the same dynamic bearing capacity and yet
have a significantly different vibration reduction effect. Excessive stiffness nonlinearity levels cannot effectively improve the
vibration reduction effect at the natural frequency. Furthermore, they also significantly amplify the vibrations above the natural
frequency. In this paper, the vertical vibration acceleration level (VAL) of the floating slab and the supporting force of the FST can
be decreased by 6.9 dB and 55%, respectively, at the resonance frequency.
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1 Introduction
The rapid development and advancement of urban rail transit have played a vital role in promoting
urban economic development and alleviating traffic
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congestion. However, the train-induced ground vibrations and noise have become significant issues
which severely affect human health (Connolly et al.,
2016; Kouroussis et al., 2019), historic buildings (Ma
et al., 2011), and high-precision instruments (Ulgen et
al., 2016).
Considered the most effective vibration isolation
measure, steel spring floating slab tracks (FSTs)
are used in many environmental-vibration-sensitive
areas. Nevertheless, because the effective frequency
range of the linear vibration isolators is often limited
by the stiffness required to restrict dynamic displacements, the low-frequency vibration reduction
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effect is prevented from reaching the desired level,
especially when the excitation frequency approaches
the natural frequency (Carrella et al., 2008). Many
theoretical and experimental studies have reached the
consistent conclusion that medium- and highfrequency vibrations are effectively suppressed, but
low-frequency vibrations are inevitably amplified
around the natural frequency of the FSTs (Kuo et al.,
2008; Gupta and Degrande, 2010; Zhai et al., 2011).
The available approaches to further mitigating
the low-frequency vibrations of the FST are either to
adopt heavier floating slabs, materials with better
damping capabilities, or lower steel spring stiffnesses.
Nevertheless, the difference in the basic frequency
when using a heavier floating slab is not significant,
because system mass is limited by construction cost
and tunnel boundaries (Zhu et al., 2015). A new vibration attenuation track that incorporates an FST
attached to dynamic vibration absorbers was developed by Zhu et al. (2017). Both theoretical and experimental results from that study proved that dynamic vibration absorbers could effectively attenuate
low-frequency vibrations at frequencies of 9–16 Hz
(Zhu et al., 2017). In another study, Wei et al. (2019)
proposed connecting magnetorheological dampers to
steel springs to improve the low-frequency vibration
reduction of FSTs. Their simulations revealed that
magnetorheological dampers with a modified bangbang strategy can effectively improve the vibration
reduction effect at the natural frequency. Because the
conventional steel spring FST is a typical linear vibration isolation system, the decrease in steel spring
stiffness results in a significant increase in the FST
dynamic displacement and poses a threat to subway
operation. As a result, few scholars have optimized
the stiffness of linear vibration isolators to improve
the low-frequency vibration reduction efficiency of
FSTs.
With the advance of nonlinear theory, nonlinear
vibration isolators have been developed in the field of
vibration control engineering (Ibrahim, 2008).
Nonlinear vibration isolators can be designed with
high static stiffness to support large weights and low
dynamic stiffness to isolate external disturbances so
that the natural frequency can be reduced, which is
helpful for vibration suppression (Lan et al., 2014).
Generally, the nonlinear vibration isolators with

high-static low-dynamic stiffnesses, also known as
quasi-zero-stiffness (QZS) vibration isolators, are
composed of positive stiffness elements (PSEs) and
negative stiffness elements (NSEs). The positive
stiffness is mostly provided by a compression spring,
and the negative stiffness can be obtained by a special
mechanism or structure which includes magnets (Xu
et al., 2013; Zheng et al., 2018), inclined rods in series
with horizontal springs (Danh and Ahn, 2014), Euler
buckled beams (Liu et al., 2013; Huang et al., 2014),
n-layer scissor-like structures (SLSs) (Liu et al.,
2015), and spring mechanisms, such as tension
springs (Lu et al., 2013) and planar springs (Lan et al.,
2014). Regardless of the type of negative stiffness
structure, increasing the size of the negative stiffness
mechanism can greatly expand the effective
frequency band for vibration reduction (Yang et al.,
2013). In addition, by adjusting the matching design
of the positive stiffness, negative stiffness, and
structural geometry, the QZS structure can be
improved to form an ultra-low-frequency vibration
isolator (Kovacic et al., 2008; Le and Ahn, 2011). For
example, Zhang et al. (2004) presented a vibration
isolator composed of an elastic element and Euler
buckled beams to reduce the interference of basic
vibrations on precision instruments. As expected, the
natural frequency could be reduced from 10 Hz to
1 Hz by improving the negative stiffness. Furthermore, a multi-frequency and random excitation experiment on a vehicle seat with a QZS structure was
developed by Le and Ahn (2013), and the results
indicated that the proposed system had a wide frequency isolation range, especially since the resonance
phenomenon almost did not occur. Many theoretical
and experimental studies have been carried out to
validate the low-frequency vibration reduction effect
of QZS isolators (Shaw et al., 2013; Dong et al., 2017;
Li and Xu, 2017), and QZS vibration isolators have
been used in many engineering vibration control applications, such as vibration isolation of precision
instruments, tracked ambulances, suspension systems
of vehicles, and protection systems for water pumps.
Although the advantages of the QZS vibration isolators are well recognized in the mentioned research,
their application in FSTs to improve the lowfrequency vibration reduction effect has not been
reported. Unlike other application environments of
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the QZS vibration isolators, an FST has a strict dynamic displacement limit to ensure the safe operation
of vehicles (in China, the maximum displacement of
the floating slab should not exceed 3 mm). Therefore,
how to achieve a high-static low-dynamic stiffness
through parameter matching for the PSEs and NSEs,
within the millimeter-level dynamic displacement, is
the key issue of the application.
To overcome the limitations of linear vibration
isolators and solve the bottleneck problem of traditional FSTs, the authors proposed nonlinear QZS
vibration isolators composed of vertical PSEs and
inclined NSEs to support the FST. The present paper
is organized as follows. First, the nonlinear characteristics of different parameter groups are investigated
based on the dynamic displacement limit of the FST
and the vertical supporting force of the QZS vibration
isolators for the FST. Then, a vertical vehicle‒
quasi-zero-stiffness floating slab track (QZS-FST)
coupled dynamics model is developed by applying a
mechanical model of the QZS vibration isolators. At
last, based on the security and vibration reduction
effect, the vibration responses of the QZS-FST with
different parameter groups are obtained and compared to further optimize the parameters for the PSEs
and NSEs. This theoretical study shows how the key
parameters can be matched to achieve a nonlinear
stiffness within millimeter-level dynamic displacements and how the stiffness nonlinearity level can be
optimized to improve the vibration reduction effect of
the FST.

2 Modeling of QZS vibration isolators
The proposed model is a QZS vibration isolator
composed of a vertical PSE and inclined NSEs in
parallel to support an FST, as shown in Fig. 1. These
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inclined NSEs were employed as stiffness correctors
to provide a negative stiffness, achieved using special
structures or materials. In this study, a linear spring
mechanical model was adopted for the NSE, which
allowed mechanical analysis of the QZS isolators.
Traditional steel spring can be adopted as the PSE to
ensure an acceptable displacement limit of the FST.
First, the mechanical states (undeformed, initial installation, equilibrium, and dynamic states) of the
PSE and NSEs were analyzed under different load
conditions. By fully considering the displacement
range to achieve a nonlinear stiffness, the matching
order of the key parameters was then studied (Section
2.1). Second, the effects of parameter matching on
nonlinear stiffness and supporting force were studied,
and parameter groups were determined based on the
supporting force obtained by the traditional steel
spring FST simulation (Section 2.2).
2.1 System description
In Fig. 1a, all the stiffness elements are undeformed and Kh and L are the stiffness and original
length of the inclined springs, respectively. Kv is the
stiffness of the vertical springs, and m is the floating
slab mass. Fig. 1b shows the QZS vibration isolation
system in the initial installation state without any
load. The inclined springs were compressed to length
L0, and the assembly angle between the horizon line
and each inclined spring is denoted by θ. With the
FST under a static load, the QZS vibration isolators
were compressed downward so that these inclined
springs were compressed to the maximum and horizontal, while the FST was supported only by the
positive spring, as shown in Fig. 1c. Here, the length
of inclined spring is denoted as l, and the variable x
defines the dynamic displacement of the FST in the
downward positive direction. When the vehicle load
F acts, the floating slab moves downward, as shown
in Fig. 1d.

Fig. 1 QZS isolation system model diagram: (a) undeformed state; (b) initial installation state; (c) equilibrium state; (d)
dynamic state
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Taking the equilibrium position as the coordinate origin, the mechanical equation of the supporting
force FQZS can be written as follows:

FQZS = Fv + Fi sin  ,

(1)

where Fv and Fi are the compressive forces of the
vertical spring and inclined springs, respectively.
According to the geometric structure of the QZS vibration isolation system, Fv and Fi at an arbitrary
position can be expressed as
Fv =Kv x,

(2)





Fi = nK h L  x 2 + l 2 ,

(3)

where n is the total number of NSEs. By substituting
Eqs. (2) and (3) into Eq. (1), the vertical supporting
force can be expressed as



FQZS = K v x  nK h L  x 2 + l 2



x
2

x + l2

.

(4)

By differentiating Eq. (4) with respect to the
displacement x, the nonlinear stiffness of the QZS
vibration isolators can be expressed as



Ll 2
.
K = K v + nK h 1 
2
2 3/2 

 x +l  

(5)

For clarity, the following dimensionless parameters are defined:

FQZS
,
Fˆ =
Kv L
l
lˆ = ,
L

xˆ =

x
,
L

nK
= h ,
Kv

(6)

where F̂ and x̂ are the dimensionless supporting
force and dimensionless displacement of the FST,
respectively, lˆ is the ratio of the compression length
at the equilibrium position to the original length, and
α is the ratio of the total NSE stiffness to the PSE
stiffness.
Eqs. (4) and (5) can be converted into dimensionless forms as follows:



1
Fˆ = xˆ +  xˆ 
 1 ,
 ˆ2 ˆ 2

 l x


(7)


lˆ2

Kˆ = 1 +  1 

lˆ2 + xˆ 2


(8)







.
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The key parameters of the PSE and NSEs, including Kv, nKh (α), L, and l ( lˆ ), are crucial for the
nonlinear stiffnesses of the QZS vibration isolators.
Furthermore, according to Eq. (8), in addition to the
parameters of the QZS isolators, the dynamic displacement of the floating slab also affects the stiffness
nonlinearity level. The effects of both the dynamic
displacement of the FST and the length ratio of the
NSEs on the stiffness nonlinearity level are related to
the original length. Therefore, the parameter matching analysis must be combined with the dynamic
displacement limit of the FST. First, the length parameters of the NSEs (original and compressed
lengths at the equilibrium position) should be analyzed, followed by reasonable stiffness matching for
the PSE and NSEs.
2.2 Nonlinear stiffness analysis

The nonlinear stiffness characteristics of the
QZS vibration isolators not only determine the vibration reduction effect of the FST, but also affect the
dynamic displacements of the FST. Based on the
parameter matching method in Section 2.1, the nonlinear stiffnesses and supporting forces of the QZS
isolators with different parameter matchings were
analyzed within a displacement of 3 mm. With reference to the supporting force of the steel spring FST
under the same operating conditions, several parameter groups for QZS vibration isolators were preliminarily determined.
Generally, the supporting force of the steel
spring isolators ranged from 20 kN to 35 kN (Wei et
al., 2019; Yang et al., 2020), which was closely related to factors such as size of the floating slab and
type of subway vehicle. For the basic case of a steel
spring FST adopted in the subsequent calculation
cases (case 1 in Table 4), the supporting force of the
FST was about 28 kN when the dynamic displacement met the requirement. This value of the supporting force was used to evaluate whether the QZS
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vibration isolators had sufficient bearing capacities to
guarantee the safe dynamic displacement of the FST.
A series of different parameter groups are shown
in Table 1. Cases 1‒3 show the effect of NSE original
length on the stiffness nonlinearity level of the QZS
vibration isolator. Cases 3‒5 in Table 1 show the
effect of the length ratio lˆ on the nonlinear stiffness.
Cases 5‒10 are shown to illustrate the influence of the
PSE stiffnesses of 10.0 kN/mm, 15.0 kN/mm, and
20.0 kN/mm and stiffness ratios of 0.5 and 1.0 on the
nonlinear stiffnesses and supporting forces of the
QZS vibration isolators.
Table 1 Ten calculation cases of parameter matching
Case
1
2
3
4
5, 6
7, 8
9, 10

Original
length
(mm)
20.0
15.0
10.0
10.0
10.0
10.0
10.0

Length
ratio
0.5
0.5
0.5
0.3
0.7
0.6
0.6

PSE
stiffness
(kN/mm)
10.0
10.0
10.0
10.0
10.0
15.0
20.0

Stiffness
ratio
0.5
0.5
0.5
0.5
0.5, 1.0
0.5, 1.0
0.5, 1.0
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tors in cases 1, 2, and 3 were approximately
8.7 kN/mm, 7.0 kN/mm, and 6.2 kN/mm, respectively. The dynamic stiffness at the critical displacement limit gradually decreased with the increase in original length, which also revealed that the
dynamic bearing capacity of the QZS vibration isolator with a greater original length was weaker within
the dynamic displacement of 3 mm. As a result, the
dynamic bearing capacities of the QZS vibration
isolators in cases 1, 2, and 3 were 19.3 kN, 17.1 kN,
and 16.3 kN, respectively. The results indicated that
the shorter the original length, the stronger the stiffness nonlinearity level and the higher the dynamic
bearing capacity. It is worth mentioning that the
stiffnesses of the QZS vibration isolators with different original lengths L at the static equilibrium
position were the same, while the stiffnesses at the
critical displacement were significantly different.
Taking into account the installation space of the
NSEs under the floating slab, the recommended
original length of NSEs is 10 mm. The bearing capacity of the QZS vibration isolators can then be
improved by adjusting other parameters.

2.2.1 Original lengths of NSEs
The nonlinear stiffness and supporting forces in
cases 1–3 are shown in Fig. 2. When the FST was in
the state of static equilibrium under no vehicle load,
the supporting stiffnesses of QZS vibration isolators
with different original lengths L were 5 kN/mm.
Compared to traditional linear steel spring isolators,
the QZS vibration isolators provided a lower support
stiffness at the FST equilibrium position; this is a
feature of QZS vibration isolators also known as
low-dynamic stiffness. Although the QZS vibration
isolators with different original lengths L provided
the same low stiffness at the static equilibrium position of the FST, the stiffness nonlinearity level of the
different isolators varied significantly under vehicle
loading, especially the stiffness at the FST dynamic
displacement limit. Ideally, the QZS vibration isolators should achieve a high stiffness near the FST
dynamic displacement limit to ensure that the isolators have a sufficient dynamic bearing capacity to
support the floating slab under a vehicle load. As
shown in Fig. 2, when the dynamic displacement x
was 3 mm, the support stiffnesses of the QZS isola-

Fig. 2 Nonlinear stiffness characteristics (a) and supporting forces (b) in cases 1–3
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2.2.2 Compression length of NSE at static equilibrium position
The compression length of the NSE at the equilibrium position (length ratio of NSE) is also of
critical importance to the nonlinear stiffness. Fig. 3
shows the nonlinear stiffnesses and supporting forces
of QZS vibration isolators at different length ratios.

of the QZS isolator (and it can even have a negative
stiffness, e.g. with a length ratio of 0.3), which can
cause the QZS-FST dynamic displacement to exceed
the safety limit. As the length ratio increases, although a sufficient dynamic bearing capacity can be
obtained, the stiffness nonlinearity level becomes
weaker. Therefore, considering the influence of the
length ratio on the bearing capacity and stiffness
nonlinearity level, the proposed length ratio is 0.6.
With this length ratio, the nonlinear stiffness ranged
from 6.6 kN/mm to 9.0 kN/mm within a displacement
of 3 mm and the bearing capacity was 22.6 kN. In the
next section, the PSE/NSE stiffness group is optimized to further improve the load-bearing capacity
while maintaining an acceptable nonlinear stiffness.
2.2.3 Stiffness matching of PSE and NSEs

Fig. 3 Nonlinear stiffness characteristics (a) and supporting forces (b) in cases 3–5

In contrast to the effect of the original length L,
the length ratio lˆ has a greater effect on the stiffness
at the static equilibrium position but a smaller effect
on the stiffness at the dynamic displacement limit. At
the dynamic displacement limit of the floating slab,
the stiffnesses of QZS isolators in cases 3, 4, and 5
were approximately 8.7 kN/mm, 9.1 kN/mm, and
9.5 kN/mm, respectively. At the static equilibrium
position, the stiffnesses of the QZS isolators in cases
3, 4, and 5 were 5.0 kN/mm, −1.7 kN/mm, and
7.9 kN/mm, respectively. Consequently, the bearing
capacities of the corresponding vibration isolators
were 19.3 kN, 9.6 kN, and 25.3 kN, respectively. The
smaller the NSE length ratio, the smaller the stiffness

According to Eq. (4), different PSEs with the
same stiffness ratio have the same dimensionless
stiffness and dimensionless supporting force, so only
the actual stiffness and supporting force are shown in
Fig. 4.
The stiffness ranges within a displacement of
3 mm in cases 5 and 6 were 6.7–9.0 kN/mm and
3.3–8.0 kN/mm, respectively, and the corresponding
bearing capacities were 22.6 kN and 15.3 kN. If the
PSE used a 10.0 kN/mm steel spring, the dynamic
bearing capacity of the QZS vibration isolators was
insufficient, even though relatively low-stiffness
NSEs were connected in parallel. The stiffness ranges
within a displacement of 3 mm in cases 7 and 8 were
10.0–13.6 kN/mm and 5.0–12.1 kN/mm, respectively, and the corresponding bearing capacities were
34.0 kN and 23.0 kN. The stiffness ranges within a
displacement of 3 mm in cases 9 and 10 were 13.3–
18.1 kN/mm and 4.0–15.4 kN/mm, respectively, and
the corresponding bearing capacities were 45.0 kN
and 30.5 kN. Increasing the stiffness of the PSE can
improve the bearing capacity of the QZS vibration
isolators. With reference to the supporting force of the
steel spring FST in this study, some stiffness groups
were calculated to meet the requirement of the safe
dynamic displacement. When the PSE stiffness was
15.0 kN/mm (20.0 kN/mm) and the stiffness ratio was
0.8 (1.1), the nonlinear stiffness ranged from
6.3 kN/mm (4.0 kN/mm) to 12.5 kN/mm (15.4 kN/mm)
and the bearing capacity of the QZS isolators was
27.4 kN (27.6 kN). It is worth noting that there were
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various stiffness groups for the PSE/NSEs that could
achieve the same bearing capacity, yet their nonlinear
stiffness ranges varied widely. Next, the effect of
different stiffness nonlinearity levels on the vibration
reduction effect must be further investigated with the
vehicle‒QZS-FST coupled system.

equations of the vehicle system can be found in (Zhai
and Sun, 1994). The parameters of the “type A” vehicle are shown in Table 2.
3.2 Vertical vehicle‒QZS-FST dynamic model

The vertical QZS-FST dynamic model consists
of a rail, fasteners, slabs, and QZS vibration isolators.
The rail is modelled by an Euler beam, and each
floating slab is modelled by a free beam supported by
the QZS vibration isolators.
3.2.1 Differential equations of rail motion
According to Euler beam theory, the deformation of the rail supported by the discrete fasteners
is shown by the following equation:

Er I r

4 Zr
2 Zr

m
r
x 4
t 2
Nf

4

i 1

j 1

  Frsi (t ) ( x  xi )   p j ( x  xwj ),

Fig. 4 Nonlinear stiffness characteristics (a) and supporting forces (b) in cases 5–10

where mr, Er, and Ir are the mass, elastic modulus, and
rotational inertia of the rail, respectively; Zr is the
vertical displacement of the rail; xi and xwj are the
positions of the ith fastener and the jth wheelset, respectively; t is the time; Nf is the total number of
fastenings; δ(x) is the Dirac delta function; Frsi is the
vertical force applied to the rail by the ith fastener, as
shown in Eq. (10); pj is the vertical force applied to
the rail by the jth wheel.
Frsi (t )  Kpi (Zri  Zsi )  Cpi (Z ri  Zsi ),

3 Vertical vehicle‒QZS-FST coupled dynamic model

To further explore the vibration characteristics
of the QZS-FST, the authors established a vertical
coupled system involving railway vehicles, FST, and
QZS vibration isolators, as shown in Fig. 5. In this
vehicle‒track coupled system, the conventional Hertz
nonlinear elastic contact theory was used to calculate
the wheel‒rail relationship.

(9)

(10)

where Zri and Zsi are the vertical displacements at the
ith fastener position of the rail and slab, respectively;
Kpi and Cpi are the stiffness and damping of the ith
fastener, respectively.
The partial differential equations of the rail can
be made equivalent to time-dependent differential
equations using Ritz’s method and normalized shape
functions of Euler beams, as follows:
4

3.1 Vertical vehicle dynamic model

The numerical simulation considered a “type A”
subway vehicle used in China, including one vehicle
body, two bogies, and four wheelsets. The differential

E I  kπ 
qk (t )  r r   qk (t )
mr  lr 
Nf

4

i 1

j 1

  Frsi (t )Yk ( xi )   p j (t )Yk ( xwj ),

(11)
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where qk(t) is the kth generalized coordinate of the rail
vertical deflection, lr is the effective length of the rail,
and Yk(x) is the kth shape function, defined as

Yk ( x) 

2
k x
sin
.
mr lr
lr

(12)

3.2.2 Differential equations for slab motion
Based on a model of an Euler beam with free
ends, the differential equations of the floating slab
supported by the QZS vibration isolators can be
written as follows:

Es I s

 4 Zs M s  2 Zs

x 4
Ls t 2
Np

Ns

i 1

g 1

  Frsi  t    x  xi    Fsfg  t    x  xg ,



Z sg L  Z s2g + l 2
2
sg

Z +l

2

,

(14)
where Kvg and Cvg are the vertical stiffness and
damping of the gth PSE, respectively; Khg is the
stiffness of the gth inclined NSE; Zsg is the vertical
displacement of the slab at the gth isolator.
The partial differential equations of the floating
slabs can be made equivalent to time-dependent differential equations by using Ritz’s method and normalized shape functions of the free beam, as follows:

E I  4L
Tn (t )  s s n s Tn (t )
Ms
Np


i 1

Ns
Fsfg (t )
Frsi (t )
X n ( xi )  
X n ( xg ),
Ms
g 1 M s

n  1,
 X n  1,

 X  3 1  2 x  ,
n  2,


 n
ls 


 X  ch(  x ) + cos(  x)
n
n
 n

C
sh(
x
)
+
sin(
n  2,

 n x)  ,

n
n


(16)

and Cn and βn are constants of the free beam function.
Table 3 shows the parameters used in the QZSFST numerical simulations.

(13)

where Ms, Es, Ls, and Is are the mass, elastic modulus,
length, and rotational inertia of the slab, respectively;
Np and Ns are the total numbers of fasteners and isolators on each slab, respectively; Fsfg is the vertical
force applied to the floating slab by the gth QZS vibration isolator, defined as

Fsfg  t  = K vg Z sg + Cvg Z sg  nK hg

where Tn(t) is the nth generalized mode coordinate of
the floating slab, Xn is the nth modal function, defined
as

Fig. 5 Vertical vehicle‒QZS-FST coupled dynamic model
v is the vehicle operating speed; Zc, Zt, and Zw are the up-anddown movements of the vehicle body, bogie, and wheelset,
respectively. βc and βt are the nodding movements of the
vehicle body and bogie, respectively
Table 2 Dynamic parameters of “type A” subway vehicle
Parameter

Value

Vehicle body mass, Mc (t)

50.88

Bogie mass, Mt (t)

2.72

Wheelset mass, Mw (t)

1.90

Vehicle body moment of inertia, Jc (kg·m2)

2.50×106

Bogie moment of inertia, Jt (kg·m2)

3.60×103

Primary suspension stiffness, Kpz (N/m)

2.10×106

Primary suspension damping, Cpz (N·s/m)

4.90×104

Secondary suspension stiffness, Ksz (N/m)

2.50×106

Secondary suspension damping, Csz (N·s/m)

2.00×105

4 Vibration response analysis of QZS-FST

(15)
To further investigate the influence of parameter
matching on the safety and vibration reduction effect
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of the QZS-FST and reasonably optimize the stiffness
nonlinearity level of the QZS vibration isolators, the
authors designed a series of calculation cases based
on linear isolation theory and nonlinear isolation
theory (Table 4).
Table 3 Dynamic parameters of the QZS-FST
Item
Rail
Fastener

Slab

QZS
vibration
isolator

Parameter
Young’s modulus, Er (N/m2)
Mass, mr (kg/m)
Stiffness, Kf (kN/m)
Damping, Cf (kN·s/m)
Fastening spacing, df (m)
Length, Ls (m)
Width, ws (m)
Thickness, ts (m)
Density, ρs (kg/m3)
Elasticity modulus, Es (GPa)
PSE spacing, dQZS (m)
PSE damping, Cv (N·s/m)
PSE stiffness, Kv (kN/m)
Stiffness ratio, α
NSE length, L (mm)
NSE length ratio, lˆ

Description
2.06×1011
60.64
4.00×104
100.0
0.625
6.0
3.2
0.5
2500
35.0
1.25
2400
See Table 4
See Table 4
10
0.6
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to examine whether the dynamic displacement of the
QZS-FST met the requirements after increasing the
stiffness of the PSE. Cases 1, 4, and 5 (Table 4) were
designed to illustrate the influence of the same bearing capacity and different stiffness nonlinearity levels
on the vibration reduction effect. The stiffness–
displacement curves for cases 1–5 are shown in
Fig. 6. The nonlinear stiffness of the QZS isolator
causes the natural frequency of the floating slab to
range due to the axle load of the train rather than
remaining constant. The QZS-FST had the same
minimum value of the natural frequency under different axle loads, and the maximum value of the natural frequency depended on the maximum displacement (i.e. the maximum stiffness of the QZS vibration
isolator) of the floating plate track under different
axle loads. Thus, the natural frequencies (frequency
range) of the floating slab within the dynamic displacement of 3 mm in cases 1–5 were 10.0 Hz, 8.4 Hz,
8.2–9.5 Hz, 8.0–11.3 Hz, and 6.4–12.5 Hz,
respectively.

Table 4 Five calculation cases of QZS vibration isolators
Type of
vibration
isolators
Linear
steel
spring
isolators
Nonlinear
QZS
isolators

PSE
NSE Length
stiffness, Stiffness length, ratio,
Case
ratio, α
Kv
L
lˆ
(kN/mm)
(mm)
1

10.0

‒

‒

‒

2

7.0

‒

‒

‒

3

10.0

0.5

10

0.6

4

15.0

0.8

10

0.6

5

20.0

1.1

10

0.6

The basic case is case 1, in which the steel spring
isolator had a traditional stiffness of 10 kN/mm. Case
2 involved a steel spring isolator with stiffness reduction. Cases 3–5 had three QZS vibration isolators
based on different stiffness groups. Cases 1‒3 contrasted the effects of the traditional steel spring vibration isolators with reduced stiffness and QZS vibration isolators on the dynamic response of the
vehicle–FST. Cases 1, 3, and 4 in Table 4 were used

Fig. 6 Stiffness–displacement curves of vibration isolators
in cases 1–5

In this study, a four-car train was used for the
simulation analysis, with a speed of 80 km/h. The
vertical track irregularity was modeled on Grade 5
line (Hamid and Yang, 1981), with wavelengths of
0.1–30.0 m. The vertical track irregularity of rail is
shown in Fig. 7.
4.1 Comparison of linear and nonlinear vibration
isolators

This study investigated and compared several
safety evaluation indicators, including the wheel load
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reduction ratio and vertical dynamic displacements of
the FST. Generally, for safe implementation of the
FST (MOHURD, 2012), the maximum vertical displacements of the floating slab and the rail should not
exceed 3 mm and 4 mm, respectively. In addition, the
wheel load reduction ratio should be less than 0.65.

Fig. 7 Time-domain vertical track irregularity

Fig. 8 shows the vertical dynamic displacements
of the FST in cases 1–3. The maximum vertical dynamic displacements of the rail were 3.6 mm, 4.6 mm,
and 4.2 mm, respectively, and the maximum vertical
displacements of the floating slab were 2.9 mm,
4.1 mm, and 3.5 mm, respectively. Traditional steel
spring isolators with stiffness reduction and QZS
vibration isolators will increase the vertical displacement of the FST. Fig. 9 shows the time-domain
vertical wheel‒rail forces and the wheel load reduction ratios in cases 1–5. The maximum wheel load
reduction rates were 0.57, 0.58, 0.57, 0.57, and 0.57,
respectively. Thus, the application of QZS isolators in
the FST had a negligible influence on the safety of the
wheel‒rail system.
The time-domain vertical accelerations and vibration acceleration levels (VALs) of the slab in cases
1–3 are shown in Fig. 10. The time-domain and the
frequency-domain vertical supporting forces in cases
1–3 are shown in Fig. 11.

Fig. 8 Vertical dynamic displacements of FST in cases 1–3: (a) rail; (b) floating slab

(a)

(b)

Fig. 9 Time-domain vertical dynamic responses of wheel‒rail system in cases 1–5: (a) wheel‒rail force; (b) wheel load
reduction ratio
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It is evident in Figs. 10 and 11 that reducing the
traditional steel spring stiffness or adopting QZS
vibration isolators can effectively mitigate the vibration and supporting force of the FST, especially in the
low-frequency range. The resonance frequencies
reflected in cases 2 and 3 decreased from about 10 Hz
to 8 Hz at the 1/3 octave frequency compared to case
1. Moreover, the vertical VALs of the slab in cases 2
and 3 were reduced by 3.7 dB and 4.0 dB, respectively, and the supporting forces decreased by 37%
and 35% at the resonance frequency, respectively.
However, when a similar vibration reduction effect
was achieved with both models, the displacement
increment of the QZS-FST was smaller than that of
steel spring FST, which is an outstanding advantage
of nonlinear stiffness.
4.2 Optimization of PSE and NSE elements

Fig. 12 shows the vertical dynamic displacement

(a)

of the FST in cases 1, 3, and 4. As expected, when
PSE stiffness increased to 15 kN/mm and the stiffness
ratio was 0.8, the maximum vertical displacements of
the rail and slab were 3.8 mm and 3.0 mm, respectively, which agreed with the conclusion obtained in
Section 2.2. Consequently, it is necessary to increase
the stiffness of the PSE to meet the safe dynamic
displacement limit of the QZS-FST.
The vertical accelerations of the slab and the
supporting forces of the FST in cases 1, 3, and 4 were
compared, as shown in Figs. 13 and 14. The results
indicate the superiority of QZS vibration isolators
over traditional linear isolators. The resonance frequency of the slab supported by the QZS vibration
isolators decreased from about 10 Hz to 8 Hz at
the 1/3 octave frequency as compared to case 1. In
addition, the vertical VAL of the slab decreased by
6.9 dB, and the supporting force of the FST decreased by 55%. Thus, in cases 3 and 4, increasing

(b)

Fig. 10 Vertical dynamic responses of the slab in cases 1–3: (a) time-domain vertical acceleration; (b) frequencydomain vertical acceleration

(a)

(b)

Fig. 11 Vertical dynamic responses of the slab in cases 1−3: (a) time-domain vertical supporting forces; (b) frequencydomain vertical supporting forces
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the stiffness of the PSE and appropriately matching
stiffness of the NES not only meet the dynamic safety
requirement of the wheel‒rail system, but also improve the low-frequency vibration reduction effect of
the FST.

(a)

In addition, cases 4 and 5 were contrasted to
study the effect of the same bearing capacity and
different stiffness nonlinearity levels on the dynamic
response of the FST, as shown in Figs. 15–17. The
maximum vertical displacements of the rail and slab

(b)

Fig. 12 Dynamic displacements of FST in cases 1, 3, and 4: (a) rail; (b) floating slab

(a)

(b)

Fig. 13 Dynamic responses of the slab in cases 1, 3, and 4: (a) time-domain vertical acceleration; (b) frequencydomain vertical acceleration

(a)

(b)

Fig. 14 Supporting forces of FST in cases 1, 3, and 4: (a) time-domain vertical supporting force; (b) frequency-domain
vertical supporting force
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in case 5 were 3.7 mm and 2.9 mm, respectively,
which is basically consistent with the dynamic displacements in case 4.
As shown in Figs. 16 and 17, the vertical vibration accelerations of the slab and the vertical

(a)

supporting forces of the FST in cases 4 and 5 were
analyzed. The vibrations at the resonance frequency
of slab in case 5 were chiefly evident in the range of
10.0–12.5 Hz. Compared with traditional steel spring
FST in case 1, the vertical VAL of the slab and the

(b)

Fig. 15 Dynamic displacements of FST in cases 1, 4, and 5: (a) rail; (b) floating slab

(a)

(b)

Fig. 16 Dynamic responses of the slab in cases 1, 4, and 5: (a) time-domain vertical acceleration; (b) frequency-domain
vertical acceleration

(a)

(b)

Fig. 17 Supporting forces of the FST in cases 1, 4, and 5: (a) time-domain vertical supporting force; (b) frequency-domain
vertical supporting force
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supporting force of the slab in case 5 decreased by
4.0 dB and 37%, respectively, at the 1/3 octave frequency of 10.0 Hz. Nevertheless, the vertical VAL of
the slab and the supporting force of the FST in case 5
increased by 5.9 dB and 51%, respectively, at the 1/3
octave frequency of 12.5 Hz. An excessive stiffness
nonlinearity level of the QZS vibration isolators may
amplify the vibrations above the usual natural frequency of the slab. Therefore, the stiffness nonlinearity level should not be too high, taking into consideration the supporting force required for safe dynamic displacement.

5 Conclusions

In this study, QZS vibration isolators were innovatively applied to FST to improve the lowfrequency vibration reduction, especially at the natural frequency. For this purpose, some key parameters were studied by considering the dynamic displacement limit of the FST and the dynamic bearing
capacity of the QZS vibration isolators. A vertical
vehicle‒QZS-FST coupled dynamic model was established to evaluate the influence of nonlinear stiffness on safety and vibration reduction. The main
conclusions were:
1. Within the millimeter-level dynamic displacement limit of the FST, the original length of the
NSEs chiefly determines the stiffness nonlinearity
level. The original length of the NSEs should not be
too great, otherwise high-static low-dynamic stiffness
cannot be achieved.
2. The compression length of the NSEs at the
FST equilibrium position determines the low stiffness
of the floating slab with no vehicle load. In addition,
to ensure safe dynamic displacement of the FST, the
stiffness of the PSE must be increased correspondingly to obtain a higher stiffness at the critical dynamic displacement.
3. Various stiffness groups with different
stiffness nonlinearity levels are capable of providing
the same bearing capacity and yet have a significantly different vibration reduction effect near the
FST natural frequency. When the stiffness nonlinearity level of the QZS vibration isolators is too small,
the FST dynamic responses are the same as those of

a traditional linear steel spring FST. When the
stiffness nonlinearity level of the QZS vibration isolators is too high, the vibration responses at frequencies slightly higher than the natural frequency are
amplified.
4. In line with the mechanical characteristics
described above, an optimized parameter group of the
QZS vibration isolators to support the FST was chosen. Without increasing the dynamic displacement of
the floating slab, the resonance frequency was reduced by about 20%, and the vertical VAL and supporting force of the floating slab were reduced by
6.9 dB and 55%, respectively, at the resonance
frequency.
In summary, this paper presents a vehicle‒
QZS-FST coupled dynamic model simulation analysis which proves theoretically the improvement in
low-frequency vibration reduction made possible by
QZS vibration isolators. Future research should involve a series of experimental tests to further validate
these theoretical conclusions.
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