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Abstract: Repeated train passages bring detrimental effects on train operations, especially at high speeds. In this study, a
computational model consisting of moving train vehicles, track structure, and track foundation is used to investigate the stress
distribution in the track substructure and underlying soil, particularly when the train speed approaches the critical speed via
2.5D finite element method. The numerical model has been validated by in-situ test results from a ballasted high-speed railway.
The computational results reveal that the substructure is shown to be effective in reducing the stresses transmitted to the ground;
however, a simple Boussinesq approximation is proved to be inaccurate because it cannot properly take account of the effect of
multi-layered substructures and train speeds. It is acceptable to assume a simplified smooth track in the analysis model for
determining the maximum stresses and displacements for a low-speed railway (≤100 km/h) but, for a high-speed one, the
dynamic amplification effect of track irregularities must also be considered in subgrade design. Analysis of the stress paths
revealed that the load speed and track irregularity increase the likelihood of failure for the subgrade; track irregularity can
induce many times of principal stress rotations even under a simple single moving load.
Key words: Ballasted railway; Stress analysis; Track irregularity; Stress path; High speed

1 Introduction
Ballasted railway track typically consists of the
superstructure (e.g., rails, fasteners, and sleepers) and
substructure (e.g., ballast and subgrade). Train loads
are transmitted through the superstructure and distrib‐
uted by the substructure into the natural ground below.
Of these components, the function of the substructure
is to provide support to the track and to reduce the
stresses transmitted to the ground in order to avoid
excessive settlement.
Historically, the substructure was constructed
based on the bearing capacity of different geological
conditions. For example, the American Railway Engi‐
neering Association (AREA, 1996) assumed an allow‐
able subgrade bearing pressure of 138 kPa for all
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sub-soil conditions. Some railways were designed
using more analytical methods (Raymond, 1978), in
which the stresses at the top of the subgrade were often
calculated by empirical equations or based on Bouss‐
inesq solutions (Selig and Waters, 1994). To control
long-term track settlement, more specific and accurate
stress conditions are required. British Rail (Heath et al.,
1972; Powrie et al., 2007) proposed an approach based
on setting a ‘threshold stress’, determined from cyclic
triaxial tests, to avoid excessive plastic deformation
during long-term operation. Li and Selig (1998a,
1998b) modified the threshold stress method by taking
the track superstructure into account when they calcu‐
lated the stresses at the top of the subgrade.
Nowadays, the train speed of Japanese Shinkansen
is 240–340 km/h and its maximum speed can reach
434 km/h. With the substantial increase in train speeds
and axle loads in ballasted railways, the substructure
is often confronted with settlement problems because
of the increasing superimposed stress transferred into
the subgrade (Li et al., 2018). Dynamic finite element
(FE) analyses have shown that a static analysis is not
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sufficiently accurate for high-speed train loading (Heath
et al., 1972; Powrie et al., 2008; Yang et al., 2009; Hu
et al., 2016; Varandas et al., 2016; Ngo et al., 2017).
Of particular concern is the significant vibration ampli‐
fication that occurs when the train speed approaches
the critical speed related to the wave speed in the
ground (Takemiya, 2003; Auersch, 2008; Yang et al.,
2009; Bian et al., 2016; Hu et al., 2016; Sayeed and
Shahin, 2016). However, analysis of the stresses in
the subgrade with particular reference to the critical
speed is rare. To the authors’ knowledge, only Yang
et al. (2009) carried out a study into the effect of train
speed on the stress by means of a 2D dynamic FE
analysis. Their study revealed the dramatic amplifica‐
tion effect on stresses when the train exceeded the
critical speed.
Soil subjected to traffic loads usually undergoes
cyclic principal stress rotation. The rotation of the
principal stress axes has a considerable effect on the
deformation behavior of soil (Ishihara and Towhata,
1983; Cai Y et al., 2013; Xiao et al., 2014; Cai YQ
et al., 2017). Track irregularity will also cause stress
changes in the subgrade and ground (Yang et al.,
2009). However, the principal stress rotation under
loading at critical speeds has rarely been discussed;
the effect of track irregularity on principal stress rota‐
tion also has not been investigated.
It is therefore of the utmost importance to gain a
better understanding of the dynamic stress responses
and principal stress rotation behavior of track substruc‐
tures under train traffic loads at high speeds taking
into account track irregularity. In this paper, a numerical
model is proposed, based on the 2.5D FE method.
This incorporates a ballasted railway track, substruc‐
ture, and natural ground, and allows the dynamic
stress response of a high-speed ballasted railway track
to be determined. Field measurements on a ballasted
high-speed railway (HSR) in the northern part of China
(Qin-Shen HSR) are used to validate the proposed
analysis model. After the validation with field measure‐
ments, the model is used to explore the dynamic stress
response with special reference to the critical speed. To
gain further insights into the dynamic stress transmis‐
sion within the subgrade and sub-soil, the dynamic
stress distribution and its development with increasing
train speed are discussed. The management standard
used by the Japanese Shinkansen for longitudinal
track irregularity is used in the model to investigate

the long-term dynamic response characteristics of
ballasted track and the influence of track irregularity
on the principal stress rotation.

2 Modelling of track-substructure-ground
system for ballasted track under train moving
loads
2.1 Modelling of track-substructure system
An illustrative diagram of the track-substructureground analysis model is presented in Fig. 1a. The
track superstructure, together with underlying substruc‐
ture and ground, is aligned in the x-direction, and they
are assumed to be infinite and invariant in this direc‐
tion. A more detailed model of the track is given in
Fig. 1b. As only symmetric vertical loading is consid‐
ered, the two rails are modeled as a single Euler beam
with mass per unit length mr and bending stiffness EIr
(MN·m2). The sleepers are modeled as a distributed
mass ms per unit length of track. The rails and sleepers
are connected by rail pads, which are modeled as
vertical spring stiffness kp (MN/m2) and dashpots cp
(MN·s/m2). In the practice, the ballast layer has a
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Fig. 1 Schematic view of track-substructure-ground model:
(a) track-substructure-ground system; (b) track details.
The parameters are explained in the text
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certain elasticity which makes the train-induced
discrete load that is transferred from the sleepers more
uniform at the subgrade. According to Sheng et al.
(1999), the load distribution at the subgrade surface
can be treated as uniform along the x-direction by sim‐
plifying the ballasted layer as a viscoelastic layer with
a width d and a mass per unit length of track mb; only
the vertical spring stiffness kb (MN/m2) and damping cb
(MN·s/m2) of the ballasted layer are taken into account.
The governing equation of the rail beam in vertical
motion is given as follows:
¶4 ur
¶2 ur
EI r 4 + m r 2 +
¶x
¶t
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where ur is the rail displacement, t is the time, Fr is the
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where N is the number of slices in the track’s trans‐
verse direction at the surface of the subgrade; Fe,i and
ue,i are the interaction force and displacement at the
ith interface node of the ballasted layer and subgrade
surface, respectively.
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where (y, z) denote the transverse and vertical coordi‐
nates normal to the x-direction, ω is the circular
frequency, and ξx is the horizontal wavenumber rele‐
vant to the x-direction. ‘–’ and ‘~’ above a variable
indicate components in the wavenumber and frequency
domains, respectively (Bian et al., 2019).
Applying the Fourier transform to Eqs. (1)–(4)
yields the following (Nussbaumer, 1981):
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where Fs is the interaction force (per unit length)
between the ballast and the sleeper.
The ballast layer is divided into N slices in the
transverse direction. A linear spring stiffness with a
consistent mass distribution is used to approximate
the behavior of the ballast layer:

∑6N

As the geometry and material properties are
assumed not to vary in the x-direction, i.e. along the
axis of the track, Eqs. (1)–(4) are solved using the
Fourier transform method. The Fourier transform of
displacement u(x, y, z, t) and its inverse transform are
defined by:

Writing
T 1 = EI r ξ x4 - m r ω2 + k p + iωc p 
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Eqs. (7)–(10) can be reduced to the following form:
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With the introduction of the 2.5D FE model, the
cross-section of the subgrade-ground system is meshed
by 2D FEs (Yang and Hung, 2001; Bian et al., 2012,
2016; Hu et al., 2019). Using the Fourier transform
defined in Eqs. (5) and (6), the third coordinate in the
x-direction (track direction) is replaced by the wave‐
number ξx. After introducing the element shape func‐
tions, the discretized form of the governing equation
in the frequency domain can be derived in a similar
way to the conventional FE method (Brenner and
Scott, 2008):
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k b + iωc b m b ω2

N
3N
B = (EI r β 4 - m r ω2 + k p + iωc p )´
A=

(

éêê k b + iωc b m b ω2
ê
N
3N
ë

[ (EI β
r

4

)(
2

m b ω2 k b + iωc b
+
6N
N

G = (k p + iωc p )
r

4

(

)

m b ω2 k b + iωc b
+
6N
N

( K - ω2 M ) Uˉ͂ = Fˉ͂ 

- m r ω2 + k p + iωc p )(k p + iωc p - m s ω2 ) -

(k p + iωc p )

(

ùúú
ú
û

- m r ω2 + k p + iωc p )(k p + iωc p - m s ω2 ) -

(k p + iωc p )2 ] 

[ (EI β

)

2

2

] - (EI β
r

k b + iωc b m b ω
N
3N

2

)

4

- m r ω + k p + iωc p )´
2

[ (EI β
r

4

2.2 2.5D finite element modelling of subgrade-ground
system

- m r ω2 + k p + iωc p )´

(k p + iωc p - m s ω2 ) - (k p + iωc p )2 ] 

(14)

where M and K are the mass and stiffness matrices of
the subgrade-ground system, respectively, and U is the
vector of nodal displacements. Detailed expressions
for M and K have already been given by Bian et al.
(2019). F is the load applied on the subgrade surface,
which is equal to FE, i.e.,
-Fˉ͂ E = -Fˉ͂ .

Eq. (11) can be rewritten as:
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2.3 Mathematical description of the forces on the
rails
The passage of a train can be simulated by a
series of moving axle loads corresponding to the train
geometry in Fig. 2.

Eq. (12) can be written in matrix form as follows:
DUˉ͂ e = -Fˉ͂ E + GFˉ͂ R 
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Fig. 2 Geometric profile of train wheel loads. The parameters
are explained in the text

For a train comprising M vehicles, the succes‐
sive axle loads moving with a constant velocity c can
be represented using the quarter car model proposed
by Takemiya and Bian (2005):
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where Pn represents the wheel loads of the nth vehicle,
which is given by
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2.4 Coupling of track-substructure-ground motions
Introducing Eqs. (15) and (18) into Eq. (13),
then adding Eq. (13) to Eq. (14), by eliminating F E,
the governing equation of track-substructure-ground
motions can be derived as:

(17)

in which

DUˉ͂ e + ( K - ω2 M ) Uˉ͂ = GFˉ͂ R.

The displacement ue of the nodes at the subgrade
surface should be consistent with the displacement of
the corresponding contact node of the subgrade-ground
system. Thus, the dynamic governing equation of
ballasted railway track substructure ground system
can be written as:
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where Pn1, Pn2, Pn3, and Pn4 are the axle loads for the
four wheelsets of the nth vehicle, respectively. x0 is
the distance to the first axle load position. As indicated
in Fig. 2, Ln is the length of the nth vehicle, an is the
length of the bogie wheelbase of the nth vehicle, and
bn is the distance from the second axle to the third
axle of the nth vehicle.
Track irregularities have a direct impact on the in‐
teraction forces at the rail surface. For irregularities at
the rail surface defined as a single cosine distribution,
Bian et al. (2011) derived the mathematical expression
for Fr due to a single cosine rail irregularity. If the lon‐
gitudinal track irregularity is described by a power
spectral density (PSD), the trigonometric series method
can be used to convert the PSD to a spatial distribu‐
tion, and obtain the interaction forces at the rail sur‐
face during the passage of a train (Bian et al., 2015):
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where Z is the total number of cosine waves included.
The detailed expressions for R1, R2, and R3 can be
found in reference (Bian et al., 2015).
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3 Verification of the proposed 2.5D finite
element model by field measurements
In this section, the dynamic response of the
track-substructure-ground system subjected to train
traffic loads is investigated using the 2.5D FE
numerical model and compared with existing field
measurements.
3.1 Overview of the field test
In 2003, a field test on a newly-built ballasted
high-speed railway, Qin-Shen HSR, was conducted
(Nie, 2005; Nie et al., 2005). The total length of this
line is 404 km, the design speed was 300 km/h, and
the operating speed was around 250 km/h. In the field
tests, dynamic soil pressure sensors were buried in the
track substructure to record the dynamic stresses trans‐
mitted through the superstructure to the substructure
during train passages at different train speeds. Three
dynamic soil pressure sensors were placed at the top
of the sub-ballast layer and three at the top of the
subgrade, all beneath the sleepers, as shown in Fig. 3.
At each depth, the three sensors were located at the
track edge, at the track center, and directly beneath
the rail, respectively.
The test train was a “Pioneer” train with six
vehicles. It has the same geometry of wheel axle
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Fig. 3 Geometry of substructure and underlying soil of
Qin-Shen HSR with sensor installation (Nie, 2005)

distribution as is depicted in Fig. 2. The vehicle
length (l) is 26 m, the distance between the second
and third axles (b) is 18 m, and the bogie wheelbase
(a) is 2.5 m. The parameters used for the multibody model of each vehicle are shown in Table 1.

approximated by the sum of the responses of the
200 cosine functions.
Parameters describing the physical properties of
the track superstructure are shown in Table 2, and
those for the substructure and underlying ground are
shown in Table 3.
Table 2 Properties of track superstructure in Qin-Shen HSR
(for two rails)
Parameter
Mass of rail beam per unit length of track (kg/m)
Bending stiffness of rail beam (MN·m2)
Mass of sleeper per unit length of track (kg/m)
(Sheng et al., 1999)
Rail pad stiffness (MN/m2) (Choi, 2014)
Rail pad damping (kN·s/m2) (Choi, 2014)
Contact width of railway and foundation (m)

Value
120
13.24
490
270
83.5
2.6

Table 1 Parameters of the “Pioneer” train (Nie, 2005)
Parameter
Mass of car body (kg)
Mass of the bogie (kg)
Mass of the wheelsets (kg)
Stiffness of the primary suspension (MN/m)
Damping of the primary suspension (MN·s/m)
Stiffness of the secondary suspension (MN/m)
Damping of the secondary suspension (MN·s/m)

Value
40240
3000
1500
2.5
0.2
1.87
0.42

3.2 2.5D numerical modelling of Qin-Shen HSR
In the model of the Qin-Shen HSR, the ballast
was simplified as a layer of continuous springs
supporting the sleepers with specific stiffness and
mass per unit length. The sub-ballast layer, sub‐
grade, and underlying soils were modeled by 2.5D
FEs. The measured track irregularity PSD of the
Qin-Shen HSR (Jin et al., 2008) is represented using
200 cosine functions based on the trigonometric se‐
ries method (Shinozuka, 2005). Since the model is
linearly elastic, the track irregularity PSD can be

The cross-section of the track-substructure-ground
model is shown schematically in Fig. 4. The substruc‐
ture and ground are modelled as single-phase elastic
solids, with the parameters summarized in Table 3.
The depth of this model is 60 m and its width is 100 m.
The maximum element size in the central area (40-m
width and 30-m depth) of the mesh in Fig. 4 is 0.5 m×
0.5 m. To prevent wave reflection back into the model
from the boundaries of the finite domain, the multilayer
damping boundary approach developed by Liu and
Jerry (2003) is adopted. The total thickness of the
damped layers at the edges and bottom of the model
is 20 m.
3.3 Verification of dynamic stress responses
The time-histories of the dynamic vertical stress
responses beneath the rail at the top of the sub-ballast
layer under the “Pioneer” train are shown in Fig. 5 for
train speeds of 160 km/h and 250 km/h. Both results
are in close agreement with the field measurements.

Table 3 Properties of substructure and underlying soil in Qin-Shen HSR (Nie, 2005)
Item

Thickness (m) Density (kg/m3)

Shear wave
Mass Stiffness
Poisson’s ratio
velocity, Vs (m/s)
(kg/m) (MN/m2)

Ballast layer (Sheng
et al., 1999)

1200

315

Damping
0.33 MN·s/m2

Sub-ballast

0.4

2150

251

0.25

0.03

Subgrade

2.6

2000

190

0.30

0.04

Soil layer 1

5.0

1900

110

0.35

0.05

Soil layer 2

15.0

1800

120

0.35

0.05

Soil layer 3

20.0

1850

128

0.35

0.05
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train loads, a parametric study is performed in this sec‐
tion based on the Qin-Shen HSR 2.5D FE model. Five
observation points located vertically beneath the rail,
marked A, B, C, D, and E in Fig. 4, are chosen, at
depths below the top of the sub-ballast layer of 0 m
(top of the sub-ballast layer), 0.4 m (top of the sub‐
grade), 1.7 m (middle of the subgrade), 3.0 m (the
surface of ground), and 6.0 m (3.0 m below the ground).
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Fig. 4 Schematic view of half of the FE model of
the track-substructure-ground system of Qin-Shen
HSR (not to scale)
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Fig. 5 Time-histories of dynamic vertical stresses beneath
the rail at the top of the sub-ballast layer: (a) c=160 km/h;
(b) c=250 km/h

4 Numerical analysis
To obtain more general conclusions on the dynam‐
ic stress responses of ballasted track with high-speed

Fig. 6 shows the time-histories of dynamic vertical
stresses at different depths beneath the rail calculated
for train speeds of 250 km/h and 420 km/h. For a train
speed of 250 km/h, the maximum value of dynamic
stress is 69.0 kPa at location A, 49.5 kPa at location B,
29.0 kPa at location C, and 11.0 kPa at location D; at
a depth of 3.0 m below the ground surface (location E),
the maximum stress reduces to 5.5 kPa. For a train
speed of 420 km/h, the maximum values of dynamic
stresses are 100.0 kPa, 68.0 kPa, 44.0 kPa, 18.0 kPa,
and 9.0 kPa for the five locations, respectively. The
amplitudes of dynamic stress show a dramatic incre‐
ment with the train speed, especially inside the track
substructure.
Fig. 7 shows the attenuation of the vertical dy‐
namic stress amplitudes with the depth from the sur‐
face of the sub-ballast layer. Computational results are
shown for five different speeds. For comparison, results
from the Boussinesq approach are also given.
It can be seen that the track substructure intro‐
duces considerable attenuation of the dynamic stress
induced by moving train traffic loads. The dynamic
stress transmitted to the ground surface (at 3.0 m
depth) is less than 20% of the magnitude of the stress
at the surface of the substructure (0 m). The stress
attenuation rate is quite high inside the sub-ballast layer,
and then slows down in the subgrade layer. Higher train
speeds induce larger dynamic stress in the substruc‐
ture, but the dynamic stress in the ground shows a
much smaller difference. These results indicate that
the function of the substructure in reducing the stresses
transmitted to the ground to avoid track excessive
settlement is very effective, at any train speeds. In
Fig. 7, the Boussinesq approximation yields higher
stresses than the computational results of 2.5D FE
method when the depth is lower than 1.0 m, and smaller
stresses when the depth became deeper, especially at
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Fig. 8 shows the maximum vertical displacements
at location A as a function of train speed. It shows that
the critical speed of the Qin-Shen HSR model is
about 440 km/h (122.2 m/s), which is higher than the
minimum Rayleigh wave speed of the sub-soil layers
(101.2 m/s) owing to the presence of the stiffer track
substructure.
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Fig. 8 Maximum vertical displacements at location A plotted
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Fig. 7 Attenuation of dynamic vertical stress amplitudes
with depth below the ballast layer

high speeds. This indicates that the effect of the multi‐
layered substructures and train speeds should be con‐
sidered when determining the vertical stress in‐
duced by the train traffic loads.

The China Academy of Railway Science (CARS)
proposed an empirical formulation to calculate the
dependence of dynamic vertical stress in the substruc‐
ture on train speed based on many field measure‐
ments (NRA, 2014), which has been used for HSR
design and maintenance:
σ d = σ p (1 + αc)

(21)

where σ d is the dynamic stress, σ p is the dynamic
stress under the quasi-static condition, and α charac‐
terizes the effect of train speed on dynamic stress. For
an HSR, the value of α is set as 0.003.
Fig. 9 plots the maximum stress versus train speed
an HSR together with the measured values and em‐
pirical values from Eq. (21). The good agreement
between measurement results and 2.5D FE method
results further validates the ability of the model to
determine the dynamic stress properly in the ballasted
track, within the range from low to high train speeds.
At low speeds (≤100 km/h), the numerical results
for the smooth track are close to those of the irregular
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Fig. 9 Dependence on the train speed of vertical dynamic
stress magnitudes at location A

rail, which also correspond closely to the field mea‐
surement results. In other words, at low speeds, mod‐
els only accounting for a smooth track can give rea‐
sonable results in terms of dynamic stress. However,
at higher speeds, the dynamic stresses determined
using the smooth track model are far below the mea‐
surement results, which means that for HSRs, models
considering smooth rails only do not give acceptable
results, and the track irregularity must be considered.
Meanwhile, when the train speed is less than
200 km/h, the dynamic stresses at location A obtained
from the 2.5D FE method, considering the measured
track irregularity PSD, are smaller than the values
obtained from the empirical formulation in Eq. (21);
however, as the train speed increases above 250 km/h,
the computed dynamic stresses exceed the empirical
values. Moreover, it is important to notice that the
track irregularity of the Qin-Shen HSR was measured
prior to the start of official operation. After several
years of train operation, the track irregularity will
increase, leading to higher dynamic stresses, which
possibly may exceed the empirical formulation value
even at lower speeds. That would lead to further accel‐
eration of track degradation and cause excessive per‐
manent deformation in the track substructure. There‐
fore, in the design and maintenance of HSRs, an
empirical formulation considering only the effect of
train speed is not accurate enough; the dynamic
amplification effect caused by track irregularity should
also be taken into account.
4.3 Effect of rail pad stiffness and damping
Rail pads connect the rail and track substructure.
Thus, it is important to understand the dynamic stresses
related to the stiffness and damping effects of rail

pads. Four categories of rail pad stiffness (very soft,
soft, medium, and hard) are considered to find out the
effect of rail pad stiffness on the dynamic stress. The
stiffnesses of very soft, soft, medium, and hard rail
pads are considered as 10, 20, 100, and 1000 MN/m2,
respectively (Ju et al., 2018; Khajehdezfuly, 2019). The
damping of all rail pads is considered as 10 kN·s/m2.
Fig. 10 shows the dynamic stress time-history curves at
location A and location D at a train speed of 250 km/h.
It shows that the amplitudes of dynamic stress signifi‐
cantly increase when the rail pad stiffness changes
from hard to very soft. The maximum dynamic stresses
at location A of four cases are 89, 70, 64, and 64 kPa
for rail pad stiffnesses of 10, 20, 100, and 1000 MN/m2,
respectively. When the stiffness changes from medium
to very soft, the dynamic stress amplitude at location
A increases about 40%. As for the dynamic stresses at
location D, the maximum values of the four cases are
35, 26, 22, and 21 kPa, respectively. The amplitude
increases about 60% when rail pad stiffness changes
from medium to very soft.
100
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Fig. 10 Time-history curves of dynamic stress with different
rail pad stiffnesses at train speed of 250 km/h at location A
(a) and location D (b)
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Four categories of rail pad damping with the
values of 10, 20, 30, and 200 kN·s/m2 are also consid‐
ered to find out the effect of rail pad damping on the
dynamic stress. Two analyses are conducted with one
considering the stiffness of all rail pads as 10 MN/m2
and the other considering it as 100 MN/m2. Fig. 11a
shows the dynamic stress time-history curves at loca‐
tion A with the rail pad damping values of 10, 20, 30,
and 200 kN·s/m2 for a fixed pad stiffness of 10 MN/m2.
It shows that rail pad damping can have a significant
influence on the dynamic stress amplitudes when the
rail pad is very soft. The damping effect of rail pad on
dynamic stress is quite remarkable when the rail pad
damping is in the range of 10 to 30 kN·s/m2. However,
when the rail pad is medium stiff (Fig. 11b), the rail
pad damping has only a slight effect on the dynamic
stress. This phenomenon was also found in some vibra‐
tion research (Lei and Zhang, 2011; Dai et al., 2016).
4.4 Effect of track irregularity
Japan has the longest history of operation of highspeed railways, and also has rich research on the
100
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cp=200 kN·s/m2

40
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Table 4 Wavelengths and amplitudes of the management
standard of Japanese Shinkansen longitudinal track irregu‐
larity (>160 km/h) (Tanaka et al., 2011)
Irregularity level
Level I
Level II
Level III
Level IV
Level V

Wavelength (m)
10
10
10
10
10

Amplitude (mm)
≤4
6
7
10
15

Based on the proposed 2.5D FE model of QinShen HSR with the “Pioneer” train, the dynamic re‐
sponses of ballasted track considering the five levels
of longitudinal track irregularities are investigated.
4.4.1 Dynamic responses
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management standards for track irregularities. In this
section, the management standard of Japanese Shink‐
ansen longitudinal track irregularity has been adopted
(Tanaka et al., 2011). In the criteria, the longitudinal
track irregularity has been divided into five levels.
Level I represents a newly-built railway line that is
qualified to be used. Level II is a railway line needing
some scheduled maintenance. At Level III, the comfort
of passengers is affected by track irregularity, and
the railway line needs maintenance. At Level IV, the
safety of the train is threatened by the track irregularity.
At Level V, the train speed must be reduced. The wave‐
lengths and amplitudes of the management standard
of Japanese Shinkansen longitudinal track irregularity
for each level are listed in Table 4.
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Fig. 11 Time-history curves of dynamic stress with different
rail pad stiffnesses at train speed of 250 km/h: (a) very soft;
(b) medium

Fig. 12a illustrates the maximum displacement
response versus train speed at location A. It can be
seen that track irregularity substantially affects the
track displacement. The displacements under the same
track irregularity increase with increasing train speed,
especially when that exceeds 350 km/h. For the same
wavelength of 10 m, larger irregularity amplitudes
produce higher displacement levels, and more signifi‐
cant growth of vibration will be induced by moving
train traffic loads. The displacement obtained using
the measured Qin-Shen HSR track irregularity spec‐
trum is also plotted. Since the Qin-Shen HSR irregu‐
larity was measured before the railway line was offi‐
cially used, the corresponding displacement vibrations
are quite close to the value of the initial Level I when
the train speed remains below 160 km/h. When the train
speed exceeds 160 km/h, the displacement responses
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Fig. 12 Displacement responses (a) and stress responses
(b) versus train speed at location A under different track
irregularity levels and from the measurement of Qin-Shen
HSR

are quite close to the values of Level II. This indicates
the newly-built Qin-Shen railway line was in a good
condition and would meet the Japanese Shinkansen
vibration requirement for newly-built lines. Fig. 12b
illustrates the stress response versus train speed at
location A. The stress responses increase considerably
with train speed. For each track irregularity level, the
growth rate does not show significant change with the
train speed. The stress responses under the measured
track irregularity PSD from Qin-Shen HSR are also
plotted in the figure. Unlike the displacement responses,
the stresses considering the measured track irregularity
PSD are larger than those obtained using the Japanese
Shinkansen irregularity levels when the train speed
exceeds 100 km/h. It suggests that the stress response
of Qin-Shen HSR has a different dependence on the
PSD of the irregularity compared to the displacement
response.
Fig. 13 shows the vibration propagation induced
by each wheelset during the passage of a whole train

Fig. 13 Displacement distribution induced by moving train
load in x-y plane: (a) c=250 km/h, Level I; (b) c=250 km/h,
Level V; (c) c=440 km/h, Level I; (d) c=440 km/h, Level V

in the x-y plane with z=3 m (natural ground surface)
at various train speeds at Level I and Level V when
the track irregularity wavelength is 10 m. At a rela‐
tively low train speed, vibration is mainly confined
at the ground near the axle positions, but when the
train speed reaches the critical speed, vibration wave
propagation is in reverse from the train moving direc‐
tion and forms a shock wave in the ground known as a
Mach cone. The Mach cone grows with the develop‐
ment of track irregularity.
Fig. 14 shows the stress propagation induced by
each wheelset during the passage of a whole train in
the x-y plane with z=3 m at various train speeds at
Level I and Level V when the track irregularity wave‐
length is 10 m. A fierce dynamic stress amplification
phenomenon can be observed when the track irregu‐
larity changes from Level I to Level V for each train
speed. The acting horizontal scopes of dynamic stress
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Fig. 15 Principal stress axis rotation at various speeds in
response to longitudinal track irregularity levels at location C:
(a) c=250 km/h; (b) c=440 km/h. σxx is the horizontal stress;
σzz is the vertical stress; τzx is the shear stress
Fig. 14 Stress distribution induced by moving train load
in x-y plane: (a) c=250 km/h, Level I; (b) c=250 km/h,
Level V; (c) c=440 km/h, Level I; (d) c=440 km/h, Level V

at the natural ground also increase with the develop‐
ment of track irregularity.
4.4.2 Stress paths
For traffic loading, a soil element is subjected to
stress paths with principal stress rotation as well as
deviatoric stress variation (Ishihara and Towhata, 1983).
In this section, the effects of track irregularity on the
rotation of principal stress and the stress paths are
investigated using the 2.5D FE model of the Qin-Shen
HSR. To obtain the dynamic stress components of the
soil elements, loads corresponding to a quarter car
model of a “Pioneer” train (Table 1) were used. The
stress path and principal stress axis rotation in the x-z
plane were analyzed.
Fig. 15 shows the relationship between the dynamic
deviator stress and shear stress in the subgrade (loca‐
tion C) under a single load moving at different speeds

considering different longitudinal track irregularity
levels.
The stress paths for cases with track irregularity
under a single load show more than one stress rotation;
however, most of the rotations have small stress
amplitudes. The shear stress levels for the dominant
rotation increase dramatically in the subgrade with the
development of track irregularity. The shapes of the
curves are similar for each track irregularity level
when the load speed is smaller than 250 km/h. How‐
ever, when the load speed arrives at the critical speed,
the shapes of curves vary significantly. This makes
the stress path adopt a “pear” shape when the load
speed is much lower than the critical speed; conversely,
it becomes more distorted when the speed reaches the
critical speed.
Fig. 16 shows the p-q stress path curves, on the
graph of p (p=(σ1−σ3)/2, where σ1 and σ3 are the major
and minor principal stresses, respectively) against q (q=
(σ1+σ3)/2), for the soil elements at location C during the
passage of a single load at 250 km/h and at 440 km/h
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Fig. 16 Stress path curves at various depths in response to
longitudinal track irregularity levels at location C: (a) c=
250 km/h; (b) c=440 km/h

while considering different longitudinal track irregu‐
larity levels. The stress paths are plotted on the basis
of in situ conditions corresponding to an initial vertical
stress of 20 kPa due to self-weight K0=1.0. An indicative
Mohr-Coulomb failure line is also plotted assuming
an effective angle of friction of 31° (Grabe, 2002). This
line is plotted for illustrative purposes only. Fig. 16
shows that the stress state moves closer to the failure
line as the load speed is increased, and that the indica‐
tive failure envelope could be reached by a soil element
in the subgrade at the critical speed. The levels of
longitudinal track irregularity will affect the location
of the stress paths relative to the indicative failure
line. Increasing the levels will move the stress paths
closer to the indicative failure line, increasing the like‐
lihood of failure, especially at high speed.

5 Conclusions
Understanding the dynamic stresses induced in
the track substructure and underlying soil by moving

train loads is essential to the sustainable design and
maintenance of HSRs. In this paper, an efficient
2.5D analysis method for a ballasted railway, com‐
prising vehicle, track, substructure, and underlying
soil, has been derived. It is used to investigate the
dynamic stress response during train passages at
various speeds, highlighting the dynamic stress re‐
sponses when the train speed approaches the critical
speed. The main conclusions can be summarized as
follows:
1. The analysis of the stress attenuation with
depth reveals that the substructure is effective in re‐
ducing the stresses transmitted to the ground. The
Boussinesq approximation cannot consider the effect
of multi-layered substructures and train speeds in de‐
termining the vertical stress induced by the train
traffic loads.
2. At low speed (≤100 km/h), the analysis model
for assessing dynamic stress response under train mov‐
ing loads can be based on the assumption of a smooth
track and can give acceptable results. However, in
the design and maintenance of HSRs, an empirical
formulation considering only the effect of train speed
is not accurate enough, and the dynamic amplification
effect caused by track irregularity should also be taken
into account.
3. When the stiffness of the rail pad is reduced,
an increase in the damping value can effectively
decrease the dynamic stress transmitted to the subgrade.
4. As the track irregularity develops, larger stress
amplitudes will be induced by the moving train
load, and significant stress levels will propagate deep‐
er. Consequently, the soil will suffer from large stress‐
es, which are more likely to cause soil deformation.
5. The track irregularity can induce many princi‐
pal stress rotations even under a simple single moving
load. Increasing the levels of longitudinal track irregu‐
larity will move the stress paths closer to the indica‐
tive failure line, increasing the likelihood of failure,
especially at high speed.
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