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Abstract:    Multiblock kernel principal component analysis (MBKPCA) has been proposed to isolate the faults and avoid the high 
computation cost. However, MBKPCA is not available for dynamic processes. To solve this problem, recursive MBKPCA is 
proposed for monitoring large scale processes. In this paper, we present a new recursive MBKPCA (RMBKPCA) algorithm, 
where the adaptive technique is adopted for dynamic characteristics. The proposed algorithm reduces the high computation cost, 
and is suitable for online model updating in the feature space. The proposed algorithm was applied to an industrial process for 
adaptive monitoring and found to efficiently capture the time-varying and nonlinear relationship in the process variables. 
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1  Introduction 
 

In many processes, large amounts of data are 
collected at different sampling intervals. Making 
better use of these data is a concern of industry. The 
multivariate statistic process control (MSPC) method 
has become a common and effective method for fault 
detection (Zhou et al., 2010). Because of the use of 
samples, principal component analysis (PCA) is the 
frequently used method. However, the precondition 
of PCA is that the process variable relationship is 
linear. This constraint is very tight (Jia et al., 2000). 
Thus, kernel PCA (KPCA) was proposed for 
nonlinear processes. KPCA (Kruger et al., 2007) uses 
the nonlinear kernel function to collect nonlinear 
principal components in a high-dimensional feature 
space; it deals with the nonlinear process better than 
PCA. Currently, the characteristics of most industrial 

processes are not only nonlinear, but also time vary-
ing, which are also called dynamic processes. The 
process data show that the dynamic process changes 
in variance and mean, and the relationship structure 
among variables. When the traditional KPCA method 
is used to monitor the dynamics, false alarms usually 
occur, which dramatically reduces the reliability of 
the static method. A recursive algorithm for PCA 
(RPCA), based on adaptive accommodation of the 
covariance, can better solve this problem (Gallagher 
et al., 1997). An iterative method may be used to 
enhance the performance of RPCA (Jeng et al., 2007). 
The recursive control limits were used to reduce false 
alarms and promote the reliability in kernel partial 
least squares (KPLS) algorithms (Voegtlin, 2005). 
Wang et al. (2003) used an adaptive procedure to 
accommodate the data feature matrix in a feature 
space. Recently, equipment for fault detection was 
tested under different conditions (Liu et al., 2009). 
Because of the static assumption of the process data, 
KPCA mentioned above may not deal with the proc-
ess better. To overcome this deficiency, a statistical 
local method was used for KPCA (Maestri et al., 
2009). The multivariate exponentially moving  
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average (MEMA) was used to describe the changes of 
dynamic processes, and then to develop an adaptive 
monitoring statistic (Ge et al., 2009) when involved 
with KPCA components. Two RPCA algorithms 
were presented to significantly reduce the high cost 
(Cheng et al., 2010). Because the processes become 
more and more complex and the data amount larger 
and larger, the computing results can be difficult to 
understand. There have been many studies on the 
multiblock model (Qin et al., 2001; Elshenawy et al., 
2010). An overview on multiblock algorithms has 
been published (Elshenawy et al., 2010). Multiblock 
approaches can reduce the computational load in a 
decentralized form (Qin et al., 2001; Elshenawy et al., 
2010). In this paper, recursive KPCA (RKPCA) is 
brought into multiblock KPCA (MBKPCA) to form 
the recursive MBKPCA algorithm. A new recursive 
MBKPCA algorithm, RMBKPCA, is presented. The 
proposed algorithm reduces the high computation 
cost and is suitable for online model updating in the 
feature space.  
 
 
2  Recursive kernel principal component 
analysis algorithm 

2.1  Recursive kernel principal component analy-
sis method  

In this subsection, a new singular value de-
composition technique is proposed, based on which a 
new RKPCA algorithm is proposed. 

Set 1 2[ , , , ]N=X x x x  as the sample matrix, 

whose singular value decomposition is T .=X SΛD  
Set ( 1)

2 3[ , , , ] m N
N

× −= ∈X x x x  as the intermediate 
matrix, whose singular value decomposition is 

T .=X SΛD  X  can be approximated by 
 

T ,m m m m≈ =X X S Λ D                      (1) 
 

where mS  and mD  represent the front m columns of 

S  and ,D  respectively, 1 2=diag{ , , , },m mλ λ λΛ  

1 2 0mλ λ λ≥ ≥ ≥ >  represents the front m eigen-

values of T .X X  Thus, X can be represented by 
 

TT T

1 1
1

,m m
m

m m N m−

⎡ ⎤ ⎡ ⎤
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where 0m is an m-dimensional vector of zeros. Set 
T
m

m m

⎡ ⎤′ = ⎢ ⎥
⎣ ⎦

1 0
0

V
Λ

 as the eigenvectors of the sample 

matrix, which is block symmetric and whose singular 
value decomposition is computed as 
 

T .′ ′ ′ ′=V S Λ D                            (3) 
 

The decomposition matrixes are block symmet-
ric such that the decomposition becomes simple. 
Substituting Eq. (3) into Eq. (2) gives rise to 
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T

1 1
1

T

[ ] [ ]

.

m
m
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⎡ ⎤
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Then Sm  can be computed according to Eq. (5): 
 

1
1 ( ) .m

−⎡ ⎤ ′=⎣ ⎦x S S S                      (5) 

 
Given a new sample xnew, the singular value 

decomposition of the updated sample matrix 

new[ ]mX x  can be represented by 
 

T

1
new new TT   .m Nm m

m m
mm
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⎡ ⎤⎡ ⎤ = ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎣ ⎦⎣ ⎦

00
0 10 1
DΛ

X x S x   (6) 

 

Set T
m m

m

⎡ ⎤
′′ = ⎢ ⎥

⎣ ⎦

0
0 1

V
Λ

 as the eigenvectors of the 

updated sample matrix, whose singular value de-
composition is computed as 
 

T.′′ ′′ ′′ ′′V = S Λ D                          (7) 
 
Substituting Eq. (7) into Eq. (6) gives rise to 
 

T
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where  

new
ˆ

m⎡ ⎤ ′′= ⎣ ⎦S S x S ,                      (9) 
T

T T 1
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ˆ m N
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0
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D
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Set new new[ ]m=X X x  as the new sample matrix, 
ˆ=S S , ˆ .=D D  Using Eqs. (2), (4)–(6), and (8), the 

updating of eigenvalues and eigenvectors can be done 
for the new sample. When the recursive computing 
process is extended to the feature space F, a new 
recursive KPCA method is proposed here to update 
the eigenvalue decomposition of the covariance ma-
trix CF. λi and pi represent the ith eigenvalue and ei-
genvector of CF, respectively. The radial basis func-
tion is applied to build the kernel matrix as follows in 
this work:  

2
,

1exp || || .i j i jK
c

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

x x                  (11) 

 
The centered Gram matrix is  
 

T( ) ( )=K Φ X Φ X .                        (12) 
 

vi represents the ith eigenvector of K. Thus, 
 

( )i i=p Φ X v ,                                    (13) 

[ ]
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1 2

1 2

, , ,

( ) , , ,
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              (14) 

 

where 1
N mN

⎛ ⎞= −⎜ ⎟
⎝ ⎠

ΦA I E V . 

Set [ ]2 3( ) ( ), ( ), , ( )N=Φ X Φ x Φ x Φ x . ( )Φ X  
can be approximated by 
 

T( ) ( ) ,
mm≈ =

m mΦ Φ ΦΦ X Φ X S Λ D            (15) 

 
where ( ) ,

m m
=Φ ΦS Φ X A  and 

mΦΛ  denotes the m 

dominant eigenvalues of the kernel matrix. According 
to Eqs. (2) and (15), we have 
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where 1
1 ( )
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−
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whose singular value decomposition is computed as 

 
T′ ′ ′ ′Φ Φ Φ ΦV = S Λ D .                         (17) 

 
Substituting Eq. (17) into Eq. (16) gives rise to 
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According to Eqs. (14), (15), and (18), ( )Φ X  can be 
represented by 
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where  

( )Φ ΦS = Φ X A , 
T

1 m

m

N −

⎡ ⎤
′= ⎢ ⎥

⎢ ⎥⎣ ⎦

1 0
0Φ Φ

Φ

D D
D

. 

 

Because Eq. (18) is the same as Eq. (19), we have 
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Then 
mΦA  can be computed according to Eq. (20): 

 

T
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Assume new( )Φ x  is the new sample transformed 

into the feature space. new new( ) ([ ])=Φ X Φ X x  is the 
updated sample matrix. Then the mean vector and the 
covariance matrix of new( )Φ X  can be computed: 

 

new
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1 1 ( ),
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N N
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−
= +
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According to Eqs. (6), (15), and (23), we have 
 

new new

new

ˆ( ) ( ) ( )

ˆ  ( ) ( )m

⎡ ⎤= −⎣ ⎦
⎡ ⎤≈ −⎣ ⎦

Φ

Φ

Φ X Φ X Φ x m

Φ X Φ x m
 

T

1
new TT

ˆ( ) .mm Nm

mm

−⎡ ⎤ ⎡ ⎤
⎡ ⎤= − ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦

00

0 10 1m

ΦΦ
Φ Φ

DΛ
S Φ x m  (24) 

 

Set 
T

m m

m

⎡ ⎤
′′ = ⎢ ⎥

⎢ ⎥⎣ ⎦

0

0 1
Φ

Φ

Λ
V , whose singular value decom-

position is computed as 
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Substituting Eq. (25) into Eq. (24) gives rise to 
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Then eigenvectors 
new( )Φ XP  of new

FC  are represented 

by 

new( )Φ XP new ˆ( ) ( )
mΦ Φ ΦΦ X A Φ x m S⎡ ⎤ ′′= −⎣ ⎦ .   (27) 

 
The KPCA score vector t, for a new sample z, is given 
by 

new

T
( ) ˆ( ( ) ).= − ΦΦ Xt P Φ z m                  (28) 

Thus, fault diagnosis can be performed using the 
score vectors. 

2.2  Fault diagnosis 

The MBKPCA algorithm is introduced in the 
Appendix. Although SPE and T2 plots generated by 
MBKPCA can be used to diagnose which part of the 
process is most related to the fault, one could not 
diagnose the fault with dynamic characteristics. In 
this subsection, the integration of RKPCA into 
MBKPCA forms an RMBKPCA algorithm: 

1. Set 1 2[ , , ..., ]NX = x x x  as the sample matrix. 

Scale the data matrix X. Set 2 3[ , , ..., ]N=X x x x  as 
the intermediate matrix. Given a new sample xnew, the 
updated sample matrix is new new[ ]=X X x . 

2. Derive an MBKPCA model: ( )b →Φ X  
{ , }b bt P , b=1, 2, …, B. 

3. When xb,new is available, scale it by the same 
way as in Step 1. Update {tb, Pb} using RKPCA. 

4. Compute the decompositions of ( ),bΦ X  
( ),bΦ X  and ,new( ),bΦ X  respectively. 

5. Compute the eigenvectors 
new( )Φ XP  of ,new( )bΦ X . 

6. Determine the score vector tb,new. 
In each recursive computation, the score vector 

can be obtained only by computing four parameters 
(Eqs. (4), (6), (12), and (13)). It is not necessary to 
compute all of the parameters. Hence, the high 
computation load is avoided. 

The SPE and T2 statistics can be computed ac-
cording to Zhang and Qin (2010). For the new test 
sample xnew∈ú

N, compute the block kernel vector by 
 

T
,new ,new= ( ) ( ) .b b bk Φ x Φ X                  (29) 

 
The super T2 statistic can be calculated by 
 

 2 1 T
new ,new ,newT TT −= t Λ t ,                     (30) 

 

where 1−Λ  is the inverse of the covariance matrix of 
super scores. Block T2 statistic is computed by 
 

2 1 T
,new ,new ,new= ,b b b bT −t Λ t                     (31) 

 

where 1
b
−Λ  is the inverse of the covariance matrix of 

block scores. 
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The block SPE statistic can be calculated by 
 

T T T
,new ,new ,new ,newSPE 1 2 ,b b b b b b b b b= − +k A t t A K A t   (32) 

 

where  
 

Ab=[Ab,1, Ab,2, …, Ab,N], T
, , , ,( / ) .b i b i b i b b iN=A t t K t  

 
Here the super Q statistic is directly cumulated by 

 

1
SPE SPE

B

b
b=

=∑ .                       (33) 

 
The T2 statistic follows an F-distribution, and the 

confidence limit, 2
βT , is given by 

 
2

2
, ,

( 1) ,
( )β r N -r β

r NT = F
N N r

−
−

                 (34) 

 
where β is the confidence level. The SPE statistic can 
be approximated by a central χ2-distribution. The 
confidence limit for SPE, SPEβ, can be approximated 
by 
 

2SPE ( ),β = gχ h   
2

2
ρg =
μ

,  
2

2

2μh =
ρ

,       (35) 

 
where μ and ρ2 are the mean and variance of the SPE 
statistic, respectively. 
 
 
3  Results and discussion 

3.1  Simulation example 

MBKPCA and the proposed RMBKPCA 
methods were applied to an artificial example. The 
RMBKPCA monitoring approach was compared to 
MBKPCA using a fixed monitoring model. Details of 
this process are given, followed by a comparison of 
the application of RMBKPCA with MBKPCA using 
a fixed monitoring model. 

There were five process variables in the simu-
lated process example: 

 
2 3 2

1 2 1 1 3 1 1

2
4 5 4

, 3 , 3 ,

rand(1, ), sin ,

x v x x ax x x ax

x N x x

= = − = − +

= =
 

 

where v is a uniformly distributed stochastic sequence 
within the range of [0.01, 2], and a  is a time-varying 
parameter that gradually increases from an initial 
value of 1 with a slope of 0.001 per sample, which 
consequently introduces the time-varying process 
behaviors for the process variables x2 and x3. The 
independent and identically distributed Gaussian 
sequences of zero mean and variance 0.01 were added 
to five process variables, which represent measure-
ment uncertainty. From the above process, a dataset 
of 1500 samples was generated. 

Based on the structure of this process, the vari-
ables were divided into two groups: T

1 1 2 3=[ ]x x xX  

and T
2 4 5=[ ] .x xX  Results using MBKPCA (Figs. 1 

and 2) showed that both T2 and SPE plots of the first 
block generated by KPCA exceeded the 99% confi-
dence limit after 600 samples.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 
 
 
 

Fig. 1 Block T2 by multiblock kernel principal compo-
nent analysis (MBKPCA) 
(a) Block 1; (b) Block 2 
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Fig. 2  Block SPE by multiblock kernel principal com-
ponent analysis (MBKPCA) 
(a) Block 1; (b) Block 2 
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Results using RMBKPCA (Figs. 3 and 4) con-
firmed that the proposed RMBKPCA monitoring 
approach did adapt to the impact of the time-varying 
process behavior, and that the process was in control. 
This simulation example has therefore illustrated that 
slowly developing time-varying behaviors can be 
accommodated by the RMBKPCA method. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
3.2  Tennessee Eastman process 

MBKPCA and the proposed method were ap-
plied to the Tennessee Eastman process, a complex 
nonlinear process created by Eastman Chemical 
Company as a realistic industrial process for evalu-
ating the process control and monitoring methods, to 
verify the need for an adaptive monitoring scheme. 
The test process was based on a simulation of an 
actual industrial process, where the components, ki-
netics, and operating conditions have been modified 
for proprietary reasons. There are five major unit 
operations in the process: a reactor, a condenser, a 
recycle compressor, a separator, and a stripper. This 

process contains eight components: A, B, C, D, E, F, 
G, and H. The four reactants A, C, D, E and the inert 
B are fed to the reactor where the products G and H 
are formed, and a by-product F is also produced. The 
process has 22 continuous process measurements, 12 
manipulated variables, and 19 composition meas-
urements sampled less frequently. The details on the 
process description were well explained in Chiang  
et al. (2001). A total of 52 variables were used for 
monitoring in this study. A sampling interval of 3 min 
was used to collect the simulated data for the training 
and testing sets. The data can be downloaded from 
http://brahms.scs.uiuc.edu. Variables were divided 
into three groups: continuous process measurements, 
manipulated variables, and composition measurements. 

Fault 6 was selected to test MBKPCA and 
RMBKPCA, using a dataset of 500 normal samples 
for training purposes. The test sample set contained 
300 samples. The fault occurred at about the 160th 
sample. Building the model by using MBKPCA and 
RMBKPCA, the 99% control limits were calculated 
in each simulation. The MBKPCA model was used to 
monitor the process and not updated with new test 
data. The calculated block T2 plots are shown in Fig. 5. 
In contrast, RMBKPCA used the training data to 
build the initial MBKPCA model, which was then 
updated using RKPCA. The monitoring results of 
RMBKPCA are shown in Fig. 6. Figs. 5 and 6 showed 
that both MBKPCA and RMBKPCA can detect the 
fault from about the 160th sample. However, because 
of the effect of the time-varying process condition, 
false alarms occurred in the MBKPCA process 
monitoring (Table 1). In contrast, RMBKPCA could 
efficiently capture the time-varying and nonlinear 
relationship in process variables. Thus, the false- 
alarm rate was reduced. 
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Fig. 3  Block T2 by recursive multiblock kernel principal
component analysis (RMBKPCA) 
(a) Block 1; (b) Block 2 

Fig. 4  Block SPE by recursive multiblock kernel principal
component analysis (RMBKPCA) 
(a) Block 1; (b) Block 2 
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Fig. 5  Block T2 by multiblock kernel principal compo-
nent analysis (MBKPCA) 
(a) Block 1; (b) Block 2; (c) Block 3 
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4  Conclusions 
 

In this paper, the RMBKPCA algorithm is pro-
posed for time-varying processes. Compared to 
MBKPCA, the model built by RMBKPCA could be 
updated using the recursive eigenvalues and eigen-
vectors in the feature space. The proposed method 
was applied to the fault detection of an industrial 
process. The examples showed that the proposed 
method could efficiently capture the time-varying and 
nonlinear relationship in process variables. 
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Appendix: the multiblock kernel principal 
component analysis algorithm 

 
MBKPCA is a development of MBPCA, which 

is an extension of the eigenvectors and eigenvalues 
solution of the kernel block matrix. Nonlinear itera-
tive partial least squares (NIPALS) is applied for the 
calculation. Set X=[X1, X2, …, XN]∈úm×N as the 
sample matrix. For a new test sample xnew∈ú

m, all 

Table 1  False-alarm points of multiblock kernel prin-
cipal component analysis (MBKPCA) and recursive 
MBKPCA (RMBKPCA) 

Number of faulty samples 
Scheme Block 1 Block 2 Block 3 

MBKPCA 2 16 13 
RMBKPCA 0 0 1 

Fig. 6  Block T2 by recursive multiblock kernel principal
component analysis (RMBKPCA) 
(a) Block 1; (b) Block 2; (c) Block 3 
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variables are blocked in the input space as X=[X1, 
X2, …, XB], and the kernel block matrix can be de-
noted as 

T( ) ( ) ,b b bK =Φ X Φ X                  (A1) 
 

where ( ) bm S
b

×∈Φ X . The (i, j) element of Kb can be 
calculated by 

2

, , ,
1exp .b

i j b i b jK
c

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

X X             (A2) 

 
In the original MBKPCA (Zhang and Qin, 2010), 

all the mixing score matrices obtained from different 
blocks are equally organized as the super scores of 
multiple blocks, which reveal the underlying infor-
mation for process monitoring. Note that these block 
mixing relationships may be correlated with each 
other, and may also cover some relevant information 
more or less. The MBKPCA is introduced in Table A1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Table A1  Nonlinear iterative partial least squares (NI-
PALS) for the weighted multiblock kernel principal 
component analysis (MBKPCA) algorithm 
Step Description 

1 Scale each block data to 0 means 

2 Initialize tT,i 
3 For each block, compute 

T T
, , , , , ,( )b i b i T i T i b i T i=p Φ X t t K t  

T
, , , , , , , ,( )b i b i b i b i T i T i b i T i= =t Φ X p K t t K t

 

 1, 2, ,[ , , ..., ]i i i B i=T t t t  

 T T
, , ,/|| ||T i i T i i T i=p T t T t  

 , ,T i i T i=t T p  

4 If tT,i is not converging, go to Step 3; else, go to Step 5
5 For each block, deflate residual 

T T T T
, 1 , , , , , , , , ,[( /( )] [ /( )]b i+ T i T i T i T i b i T i T i T i T i= − −K I t t t t K I t t t t

6 Go to Step 2 to obtain the next principal component
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