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Abstract: Maintenance of high performance formation control is important for low Earth orbit (LEO) formation missions of
small spacecraft. In this paper, a model of nonlinear relative motion dynamics is built, and then nonlinear and important perturbations affecting the formation configuration, such as J2 and atmospheric drag, are analyzed as disturbances. Global navigation
satellite system based relative positioning with nonlinear filtering is adopted to provide state information associated with the
perturbations. By combining disturbance observer based control with H∞ state feedback, a composite disturbance attenuation
controller is proposed for maintenance of continuous and accurate formation. With consideration of precise control relying on
micro thrusters, a composite disturbance attenuation based saturated controller is designed and its stability is proved. Finally,
through numerical simulations, we demonstrate that control accuracy is improved after effectively avoiding perturbations and that
stabilization can be satisfied using this method.
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1 Introduction
The technology of low Earth orbit (LEO) precise
formations of small spacecraft has become increasingly accepted for its application to space-based collaborative missions, such as interferometric synthetic
aperture radar (InSAR) measurement, distributed
in-situ space exploration, and even cooperative attack
and interception (You et al., 2005). The problem of
maintaining control of formation configurations is
regarded as critical to the long-term effectiveness of
such missions.
For a formation system, the relative motion dynamics is the primary problem affecting configuration
‡
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control and has been studied by many researchers.
The linear model based on the Hill-Clohessy-Wiltshire
equations is the most widely employed model because of its advantages (Clohessy and Wiltshire,
1960), but it results in a number of errors. Therefore,
several forms of nonlinear models have been adopted
to improve the situation (Vaddi et al., 2003). Even so,
issues relating to space perturbations can have a severe impact on the model. The nonlinearity of differential gravitational acceleration, Earth oblateness,
and atmospheric drag are commonly considered the
most important perturbations affecting the ideal solutions. Several methods have been proposed to
eliminate the influences of perturbations. An approximate quadratic nonlinear model and the influence of secular terms have been studied by Xu and
Wang (2008). Canuto et al. (2011) have achieved
good quantitative relationships between J2 and the
formation distance, altitude, and actuator sizing.
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Linear J2 and atmosphere drag have been discussed
by Zhang et al. (2009). They obtained good solutions
but still with errors when simplifying perturbation
models. Alfriend et al. (2000) and Wnuk and Golebiewska (2007) derived very complex nonlinear perturbations, but these are not convenient for applications in engineering.
High performance and real-time relative navigation are also important as they can provide essential
relative state information for the control system. In
particular, some states are associated with perturbations. Global navigation satellite system (GNSS)
technology is quite mature for spacecraft single-point
navigation, and various filters have been presented to
improve navigation performance (Yoon and Lundberg,
2001; Fang and Gong, 2010). Recently, this kind of
technology has been generalized for formation relative navigation and has achieved considerable success
(Winternitz et al., 2009; Buist et al., 2011), but it is
still troubled by the nonlinearity of the state equations,
and system and measurement noises. For cooperative
space missions, formations usually need purpose built
designs, such as along-track-follow, fly-around, or
Pendulum (Zhang YL et al., 2008; Zhang JX et al.,
2009). Obviously, stability of the configuration determines the tasks’ long-term effectiveness. Therefore,
designing a controller with high precision and robustness is critical for the maintenance of formation
configuration, and avoidance of perturbations is the
key step. Wang and Zhang (2007) designed a sliding
mode control for formation maintenance, mainly
against J2 perturbations. Massioni et al. (2011) designed an H∞ robust control for configuration stability
and Schaub et al. (2000) and Zhang et al. (2009)
adopted a mean orbital element nonlinear feedback
control for avoiding the effects of perturbations. But
some treatments for perturbations are not yet precise
enough, and even partially uncertain perturbations are
dealt with as known. Thus, the important perturbations need to be analyzed discriminately and estimated accurately as disturbances to the ideal relative
motion model. For disturbance estimation and
avoidance, an embedded model control (EMC) was
proposed by Canuto (2007), and a disturbanceobserver-based control (DOBC) was summarized by
Guo et al. (2006). The DOBC can estimate exogenous
disturbances and modeling errors that can be compensated for through feed-forward. Guo and Chen
(2005) presented a DOBC for use in the fields of
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robot and missile robust control. Furthermore, DOBC
has advantages for integration with other conventional controllers (e.g., variable structure and proportional–integral–derivative (PID)) and is less conservative in relation to disturbance types.
The achievement of precise configuration
maintenance control requires the support of an advanced micro propulsion system, such as the novel
high specific impulse continuous thruster presented
by Canuto et al. (2011). Thus, the problem of actuator
saturation must be balanced in the process of designing the controller.

2 Problem statement and preliminaries
2.1 Coordinate frame and definitions
Before the problem statement, several relevant
definitions should be introduced. Relative states
among spacecraft are generally expressed in the relative coordinate frame, with its origin Or coinciding
with the master spacecraft’s geometric center (see
OrXrYrZr in Fig. 1), where the Xr axis is along the
Earth’s radius, Zr is parallel to the orbital plane normal, and Yr is tangential to the orbit. This is the same
as the master coordinate frame omxmymzm. Similarly,
the slave spacecraft’s coordinate frame is osxsyszs and
OiXiYiZi is the Earth core inertial coordinate frame.

Fig. 1 Coordinate frames for spacecraft formation

Definition 1 (Orbital elements) im, fm, ωm, and Ωm
represent the master’s orbital elements of inclination,
true anomaly, argument of perigee, and right ascension of the ascending node (RAAN), respectively;
is, fs, ωs, and Ωs represent the slave’s inclination,
true anomaly, argument of perigee, and RAAN,
respectively.
Definition 2 (Conversion matrixes) Rri(im, fm, ωm,
Ωm) represents the conversion matrix from the Earth
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core inertial coordinate frame to the relative coordinate frame; Rsi(is, fs, ωs, Ωs) denotes the conversion
matrix from the Earth core inertial coordinate frame
to the slave coordinate frame; Rrs represents the conversion matrix from the slave to the relative coordinate frame. According to the Euler angular algorithm,
we know that Rrs=RriRis=Rri Rsi1 .
2.2 Nonlinear relative dynamics modeling and
disturbance analysis
For formation configuration maintenance, relative attitudes are not considered in relative states in
this paper. Circular orbit formation is discussed here
although zero eccentricity is difficult to achieve except under strict orbit control, which is not the case in
this paper. Therefore, according to the relative motion
between the master and the slaves, the relative dynamics can be described by the following differential
equations:
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 (am  x)


[(am  x) 2  y 2  z 2 ]3/2 am2

(1)

y
[(am  x)  y  z ]
2

2

2 3/2

z
[(am  x)  y 2  z 2 ]3/ 2
2

(6)

PJ 2  [ PJ 2 x

PJ 2 y

PJ 2 z ]T  Rrs PJ 2s  PJ 2 m ,

(7)

PJ 2 m

1  3sin 2 im sin 2 (m  f m ) 
 Pmx 




  Pmy    m  sin 2 im sin(2(m  f m ))  , (8)
 sin(2im )sin(m  f m ) 
 Pmz 



PJ 2s

1  3sin 2 is sin 2 (s  fs ) 
 Psx 




  Psy    s  sin 2 is sin(2(s  fs ))  ,
 sin(2is )sin(s  fs ) 
 Psz 



(2)

 PJ 2 z  Padz  Dunz , (3)

031




 (am  x)
 2 

 am [(am  x)2  y 2  z 2 ]3/2 
.
F  
y


 [(am  x)2  y 2  z 2 ]3/2 


z
 

 [(am  x)2  y 2  z 2 ]3/2 

term of the differential acceleration F. The solution to
the differential nonlinear J2 perturbation is derived
from coordinate transformation and differential calculation as follows:

 PJ 2 y  Pady  Duny ,

z

(5)

In Eq. (6),  / [(am  x)2  y 2  z 2 ]3/ 2 is the nonlinear

 PJ 2 x  Padx  Dunx ,

y  n2 y  2nx 

I 33
 033

 2

n
0 0 0 2n 0 

A
,
 0 n 2 0 2n 0 0 


0 0 
 0 0 0 0

(9)

where x, y, and z are relative positions in the relative
coordinate frame, am is the master’s orbital radius, μ is

where  m  3J 2  re2 / (2rm4 ),  s  3 J 2  re2 / (2rs4 ),

a gravitational parameter, n   / am3 is the master’s

rm=am, and rs=as. J 2 is the geodynamics form factor,

mean angular velocity, PJ 2 x , PJ 2 y , and PJ 2 z refer to J2

re is the mean radius of the Earth, PJ 2 m and PJ 2s are

perturbations along three axes of the relative coordinate frame, and Padx, Pady, and Padz are atmospheric
drag perturbations. Dunx, Duny, and Dunz represent a
combination of other less influential environmental
perturbations, such as solar-lunar gravitation, solar
radiation pressure, and geomagnetic attraction, which
are considered negligible for the LEO close formation
in this paper.
To analyze every item of Eqs. (1)–(3) carefully,
we need to write them in another form as follows:
X  [ x

y

z 
x 
y 
z ]T

 AX  F  BJ 2 PJ 2  Bad Pad ,

(4)

J2 perturbations to the master and slave in coordinate
frames omxmymzm and osxsyszs respectively, and rs is
the slave’s orbital radius, which can be expressed as
rs  (rm  x)2  y 2  z 2 with relative coordinates.

Similar to Eq. (7), the differential air drag perturbation is Pad  [ Padx Pady Padz ]T  Rrs Pads  Padm ,
where Padm   Padmx

Cd  sm y m2 / (2mm ) Padmz 
T

T

and

Pads   Padsx Cd  ss ys2 / (2ms ) Padsz  are perturbations on the master and slave in coordinate frames
omxmymzm and osxsyszs, respectively. Cd is the aerodynamic coefficient, and ρ is the local atmospheric
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density, considered the same because of the tiny orbital altitude intercept between the master and slaves.
sm and ss are their respective windward areas, mm
and ms are masses, and y m and y s are tangential
velocities.
Generally speaking, these perturbations would
be offset directly in most methods, but inaccurately.
On the one hand, real models of perturbations are
difficult to describe completely; on the other hand,
acquisition of the relative state variables of positions
(x, y, z, x , y , and z ) and angles (fm and fs) associated with perturbations depends on real-time measurement or calculation onboard, which may further
introduce errors to the model. Furthermore, some
state variables are not easy to measure. For these
reasons, a method is proposed to analyze and deal
with the nonlinearity and perturbations as disturbances to the ideal relative motion model.
Before the analysis, several reasonable assumptions should be given: the relative states variables
have an upper bound; we do not consider the extreme
problem of a spacecraft crash.
The Euclidean norm of F is derived into the form

2 
2 2 (am  x)

 ,
am2 (am2  2am x  l 2 )3/2 am4 

(10)

where l  x 2  y 2  z 2 is the distance between the
master and slave. Based on the assumption, it can be
derived that F <WF, and WF is a positive constant.
According to Eqs. (7)–(9), PJ 2 contains angle
variables, which are difficult to measure and calculate
precisely, and sometimes are undetectable. Unlike F,
PJ 2 is not only norm bounded but has the feature
dPJ 2 ( x, y , z , f m , f s )
dt

Relative position variables associated with perturbations depend on effective relative navigation
methods. Here, we introduce a simple relative navigation method for obtaining variables. This is also the
premise of the control system in practical applications.
In a GNSS based relative positioning method every
spacecraft obtains its own position via a GNSS receiver onboard and receives the positions of others
through inter-spacecraft links. With differential calculation and filtering, precise relative position results
can be obtained. In this paper, a nonlinear dynamics
model as given in Eq. (4) is adopted as the state
equation:
2

2/3

PJ 2 

3 GNSS based positioning for obtaining relative state variables

  X  AX  F  BJ PJ  Bad Pad  w.


2
F  2
2
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known positive constant. To sum up, the perturbations
discussed above match the disturbance types of Guo
and Chen (2005), so different methods will be used to
eliminate these classified perturbation influences as
disturbances.

< WJ 2 . It can be proven

that PJ 2 changes slowly and that WJ 2 is a positive
constant.
Similarly, after ignoring very small differences
in drag perturbation to x and z , it can also be derived that Pad  Pad ( y , f m , f s ) <Wad. Wad is also a

2

(11)

The observation equation is built as
Z  [x
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 Rri ([ xs
 [ xm
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ys
ym
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zm

z]T  Rri ( Z s  Z m )  et  
xs
xm

ys
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zs ]T
zm ] )  et   ,
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where Z m ( xm , ym , zm , xm , y m , zm ) indicates the master’s state and Z s ( xs , ys , zs , xs , ys , zs ) is the slave’s
state. w is system noise and v is measuring noise
(assumed to be white Gaussian noise). et is the error
caused by delays in state information transmission
between spacecraft. Such delays can be confirmed by
virtue of an embedded precise synchronous clock and
a computer. An extended Kalman filter needs to be
designed to improve the navigation performance (Han
et al., 2010). Note that whether for navigation (and
filtering) or control, we often need to turn the system
into discrete-time in practical engineering, but the
process and closed-loop framework will be introduced in future work.
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4 Composite controller design

u  bFe  PˆJ 2   . Denote b  [033

4.1 DOBC combined with H∞ state feedback
controller

tuting u in Eq. (13) and combining with Eq. (15), the
augmented system is constructed as

When the initial orbital elements of the formation configuration are determined, Xd is assumed as
the perfect relative state under the ideal space conditions without perturbations. Combined with Eq. (4),
the error equation can be formulated as
e  X  X d  Ae  F  Fd  BJ 2 PJ 2  Bad Pad  Bu u,

(13)
where e is the relative state error, and u is the composite control input, which consists of DOBC and
state feedback control. The coefficient matrixes are
BJ 2  Bad  Bu  [033 I 33 ]T .
State feedback control is widely used in some
systems. Here, a classical state feedback controller is
designed as   KX  KX d  Ke , and K is the control gain needing to be determined.
In Eq. (13), we assume the nonlinear term
Fe  F  Fd . It involves state variables x, y, and z,
which can be obtained from the relative navigation
results in Section 3. Thus, it will be offset during the
controller design.
Perturbation PJ 2 involves fm and fs, except for x,
y, and z. Real-time fm and fs are considered not easy to
obtain precisely, especially for formation on the track.
Therefore, PJ 2 is estimated through subsequent ob-

server design. The observer is formulated as
γ   LBJ PˆJ  L( AX  Fe  Bu u),
2
2

ˆ
 PJ 2  γ  LX ,

(14)

where L is the observer gain to be designed and the
disturbance observer estimation error is designed as
e  P  Pˆ . P̂ is the estimation of P . Then
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and L should be designed appropriately to make
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Next, the composite controller is constructed as
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0
  63
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The controller u consists of three parts: the first
is to offset nonlinear impacts, the second is to estimate and compensate J2 using a disturbance observer,
and the last part is used to attenuate drag disturbance
and to control relative position through a state feedback controller. Simultaneously, the state feedback
controller needs to satisfy asymptotic stability required by H∞ performances, which will be proved in
the next subsection.
4.2 System stability

Now, the system (16) is proven uniformly ultimately bounded. At the same time, the composite
controller gains K and L can be resolved through a
series of demonstrations. Adding an output equation
to Eq. (16), the new augmented system can be written
as
 X  AX  BD,
(17)
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Theorem 1 In the system (17), for a given α>0, if
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where G = AQ1  Bu R1 , sym(Y)=Y+YT for a square
matrix Y, then the system (17) is uniformly ultimately
bounded, and satisfies the H∞ performance index:
Z   D . The controller gain can be obtained as
1
1

1
2

K  R1Q , L  P R2 .

Proof Based on a bounded real lemma (de Souza and
Xie, 1992), we substitute A , B , C, D. After elementary matrix transformation, it is not difficult to derive
Π1 
sym( H ) C1T

γI
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 0
0
 T
0
 Bad P1
 T
C 2T
 BJ 2 P1
 0,

0

P1Bad

0
γI
0
P2T

0
0
γI
 P2 LBad
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P2

 Bad T LT P2 

sym( P2 LBJ 2 ) 
(19)
P1BJ 2

where H = P1 ( A  Bu L), P1  Q11 , P2  Q21 , R1=
KQ1, and R2=P2L. Then pre- and post-multiplying
inequality (19) by the diagonal matrix diag{Q1, I, I, I,
I}, inequality (18) is obtained.
5 Saturated controller and stability

The precision of the micro thruster is satisfied
but there is a lack of power when considering high
performance configuration control. This may mean
that actual thrust may not meet the desired control
input, which may even make the system performance
unstable. Therefore, the design of the composite controller must take into account the problem of actuator
saturation.
umax is assumed as the thruster’s output maximum. In Section 4, the controller is designed as
u  bF  Pˆ   , where τ=Ke. Combined with the
e

J2

preceding conclusions, u is improved to form a saturation controller us as
τ s  PˆJ , τ s  umax  WJ ,
2
2
us  G (τ s )  
sign(τ s )  (umax  WJ 2 ), τ s  umax  WJ 2 .
(20)
Based on the observer (14), setting  s  2 Ke, and
u  us   s as control input, we can obtain
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then the system (21) is uniformly ultimately bounded,
and satisfies H∞ performance Z 2  α D 2 .
Proof Define the Lyapunov function as follows:
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 0


situation, very low eccentricity (<0.001) was still
used as the initial element, but the equivalent influences could be ignored for flying-around formation
control in this study, as shown by Canuto et al. (2011).
The initial values of formation orbital parameters are
given in Table 1.

0
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Table 1 The initial values of formation orbital elements
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p   X T 0 usT / σ 2 D T  .

Exchanging rows and columns of Λ1, it can be
shown that Λ<0 is equivalent to Λ1<0 according to the
Schur supplementary lemma. Then if we substitute A ,
B , C , D , B , C , D , E , K , W to Λ, using matrix
elementary transformation and multiplying the diagonal matrix diag{Q1, I, I, I, I, I, I, I, I}, Theorem 2
can be obtained (see the Appendix). K  R1Q11 ,
L  P21 R2 , and Eq. (21) is uniformly ultimately

bounded and satisfies Z

2

 α D 2 . The proof is

completed.

6 Simulations

To demonstrate the efficiency of the proposed
methods, LEO formation of three-satellite diversion
was adopted as an example for numerical simulations
in this study. To make the example similar to a real

a
e
i
Ω
ω

Value
Master
Slave 1
Slave 2
6
6
7.1356×10 m 7.1356×10 m 7.1356×106 m
0.00104761
0.00092569
0.00092569
98.4247°
98.4260°
98.4247°
220.2500°
220.2492°
220.2516°
90.0000°
108.5471°
71.4530°

a: orbital radius; e: eccentricity; i: inclination; Ω: right ascension of
the ascending node (RAAN); ω: argument of perigee

According to Theorem 2, we designed parameters as σ1=2, σ2=3, and α=20. By solving Eq. (15), we
obtained the parameter K of the state feedback controller and observer gain L:
  k1
K    k2
 0

k2
 k1
0

0
0
 k1

 k3
k4
0

 k4
 k3
0

0 
0  ,
k3 

where k1=31.9832, k2=0.0732, k3=81.2185, k4=0,

0 
0 0 0 1.7536 0.0000

L  0 0 0 0.0000 .7536
0  .
0 0 0
0
0
1.7536 
First, we chose GPS (single point positioning
error <1 m (spherical error probable, SEP)) as representative of GNSS to validate the relative navigation
method in this paper. We assumed that every vehicle
was equipped with one GPS receiver and that the
relative attitude could not be determined, so only
relative positioning was considered and simulated
here. Through a nonlinear filter, the relative position
errors converged rapidly to the order of 10−3 m, and
the velocity to 10−4 m/s. Fig. 2 shows the Yr axis
relative position error, which was worse than those of
the other two directions. The amplified section indicated that the error reached ±0.012 m. By plotting
the relative position coordinates obtained from the
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positioning algorithm, the diversion trajectory (Fig. 3)
was obtained.
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than 0.02 m from the partial enlarged details. Also,
the control acceleration was kept below ±2×106 m/s2.
The screenshot (Fig. 8) shows the details of the control input signals for the micro thrust actuators. The
actuators were assumed to have been installed symmetrically in three directions without noises, and the
control signals were the total accelerations in the three
directions.

Fig. 2 Relative position error (Yr axis) of formation
navigation

Fig. 4 Relative position tracking errors using the proposed controller
Fig. 3 Formation diversion trajectory calculated by relative positioning

Fig. 5 PJ 2 estimation (Yr axis) using the observer
Relative position error (m)

Many control methods for formation configuration maintenance are used such as PID control and
sliding mode control, but few of them aim to reject
types of disturbances. In this section, to deal with this
class of nonlinear formation system with various
perturbations, the proposed composite controller was
simulated. At the same time, an H∞ control method
similar to that adopted by Massioni et al. (2011) was
compared with our presented method. Fig. 4 shows
relative position maintenance errors using the composite control law. The errors decreased in hundreds
of seconds regardless of the actuator’s features. Fig. 5
shows that the designed disturbance observer can
estimate the perturbation terms quickly and exactly.
Fig. 6 shows the Yr axis comparison result using
the common H∞ controller (Sun et al., 2004) and the
composite disturbance attenuation controller. Clearly,
our proposed method had higher precision, and the
relative position errors were reduced by 60%–70%
compared with conventional methods.
Nevertheless, all the simulation results above
reveal the control effect without considering the saturation restriction, so the saturation controller was
simulated here. We assumed that the control acceleration level was 106 m/s2. Fig. 7 presents the position tracking errors, which converged slowly but less

Fig. 6 Comparison of relative position errors (Yr axis)
between H∞ and H∞ with a disturbance observer (DO)

Fig. 7 Position tracking errors using the proposed saturation controller
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7 Conclusions

In this paper, the nonlinear relative dynamics is
constructed with analysis of primary perturbations for
precise spacecraft formation missions. A feasible
method is presented to classify the perturbations into
different types of model disturbances, which contain
slow variations and are norm bounded. Then, based
on the dynamics equations above, a nonlinear filter is
designed for accurate GNSS relative positioning.
Utilizing the positioning results simultaneously, a
composite disturbance attenuation controller is described to keep the configuration of the formation
mission. The controller consists of DOBC combined
with H∞ state feedback with advantages of estimating
and rejecting corresponding disturbances. For a better
control effect, the saturated controller is designed
under the condition of micro thrusters as actuators. By
designing an appropriate Lyapunov function, the
stability of the system is proved. Through numerical
simulation, the GNSS relative positioning errors are
reduced to within ±0.01 m. Also, the relative position
error could be controlled within ±0.02 m while
keeping the control acceleration less than 2×106 m/s2.
These results show that the system model, nonlinear
filter, and composite controller are all able to meet
the requirements of relative navigation and configuration maintenance for high performance formation
missions.
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