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Abstract: A new procedure of learning in Gaussian graphical models is proposed under the assumption that
samples are possibly dependent. This assumption, which is pragmatically applied in various areas of multivariate
analysis ranging from bioinformatics to finance, makes standard Gaussian graphical models (GGMs) unsuitable. We
demonstrate that the advantage of modeling dependence among samples is that the true discovery rate and positive
predictive value are improved substantially than if standard GGMs are applied and the dependence among samples
is ignored. The new method, called matrix-variate Gaussian graphical models (MGGMs), involves simultaneously
modeling variable and sample dependencies with the matrix-normal distribution. The computation is carried out
using a Markov chain Monte Carlo (MCMC) sampling scheme for graphical model determination and parameter
estimation. Simulation studies and two real-world examples in biology and finance further illustrate the benefits of
the new models.
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1 Introduction
Many multivariate statistical methods assume
that samples are independently distributed from a
multivariate Gaussian distribution. Under this independence assumption, Gaussian graphical models
(GGMs) are widely used for simultaneously discovering conditional independence structures and estimating covariance matrices (Lauritzen, 1996; Giudici and Green, 1999; Wang and Li, 2012). Very often, this assumption is violated in real applications
where samples are naturally correlated owing to the
data generating mechanisms. To accommodate sample dependence, existing methods often assume that
the dependence structure is known (e.g., temporal
correlations), and then model the structure explicitly (Carvalho and West, 2007; Zhang et al., 2009;
‡ Corresponding author
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Wang, 2010; Wang et al., 2011). When the sample
dependence structure is unknown, this paper proposes a novel matrix graphical model for modeling
the general dependence structure for better statistical inference.
One motivating example comes from building
gene association networks from microarray data—an
area where GGMs have been used extensively. When
GGMs are used to generate graphs for genes, observations of microarrays are typically assumed to be
independent. What if samples are dependent? In
Efron (2009) and Allen and Tibshirani (2010; 2012),
correlations among arrays are considered in the context of detecting signiﬁcant genes in the two-class
microarray. Correlations among samples can aﬀect
the observed pattern of correlations among variables.
This ‘leakage’ eﬀect can possibly lead to many false
positive edges if standard GGMs are applied, and
thus must be taken care of.
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Another very meaningful motivation is to model
panel data that arise frequently in economics and
ﬁnance. Panel data contain repeated observations
on the same cross-section of variables (e.g., ﬁrm’s
stock returns) over multiple time periods. The data
thus will exhibit both cross-sectional dependence
and time-series dependence. Naively assuming independence among samples will introduce severe bias
into statistical analysis, and potentially lead to bad
decision-making (Wooldridge, 2001; Petersen, 2009).
Any good statistical procedure for panel data must
carefully consider the correlation structures naturally inherent in the data. Our proposed matrix
graphical models provide one such method to parsimoniously model correlation structures in panel data
in order to produce reliable statistical inferences.
Our main contributions are the introduction of a
matrix-variate Gaussian graphical model (MGGM)
that simultaneously accounts for dependence among
samples and among variables, and the eﬃcient
Markov chain Monte Carlo (MCMC) sampler for
model ﬁtting. The performance of the new methods is evaluated in a simulation and two real-world
problems about gene expression network and mutual fund performance evaluation. New methods are
found to improve parameter estimation and signal
discovery over the standard models that consider no
correlation among samples.

2 Gaussian graphical model for independent data
We ﬁrst give a brief introduction of the standard Gaussian graphical models. Consider a pdimensional vector which follows a multivariate normal distribution N (0, U ), where U is the covariance
matrix. Let Ω = (ωij ) ≡ U −1 be the precision matrix. Let GU = (VU , EU ) be an undirected graph
with the node set VU = {1, 2, · · · , p} and the edge
set EU = {(i, j) : ωij = 0} (i.e., edge (i, j) is missing
whenever ωij = 0).
The graph G then reﬂects the conditional independencies among components in y. Observe independent samples Y = {y1 , y2 , · · · , yn } of size n from
N (0, U ). The density of Y given a graph GU can be
represented as

N (YPU | 0, UPU )
, (1)
p(Y | U , GU ) = PU ∈PU
S∈SU N (YSU | 0, USU )
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where PU and SU are sets of prime components and
separators of GU respectively, and N (YPU | 0, UPU )
is a multivariate Gaussian density with the covariance matrix of UPU corresponding to the component
PU .
For the constrained covariance matrix U , the
‘hyper-inverse Wishart’ distributions (Dawid and
Lauritzen, 1993) are the conjugate priors. Speciﬁcally, given GU , U follows a hyper-inverse Wishart,
HIWGU (b, B) prior, if its prior density is of the form

IW(UPU | b, BPU )
p(U | GU ) = PU ∈PU
, (2)
SU ∈SU IW(USU | b, BSU )
where the sub-matrix UPU has an inverse Wishart
IW(UPU | b, BPU ) prior for each complete prime
component PU ∈ PU . If the prime component is not
complete, Roverato (2002) showed that the density
on that prime component can be theoretically derived up to a normalizing constant. Bayesian graphical model determination requires the evaluation of
the marginal likelihood at any graph GU . Under
the hyper-inverse Wishart prior, U ∼ HIWGU (b, B),
this marginal likelihood density is calculated as

p(Y | GU ) =
p(Y | U , GU )p(U | GU )dU
Ω ∈M(GU )
np
H(b, B, GU )
, (3)
= (2π)− 2
H(b + n, B + SY , GU )
where M (GU ) is the space of all positive-deﬁnite
symmetric matrices that have ﬁxed zeros for missing edges in GU , and H(b, B, GU ) and H(b + n, B +
SY , GU ) are the prior and posterior normalizing constants respectively, where SY = Y Y  . For decomposable models, the normalizing constants are analytically available. For nondecomposable models,
the normalizing constant is analytically intractable
and requires numerical approximation (Atay-Kayis
and Massam, 2005).

3 Gaussian graphical models for correlated samples
3.1 Matrix Gaussian graphical models
Now relax the assumption in Section 2 that the
samples yi are independent. We propose matrix
Gaussian graphical models for accommodating the
correlations among samples using the matrix-variate
normal distribution. Consider a zero mean random
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matrix Y of size p × n. Then Y is matrix normal,
Y ∼ N (0, U , V ),
p(Y ) ≡ p(Y | U , V )


  −1

Y U Y V −1
= k(U , V ) exp −tr
, (4)
2

where U = (uij ) is the column covariance matrix
of size p × p, V = (vij ) is the row covariance matrix of size n × n, and the constant k(U , V ) =
(2π)−np/2 |U |−n/2 |V |−p/2 with | · | denoting the matrix determinant. The matrix-variate normal implies
that the marginal distribution of one row yi, is multivariate normal with covariance matrix uii V and
precision matrix Λ/uii = V −1 /uii , and the marginal
distribution of one column y,j is multivariate normal with covariance matrix vjj U and precision matrix Ω/vjj = U −1 /vjj . Thus, the covariance matrix
V captures the correlations among samples.
GGMs of Section 2 focus on V = In where the
columns y,j are independent replicates. Correlations among samples imply a non-diagonal V ; however, conditional independencies among variables are
still encoded in undirected graphical Ω. Zeros in Ω
deﬁne row-wise conditional independencies; that is,
yi, and yj, , conditional upon y−(ij,) , are independent if and only if ωij = 0.
As in GGMs, we seek to determine the graph GU
for U . Instead of assuming V = In , we incorporate
the eﬀect of V to GU by imposing graphical models
on V to parsimoniously estimate V . Now, for a
single data matrix Y , two graphs are considered: a
p-node graph GU representing relationship among
p variables, and an n-node graph GV representing
relationship among n samples. Here we assume Y
has zero mean. This is not a restriction, because Y
can be de-meaned by estimating M using methods
in, for example, Allen and Tibshirani (2010).
Clearly, U and V are not identiﬁed since, for
any c = 0 and Y , the density p(Y | U , V ) is equal
to the density p(Y | cU , V /c). We follow the idea of
Wang and West (2009) to achieve identiﬁcation by
imposing the constraint v11 = 1. Furthermore, to
specify priors for the restricted parameter of V , we
consider the conditioning approach, and assume independent priors for U and V with margins deﬁned
by

U ∼ HIWGU (b, B),
(5)
V ∼ HIWGV (d, D)1v11 =1 .
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For the graphical model space priors on (GU , GV ),
we use independent Bernoulli distributions for edge
inclusion indicators (Jones et al., 2005). The prior
kU
(1 −
on the graphical model space is π(GU ) = wU
m−kU
wU )
, where kU is the number of edges in GU
and m = p(p − 1)/2. We use wU = 2/(p − 1) and
wV = 2/(n − 1) in this paper.
3.2 Markov chain Monte Carlo sampling
To estimate MGGMs, we develop the following
MCMC sampling scheme:
(a) Generate GU from
(GU | V , GV ) ∝

H(b, B, GU )π(GU )
. (6)
H(b + n, B + Y ΛY  , GU )

(b) Generate U from
(U | V , GU , GV ) ∼ HIWGU (b+n, B+Y ΛY  ). (7)
(c) Generate GV from
(GV | U , GU ) ∝ p(Y | GV , U , GU )π(GV ),

(8)

where p(Y | GV , U , GU ) is calculated below.
(d) Generate V from
(V | U , GV , GU ) ∼ HIWGV (d+p, D+Y  ΩY )1v11 =1 .
(9)
In this sampling scheme, steps (b) and (d) involve sampling from the HIW, and the conditional
HIW distributions. For decomposable graphs, Wang
and West (2009) provided methods for generating these random variables. For nondecomposable
graphs, sampling HIW is based on the block Gibbs
sampler algorithm of Wang and Li (2012), while sampling the conditional HIW can be done by modifying
the algorithm in Wang and Li (2012) to incorporate the constraint v11 = 1. In particular, in the
block Gibbs sampler of Wang and Li (2012), whenever updating a block involving the ﬁrst element v11 ,
we generate V from the conditional inverse-Wishart
distribution under the constraint v11 = 1.
Step (c) requires the integration of a normal
likelihood function with respect to the conditional
HIW distributions to generate GV in the sampling
scheme. This integration can be theoretically derived
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as follows:
p(Y | GV , U , GU )

= p(Y | U , V )p(V | U , GU )dV

∝ N (Y ; 0, U , V )HIWGV (V ; d, D)1v11 =1 dV
H(d, D, GV )
p(v11 = 1; d, D, GV )
,
∝
H(d + p, D + Y  ΩY , GV )
p(v11 = 1; d + p, D + Y  ΩY , GV )
where p(v11 = 1; d, D, GV ) is the marginal density of
v11 evaluated at v11 = 1. Here the marginal density
of v11 is implied from the joint distribution V ∼
HIWGV (b, D). Note that Corollary 2 of Roverato
(2002) implies that neither p(v11 = 1; d, D, GV ) nor
p(v11 = 1; d + p, D + Y  ΩY , GV ) depends on GV .
Hence, the above integration is only proportional to
H(d, D, GV )/H(d + p, D + Y  ΩY , GV ) for a given
graph GV .
Both steps (a) and (c) involve the evaluation of
the ratio of the normalizing constant of an HIW distribution. For decomposable models, an analytical
expression for the normalizing constant is available.
For nondecomposable models, there is no analytical
form for the normalizing constant. To estimate it,
we use the Monte Carlo method proposed by AtayKayis and Massam (2005). Alternative methods to
estimate this constant include those based on the importance sampler (Roverato, 2002; Dellaportas et al.,
2003).
The remaining substantial problem is how to
eﬀectively explore conditional posterior graphical
model spaces p(GU | V , GV ) and (GV | U , GU ).
In standard GGMs, MCMC is widely used to carry
out model determination and there is no signiﬁcant
diﬀerence between speciﬁc MCMC samplers (Jones
et al., 2005). Although one can argue that alternative algorithms such as the shotgun stochastic search
(Jones et al., 2005) are more eﬃcient than MCMC
in identifying higher posterior graph regions, we focus our implementation on MCMC methods in all
of our examples because of the following three critical reasons: First, stochastic search algorithms require the evaluation of the marginal likelihood density with (U , V ) fully integrated out. Such an integration either requires Monte Carlo approximation
in a decomposable case, or is simply computationally infeasible in a nondecomposable case for MGGM
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(Wang and West, 2009). In contrast, MCMC methods can avoid the complete integral over (U , V ), and
thus are feasible for unrestricted MGGM. Second,
all existing stochastic search algorithms are developed for the stand-alone graphical model, that is,
to learn the underlying graphs based on a sample of
independent and identically distributed multivariate
normal observations. Nevertheless, in many applications, GGM serves only as a modular structure
for more elaborate models such as copula models,
time-series models, mixture models, and the multivariate regression models developed in Section 6.
MCMC is perhaps the only theoretically valid way
to carry out model ﬁtting in these situations. Third,
we use the posterior median graph as our estimates
of the true graph partly because the maximum a
posteriori graph is impossible to obtain for MGGMs
for reasons mentioned above. We ﬁnd that multiple MCMC runs are able to provide similar posterior
median graphs for both GGMs and MGGMs. One
possible explanation is that MCMC is able to converge marginally on each individual edge inclusion
probability, although it may not be able to ﬁnd the
overall highest posterior probability graphs. Thus,
in the examples below, we use the simple local-move
Metropolis-Hastings algorithm to sample from both
p(GU | V , GV ) and p(GV | U , GU ).

4 Simulation
This simulation is concerned with the eﬀect of a
correlated sample on GGMs and the utility of modeling correlations among samples using MGGMs. It
highlights the improvement in the quality of graphical model determination that can be obtained when
correlations among samples are modeled rather than
ignored if samples are truly correlated. It also shows
the small loss of eﬃciency when modeling correlations that do not exist.
In all of these simulations, one single data
matrix, Y , is simulated from the matrix normal
N (0, U , V ), and is of size p = 100 and n = 50. Two
structured covariances for U and four structured covariances for V are considered:
1. U1 : autocorrelation matrix of the AR(2)
model with AR parameters 0.7 and 0.2.
2. U2 : block diagonal with block size 10. Within
the block, U is set to be the constant correlation
matrix 0.5J10 + (1 − 0.5)I10 , where J10 is the 10 × 10
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matrix of 1’s and I10 is the identity matrix of order
10.
3. V1 : identity matrix.
4. V2 : autocorrelation matrix of the AR(1)
model with AR parameter 0.5.
5. V3 : block diagonal with block size 10. Within
the block, V is set to be the constant correlation
matrix 0.5J10 + (1 − 0.5)I10 .
6. V4 : block diagonal with block size 25. Within
the block, V is set to be the constant correlation
matrix 0.5J25 + (1 − 0.5)I25 .
For each simulated data matrix Y , we have applied unrestricted GGMs and MGGMs with several
prior hyperparameter speciﬁcations and several initial graphs. In this paper, we report results for
only one such speciﬁcation, that is, b = d = 3,
B = 3I100 , D = 3I50 , and starting from empty
graphs. The relative performance of MGGMs to
GGMs is similar across the choices of initial graphs
and hyperparameters. Results are obtained with
500 000 runs for GGMs and 500 000 sweeps after
100 000 burn-ins for MGGMs. Here one sweep consists of steps (a) and (b) in the algorithm of Section
3.2: one edge update in GU , one update of all elements in U , one edge update in GV , and one update
of all elements in V .
To compare GGMs and MGGMs, we focus on
their performances on the ability to recover existing edges of graph GU . This is a binary classiﬁcation task where GGMs and MGGMs can be regarded as two classiﬁers. The results of a binary
classiﬁcation experiment can be summarized by four
measures: true positives (TP), false positives (FP),
true negatives (TN), and false negatives (FN). According to the posterior distributions of GU , we
compute the true positive rate (TPR), deﬁned as
TPR = TP/(TP + FN), and the positive predictive value (PPV), deﬁned as PPV = TP/(TP + FP).
TPR is the proportion of true discovered edges out
of all true edges, and is equal to the power of the
classiﬁer. PPV is the proportion of true discovered
edges out of all discovered edges, and is equal to one
minus false discovery proportion. We use the posterior median probability graph as our estimate of the
GU . A graph is called the posterior median probability graph, if each of its edges has a marginal edge
inclusion probability greater than 0.5.
The entire process was repeated 50 times for
each of (Ui , Vj ) (i = 1, 2; j = 1, 2, 3, 4) and for both
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GGMs and MGGMs. Fig. 1 displays the boxplots of
the TPR and PPV achieved by the diﬀerent classiﬁers from GGMs and MGGMs. When correlations
among samples truly exist, Figs. 1c–1h and Figs. 1k–
1p show that allowing for the correlation structure
among samples substantially and consistently improves the accuracy of the estimates of GU in terms
of TPR and PPV. In all cases where samples are
correlated, MGGM is around 2% more eﬃcient than
GGM, as measured by TPR. For PPV, GGM fares
particularly poorly compared with MGGM. For example, when U = U2 and V = V3 , the median
PPV is 78% for GGM and 90% for MGGM. The
explanation is that when there actually exists sample dependence, ‘leakage’ between correlations in U
and V can cause GGMs to signal false positive edges
between variables if correlations among samples are
not considered.
When correlations among samples do not exist,
Figs. 1a and 1b and Figs. 1i and 1j show that there
is a slight deterioration in the TPR for the MGGM
classiﬁer compared to the GGM procedure. This is
expected because the samples are actually independent (i.e., V = I50 ) and MGGMs also estimate V .
The loss in the eﬃciency in terms of TPR is about
3% for U1 (Fig. 1a) and 0.5% for U2 (Fig. 1i) for the
median datasets.

5 Gene expression example
GGMs are frequently used to build networks
from gene expression data. The majority of the
modeling and computational techniques for exploring gene networks are developed under the assumption of independence among the samples. This independence assumption can be unrealistic in practice,
as discussed in Efron (2009) and Allen and Tibshirani (2010; 2012), among others. This example illustrates that the correlations among arrays can exist
and can be captured by MGGMs. It also shows that
the graphs from MGGMs diﬀer substantially from
GGMs.
The breast cancer data (Jones et al., 2005;
Castelo and Roverato, 2006) contain p = 150 genes
related to the estrogen receptor pathway and n =
49 samples. We ﬁrst repeated the GGM analysis
of Jones et al. (2005) under the assumption that
there is no array correlation (i.e., V = I49 ) and
under the priors b = 3 and B = 4I150 . The
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Fig. 1 Comparison of the Bayesian estimators of GU for the TPR and PPV in the simulation study. Shown are
box plots of the TPR and PPV over 100 simulations and for two estimators, GGM and MGGM, for diﬀerent U
and V matrices. The two U matrices are: U1 , autocorrelation matrix; U2 , block diagonal matrix. The four V
matrices are: V1 , identity matrix; V2 , autocorrelation matrix; V3 , block diagonal with block size 10; V4 , block
diagonal with block size 25
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unrestricted Metropolis-Hastings stochastic search
algorithm was run 10 million steps and the posterior median probability graph was used to estimate GU . The covariance matrix U was then
estimated by Û = EGU (U | b + n, b + Y Y  )
where the expectation was taken with respect to
HIWGU (b + n, b + Y Y  ) for the posterior median
probability graph GU (Rajaratnam et al., 2008). We
then computed the column-wise correlations of the
data matrix YdeU = Û −1/2 Y . Under the assumption V = I49 , YdeU must be approximately distributed as N (0, I150 , I49 ), and the distribution of
the column-wise correlations of YdeU must be similar to the distribution of the column-wise correlations from N (0, I150 , I49 ). Fig. 2a shows the histogram of all 1176 column-wise correlations of YdeU ,
which is slightly over-dispersed than N (0, I150 , I49 )
suggests: the standard deviation is estimated to be
0.11 rather than 0.8, which is numerically calculated
from N (0, I150 , I49 ).
5

(a)

Density

4
3
2
1
0
-1.0

5

0
-0.5
0.5
Column-wise correlation of YdeU

1.0

0
0.5
-0.5
Column-wise correlation of YdeU, YdeV

1.0

(b)

Density

4
3
2
1
0
-1.0

Fig. 2 Gene expression study. (a) Histogram of
column-wise correlations of YdeU ; (b) Histogram of
The solid
column-wise correlations of YdeU,deV .
curve represents numerically estimated density of
the distribution of column-wise correlations from
N (0, I150 , I49 )

Now we apply MGGMs with b = d = 3 and
B = 4I150 , D = 4I49 to the same data set. The
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model was estimated using 10 million sweeps for
both burn-in and inference, and this gave agreement
to two decimal places of the estimates of the edge
inclusion probability of GU when graphs were initialized from diﬀerent starting positions. The code
was written in C++. On a six-core 2.4 GHz CPU
desktop computer, it took about 5 d to complete the
computation. Fig. 3 summarizes the estimation results of V . Fig. 3a shows the estimated posterior
mean of correlations among arrays. Fig. 3b shows
the histogram plot of all 1176 between-array correlations. A fair amount of correlations seem to
exist between a few pairs of arrays. For example,
array 1 is correlated with arrays 2, 3, and 5 with
estimated correlations being 0.30, 0.33, and 0.19,
respectively. Overall, 99% of pairs of all correlations are within 0.1, indicating that the majority of the arrays in this microarray data set are
close to independence. The posterior mean estimates of Û and V̂ are then used to compute the decorrelated Y given by YdeU ,deV = Û −1/2 Y V̂ −1/2 .
The column-wise correlations of the YdeU ,deV are
compared with the distribution of the column-wise
correlations from N (0, I150 , I49 ) (Fig. 2b). Û and
V̂ have de-correlated Y quite satisfactorily. In comparison with GGMs, the standard deviation of all
1176 column-wise correlations is now estimated to
be 0.09, close to 0.08 which is numerically calculated
from N (0, I150 , I49 ).
To investigate the impact of array correlations,
we compared the edge inclusion probabilities from
GGMs with those from MGGMs. Overall, there are
160 and 104 edges that have probability 0.5 or higher
in GGMs and MGGMs, respectively. Among the
160 edges in GGMs, 76 edges have probability 0.5 or
higher in MGGMs. Fig. 4 displays the adjacency matrices of the graphs estimated from GGMs (Fig. 4a)
and MGGMs (Fig. 4b). These adjacency matrices
are computed from the median probability graph.
These two estimated graphs diﬀer substantially in
terms of sparsity and overall pattern.
Finally, we conducted a series of robustness
checks to verify that the diﬀerence in estimation performance between MGGM and GGM is not driven
by the initial values of graphs or the model ﬁtting
algorithms. To do so, we ﬁrst ran multiple MCMCs
starting from diﬀerent initial values of GU for GGM
(or (GU , GV ) for MGGM), including the best decomposable graphs found from the initial 10 million
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the best decomposable graph and non-decomposable
graphs found by their search algorithm are −9418
and −9228, respectively. Our result is comparable
to theirs. In contrast, the posterior median probability graph GU estimated by MGGM has an unnormalized posterior mass of around −9623 when it is
evaluated under GGM. This indicates that GGM is
unable to ﬁnd the graph that is found by MGGM
and it is indeed the model diﬀerence rather than the
algorithm diﬀerence that generates the diﬀerence in
the estimates.

6 Extensions to multivariate linear regression models with applications to
mutual fund evaluation
6.1 Multivariate linear models with correlated errors
Fig. 3 The estimated correlation matrix (a) and the
histogram of all correlations among arrays (b)

Gene index
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Fig. 4 Comparison of adjacency matrices of median
probability graphs produced by GGMs (a) and MGGMs (b). Graph (a) has 160 edges and graph (b) has
104 edges

runs. Within either GGM or MGGM, the posterior
median probability graphs resulting from multiple
runs are relatively similar to each other—they diﬀer
only at fewer than 10 estimated edges. On the other
hand, the number of diﬀering edges between posterior median probability graphs of GU estimated
from GGM and from MGGM is always greater than
100. This indicates that the initial value cannot explain the main diﬀerence in the estimation performance between MGGM and GGM. Next, we show
that the estimation diﬀerence between MGGM and
GGM is not because of the diﬀerence in the modeling ﬁtting algorithm. The unnormalized posterior
mass of the posterior median probability graph GU
under GGM is around −9352. Jones et al. (2005)
reported that the unnormalized posterior masses of

Multivariate linear regression (MLR) models
provide a diverse and popular set of tools for modeling and predicting multivariate dependent variables
that often arise in areas such as economics and ﬁnance (Wooldridge, 2001). Let yt be a p-vector of
dependent variables observed at time t, and let Xt
be a p × k matrix of independent variables observed
at time t. The multivariate linear model can be expressed as
yt = X t β + e t ,

t = 1, 2, · · · , T,

(10)

where β is the k-vector of unknown regression coefﬁcients, and et is the p-vector of unobserved random
residuals. The assumptions about the correlation
structure of the residual {et } are critical to the accuracy of statistical inferences about the β. For example, the ordinary least squares (OLS) estimator of
the standard errors is unbiased only when the residuals are independent and identically distributed. On
the other hand, when the residuals are correlated,
OLS can produce biased results. Many econometric methods have been proposed for adjusting the
bias resulting from the correlated structure of {et }.
For a review of some of the popular methods, we
refer to Petersen (2009). These methods often rely
on asymptotic theory and may not be suitable for
small-sample problems. Our basic model in Section
3 does not require any asymptotic theory, providing a new and attractive approach for estimating β
when the residuals are both temporally correlated
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and cross-sectionally correlated. The extension of
the basic model in Section 3 to the MLR setting
Eq. (10) is straightforward: Let the p × T residual
matrix (e1 , e2 , · · · , eT ) follow the matrix-normal distribution N (0, U , V ). The two covariance matrices
(U , V ) then automatically capture the time-series
correlations and the cross-sectional correlations. We
jointly estimate (β, U , V ) by extending the MCMC
in Section 3.2 to incorporate an additional step for
simulating β. The posterior distribution of β then
naturally takes account of the residual correlations.
To illustrate the utility of our methods, we consider an important ﬁnance application of Eq. (10)
to evaluate mutual fund performance. Speciﬁcally,
we will demonstrate how the new methods improve
the estimation of a mutual fund’s ‘alpha’, which
is perhaps the most common measure of a mutual
fund’s historical performance. Traditionally, a mutual fund’s ‘alpha’ is estimated via ﬁtting a linear
regression y0,t = α0 + xt β0 + 0,t , for t = 1, 2, · · · , T ,
where the vector xt represents the benchmark returns, y0,t is the return of the mutual fund under
evaluation, and α0 is the fund’s performance measure ‘alpha’. The benchmark assets are often chosen according to asset pricing models. For example, the classical capital asset pricing model (CAPM)
(Sharpe, 1964) indicates that the benchmark is the
aggregated market return. A new method to estimate a fund’s alpha was proposed by Pástor and
Stambaugh (2002) based on the idea that nonbenchmark passive assets are also important in accurately
estimating a fund’s alpha. Their evaluation models
can be expressed as the following multivariate linear
regression:

y0,t = α0 + xt β0 + 0,t ,
(11)
yi,t = αi + xt βi + i,t , i = 1, 2, · · · , p,
where (y1,t , y2,t , . . . , yp,t ) are p nonbenchmark passive returns, xt = (x1,t , x2,t , · · · , xk,t ) are k benchmark returns, and t = (0,t , 1,t , · · · , p,t ) is assumed by Pástor and Stambaugh (2002) to be correlated contemporaneously and not autocorrelated.
That is, cov() ≡ cov(1 , 2 , · · · , T ) = IT ⊗ U .
But this temporal independence assumption is likely
to be violated, as the monthly asset returns often
exhibit short-term auto-correlations. Our matrix
normal framework will remedy this issue by modeling both temporal and cross-sectional correlations
in {t }. That is, we assume the residuals follow
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cov() ≡ cov(1 , 2 , · · · , T ) = V ⊗ U , where U
and V are unknown covariance matrices characterizing the cross-sectional and the temporal correlations,
respectively.
6.2 Vanguard managed funds
We applied our methods to 10 actively managed
Vanguard mutual funds. We used their monthly returns available from the Center for Research in Security Prices (CRSP). The sample period is from
Jan. 2004 through Dec. 2008, a total of ﬁve-year time
span. The benchmark asset is the aggregated market returns (MKT). The nonbenchmark assets are:
the Fama-French factors, i.e., the small-minus-big
(SMB) and the high-minus-low (HML), the momentum factor (MOM), and the ﬁve industrial sector
portfolios, IP1, IP2, IP3, IP4, and IP5, a total of
eight nonbenchmark passive assets. An explanation
of these variables is given in the caption of Fig. 5.
IP1
SMB
IP3

IP2

IP5
HML
MOM
IP4

Fig. 5 Posterior median probability graph of errors of nonbenchmark assets from the analysis of
Vanguard funds. The eight nonbenchmark assets
are: the two Fama-French factors, i.e., the return
spread on small and big market capitalization portfolios (SMB) and the return spread of high and low
book-to-market ratio portfolios (HML), the momentum factor (MOM), and the ﬁve industrial portfolios
which are: (1) durables, nondurables, wholesale, retail, and some services (IP1), (2) manufacturing, energy, and utilities (IP2), (3) business equipment, telephone and television transmission (IP3), (4) health
care, medical equipment, and drugs (IP4), and (5)
others such as mines, construction, hotels, entertainment, and ﬁnance (IP5)

For each of the 10 funds, we evaluated its performance over the ﬁve-year time span using the eight
nonbenchmark assets. Thus, in the notation of
Eq. (10), we have T = 60, k = 1, and p = 8 + 1 = 9.
We chose standard non-informative priors for β, U ,
and V and ran the MCMC sampler for 20 000 steps.
The posterior median probability graph of the eight
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nonbenchmark assets is pictured in Fig. 5. As can
be seen, this is not an empty graph, suggesting
that there is a considerable amount of residual dependence structures among the eight nonbenchmark
assets after controlling the benchmark asset. The
benchmark does not explain all the cross-sectional
correlation structures in the nonbenchmark assets.
Table 1 displays the estimates of α0 for each of
the 10 funds using OLS and our multivariate linear
regression (MLR) method. First, we notice that the
MLR estimates of α0 diﬀer substantially from the
OLS estimates. This indicates that a mutual fund’s
performance can be estimated inconsistently across
diﬀerent models. Comparing the standard errors, we
see that the MLR produces smaller standard errors
than the OLS method, which is consistent with the
founding in Pástor and Stambaugh (2002). Finally,
we compare the standard error with the estimate
of a fund’s alpha to address the central question in
mutual evaluation, i.e., whether the actively managed fund generates active returns that cannot be
explained by the passive returns. If a manager indeed has the skill to outperform the benchmarks,
then his/her fund’s alpha must be signiﬁcantly positive. Unfortunately, Table 1 shows that most α0 ’s
are within two standard errors around 0, and thus
these funds’ performance is exclusively explained by
the passive benchmark assets. Only the fund Dividend Growth and the fund Equity-Income appear to
add value beyond the benchmark returns during this
sample period.
Table 1 Monthly α0 estimated using ordinary least
squares (OLS) and multivariate linear regression
(MLR) models with correlated errors from the analysis of Vanguard funds
α0

Fund name
Cap Opp
Dividend Growth
Equity-Income
Explorer
Growth & Income
Growth Equity
Mid Cap Growth
Morgan Growth
PRIMECAP
Selected Value
∗

Standard error

OLS

MLR

OLS

MLR

0.27
0.16
0.06
−0.03
−0.16
−0.25
0.11
−0.07
0.24
0.14

0.23
0.31∗
0.30∗
−0.04
−0.12
−0.09
0.14
−0.10
0.21
−0.01

0.23
0.12
0.14
0.19
0.09
0.22
0.21
0.12
0.14
0.20

0.24
0.15
0.12
0.11
0.12
0.18
0.20
0.12
0.20
0.25

An estimated α0 that is two standard errors away from 0
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7 Discussion
This paper develops and applies modeling and
computational methods for improved estimation of
GGMs for correlated data using information of sample dependence. GGMs ignore information from possibly complex correlations between samples. The
sample dependence can distort the variable dependence structure if sample dependence is not considered. As a method of solving these problems, we
have introduced a matrix-variate Gaussian graphical model (MGGM) that can simultaneously model
dependence among variables and samples.
Using a simulation, we demonstrate that modeling sample dependence can substantially improve the
model estimation performance in terms of reducing
the number of false positive and negative edges when
samples are correlated. When samples are not correlated, the loss of eﬃciency for considering sample dependence is small. Using gene expression data analysis, we demonstrate that the assumption of array
independence can be questionable in GGMs. In contrast, MGGMs can eﬀectively capture dependence
among both genes and arrays. The graph estimated
using MGGM is signiﬁcantly diﬀerent from that estimated using GGMs. Using a mutual fund evaluation
example, we demonstrate that the methods can be
useful for better analyzing panel data that commonly
occur in economics and ﬁnance.
Our new framework opens doors for further research in developing methods for correlated samples
in more complicated situations. One interesting research direction is the generalization of the single
matrix normal models to mixtures of matrix normals to allow heterogeneity in the samples. Another
is to extend the basic model to more elaborate models as well as to incorporate prior information. The
Bayesian structural vector autoregressive models of
Kociecki et al. (2012) provide one interesting example that can be integrated with our proposed methods. We leave the exploration of these new ideas to
future research.
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