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Abstract: We investigate the optimization of linear impulse systems with the reinforcement learning based
adaptive dynamic programming (ADP) method. For linear impulse systems, the optimal objective function is shown
to be a quadric form of the pre-impulse states. The ADP method provides solutions that iteratively converge to the
optimal objective function. If an initial guess of the pre-impulse objective function is selected as a quadratic form of
the pre-impulse states, the objective function iteratively converges to the optimal one through ADP. Though direct
use of the quadratic objective function of the states within the ADP method is theoretically possible, the numerical
singularity problem may occur due to the matrix inversion therein when the system dimensionality increases. A
neural network based ADP method can circumvent this problem. A neural network with polynomial activation
functions is selected to approximate the pre-impulse objective function and trained iteratively using the ADP
method to achieve optimal control. After a successful training, optimal impulse control can be derived. Simulations
are presented for illustrative purposes.
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1 Introduction
Impulse system control has attracted much
attention recently (Lakshmikantham et al., 1989;
Bainov and Simeonov, 1995). An impulsive diﬀerential equation (Lakshmikantham et al., 1989) provides a fundamental tool for impulse system modeling and control. When the time of impulse is ﬁxed,
the impulse system is known as a ﬁxed time impulse
system; when the impulse time is a function of system states, it is a variable impulse system problem
(Wang, 2008). An interesting and ubiquitous ex‡
*

Corresponding author

Project supported by the National Natural Science Foundation of China (Nos. 61104006, 51175319, and 11202121), the
MOE Scientific Research Foundation for the Returned Overseas
Chinese Scholars, the Natural Science Foundation of Shanghai
(No. 11ZR1412400), and the Shanghai Education Commission
(Nos. 12YZ010, 12JC1404100, and 11CH-05), China
c Zhejiang University and Springer-Verlag Berlin Heidelberg 2014


ample of an impulse system is that of human beings
(plant) taking medicine such as tablets (impulse control). Yang (1999) gave a few other good examples.
Optimal control of impulse systems has been
studied recently. The existence of optimal control has been investigated (Ahmed, 2003; Wang and
Yang, 2010). Necessary conditions for optimality
have been proposed for diﬀerent classes of impulse
systems (Silva and Vinter, 1997; Liu et al., 2008).
Methods of dynamic programming (Kurzhanski and
Daryin, 2008) and maximum principle (Wu and
Zhang, 2011; Fraga and Pereira, 2012) have been
studied in the literature. However, to numerically
solve for the optimal impulse control is still a major
challenge.
Adaptive dynamic programming (ADP) is a reinforcement learning based method. It was ﬁrst proposed by Werbos (1974) to solve for the optimal
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control forward in time and further discussed in Werbos et al. (1992) and Werbos (2008), and has been
widely used in optimization of both continuous and
discrete systems (Balakrishnan et al., 2008; Lewis
and Vrabie, 2009; Wang et al., 2009). Recently,
this method has been rapidly developing (Bertsekas,
2011). Together with the adaptive method, ADP
can handle optimality under system parameter uncertainty (Dierks and Jagannathan, 2011; Jiang and
Jiang, 2012; 2013). Its online implementation has
also been investigated (Vamvoudakis and Lewis,
2010).
Since the ADP method originates from Bellman’s principle of optimality, the fundamental idea
is also applicable to impulse systems. Wang et al.
(2012) gave some results on optimization of a linear, ﬁxed time impulse system using ADP, where
the optimal objective function results in a quadratic
function of the states. When the system dimensionality increases, singularity problems may occur due
to matrix inversion. Therefore, an improved ADP algorithm is proposed in this paper. A neural network
is used to approximate the pre-impulse objective
function, whose weights are iteratively trained using
the ADP method. After the training is complete,
the network outputs the optimal objective function
value and the optimal impulse control can be derived
accordingly.

2 System model and
problem statement

optimization
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−
, continuous dypulses, for example, τi+ and τi+1
namics are dominant. At the time when an impulse
is given, say between τi− and τi+ , the impulsive dynamics are dominant.

x i

x i  Bui

x

where A ∈ Rn×n , B ∈ Rn×m , i ∈ Z+ , x0 is the
initial state, τi is the known impulse moment, superscripts ‘+’ and ‘−’ denote the right and left limits
with respect to the impulse moments, respectively,
i = 1, 2, · · · is the index of the moments when impulses occur, and τi− and τi+ are referred to as preand post-impulse moments, respectively. In this
study, the time between two consecutive impulses
is considered to be ﬁxed, i.e., τi − τi−1 = δτ = const.
Fig. 1 describes the system dynamics along the
time axis. Note that between two consecutive im-

x i1  Bui 1
Ĳi1 Ĳi1

Ĳi Ĳi

Fig. 1 System dynamics along the time line
−
For brevity, ui denotes u(τi ), x−
i denotes x(τi ),
+
+
−
+
and xi denotes x(τi ). A variable at τi or τi is
abbreviated to a variable with subscript ‘i’ and superscript ‘−’ or ‘+’, respectively.

2.2 Objective function
Consider the quadratic objective function given
below:


−
 τi+1
∞

1 T
1 T
J=
u Rui +
x Qxdt ,
(2)
2 i
2
τi+
i=1
where R ∈ Rm×m > 0 and Q ∈ Rn×n ≥ 0.
The problem studied here is an inﬁnite horizon
optimal impulse control problem and the aim is to
ﬁnd the optimal impulse control of system (1) while
minimizing the objective function (2).
Since ẋ = Ax between two consecutive impulses, states between impulses are given by x(t) =
 + − 
+
−
eA(t−τi ) x+
i for t ∈ τi , τi+1 . Therefore, xi+1 =
−
+
eA(τi+1 −τi ) x+ . For τ
− τ = δτ = const., by
i+1

i

i

deﬁning
Ψ  eAδτ ,

(3)

+
−
x−
i+1 = Ψ xi = Ψ xi + Bui .

(4)

2.1 System model
Consider the following ﬁxed-time linear impulse
system model:

ẋ = Ax,
t = τi ,
(1)
+
−
xi = xi + Bui , t = τi ,

x i1

Ax

we have

The

−
τi+1
+
τi

xT Qxdt term, part of utility function

(2), can then be rearranged as follows:
−
 τi+1
xT Qxdt
τi+


=
=

−
τi+1

eA

τi+
T
x+
i

T
=(x+
i )





T

(t−τi+ )

−
τi+1

τi+

0

δτ

x+
i

T

(t−τi+ )

eA

T

T

QeAτ dτ (x+
i )

eA

+
T
=(x+
i ) Q̄(xi ),

τ

+

Q eA(t−τi ) x+
i dt
+

QeA(t−τi ) dt x+
i

(5)
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where


Q̄ 

δτ

e

AT τ

0

Qe

Aτ

dτ.

(6)

3 System properties
3.1 Lemmas and theorems
Definition 1 (Impulsive controllability) (Liu,
1995) A system is said to be impulsively controllable if for vectors x0 and xf ∈ Rn , and any open
interval (t0 , tf ), there exist real numbers τi ∈ [t0 , tf ],
τ1 < τ2 < · · · < τk , and vectors ui ∈ Rm×1 ,
i = 1, 2, · · · , k < ∞ such that system (1) has a solution x(t) within (t0 , tf ) satisfying x(t0 ) = x0 and
x(t+
f ) = xf .
Lemma 1 (Impulsive controllability condition)
(Liu, 1995) Impulse system (1) is impulsively controllable if and only if
Rank[B, AB, A2 B, · · · , An−1 B] = n.

(7)

Theorem 1 (Existence of optimal impulse feedback control) (Wang and Balakrishnan, 2010; Wang
et al., 2012) Assuming system (1) is impulsively controllable, Q = C T C, and [C T , AT C T ,
· · · , (An−1 )T C T ]T has full rank, the optimal impulse control of system (1) with respect to objective
function (2) can be written as
ui = −R−1 B T P − x−
i ,

P − = P + (I + BR−1 B T P + )−1 , t = τi .

(9)
(10)

(11)

With the optimal impulse control (8), the impulse system (1) is asymptotically stabilized. The
pre-impulse optimal objective function is equal to
J(τi− )∗ =

1 − T − −
(x ) P xi .
2 i

Theorem 2 (Impulsive ADP method and its convergence) (Wang et al., 2012) Assuming system (1)
is impulsively controllable and the optimal impulse
control exists, we begin with an initial pre-impulse
1 − T − −
(x ) P0 xi , where
objective function V 0 (x−
i ) =
2 i
−
P0 ≥ 0. Update impulse control ui at moment τi
iteratively according to the following equation:
1
1
T
uki = arg min[ (uki ) Ruki +
2
2
uk
i



−
τi+1

τi+

xT Qxdt

+ V k (x−
i+1 )],
(13)
where k is the iteration index and k = 0, 1, · · · .
After uk is updated successfully using Eq. (13),
update the pre-impulse value function V k (x) ≥ 0 as
follows:
1 − T − −
(x ) Pk+1 xi
2 i
 −
1
1 τi+1 T
= min[ ui T Rui +
x Qxdt + V k (x−
i+1 )].
2
2 τi+
(14)
Repeat the above process as shown in Eqs. (13)
and (14). The objective function sequence V k iteratively converges to the optimal V ∗ , and uki converges
to the optimal impulse u∗i . Note that the superscript
‘∗’ denotes the optimal values.
V k+1 (x−
i )=

3.2 Remarks

The dynamic equation (9) deﬁnes the relation−
ship between Pi+ and Pi+1
. Together with the propagation equation (10) between Pi+ and Pi− , we can
obtain the explicit steady state expression of preimpulse P − , which is
−1

.
P − = (Ψ T P − Ψ + Q̄)−1 + BR−1 B T
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(8)

where P satisﬁes the following equations:
Ṗ = −AT P − P A − Q, t = τi ,
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(12)

Theorem 1 provides an explicit expression of the
optimal impulse control in the feedback form, i.e.,
Eq. (8). The P dynamics are hybrid, composed of
an update equation (10) at impulse moment τi and
a propagation diﬀerential equation (9) between two
consecutive impulse moments. It is diﬃcult to directly calculate the optimal impulse control using
the explicit expression of P − in Eq. (11).
Theorem 2 presents the ADP method that enables optimal impulse control. The ADP method
starts with a semi-positive P0− and assumes an obT − −
jective function (x−
i ) Pk xi . Through the iterations, Pk− converges to the optimal P − and the
1
pre-impulse objective function V k = (x−
)T Pk− x−
i
2 i
tends to the optimal one in Eq. (12). As the objective
function follows a quadratic form of the pre-impulse
states x−
i , Eqs. (13) and (14) actually contain a
large amount of matrix inversions, which leads to numerical diﬃculties when the system dimensionality
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increases. Though the convergence proof is mathematically rigorous, the iterative process may diverge
numerically.

4 Solutions for the optimal impulse
control using ADP with neural networks
If iterative training of the objective function
is carried out using the direct form of V k (x−
i ) =
1 − T − −
(x ) Pk xi , the ADP algorithm becomes an iter2 i
ative process as follows:
−
Pk+1
=



Ψ T Pk − Ψ + Q̄

−1

+ BR−1 B T

−1

, (15)

where Ψ and Q̄ are as deﬁned in Eqs. (3) and (6),
respectively. The convergence of the Pk− sequence
to the optimal P − has been shown in Wang et al.
(2012).
When the system dimensionality increases, singularity problems may occur due to matrix inversions during the iterative calculation. To deal with
this issue, a neural network based ADP method is
proposed in this section.
4.1 Neural network approximation
It is well known that neural networks can be
used to approximate smooth functions. In this study,
we select a neural network with polynomial activation functions, whose weights are iteratively trained
to approximate the optimal objective function. After a successful approximation, the optimal impulse
control can be derived accordingly.
The objective function using the network approximation is written as follows:
V

k

(x−
i )

=W

T

Φ(x−
i )

=

L

j=1

Wjk Φj (x−
i ),

(16)

(14) become
Ruki + (

−

−

∂xi+1 T ∂Φ(xi+1 ) k
∂x+
i T
) Q̄x+
)
W = 0,
i +(
k
∂ui
∂uki
∂x−
i+1
(18)

and
W k+1

T

1 k T
1 +
k
x
Φ(x−
i ) = (ui ) Rui +
2
2 i

T

Q̄x+
i

T

+ (W k ) Φ(x−
i+1 ).
(19)
Eq. (18) is the ﬁrst-order necessary condition for
Eq. (13). In general, it is an algebraic equation of
uki (impulse control ui at iteration k), which can be
solved either directly or iteratively.
The least mean square (LMS) method can be
used to solve Eq. (19) and ﬁnd the updated network
weight W k+1 which minimizes the residual error between the current objective function and the targeted
objective function. Deﬁne the residual error as

1
1
)T Q̄x+
e  (uki )T Ruki + (x+
i
2
2 i
(20)

T

T

k+1
+(W k ) Φ(x−
) Φ(x−
i+1 ) − (W
i )

2

.

By applying the gradient based method, the network
weight updating rule becomes
k+1
= Wjk+1 − α
Wj+1

∂e
,
∂Wjk+1

(21)

where α > 0 is the step size, and j indexes the W iteration in the gradient based method. The step size
α needs careful adjustments, so that the residual error is minimized within the desired error tolerance.
Remark 4.1 in Liu and Wei (2013) gives a good explanation of the parameter selection. Other sophisticated optimization methods, such as the Newton
method and conjugated gradient method, can also
be applied to minimize e with respect to W .
4.2 Algorithm flowchart

where L is the number of activation func−
−
− T
tions, Φ(x−
i ) = [Φ1 (xi ), Φ2 (xi ), · · · , ΦL (xi )]
is the activation function vector, and W =
[W1 , W2 , · · · , WL ]T is the weight vector. k is the
iteration index. The weight vector is initialized as a
zero vector, i.e.,
W 0 = 0L×1 .
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(17)

Using network approximation, Eqs. (13) and

Fig. 2 shows the ﬂowchart of the proposed
method. The following steps are included in the
algorithm:
1. Initialization: All the necessary parameters
are initialized providing the known system matrices.
The V function is approximated by a neural network
with zero initial weights, as denoted in Eq. (17). Err
is initially selected as a large number, used later to
measure the change of network weights during the
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A scalar impulse control problem and a vector
problem are studied and simulated using MATLAB.
The results are presented in this section.
Example 1 Consider a scalar impulse system described by

Initialization
L: number of neurons
Q: state related performance criteria
R: controls related performance criteria
E: pre-decided error boundary

Finish

Yes

0, e

e0 , W 0

0

ẋ = ax + buδ(t − τi ).
e<E?
No

T

T

§ wx  ·
§ wx  · wĭ( x i1 ) k
Ruik  ¨ ik ¸ Qx i  ¨ i k1 ¸
W

© wui ¹
© wui ¹ wx i 1

e

0  uik

1  T
ª1 k T
k

k T

k 1 T
 º
« 2 (ui ) Rui  2 ( x i ) Qx i  (W ) ĭ( x i 1 )  (W ) ĭ( x i )»
¬
¼

W k 1

Wk Į
k

47

5 Simulations

Start

V0
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2

we
 W k 1
wW k

k 1

Fig. 2 Successive approximation algorithm

iterations. The iteration index k is set as 0. The
approximation domain Ω is selected to evenly cover
the state space of interest.
2. Control update: The impulse control is derived minimizing the value function at the ith impulse moment, which is Eq. (13). Explicitly, Eq. (18)
is used to calculate uki .
3. Weight update: After uki is updated, function
V k can be updated according to Eq. (14). If the
LMS method is used, by deﬁning the residual error e
in Eq. (20), the neural network weights are updated
using Eq. (21). The error norm E is the norm of
the diﬀerences between the updated weights and the
previous weights.
4. Compare E with the pre-set accuracy Err. If
E is greater than Err, increase the iteration index
k by 1 and repeat steps 2 and 3. If E is smaller
than Err, which means the weights have reached their
steady states, the training is complete.
5. When the training is complete, the optimal
control is derived and the optimal value function obtained, and the system dynamics with optimal control can be found accordingly.
Through the ADP method, the convergence is
guaranteed as long as every update in steps 2 and
3 is successful. After the ADP training is complete,
the optimal weights W , optimal objective function
Vi− , and optimal impulse control ui are obtained.
The optimal control problem of the impulse systems
is thus solved without the need for matrix inversion.

(22)

The objective function follows the deﬁnition in
Eq. (2). r = 1 and q = 1 are the weighting matrices
for this scalar case. τi = 1, 2, 3, . . . are the impulse
moments, where i tends to inﬁnity.
Two sets of parameters are chosen to show the
eﬀectiveness of the network based ADP algorithm.
For the ﬁrst case, the parameters are chosen as a =
1, b = 1, r = 1, and q = 1. The system is unstable
without an impulse control. For the second case, the
system is stable without an impulse control, where
a = −1, while the other parameters are the same.
According to Lemma 1, the optimal P − value can be
decided using Eq. (11). As this is a scalar system,
a direct calculation is not that diﬃcult. For the
ﬁrst case, P − = 0.9083, and for the second case,
P − = 0.3225. The pre-impulse optimal objective
1
function is x−
P − x−
i .
2 i
The polynomial activation vector is chosen as
−
− 2 T
Φ xi = [x−
] . The corresponding weight
i , xi
vector is W = [W1 , W2 ]T . For ADP network training, the pre-impulse state space is randomly chosen with ﬁve elements. Note that the number of
states included for training the neural network must
be greater than the number of weights to be tuned.
For W ∈ R2×1 , at least two elements should be selected in the pre-impulse state space for tuning the
weights.
When a = 1, b = 1, r = 1, and q = 1, Fig. 3
shows the change of network weights W during the
iterations. Fig. 4 depicts the evolution of the objective function Vi− for each of the x−
i in the train−
ing set. Both W and Vi go to their steady states
in the ﬁgures. W tends to [0, 0.4542]T, which essentially represents the same objective function as
P − = 0.9083.
When a = −1, b = 1, r = 1, and q = 1, Fig. 5
shows the change of network weights W during the
iterations. Fig. 6 depicts the evolvement of the objective function Vi− for each of the x−
i in the training
set. Both W and Vi− go to their steady states in the
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ﬁgures. W tends to [0, 0.1612]T, which is essentially
the same as P − = 0.3225.

2014 15(1):43-50

0.18
0.16
0.14

0.6

W2

0.5

V1
V2
V3
V4
V5

0.12

W1

0.10
0.08

0.4

0.06

0.3

0.04

0.2

0.02
0

0.1

1

2
3
Number of iterations

0
−0.1

1

2

3
4
Number of iterations

5

6

Fig. 3 Iterative process of the network weights for
a = 1, b = 1, r = 1, and q = 1
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Fig. 4 Iterative process of the pre-impulse objective
functions for a = 1, b = 1, r = 1, and q = 1
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Fig. 6 Iterative process of the pre-impulse objective
functions for a = −1, b = 1, r = 1, and q = 1

steady state after about ﬁve iterations. The optimal
objective function is captured by the trained network
using the proposed ADP method.
Example 2 Consider a 2D vector system described
by


 
0 1
0
(23)
ẋ =
x+
uδ (t − τi ) .
1 −5
1
The quadratic objective function to be minimized has a state weighting matrix Q = I2×2 and a
control weighting matrix R = I1×1 .
Assuming ﬁxed impulsive moments at τi =
1, 2, 3, · · · , the optimal P − matrix calculated using
Eq. (11) is

0.20

0

4

5

Fig. 5 Iterative process of the network weights for
a = −1, b = 1, r = 1, and q = 1

From Figs. 3–6, it can be seen that the neural
network weights tend to be the optimal ones in the

P

−


=

10.8813 1.8937
1.8937 0.4204


.

(24)

Select the activation function vector as Φ(X) =
[x1 , x2 , x21 , 2x1 x2 , x22 ], where x1 and x2 are the ﬁrst
and second system states, respectively. The preimpulse objective function is then expressed as
W T Φ(Xi− ), where W = [W1 , W2 , W3 , W4 , W5 ]T .
Follow the ADP method of iterative training
using Eqs. (18) and (19). For this example, since
W ∈ R5 , ﬁve weights need to be optimized; therefore, the number of pre-impulse states should be no
less than ﬁve. Five pre-impulse states are randomly
chosen. Fig. 7a depicts the evolvement of the objective functions for the ﬁve pre-impulse states. Fig. 7b
depicts the iterative process of the weights with different marks.
Figs. 7a and 7b show that the weights and objective functions converge to the steady states after
about 13 iterations. In the simulation, the steady
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state network weights W =[0.0004, 0.0004, 5.4399,
0.9468, 0.2103]T. The weights essentially represent
the same objective as matrix P does in Eq. (24).
300
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ulation examples have illustrated the validity of the
proposed method. In the future, it would be interesting to show how to derive the optimal impulse control
when the system dynamics A and B are unknown.
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Fig. 7 Iterative process of the pre-impulse objective
functions (a) and the neural network weights (b) for
the vector case

In both scalar and vector cases, the ADP algorithm using neural network approximation provides
results converging to optimal control and avoids matrix inversion.

6 Conclusions
In this paper, a neural network based adaptive
dynamic programming (ADP) method is proposed
to derive the optimal impulse control. This method
provides optimal impulse control in a feedback form.
The neural network is used to iteratively approximate the objective function in the ADP algorithm.
The convergence of the ADP algorithm has been
shown. Through neural network approximation, the
matrix inversion is avoided in the ADP using the
direct quadratic value function of the states. For
high order systems, the numerical singularity problem caused by matrix inversions can be avoided. Sim-
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