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Abstract: Reinforcement learning (RL) in real-world problems requires function approximations that depend on selecting the
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features. Given a simple initial representation, the feature representation is expanded incrementally. New feature dependencies are
added automatically to the current representation and conjunctive features are used to replace current features greedily. The virtual
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domains show that GFR achieves much faster learning and has the capability to handle large-scale problems.
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1 Introduction
The complex, high dimensional problem is the
main obstacle in the transition of reinforcement
learning (RL) from the toy world to real-world
applications. Traditional tabular reinforcement
learning has high demands on computing time and
storage space, making RL in large spaces a challenge
(Tsitsiklis, 1994; Sprague and Ballard, 2003).
However, using function approximation introduces
generalization into RL, effectively reducing time and
space burdens, and providing a solution to high
dimensional problems (Singh and Yee, 1994; Sutton,
1996).
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Linear value function approximation is widely
considered an effective method for RL owing to its
simple form and complete theoretical basis.
Nevertheless, linear approximators using only initial
features run poorly in many applications, as they
cannot capture the relationship between features to
express the value function well. Researchers such as
Albus (1971) and Sturtevant and White (2006) have
pursued manual approaches that recognize the
important feature dependencies to improve the
learning performance; however, discovering feature
dependencies automatically is clearly more attractive.
Several online automatic expansion techniques have
been developed, such as adaptive tile coding (ATC)
and sparse distributed memories (SDM) (Ratitch and
Precup, 2004; Whiteson et al., 2007), which simplify
the learning process. However, these techniques still
cannot handle large-scale problems well, because
their new features must correspond to the full
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dimensional state space even though a lower
dimensional space is enough.
The recently proposed online expansion
technique, incremental feature dependency discovery
(iFDD), incrementally applies feature dependencies
by defining new features in low dimensional
subspaces of the whole state space (Geramifard et al.,
2011). Whether iFDD adds a new feature dependency
to feature representation depends on the accumulation
of corresponding temporal difference (TD) errors.
When the accumulation exceeds a predetermined
threshold, a new feature dependency will be added.
iFDD can be applied to large space problems;
however, as iFDD uses only the sum of the absolute
values of the approximation errors to determine
whether to add a feature dependency, some important
feature dependencies cannot be identified timely.
In this work, we present greedy feature
replacement (GFR) as a new online feature expansion
technique. GFR has the ability to tackle large-scale
problems, and can be applied to any online,
value-based method. GFR introduces a variable, the
virtual TD error, to simulate the TD error after a new
feature has been added to the feature representation.
GFR identifies feature conjunctions by analyzing the
differences between the actual and virtual TD errors.
If the differences exceed a predetermined threshold,
the conjunctive feature will replace the original
features. In each replacement, two original features
are replaced by one conjunctive feature. GFR can
optimize the sequence in which the feature conjunctions are added, thus improving the performance
of representational expansion. We provide correctness
guarantees and computational complexity analysis for
GFR and show the superiority of GFR through two
experiments. Compared to other online expansion
techniques, GFR can learn much faster and has
advantages in solving large-scale problems.

2 Background
2.1 Markov decision process
The Markov decision process (MDP) is the
theoretical basis of RL (Puterman, 1994; Barto et al.,
1995; Kolter and Ng, 2009; Pazis and Lagoudakis,
2009). An MDP is formalized as a tuple M=(S, A, P, R,
, D), where S is the set of possible states, A is the set

of possible actions, P denotes the state transition
probabilities—p(s, a, s′) is the transition probability
of taking action a from state s to s′, R is the
corresponding reward function—r(s, a) denotes the
expected reward for taking action a in state s,  is a
real number between 0 and 1, which is the discount
factor for future rewards, and D represents the initial
state distribution. A policy π: S→A is a mapping from
the states to the actions, and π(s) gives the action
selection in state s.
2.2 Reinforcement learning
As an important research branch of machine
learning, RL improves performance through
interaction with the environment (Kaelbling et al.,
1996; Sutton and Barto, 1998; de Hauwere et al.,
2010). RL creates a mapping from the environment
states to the actions so that the maximum cumulative
reward can be obtained. Different from supervised
learning techniques, RL discovers the best policy
through repeated attempts, and does not require
tagged training samples.
In the learning process, rt is the reward for an
agent starting at state st, executing action at, and
ending at st+1. The above step is repeated and a series
of states, actions, and rewards are generated. The
target of the learning agent is to learn a policy π,
which can maximize the sum of all these discounted
rewards: r0+r1+r2+..., 0≤< We define the value
function as V  ( s)  E




i 0



 i rt  i | st  s , and then

the optimal policy can be expressed as

   arg max V  ( s ) s.


(1)

According to dynamic programming theory
(Puterman, 1994), the optimal policy in state s can be
written as

  ( s )  arg max E {r ( s , a )   V  ( s )} ,
a



(2)

where s′ represents the successor state and is drawn
from the distribution P(s, a, s′), and V* denotes the
optimal value function. In order to represent the
greedy policy without the need to store the policy
explicitly, the Q function which associates values
with state–action pairs is introduced:
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Q( s, a)  E{r ( s, a)   V  ( s)} .

(3)
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3 Greedy feature replacement
3.1 Method

2.3 SARSA learning

SARSA is an on-policy, model-free RL
algorithm which learns a policy directly, instead of by
modeling the environment (Rummery and Niranjan,
1994; Singh and Sutton, 1996). Different from
Q-learning (Watkins and Dayan, 1992), the behavior
policy and the target policy are consistent in SARSA.
In Q-learning, the value function is updated based on
the maximum Q value of the successor state, while
SARSA uses the Q value of the actual action taken by
the learner (Singh et al., 2000).
SARSA updates the Q values according to the
following rule:

Qt 1 ( s, a)  Qt ( s, a)   [rt   Qt ( s, a)  Qt ( s, a )] , (4)
where α is the learning rate, and s′ and a′ represent the
next state and action, respectively. The optimal policy
for SARSA can be rewritten as

  ( s )  arg max Q( s, a ).

(5)

a

2.4 Linear function approximation

Tabular RL methods such as Q-learning and
SARSA have complete theoretical bases and
convergence proofs. However, these tabular methods
are not able to handle high dimensional problems
because of the lack of generalization (i.e., sharing
information among similar states). The common
practice of tackling this problem is to use a linear
T
approximation in the form of Q(s, a)=θ s, a where
 is the feature vector generated from s and a, and θ is
the weight vector (Buro, 1999). The learning process
of RL with value function approximation is actually
the process of adjusting θ. The rule for updating θ can
be written as
θt+1=θt+αδt(s, a),



where δt is the TD error:
δt=rt+γQt(s′, a′)−Qt(s, a).

(7)

We employ linear value function approximation
with binary features. Using binary feature representation, computing the estimated values is simple and
fast; therefore, it has been widely used in RL (Albus,
1971; Sutton, 1996). In binary representation, the
conjunction of two features can represent the
dependency between them. By adding feature
conjunctions to the representation, nonlinearities can
be captured by the linear value function approximator.
Therefore, a linear approximator can achieve the
effect of a nonlinear one that uses these initial features
(Geramifard et al., 2011).
Like iFDD, GFR selects feature conjunctions as
new features and incrementally adds them to the
feature representation. Therefore, the feature
conjunction selection process is the key point of our
algorithm. The GFR algorithm is based on a simple
principle: If the feature representation has been
perfect, adding new feature conjunctions will not
further reduce the approximation error. Namely, if
adding new feature conjunctions can reduce the
approximation error, the feature representation still
needs to be expanded. Different from iFDD, GFR can
optimize the sequence in which the feature
conjunctions are discovered and improve the
performance of representational expansion.
In the GFR algorithm, we expand the feature
representation in the form of feature replacement. By
using f(s, a)=1 to indicate that the binary feature f in
the current feature set is true (also called ‘active’)
when taking action a in state s, we derive the
definition of the term ‘feature replacement’.
Definition 1 (Feature replacement)
Given two
features d and e in the current feature representation,
the feature replacement of d and e is an incremental
local expansion which is to: (1) add c=de to the
feature representation; (2) set c(s, a)=1 and d(s, a)=
e(s, a)=0 any time both d and e are active.
Now selecting appropriate features to perform
feature replacement is the task of our algorithm. GFR
simulates a virtual TD error (VE) calculating the TD
error as if the new conjunctive feature had been added
to the feature representation. The VE only
approximately calculates the TD error after feature
replacement. In fact, the addition of the feature would
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also affect the values of the states where the
conjunctive feature is not active, which is not
considered by the VE. The resulting TD error in the
region where the conjunctive feature is active might
therefore be different from the value of its VE. We
write the VE value corresponding to features d and e
at time step t as υt(de). We term the features that
need to be replaced as the ‘replacing area’. The formal
definition for the replacing area is as follows:
Definition 2 (Replacing area)
The feature
conjunction of d and e is a replacing area at time step t
if and only if: given a threshold p≥0 and a fixed β(0,
1), we have



t
i 0

(|  i |   i | i ( d  e) |)i  p, where

ηi=[d(si, ai)=1][e(si, ai)=1] and [·] stands for the
Iverson bracket.
In Definition 2, β is necessary for theoretical
results and usually close to 1. One important reason
for replacing the area is that the change trend of the
weights when both features are active is inconsistent
with the trend when only one feature is active. For
instance, we consider the following situation: there
are two features d and e in the representation and the
TD error is negative when both of d and e are active,
while if only d is active, the TD error is positive.
According to Eq. (6), a positive δt will increase the
weight of feature d, and a negative one will lead to a
weight decrease. The positive and negative
adjustments are mutually offset continuously, so the
weight of d is changing back and forth and the
approximation errors in sub-regions cannot be further
reduced. This is a conflict between the separate
occurrence and joint occurrence, which illustrates the
necessity of separating the two cases. By using
feature replacement, we expand d and e to three
features, d, e, and de, so that the weight adjustments
to the individual features and the combination are
separated.
GFR uses a greedy procedure to discover the
replacing areas. The GFR algorithm maintains two
variables for every simultaneously activated feature
pair. One variable is the approximation error sum
(AES), which represents the sum of the absolute
values of the TD errors when the two features are both
active. The other variable is the virtual error sum
(VES), which is the weighted sum of the absolute
value of VE. Mathematically, AESd e   |  i 
| i and

VESd e    i | i ( d  e) 
| i , where (0, 1) and

ηi=[d(si, ai)=1][e(si, ai)=1] as in Definition 2. A
threshold p is introduced in order to adapt to the
stochasticity of the environment. If the AES and VES
of a feature conjunction satisfy AES–VES>p, we
regard the feature pair as a replacing area and perform
feature replacement. The method that only greedily
considers the AES and VES of the current feature
conjunction to determine whether to perform feature
replacement is referred to as greedy feature
replacement (GFR).
As shown in Fig. 1, the circles below represent
the features that have been used by the approximator,
including the initial features and the newly added
ones. The bar chart above depicts the accumulation of
approximation errors for each simultaneously
activated feature pair, in which the dark bar represents
AES and the light one represents VES. If the AES is
higher than the VES and the difference exceeds the
predetermined threshold, then the corresponding
feature conjunction is identified as a replacing area
and added to the current feature representation. The
above procedure completes a greedy feature
replacement. This procedure can be divided into four
steps: (1) capture the simultaneously activated feature
conjunctions; (2) track the AES and VES of each
conjunction; (3) identify the replacing areas; (4)
perform feature replacement.

Fig. 1 The principle of greedy feature replacement
Initial features are represented by solid circles and newly
added features by dotted circles. The bar chart tracks the
accumulation of approximation errors for each simultaneously
activated feature pair. If the AES is higher than the VES and
the difference reaches the user-defined threshold, feature
replacement is performed
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3.2 Algorithm details

As mentioned earlier, GFR expands the number
of features according to the rule AES–VES>p.
Algorithm 1 shows the implementation details of our
method. ‘Features’ represents the current feature set
and (s, a) is a binary vector that indicates whether a
feature is active when taking action a in state s. At the
beginning, ‘Features’ contains only the initial features.
We use the virtual weight (VW) to simulate the
weights of the feature conjunctions for all potential
replacing areas, as if the feature conjunctions had
already been added. We use ω to represent VW and ωc
the VW value corresponding to feature c.
At the beginning of each time step, we add all
conjunctions of active features to the container
‘Potential’, which can be traversed (line 1). For each
conjunction in Potential, if it is not in the Features of
the current feature representation, GFR computes its
virtual TD error υt (lines 6–8):
υt=rt+γQt(s′, a′)−Qt′(s, a),

(8)

where Qt′(s, a) is a virtual value which simulates the
Q value when the current conjunction has already
been added to the representation. According to Eq. (7),
we can rewrite Eq. (8) as
υt=δt+Qt(s, a)−Qt′(s, a).

(9)

Algorithm 1 Greedy feature replacement (GFR)
Input: Features, AES, VES, (s, a), θ, ω, δt, p, α, β.
Output: Features, AES, VES, ω.
1
Potential←{(i, j)|i(s, a)j(s, a)=1}
2
while Potential.hasnext() do
3
(d, e)←Potential.next()
4
c←de
5
if Features.has(c)=false then
6
weightOfDE←d+e
7
weightOfC←ωc
8
υt(c)←δt+weightOfDE−weightOfC
9
AESc←AESc+|δt|
10
VESc←VESc+βt|υt(c)|
11
ωc←ωc+α·υt(c)
12
if AESc–VESc>p then
13
Features.add(c)
14
add c=de to ReplaceTable
15
end if
16
end if
17 end while
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If the feature conjunction in question is c=de,
then the formula that GFR uses to compute Qt′(s, a) is
Qt′(s, a)=Qt(s, a)+ωc−θd−θe.. Hence, the VE value for
the conjunctive feature c can be calculated by υt(c)=
δt+θd+θe−ωc (line 8). Then the algorithm increases
AES and VES by adding the absolute TD error |δt| and
the weighted absolute virtual approximation error
βt|υt|, respectively (lines 9 and 10). Similar to the way
of updating the weights, GFR updates the virtual
weight using υt at each time step (line 11). If the
difference value (AES–VES) corresponding to the
conjunction exceeds the threshold p, GFR regards the
conjunction as a replacing area and performs a feature
replacement (lines 12–14). Through feature replacement, the tracked conjunction is added to the Features
of feature representation and also the ReplaceTable. If
c=de appears in the ReplaceTable, our algorithm
always sets c(s, a)=1 and d(s, a)=e(s, a)=0 when
both d and e are active in the feature vector generated
from s and a.
3.3 Computational complexity analysis

Let m0 be the number of active features at the
initial time. The per-step computational complexity
of GFR is O(m02), as analyzed in Geramifard et al.
(2011). Besides the main algorithm, GFR needs to use
the current feature representation to cover the active
initial features. Geramifard et al. (2011) has pointed
out that the complexity of approximately computing
the minimal cover is O(m02m0). Hence, the actual total
per-step complexity of GFR is O(m02m0). Since the
number of active features is much smaller than the
total number of features, m0 is usually a small value,
which ensures that GFR can run fast.
3.4 Correctness guarantees

Now we shall prove the correctness of the
expansion method of GFR combined with TD. Given
finite initial features, we argue that GFR can achieve
the optimal approximation results theoretically. To
prove this, we first prove that either GFR combined
with TD will achieve the optimal representation or all
possible feature conjunctions will become replacing
areas.
Theorem 1
Given a finite set of binary initial
features, a discount factor γ(0, 1), and a policy that
can induce an ergodic Markov chain, GFR combined
with TD guarantees that all possible feature
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conjunctions will become replacing areas or that the
TD errors are identically zero everywhere with
probability one.
Proof
We prove this theorem by reductio ad
absurdum. Suppose that GFR has reached the final
feature representation F which neither eliminates the
TD error everywhere nor makes all possible feature
conjunctions become replacing areas no matter how
long the algorithm runs. As GFR does not make all
feature conjunctions become replacing areas, there
are at least two features d and e in F, and their
conjunction c=de cannot become a replacing area
until the final feature representation. Since the
representation cannot set all the TD errors to zero,
there exists at least a state s in which both d and e are
active and the TD error is nonzero (In an ergodic
Markov chain, if there is a state for which the TD
error is nonzero, the TD error of the state will
propagate to s by a finite length path when γ≠0). We
rewrite the sum



form of AES–VES:


i 0

(|  i |   i | i ( d  e) |)i in the




i 0

| i 
| i  i0  i | i (d  e) 
| i.


As there might be more than one state in which both
d and e are active, we can obtain a subsequence
of





i 0


i 0

| i 
| i   i  0  i | i ( d  e) 
| i for state s:


 i  (i, s)  i0  i | i (d  e) | (i, s) , where σ(i, s)


indicates whether the state is s at time i.
Geramifard et al. (2011) has proven that the sum




i 0

 i  (i, s ) diverges if the representation is not

perfect (Note that if the policy changes, |δi| will not
converge to 0 simply because the successor state
varies). We now argue that the sum




i 0

 i | i (d  e) | (i, s ) has an upper bound. Given

a finite set of binary initial features, the value of
|υi(de)| is upper bounded by some constant h. Hence,
the sum





i 0

i 0




i 0

 i | i (d  e) | (i, s ) has an upper bound

 i h  h (1   ). Therefore,




i 0

 i  (i, s ) 

 | i (d  e) | (i, s ) diverges. Similarly, the
i

other subsequences of
diverge. Consequently,





i 0

i 0

(|  i |   i | i ( d  e) |)i
(|  i |   i | i ( d  e) |)i

diverges. However, as c=de cannot become a
replacing area until the final feature representation,




i 0

(|  i |   i | i ( d  e) |)i  p. There now exists a

contradiction, and thus the original assumption is not
true. Hence, Theorem 1 is proven.
As shown in Algorithm 1, GFR performs feature
replacement for all the replacing areas and adds the
corresponding feature conjunctions to the feature
representation, so we can easily obtain the following
conclusion:
Corollary 1
Given a finite set of binary initial
features, a discount factor γ(0, 1), and a policy that
can induce an ergodic Markov chain, GFR combined
with TD is guaranteed to add all possible feature
conjunctions or make the TD errors identically zero
everywhere with a probability of one.
If GFR sets all the TD errors to zero, GFR
apparently achieves the optimal approximation results.
The case in which the feature representation is fully
expanded has been proven by Tsitsiklis and van Roy
(1997) and Geramifard et al. (2011). Using the
weighted Euclidean norm of the approximated value
function error as the quality criterion for value
function approximation, Geramifard et al. (2011)
guaranteed that the fully expanded case (with all
possible feature conjunctions added) makes the best
possible use of given features. In summary, given the
finite initial features, GFR can lead to the optimal
approximation results asymptotically.
When the perfect feature representation cannot
be obtained, both GFR and iFDD are guaranteed to
add all possible feature conjunctions asymptotically.
The difference is that GFR can optimize the sequence
in which the feature conjunctions are added by
identifying the replacing areas. Therefore, GFR
improves the performance of representational
expansion.

4 Experiments

We chose two representative domains to
compare GFR against other feature representation
techniques including initial representation, tabular
representation, iFDD, and iFDD+ (a new version of
iFDD proposed by Geramifard et al. (2013)). The
є-greedy policy was employed for exploration. We
used episodic RL in each domain. For both domains,
the following learning rate formula is used:
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0 N 0  1


kt N 0  nt

,

(10)

where α0 and N0 are the given constants, and kt and nt
are the numbers of active features and episodes at
time step t, respectively. The experimental results
were the averages of 30 runs. We set the factor
β=1−10−5 in both domains.
4.1 Inverted pendulum

The inverted pendulum domain shown in Fig. 2
is a classic study case that requires balancing a
pendulum at the upright position by applying forces to
the cart to which it is attached (Lagoudakis and Parr,
2003). The task is to balance the pendulum as long as
possible, but the learner does not know the length or
the mass of the pendulum. M is the mass of the cart, m
is the mass of the pendulum, and l is the length of the
pendulum. During each time step, three actions are
selectable: left force (−50 N), right force (+50 N), or
no force (0 N) (In Geramifard et al. (2011), the
actions are three fixed torques applied to the
pendulum, which induce three fixed angular
accelerations). Every action has a random noise u
from −10 N to 10 N and the noise is uniformly
distributed. The state space has two dimensions,
which are the vertical angle θ and the angular velocity
 of the pendulum. Initially each dimension is
discretized into 20 levels. The angular acceleration 
of the pendulum is calculated by

 

g sin    ml 2 sin(2 ) / 2   u cos
, (11)
4l / 3   ml cos 2 

where g is the gravity constant (9.8 m/s2), ρ=1/(m+M),
l=0.5 m, m=2 kg, and M=8 kg. The interval between
two time steps is 0.05 s. At each time step, if the
absolute value of the angle does not exceed π/2, the
learner receives a reward of 0; if greater than π/2, the
episode ends with a reward of −1.
The learner learned 1000 episodes for each run.
According to the method for parameter selection in
Geramifard et al. (2011), we set α0, N01000,
=0.9, and є=0.1. We found the best threshold p=0.1
empirically from {0, 0.001, 0.01, 0.1, 1}. Fig. 3 shows
the average number of balancing steps in one episode
(averaged over 30 independent runs) with the

standard error of the mean as a function of the number
of training episodes. In this domain, the performance
of GFR was better than those of all the other methods
after 400 episodes. GFR was the only method that can
balance the pendulum for more than 2000 steps,
which suggests that the feature replacement
mechanism is reasonable. The performances of iFDD,
iFDD+, and SARSA with tabular representation were
almost the same because iFDD and iFDD+ cannot
show their advantage of value function approximation
in the relatively low dimensional domain. Using the
initial representation, the learner never obtained
satisfactory results because it cannot approximate
the value function well without adding feature
conjunctions.

θ

m, l

F
M

Fig. 2 Inverted pendulum
Initial
Tabular
iFDD
iFDD+
GFR

2000

Number of balancing steps
Balancing steps

t 

1500

1000

500

0

0

200

400
600
800
Number of episodes

1000

Fig. 3 The experimental results of SARSA using different
representational schemes on the inverted pendulum
domain, averaged over 30 independent trials

4.2 Persistent surveillance

The persistent surveillance domain shown in
Fig. 4 was employed by Geramifard et al. (2011),
which has a larger state space (approximately 150
million state–action pairs) than the inverted pendulum
domain. To accomplish the surveillance task, three
fuel-limited unmanned aerial vehicles (UAVs) must
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cooperate with each other. Each UAV has three
optional actions, which are Advance, Retreat, and
Loiter. There are four locations in the domain which
are used to maintain the UAVs, refuel, communicate,
and monitor the targets, respectively. The final state
transition depends on the joint action of the three
UAVs. Each UAV has initially 10 units of fuel. Every
action costs a UAV a unit of fuel except when staying
in the maintenance state or the refuel state. Taking the
action Loiter in the refuel location can fill the fuel
tank. Each UAV has an engine and a camera, and both
the engine and the camera have a 5% chance to be
broken at each time step. Taking the action Loiter in
the maintenance area can repair the broken parts. If
the engine is broken, an immediate repair is required,
and the UAV has to stop all other actions to fly to the
maintenance area. The camera failure does not require
an immediate repair, but in this case the UAV cannot
monitor the targets. The state of each UAV is a
four-dimensional vector of location, fuel, engine
status, and camera status. The whole state space
which has 12 dimensions is the combination of the
state spaces of the three UAVs.

standard error of the mean. The results show that the
tabular representation ran poorly, as the lack of
generalization became the main obstacle to the
effective application in large-scale problems. Without
any expansion, the initial representation gave the
worst performance as expected. Using an incremental
expansion technique, GFR, iFDD, and iFDD+
showed significantly better performances than the
other two methods. Compared to iFDD and iFDD+,
GFR was more prominent, suggesting that the
mechanism of feature replacement is an effective way
for representational expansion.
400

Initial
Tabular
iFDD
iFDD+
GFR

300
Total rewards

230

200

100

0
0

2000

4000
6000
8000
Number of episodes

10000

Fig. 5 The experimental results of SARSA using different
representational schemes on the persistent surveillance
domain, averaged over 30 independent trials

5 Conclusions and future work
Fig. 4 Persistent surveillance (taken from Geramifard et al.
(2011))

If one UAV is in the target state and another UAV
in the communication state, the team will earn a +20
reward during every time step. If there are two UAVs
in the target state with another in the communication
state, the reward will be +40. If the UAVs run out of
fuel outside the refuel location, the episode ends and
the team receives a −50 punishment.
This time we set α to  and found the best
threshold p=2000 empirically from {1000, 2000,
3000, 4000, 5000} keeping all the remaining
parameters the same as in the previous experiment.
The learner learned 10 000 episodes for each run.
Fig. 5 plots the average total rewards in one episode
(averaged over 30 independent runs) with the

GFR is a novel online representational
expansion technique which can be combined with any
online linear value function approximation method
using binary features. The proposed algorithm
expands the feature representation incrementally by
discovering the replacing areas to perform feature
replacement. GFR can be applied to high dimensional
domains, thus overcoming the limitations present in
traditional online expansion techniques. Furthermore,
by identifying replacing areas, GFR can optimize the
sequence in which the feature conjunctions are
discovered and therefore improve the performance of
representational expansion. We proved that GFR
combined with TD can lead to the optimal
approximation results asymptotically. We also
provided the computational complexity analysis for
our algorithm. In addition, the experiments of
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inverted pendulum and persistent surveillance
empirically showed the superiority of GFR.
In future work, there is potential to employ the
methods used to reduce the standard deviation and
improve the stability of the algorithm. Although GFR
can adapt well to large spaces and has an outstanding
average performance, like other RL methods, the
differences between each run are still significant.
Ensuring the stability of this approach is important for
the practical application of GFR.
Another area for future refinement is to expand
the GFR application to real-world problems. Our
success in virtual RL tasks shows that GFR has the
ability to solve large space problems. However,
applying our method to real problems is still a great
challenge. For instance, the incomplete perception
problem can cause even a fully expanded
representation to be incapable of obtaining good
approximation results. In this case, combining GFR
with the partially observable RL approach may
provide a solution to this problem and would be worth
investigating.
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