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Abstract: High-precision magnetic positioning has been widely used in surgical navigation, capsule endoscopy, and other medical en-
gineering applications, and has become an important topic in the Internet of Things. According to the magnetic source, localization
systems can be classified into alternating-current coil-based and permanent-magnet-based schemes. Owing to their compact structure,
permanent-magnet-based systems are more suitable for portable and embedded applications. Compared with single-rotating permanent
magnets, biaxial rotating permanent magnets provide richer magnetic field information and greater potential for six-degree-of-freedom
pose tracking. However, accurate estimation in such systems remains difficult because of the nonlinear magnetic field model, sym-
metry-induced ambiguity, initialization sensitivity, and time-varying measurement uncertainty. To address these issues, this paper de-
velops a measurement-oriented framework for biaxial rotating permanent-magnet pose tracking, including an observability-enhanced
excitation scheme, a physically consistent initialization strategy, and an adaptive recursive reconstruction method based on trust-region
optimization and residual-corrected unscented Kalman filtering. The proposed method is validated through Monte Carlo simulations,
COMSOL-based finite-element analysis, and prototype experiments. The results demonstrate improved convergence reliability, re-
duced sensitivity to initialization and environmental uncertainty, and better repeatability and robustness in complex tracking scenarios.
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1 Introduction turbances and system uncertainty. High-precision localization is in-
dispensable for contactless sensing in ambient assisted living systems
(Barsocchi et al., 2013; Palopoli et al., 2015), where both safety and

reliability are critical requirements.

Accurate six-degree-of-freedom (6-DOF) pose tracking is es-
sential in modern medical engineering and Internet of Things (IoT)

applications, including surgical navigation systems (Sorriento et al., Among existing localization technologies, magnetic field-based

2020), capsule endoscopy (Cao et al., 2025), indoor service robots  ethods are particularly attractive because they do not require line-of-

(Yu et al,, 2023), and wearable health monitoring devices (Al- sight, can penetrate non-ferromagnetic materials, and rely on relative-

Fuqgaha et al., 2015; Perera et al., 2015). In these scenarios, reliable ly simple infrastructure (Raab et al., 1979). These properties make

operation requires not only high spatial accuracy but also stable real-
time response under complex environmental conditions. Neverthe-
less, accurate pose estimation remains challenging when measure-
ment signals are highly nonlinear and subject to environmental dis-
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magnetic localization suitable for enclosed, cluttered, and visually oc-
cluded environments where optical, radio-frequency, or inertial meth-
ods may suffer from visibility constraints, multipath effects, or cumu-
lative drift (Bi et al., 2020; Yi et al., 2022; Gu et al., 2023). In addi-
tion, magnetic measurement has the potential to support compact and
contactless 6-DOF sensing, which is highly desirable in portable med-
ical and embedded 10T systems. The growing demand for indoor and
healthcare positioning technologies has further driven research into
magnetic field-based solutions that offer improved robustness and re-
duced infrastructure dependence (Barsocchi et al., 2013).

Magnetic localization systems can generally be divided into al-
ternating-current coil-based and permanent-magnet-based schemes.
Compared with coil-based systems, permanent-magnet-based systems
are more compact and energy-efficient, rendering them ideal for port-
able and embedded implementations (Hehn et al., 2019; Popek et al.,
2017). In recent years, rotating permanent magnets have attracted in-
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creasing attention because time-varying magnetic excitation can pro-
provide richer observation information than static magnetic sources.
In particular, dual-rotating configurations, such as biaxial orthogonal
rotating permanent magnets, offer enhanced excitation diversity and
improved geometric constraints for simultaneous position-and-
attitude estimation (Dong et al., 2024). Compared with single-
rotating structures, they provide greater potential for improving ob-
servability and mitigating symmetry-related ambiguity, but they also
introduce stronger model nonlinearity and higher demands on state
reconstruction. Recent advances in compact 6-DoF pose tracking us-
ing magnetic-inertial sensor fusion have further demonstrated the
potential of rotating magnetic configurations (Dong et al., 2024).
Despite these advantages, the main challenge in biaxial rotating
permanent-magnet pose tracking is not limited to estimator accuracy
alone. First, the observability of the coupled position-attitude states
under dual-rotating excitation has not been sufficiently analyzed.
Second, the consistency between the analytical magnetic field model
and the physical field distribution is often insufficiently discussed,
although such consistency directly affects the validity of model-
based reconstruction (Qian et al., 2025). Third, existing studies usu-
ally focus on estimation error metrics, while uncertainty-aware eval-
uation of measurement performance, including sensitivity to initiali-
zation, disturbance, and repeated trials, remains limited. Fourth, po-
sition and orientation estimation uncertainty analysis for magnetic
localization systems is still lacking systematic evaluation frame-
works (Lahdo et al., 2019). As a result, the relationship among exci-
tation configuration, field modeling, recursive estimation, and
achievable measurement reliability is still not fully established.
Existing estimation methods for magnetic localization mainly
include iterative filtering and Kalman-type recursive filtering ap-
proaches. The iterated extended Kalman filter (IEKF) improves local
linearization through repeated updates, but its performance still de-
pends strongly on the quality of the initial estimate and may degrade
in strongly nonlinear magnetic observation models (Lv et al., 2024).
Sigma-point filtering methods, such as the scaled or augmented un-
scented Kalman filter variants represented here by AST-UKF and
SR-UKF, can better propagate nonlinear state statistics, yet they
generally rely on preset noise assumptions and remain sensitive to
initialization errors, model mismatch, and abnormal observations.
Adaptive residual-based methods, such as AR-UKF, improve ro-
bustness by adjusting covariance online according to innovation or
residual information; however, without a physically consistent ini-
tialization mechanism, their convergence may still be unreliable
when the initial state is poor or when symmetry-induced ambiguity
exists (Lu et al., 2018; Li et al., 2024). The soft-magnet-based posi-
tion estimation using approximate EKF with hybrid analytical-neural
network models has emerged as a promising direction for handling
model uncertainties (Wen et al., 2025). Relative to these methods,
the TROAR-UKF adopted in this study further incorporates trust-
region optimization into the reconstruction process, so that initializa-
tion and recursive updating are coupled in a more physically con-
sistent manner. In other words, the AR-UKF version obtained by
removing the trust-region optimization component retains residual
adaptivity, but cannot adequately suppress the sensitivity to poor ini-
tialization or local inconsistency between the observation model and

the actual magnetic field (Nara et al., 2006; Wen et al., 2025). There-
fore, for biaxial rotating permanent-magnet systems, the remaining
difficulties lie in simultaneously handling nonlinear reconstruction,
initialization sensitivity, time-varying uncertainty, and symmetry-
induced attitude ambiguity within a measurement-oriented framework.

From a measurement perspective, achievable performance de-
pends on the consistency between the physical magnetic field and the
observation model, the stability of excitation and sampling synchroni-
zation, the quality of initialization, and the propagation of uncertainty
from sensor noise, environmental disturbance, and system configura-
tion (Cichon et al., 2018). Emerging approaches based on data-driven
neural networks, such as MobilePosenet, have demonstrated potential
for calibration-free magnetic localization by bypassing explicit dipole
modeling (Xie et al., 2025). Meanwhile, magneto-oscillatory localiza-
tion methods have been explored for small-scale robots, where time-
varying magnetic excitation provides rich information for state esti-
mation (Fischer et al., 2024). Model learning techniques have also
been applied to magnetic micro-robot tracking, enabling adaptive con-
trol in unstructured environments (Jia et al., 2024). Compressed sens-
ing methods for magnetic flux map acquisition have been proposed to
enhance localization accuracy with reduced sensor requirements (Pat-
kar et al., 2024). In addition, rapid localization methods using super-
resolution magnetic array data have shown promise for real-time mul-
ti-magnet tracking (Miao et al., 2024). Nevertheless, these data-driven
and learning-based methods often require extensive training data or
calibration procedures, and their robustness under measurement noise
and hardware variability remains an open issue. Wearable reconfigu-
rable magnetic tracking systems for wireless capsule robots have also
been developed to address practical deployment challenges (Su et al.,
2024). Therefore, in addition to improving estimation accuracy, it is
essential to develop a framework that enhances model-consistent
measurement, reduces sensitivity to uncertainty, and provides a more
reliable basis for evaluating measurement performance in repeated tri-
als.

To address these issues, this paper develops a measurement-
oriented pose tracking framework for a biaxial orthogonal rotating
permanent-magnet system. The main contributions are summarized as
follows:

1. Measurement-oriented architecture and field model: A mag-
netic pose measurement architecture is established for the biaxial or-
thogonal rotating permanent-magnet system, and the corresponding
analytical field model is formulated from the perspective of excitation
configuration, observation structure, and pose observability.

2. Physically consistent and uncertainty-adaptive reconstruction:
A physically consistent reconstruction strategy is developed by com-
bining trust-region-based initialization with adaptive residual unscent-
ed Kalman filtering, so as to reduce sensitivity to initial-state uncer-
tainty, improve robustness against time-varying disturbances, and en-
hance recursive estimation reliability.

3. Multi-level validation of measurement performance: The pro-
posed framework is systematically validated through sensitivity and
lower-bound analysis, COMSOL-based finite-element analysis, Mon-
te Carlo simulations, and prototype experiments, thereby providing
multi-level evidence for model consistency, reconstruction effective-
ness, and uncertainty-related measurement performance.



In the proposed system, only a compact tri-axial sensor is at-
tached to the tracked target while the rotating-source module re-
mains entirely external. This external-source/small-on-target topolo-
gy makes the framework directly applicable to industrial metrology
and collaborative-robot tool-tip tracking, and provides a positive
methodological reference for magnetic guidance in capsule-
endoscopy and surgical-navigation scenarios.

The remainder of this paper is organized as follows. Section 2
introduces the system architecture and magnetic field model of the
biaxial orthogonal rotating permanent-magnet system. Section 3 pre-
sents the proposed reconstruction method. Section 4 reports the sim-
ulation and experimental results and discusses measurement perfor-
mance under uncertainty. Section 5 concludes the paper.

2 Physical Modeling and Observability Analysis
of the Dual-rotating Permanent Magnet Meas-

urement System

This section presents the architecture of the biaxial rotating
permanent-magnet measurement system, the corresponding time-
varying magnetic field model, the observability characteristics of the
dual-source excitation scheme, and the major uncertainty sources af-
fecting practical measurement performance. The purpose of this sec-
tion is not only to formulate the magnetic observation equation, but
also to clarify why the adopted excitation structure is physically
suitable for six-degree-of-freedom (6-DOF) pose reconstruction and
how its performance depends on field modeling, geometric configu-
ration, synchronization quality, and uncertainty propagation.

2.1 Architecture of the Biaxial Rotating Magnetic Excita-
tion System

The overall architecture of the proposed magnetic pose meas-
urement system is illustrated in Fig. 1, which presents the measure-
ment chain from excitation to pose output. At the left, two orthogo-
nally arranged rotating permanent magnets serve as the active excita-
tion source, with Magnet 1 spinning in the XOY plane at f; = 20 Hz
and Magnet 2 spinning in the XOZ plane at f; = 40 Hz. The compo-
site magnetic field produced by both sources propagates through
space and is sampled by a single tri-axial TMR sensor rigidly at-
tached to the moving target. The raw magnetic measurements are
transmitted to the host side, where synchronization with the encoder-
based phase reference and pose reconstruction are performed at Fs =
1250 Hz, ultimately yielding the six degrees of freedom pose esti-

mate [x,y,z,a,ﬂ,/l] .
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The internal structure of each functional unit is detailed in Fig. 2,
from which three constituent modules can be identified:

1) A magnetic excitation unit composed of two rotating perma-
nent magnets and their motor-drive modules;

2) A magnetic sensing unit integrated into the tracked target;

3) A host-side processing unit responsible for signal acquisition,
synchronization, and pose reconstruction.

Unlike conventional single-source magnetic localization systems,
the present design employs two rotating permanent magnets arranged
in a biaxial and spatially separated configuration. The introduction of
the dual-rotating structure is not intended merely to increase magnetic
field strength. More importantly, it enriches the spatiotemporal struc-
ture of the magnetic excitation and thereby improves the observability
of the target pose. In a single-magnet system, the magnetic field often
exhibits strong geometric symmetry, which may lead to weak sensi-
tivity to certain state components, multi-solution ambiguity, and pro-
nounced dependence on initialization. By contrast, when two perma-
nent magnets rotate in different planes and generate distinguishable
time-varying field components, the resulting composite magnetic field
contains more independent information in both the spatial and tem-
poral domains. This enhanced excitation diversity improves the dis-
tinguishability of different positions and attitudes and provides a more
informative basis for pose reconstruction.

Excitation Source Measurement Estimation
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Fig. 1 Schematic of the proposed biaxial rotating permanent-magnet pose
measurement system, illustrating the signal chain from dual-source mag-
netic excitation (Magnet 1: f; = 20 Hz in XOY plane; Magnet 2: f, = 40 Hz
in XOZ plane) through tri-axial TMR sensing to host-side TROAR-UKF
pose reconstruction.
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Fig. 2 Overall Architecture Design of Magnetic Field Position and Orientation Tracking System.

Cartesian coordinate system (O-XYZ) is established with the
center of Magnetic Sphere 1 as the origin. The center of Magnetic
Sphere 2 lies in the YOZ plane, with its axis parallel to the Y-axis
and coordinates (Xo, Yo, Zo), and the sensor position at time step (k) is

denoted by p, = [xk, VirZp ]T . During rotation, the spatial posi-

tions of motors and magnets remain constant, while only the magnet-
ization axis directions change dynamically. Let the rotation frequen-
cies of Magnet 1 and Magnet 2 are fi and f> respectively, the system
sampling frequency be F,, and the initial phase angles relative to the
X-axis be 6, (XOY plane rotation) and ¢, (XOZ plane rotation). At
the k-th sampling moment, the magnetization axis vectors of the two
magnets are:

27k, .

27k '
7 +6, |,cos T+9l 00 (D

T
27k 27k
m, (k)= sin[”sz+sz,0,cos[”sz+Hz] )

s

m, (k) = sin(

where m,(k)=[m,,n;,p;]" and my(k)=[m,,n,,p,]" are unit vector of the
magnetization axis. The combined alternating magnetic field at arbi-
trary spatial coordinates (x,y,z) is the superposition of the magnetic
fields of two magnets:

B(k,x,y,z) =B, (k,x,y,z) +B, (k,x,y,z) 3)
where B, and B, are the magnetic fields generated by Magnet 1 and
Magnet 2, respectively. This orthogonal excitation configuration can
generate magnetic field variation patterns with distinct directional
characteristics, while the dual-source structure introduces multi-
directional heterogeneous time-varying excitations, which facilitates
the decoupling of translational and rotational components in the
measured magnetic field. Compared with a single rotating permanent
magnet, the proposed biaxial rotating configuration offers three main

advantages:

1. Improved observability of the 6-DOF pose state: Since the
magnetic observation depends jointly on target position and sensor at-
titude, the introduction of a second rotating source increases the num-
ber of independent field variations and improves the sensitivity of the
observation to multiple state components.

2. Suppression of symmetry-induced ambiguity: In magnetic sys-
tems with strong field symmetry, different attitudes may yield similar
observations, especially when excitation diversity is limited. The dual-
source rotating structure partially breaks such symmetry and reduces
the probability of ambiguous pose solutions.

3. Improved robustness against local information deficiency: In
some regions of the measurement space, one magnetic source may ex-
hibit weak sensitivity to a particular state variable. The second source
can compensate for this deficiency, thereby improving the spatial uni-
formity of the available observation information.

2.2 Time-varying Magnetic Field Model and Measurement
Equation

To describe the magnetic observation process, each permanent
magnet is first approximated as an equivalent magnetic dipole. Alt-
hough the practical field generated by a finite-size permanent magnet
deviates from that of an ideal dipole, especially in the near-field region,
the dipole approximation provides an analytically tractable model and
can adequately represent the magnetic field within the intended work-
ing range, as will be further examined through finite-element valida-
tion.

For the i-th permanent magnet (i=1,2), let its center be denoted by

T . . . .
Pyi = [ai,bi,ci] , its equivalent dipole moment magnitude by B,
and its unit magnetization direction at time step k by m, (k ) . The rel-

ative position vector from the i-th magnet to the sensor is then defined



as r, (k) = P, — Py - Under the magnetic dipole approximation,

the magnetic flux density generated by the (i)-th rotating magnet at
the sensor position can be written as:

o () (O (0= (1) (&) 9

where /4, is the permeability of free space and I denotes the identity

Bi(k)=

matrix. The total magnetic field in the global coordinate frame is ob-
tained by the superposition of two sets of magnetic fields [see (3)].
Since the magnetic sensor is attached to the moving target, the
actual measurement is represented in the sensor coordinate frame.
Let the sensor attitude be described by the roll, pitch, and yaw angles

(. B..7,)» and R(e,,B,.7,) denote the corresponding rotation

matrix from the global frame to the sensor frame. The magnetic ob-
servation equation is therefore given by:

Z(k)=R(a. .7, ) (B(k,x,y.2)+ v(k)) 5)
where Z(k) is the observed total magnetic field signal, v(k) is zero-
mean Gaussian white noise. The sensor attitude is described by the

intrinsic Z-Y—X Euler angles (ak, ,Bk,;/k) , where a (yaw), [
(pitch), and y (roll) denote rotations about the Z-, Y-, and X-axes

respectively, and R(¢,,5,.7,) =R, (7, )R, (B, )R, () is the
rotation matrix from the global frame to the sensor frame. Analysis
indicates that the magnetic field value observed by the sensor varies
with changes in the magnetization axis direction of the magnet, the
spatial position of the sensor, and the sensor attitude. Hence, the in-
version from magnetic observation to pose is intrinsically a coupled
nonlinear field-to-state reconstruction problem rather than a purely
kinematic state-estimation problem.

2.3 Observability Enhancement and symmetry Analysis of
the Dual-rotating Configuration

For magnetic pose measurement, the reconstruction perfor-
mance depends on whether the magnetic observation contains suffi-
cient information to distinguish different state variables. The local
sensitivity of the measurement to the state can be characterized by
the observability matrix:

H(x,k) _ WxF) (6)

Ox
where A (x,k) denotes the nonlinear observation function. The Jacobi-
an provides a local linear description of the inverse problem around
a given operating point. If a small change in a state variable produc-
es a large change in the observed field, the corresponding state is lo-
cally sensitive and easier to identify. Conversely, if the observation
changes only weakly with respect to certain state perturbations, the
local reconstruction will be ill-conditioned and more susceptible to
noise.

In the present system, the sensitivity is expected to vary signifi-
cantly across space. Near regions where the two rotating dipole
fields provide distinct directional and temporal signatures, the Jaco-
bian norm becomes larger and the state is better conditioned. In con-
trast, along geometrically symmetric regions or far-field areas where
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the field gradient weakens, the local sensitivity decreases. This ex-
plains why the same estimator may exhibit stable convergence in
some regions but slower convergence or larger variability in others.
We further analyze the condition number of the observation Jacobian
matrix H, the condition number «(H) represents the sensitivity to
measurement errors:

O (H)
O (H)

where o ( H) and o, (H) are the maximum and minimum sin-

x(H)= (M

gular values of the matrix, respectively. A lower condition number in-
dicates better estimation conditioning. Numerical analysis reveals sig-
nificant differences in condition numbers across different magnetic
configurations. In practice, the condition number reported in Table 1
is computed by stacking the observation Jacobian over a complete ex-
citation period. Specifically, let T = lcm(l / f,1/ fz) denote the

fundamental period of the composite magnetic field. The stacked Ja-
cobian is formed as:

H(x,tl)

H(x,1,)

H ®)

stacked

H (X, ty )
where £,,¢,,...,t, are uniformly sampled time instants within one pe-
riod 7, and N =T - F, . The singular value decomposition (SVD) is

then applied to H

stacked

H =UzV’ )

where

stacked

and the condition number is obtained as kK =0, /o

min ?

o and O,

max are the largest and smallest singular values on the di-

n

agonal of X . For the biaxial rotating configuration with f, =20Hz

and f, =40Hz, the period-averaged condition number is signifi-

cantly lower than that of a single rotating magnet, as shown in Table 1.

Table 1 Pose condition number under different magnet configura-
tions

Configuration Position k Attitude k
Single rotating mag- 153 427
net
Biaxial rotating 40 8.9

magnets

To contextualize the observability improvement of the biaxial
configuration, we compare it with a representative single rotating-
magnet system from the literature. Popek and Abbott (2017) achieved
six-degree-of-freedom localization with a single rotating permanent
magnet and reported millimeter-level position accuracy under con-
trolled conditions. However, because the temporal variation is con-
fined to a single rotation plane, such systems typically suffer from
higher condition numbers in certain pose configurations. As shown in
Table 1, a single rotating magnet yields k = 15.3 for position and k ~
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42.7 for attitude in our simulation geometry. The biaxial configura-
tion addresses this limitation by introducing a second magnet rotat-
ing orthogonally at a different frequency, thereby enriching the spa-
tiotemporal diversity of the composite field. This architectural
change reduces the condition number to 4.2 for position and 8.9 for
attitude, indicating substantially improved measurement condition-
ing across the full six-degree-of-freedom state space.

3 Physically Consistent State Reconstruction
under Initialization and Uncertainty

3.1 Reconstruction Objective and Design Logic

The analyses in Section 2 demonstrate that the biaxial rotating
permanent-magnet configuration provides enhanced information

Optimization-Based Initial Value Estimation

Preset Initial Guess Objective Function

- » Observation Residual

Trust-Region Least-Squares Optimization

Recursive Estimation Loop

State
Equation

Observation
Equation

Prior Distribution Construction

Sigma-Point Generation Prediction Model

Unscented Transformation —> State Prediction

SVD-Based Square-Root Decomposition Observation Prediction

Numerical Computation

Covariance Update Kalman Gain Calculation

richness compared to conventional single-magnet systems. The condi-
tion number of the observation Jacobian decreases from 15.3 to 4.2
for position estimation and from 42.7 to 8.9 for attitude estimation
when employing dual orthogonal rotating magnets. However, this im-
proved observability alone does not guarantee reliable state recon-
struction in practical applications. Several challenges inherent to
magnetic measurement systems must be addressed, including initiali-
zation sensitivity, spatially varying observability, time-varying uncer-
tainty and attitude ambiguity.

In response to the aforementioned challenges, the estimator pro-
posed in this paper is not merely an isolated filtering improvement al-
gorithm, but rather a reconstruction framework specifically tailored to
the measurement characteristics of the dual-axis rotating permanent
magnet system. The complete workflow, as illustrated in Fig.3, com-
prises three main stages: initialization, prediction, and correction.

System Initialization

Model Formulation Magnetic dipole model
7 calculation Theoretical
A Observation State > Trajectory
Equation Equation
Residual-Based Adaptive Noise Adjustment
Residual Calculation and Storage
v
Threshold Decision Function
Maneuvering State Non-Maneuvering State
& v v v v
Increase Maneuvering Decrease Steady-State
Process Noise Model Process Noise Model

v v

Fig. 3 Flow Chart of the Optimized Adaptive Residual-Based Unscented Kalman Filter (UKF) Algorithm.

3.2 Reconstruction Objective and Design Logic

Different from the general Unscented Kalman Filter (UKF), the
proposed adaptive residual-based UKF is designed to address the in-
herent nonlinearities in magnetic positioning. The state equation of
this algorithm is derived from target kinematics, and its parameters
are updated using maneuvering and steady-state state equations ac-
cording to the current motion state, ensuring physical consistency.
To suppress trajectory divergence during target maneuvers, the algo-
rithm dynamically adjusts residuals, preventing over-reliance on
predictions or measurements. The state and observation equations
are given as:

Increase Process Noise Decrease Process Noise
Maneuvering Model Steady-State Model
oS, poS, Vi
Hk 01{71 k-1
Z, = = At+8k (10)
Vi Vi a4
a, @, 0
oS, poS,, Vi
o o, o,
z, = © = e At+g, (1)
Vi Vi @D XV,
@, @, 0
2
2 B(M,kor.k)-r,k—MAko|r.k|
h, =mR(e,.f.7) Y| —— | (12)
i=1

i

5
It



In the state equation, the state vector at time k comprises sensor
coordinates poS; =(x,Vx.zy), attitude angles &,=(ay, P, ), linear ve-
locities v =(Vyx, Vyx V-x), angular velocities @; =(w.x, )y, ©-x),
and process noise g;. To accurately reconstruct dynamic trajectories,
we perform differential processing on the complex motion trajectory
and discretize motion paths collected by the sensor into time-step
units. The motion between discrete time steps k—land & is modelled
as a circular arc with the centripetal acceleration term @;_xv;| is
derived from circular motion dynamics. In the observation equation,

m, is the magnetic moment constant, R is the attitude matrix, M, ,

and r,, are the magnetization axis and relative position vector for

magnet i, where (a;,b;,c;) are the fixed coordinates of the magnets.
Observation noise is modelled as zero-mean Gaussian white noise.

3.3 Prior Distribution Construction
The algorithm initializes with the state vector x, = £ [XU] and its

. . ~ ~ T .
covariance matrix P, = EI:(Xn - X, )(Xn - xo) ] .A set of sigma

points is generated via the Unscented Transform (UT) to approxi-
mate the system's probability distribution. These points and their as-
sociated weights are calculated as follows:

}.’(O)k = ”2k >

PO +SVD(W)1 si=le,n (13)
Z(Hn)k _ 52]{ _SVD(\/W),» Ji=1,...n

. A
Wy = ;
n+A
A +(1-a" +B) (14)
) ’
" ; 1 21
=W =—)i=1,..,n
' ' 2(n+/1)

where 1 =a’ (n + K) —n is the scaling parameter. The spread of

sigma points is governed by a (typically 0<a<1), while f=2 is used
under the Gaussian noise assumption, and x=3—n is set for state dis-
tribution tuning. Notably, traditional UKF uses Cholesky decompo-
sition for Sigma points generation, which fails if P is non-positive
definite. Conventional solution enforces positive definiteness but
distort the true state distribution, introducing positioning error.

To resolve this, we replace Cholesky decomposition with Sin-
gular Value Decomposition (SVD). Let the scaled covariance matrix

be(n+A)P=ULV", where U = V for real symmetric matrices. The
square root is then obtained reliably as«/(n+ 1) P = vz , with

\/; :diag(\/;l ,\/Z \/: ) .This SVD-based approach ensures

numerical stability without introducing regularization bias, preserv-
ing the statistical integrity of the sigma points.

These sigma points are then propagated through the nonlinear
state transition function:
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@ _ (1)
Zk‘k—l =z, (Z/H ) (15)
5 0
X1 = E()Wi y o (16)
2n
— (o) (,,00) (1) r
Pk\k—l _E;JVV,' (Zk\k—l _xk\kfl)(lk\kfl _xk\k—l) +Q a7

(m

where W, ) and VI{(C) are the weights for the mean and covariance, re-

spectively, and Q is the process noise covariance matrix.
3.4 Prior Distribution Construction

First, the predicted Sigma points are transformed into the obser-
vation space via the observation model, resulting in predicted observa-
tions:

0 _ (0
Zk\k—l _h(xk\k—l) (18)
Subsequently, the predicted observation and covariance matrices
are computed as weighted sums of these mapped points:

2n
Zk‘kfl = ZVVI.(W)ZS‘LI (19)
i=0

2n
Sk = Z W;(C) (Zsc’\i—l - Zk‘kfl )(ZE:‘I){—I - Zk‘kfl )T +R (20)
i=0

> VVi(C) (12(24 = Xkt )(Z%L] ™ 2 )T @)

i=0

C, -

where S; denotes observation covariance, C;, is cross-covariance and
R is observation noise covariance. The Kalman gain K,, innovation

sequence V, , and updated state/covariance are then derived:

G
K, = g (22)
Vi =X =2y, (23)
X, =Xt K, (24)
P = PA»\/H - KkSkKZ (25)

Here, x=Bcasureax 18 the actual noisy magnetic field measure-
ment and P, characterizes state estimation uncertainty.

The fixed process noise covariance Q in standard UKF results in
poor adaptability to dynamic magnetic positioning scenarios. In the
initial filtering phase, state estimates are sensitive to initial values,
while noise-induced errors dominate in later iterations. For maneuver-
ing targets, a fixed Q fails to track rapid state changes, leading to filter
divergence. This necessitates real-time adjustment of Q based on the
target’s motion state.

To address the adaptability limitation, a sliding-window residual
discrimination mechanism is proposed to detect target maneuvers. The
residual vector, cumulative residual, and residual positive probability
are defined as:

65&,) =X, —ijk‘kil (26)
rm

0= " @7
=1
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1 L
P, =r—§y{5§“~) >0},/=1,2,3 (28)

where ', is the sliding window size, #{.} is used to calculate the

probability that the residual part is greater than zero.

Residuals at each step are stored in a buffer to form a sequence.
When full, maneuver detection starts: calculate each component’s
positive probability, then its offset from s (Gaussian expectation=0.5)

via a statistical function.
(87 ~s5)" 29

To enhance precision, the process noise for velocity and angu-
lar velocity states is attenuated. This is achieved by applying a diag-
onal scaling matrix D with elements 0<c<1 to Q:

Ln=1,..,6

,12

Q.. =D, QD.. D, - diag(a).a { 60)

c,n=17,..

The noise covariance Q is attenuated to improve steady-state
accuracy, with a constraint matrix Qp;, to prevent over-attenuation:

Q,., = max (Qk+l 2 Qi ) G
To improve the filter's responsiveness and avoid tracking lag,

the process noise for kinematic states is amplified using a diagonal
matrix 4 with elements d>1:

LLn=1,..,6
Qk+l = An.anA:,n > Au,n = diag(b) b= { (32)

d,n="7,..,12

This increases the uncertainty in the state prediction, allowing
the filter to rely more on new measurements and rapidly correct the
estimate.

Magnetic field symmetry induces a m-ambiguity in attitude es-
timation. Reversing the magnet's magnetization direction by 180°
does not alter the measured field magnitude, leading to attitude er-
rors of m radians. To resolve this ambiguity, a continuity constraint
on the magnetic field vector is applied. Define the dot product of
consecutive predicted magnetic field vectors as:

A=z" z  (33)

pred 2 prev

If A<O0, it indicates a physically implausible reversal in the field
direction prediction. The correction is applied by inverting the cur-
rent prediction and the corresponding sigma points in the measure-
ment space:

Zpred =~
(1)

k-1

pred

(1)

klk-1

(34)

z =-Z

This inversion corresponds to a n-rotation of the attitude angle
around the Z-axis, with the implicit relationship:

_Bpred = (_;R)Bmml = ( 2R’z(/rA R)Bmml (35)

4
where (%)

180° attitude jumps without complex optimization, ensuring smooth,

is the Z-axis m-rotation matrix. This method eliminates

accurate attitude estimation.

4 Validation of Measurement Performance and

Reconstruction Robustness

To evaluate the proposed magnetic position-and-attitude meas-
urement framework, a comprehensive investigation was carried out
through 100-run Monte Carlo simulations, COMSOL Multiphysics-
based finite-element analysis, and physical experiments. The purpose
of this section is not only to assess estimation accuracy, but also to
examine measurement reliability under repeated trials, sensitivity to
initialization, adaptability to time-varying noise, and the influence of
major uncertainty sources on overall measurement performance. The
evaluation therefore considers position and attitude errors, conver-
gence behavior, response speed, and robustness under dynamic condi-
tions, together with repeatability-related observations obtained from
repeated runs.

4.1 Calibration and Synchronization Considerations

Before each experimental run, the sensor array and the rotating
magnetic sources were mechanically aligned to reduce geometric in-
stallation error, and the acquisition chain was checked to ensure con-
sistent timing between magnetic excitation and signal sampling. This
calibration and synchronization procedure is important because even
small installation deviations or phase offsets may introduce systematic
bias into the inverse estimation process. In the present study, synchro-
nization consistency was maintained throughout repeated tests to re-
duce inter-run variability. Nevertheless, residual timing error, installa-
tion tolerance, and environmental magnetic disturbance remain con-
tributors to the overall measurement uncertainty and therefore should
be taken into account when interpreting the experimental results.

4.2 Comparative Evaluation Under Repeated Simulations

Fig. 4 presents a comparative evaluation of the proposed method
against EKF, PF, AST-UKF, SR-UKF, IEKF, and AR-UKF. The re-
sults show that TROAR-UKF provides more accurate and stable state
reconstruction for the considered magnetic measurement system than
the other methods, indicating that the proposed physically consistent
and uncertainty-adaptive strategy is better matched to the nonlinear
and uncertainty-affected observation characteristics of the present
problem. Compared with AR-UKF, TROAR-UKF further improves
convergence behavior and reduces sensitivity to initialization by in-
corporating trust-region optimization into the recursive reconstruction
process.
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Fig. 4 Comparative evaluation of representative estimation methods for magnetic position-and-attitude measurement. (a) Position RMSE and (b) attitude
RMSE for conventional methods; (c) position RMSE and (d) attitude RMSE for UKF-based methods under dynamic motion conditions.

However, the conventional UKF performs satisfactorily only
under relatively simple motion conditions, whereas practical meas-
urements often involve more complex and highly maneuvering tra-
jectories. To assess this issue, a composite trajectory consisting of
straight-line motion and spiral ascent was designed. The results in
Fig. 4(c) and Fig. 4(d) show that the standard UKF becomes prone to
increased deviation and occasional divergence under complex ma-
neuvers, mainly because fixed covariance settings cannot adequately
represent the time-varying uncertainty of the measurement process.
By contrast, the adaptive residual UKF (AR-UKF) updates the co-
variance according to innovation statistics, which leads to improved
tracking reliability in dynamic scenarios.

Although adaptive covariance adjustment improves dynamic
performance, repeated tests under random initialization indicate that
initialization uncertainty remains a major source of measurement in-
stability. To simulate realistic operating conditions, random initial

states were introduced in the Monte Carlo analysis. Statistical results
show that AR-UKF diverges, on average, once every four to six runs
under random initialization, suggesting that covariance adaptation
alone is insufficient to ensure reproducible convergence in practical
measurements.

To reduce this limitation, a trust-region optimization module is
incorporated before filtering. Specifically, trust-region optimization is
performed on the measured magnetic signals to estimate physically
consistent initial values, thereby reducing dependence on manually
assigned initial guesses. This initialization strategy significantly im-
proves convergence reliability and reduces sensitivity to initialization
uncertainty. As shown in Fig. 5, the proposed framework exhibits
more stable convergence behavior than AR-UKF alone. In addition,
Table 2 provides a quantitative comparison of EKF, UKF, AR-UKF,
and the proposed method at an SNR of 15 dB, further confirming the
improvement in measurement accuracy and repeated-run consistency.
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Fig. 5 Comparison of Filtering Effect and Stability between TROAR-UKF and AR-UKF.

To quantitatively evaluate and compare the tracking perfor-
mance of different nonlinear filters under realistic noisy conditions,
the numerical simulation results of standard EKF, PF (2000 particles,
systematic resampling), AST-UKF, SR-UKF, IEKF, AR-UKF, and
the proposed TROAR-UKF are summarized in Table 2. All results
represent average values obtained from 100 independent Monte Car-
lo simulations, conducted at a signal-to-noise ratio (SNR) of 15 dB
and a sampling rate of Fs=1250Hz, to account for random measure-
ment variations and ensure statistical reliability. Position-related
metrics are reported in millimeters (mm), whereas attitude-related
metrics, including Euler angle errors, are reported in degrees (°).

The SNR was set to 15 dB as a deliberately conservative condi-
tion, representative of the far end of the working range and of mag-
netically cluttered environments; the effective SNR in the near-field
core region is considerably higher. This choice ensures that the re-
ported robustness margins are not optimistic, and the resulting trends

are consistent with the physical-experiment errors in Table 3.

A simulation run is regarded as convergent only when both posi-
tion and attitude errors fall below the prescribed thresholds and re-
main bounded throughout the observation interval: specifically, the
position error is less than 50 mm, and the mean error of the three atti-
tude angles is less than 15°, with both conditions maintained for 20
consecutive time steps. The final steady-state error, reflecting long-
term tracking precision, is defined as the root-mean-square error
(RMSE) achieved after convergence. The settling time denotes the
time required for estimation errors to enter and remain within the pre-
defined tolerance bounds. The convergence rate refers to the propor-
tion of runs satisfying the convergence criterion without divergence.
The run-to-run standard deviation (Run-to-run SD) represents the
standard deviation of steady-state positioning error across all conver-
gent runs, reflecting the consistency of performance across repeated
trials.

Table 2 Quantitative comparison of representative estimation methods for magnetic position-and-attitude measurement at SNR

=15dB
.. . Computation Time Per
Position Overall Final Steady-State Er- Run/ Average Con- Run-to-Run SD

Method RMSE Attitude ror Average Converaence vergence Rate (Position/

(mm) RMSE (°) (Position/Attitude) &€ g (%) Attitude)
Time (ms)

EKF 54.12 14.87 45.54/12.26 21.58/9.83 35 17.85/11.02
PF (N,=2000) 17.45 12.86 13.15/11.97 31.55/11.03 69 7.12/4.18
AST-EKF 19.31 11.85 13.71/10.22 27.32/10.51 45 16.22/9.56
SR-UKF 11.72 12.29 9.53/9.96 39.77/12.28 39 9.01/8.89
IEKF 6.55 2.74 3.64/2.25 21.39/8.54 58 4.21/2.57
AR-UKF 1.38 0.45 1.10/0.44 15.82/7.16 74 1.28/0.42
TROAR-UKF 0.97 0.38 0.84/0.35 18.21/2.73 90 0.94/0.37




4.3 Influence of key operating parameters
4.3.1 Influence of Excitation Frequency on Measurement Observa-
bility
Fig. 6(a) presents the filtering and measurement performance
under different rotor speeds. As the rotation frequency of the mag-
netic dipoles increases, the time variation of the magnetic field be-
comes more pronounced, which enhances the effective field gradient
and improves state observability. Under these conditions, the estima-
tion framework responds more effectively to trajectory variation, and
the measurement error decreases progressively. Increasing f; enhanc-
es the instantaneous field variation and the effective norm of the
gradient 0B,/0t, as described by:

cos(27f1t)
OB, OB, dm, 0B,
—=——Le——L=—L07xf| —sin(27f 36
ot om, dt Om, . ( f) (0
0
0B, d
i ;| < [ (37)
ot t

Furthermore, the cross-covariance C; in the Kalman gain
KkZCkSk‘ldepends on the state sensitivity 0B/0x. Thus, higher rota-
tion speeds improve the observability, enabling the AR-UKF to re-
spond more quickly to the dynamic changes in the trajectory and re-
ducing the estimation delay. When the rotor frequency is lower than
15 Hz, however, the available dynamic information becomes insuffi-
cient and divergence may still occur. This behaviour indicates that
excitation frequency is not merely a control parameter, but also an
important measurement-design factor because it directly affects ob-
servability, sensitivity, and achievable precision. In other words, the
quality of the magnetic excitation influences the amount of useful
information available to the inverse estimation process. Based on the
spectral characteristics of the magnetic field, the rotation-speed ratio
of the two dipoles is fixed at 2:1 in the subsequent study, corre-
sponding to 20 Hz and 40 Hz, respectively. This configuration pro-
vides sufficient spectral separation while maintaining stable opera-

tion of the measurement system.

4.3.2 Influence of Sampling Rate on Precision and Stability

To investigate the influence of the sampling rate Fs, the initial
value was set to 80 Hz so as to satisfy the Nyquist criterion for the
40 Hz magnetic component. Figure 6 (b) presents the error curves
obtained from 100 Monte Carlo simulations under different sam-
pling rates. The results show that measurement accuracy improves
consistently as Fs increases. This behaviour can be explained by the
fact that the state transition process is intrinsically continuous,
whereas the implemented estimation framework is discrete. A small-
er time step At=1/Fs yields a closer approximation to the underlying
continuous dynamics and therefore reduces discretization and trun-
cation errors. A higher sampling rate also improves single-step pre-
diction accuracy, particularly during rapid motion or fast magnetic
rotation. From a measurement perspective, increasing the update rate
provides two practical benefits. First, it enables more frequent cor-
rection of initial and transient estimation errors, which accelerates
convergence. Second, it suppresses noise-induced disturbances more
promptly and thereby reduces the risk of error accumulation. In addi-
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tion, denser temporal sampling tends to smooth the evolution of the
estimated states, which improves the numerical stability of the covari-
ance update. These results indicate that the sampling configuration has
a direct influence on both precision and real-time stability and should
therefore be considered part of the measurement design rather than a
purely computational parameter.

4.3.3 Influence of Residual-Based Adaptive Parameters

The influence of the residual-based adaptive parameters on
measurement performance is further examined in Fig. 6(c). In particu-
lar, the sliding-window size (N) is varied while f1=20 Hz, f2=40 Hz,
and Fs=1250 Hz are fixed. As (N) increases, the estimation results be-
come smoother and the steady-state error is reduced, indicating im-
proved attenuation of random fluctuations. At the same time, the
computational latency per run also increases because maneuver detec-
tion becomes less responsive. This trade-off stems from detection de-

lay 7, «N/Fs [see (33)] and variance reduction in residual probability

estimation:
T, N (38)
Fs
(1-
var(p,) =" ( ~ 2) (39)
Prase e 7= (40)

The window length N was set to the smallest value in the low-
error plateau of Fig. 6(c) that satisfies 7, = N / F, x1000 <40 ms .

The sensitivity of the algorithm to ¢ and d is understood analytically:
during steady motion, Eq. (29) drives Q to the floor Q,,;, for any

ce (0,1) , so the steady-state RMSE is independent of the precise

value of ¢. Upon maneuver detection, the inflation factor d (d >1)
governs only the transient recovery speed; once Q returns to its opti-
mal neighborhood the steady-state error is again independent of d.
Consequently, any admissible pair (¢, d) with 0< ¢ <1, 4 >1, and
Q=Q,,, vields essentially the same steady-state accuracy, and a

coarse grid search over a representative Monte Carlo subset is suffi-
cient to fix both coefficients.

This trade-off reflects the balance between sensitivity and stabil-
ity in the measurement process. A larger window provides stronger
averaging and therefore improves noise suppression and repeatability
under non-maneuvering conditions. However, an excessively large
window prolongs the detection delay, which may lead to missed or de-
layed responses during rapid motion and thus degrade dynamic track-
ing performance. Conversely, if the threshold or window size is too
small, the probability estimation becomes more sensitive to noise fluc-
tuations, leading to false alarms and less smooth estimation curves.

4.3.4 Influence of Noise Level and Uncertainty Adaption

Subsequently, the noise environment was varied while the re-
maining experimental parameters were kept unchanged, in order to as-
sess the influence of noise power on the proposed framework. The
corresponding results are shown in Fig. 6(d). The proposed method
maintains relatively stable performance over a wide range of noise
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levels, indicating that the residual-adaptive mechanism can partially
compensate for time-varying uncertainty and preserve reliable filter-
ing behaviour under changing environmental conditions.
Nevertheless, the residual error still varies with the noise level,
which suggests that measurement uncertainty cannot be eliminated
solely by adaptive estimation. Instead, the remaining error should be
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interpreted as the combined result of observation noise, model mis-
match, initialization quality, and dynamic operating conditions. This
observation is important from a metrological perspective because it
shows that the proposed framework improves robustness to uncertain-
ty, but does not remove the need for careful system calibration and
uncertainty analysis.
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Fig. 6 Performance evaluation of TROAR-UKF under different parameter configurations. (a) Effect of rotor rotation frequency on estimation errors. (b)
Effect of sampling frequency on estimation errors. (c) Effect of residual threshold window size N on estimation error and computation time. (d) Effect of

measurement noise level on estimation errors.

4.4 COMSOL-Based Verification of Field-Model Con-
sistency and Measurement-Model Validity

To validate the feasibility of the proposed magnetic field model
and the associated measurement model, systematic finite-clement
simulations were carried out in COMSOL Multiphysics. Two N52-
grade cylindrical permanent magnets were modelled with defined
geometry, magnetization direction, and operating configuration, and
the surrounding air domain was established to approximate the actu-
al measurement environment. High-quality unstructured meshes
were generated and checked to ensure mesh-independent field results.

The time-varying magnetic field produced by the rotating mag-
nets was then computed under transient conditions. Uniformly dis-
tributed moving points were used to track the dynamic field varia-
tion and generate simulated trajectories, and magnetic flux density
data were extracted at each sampling instant. Fig. 7. COMSOL veri-
fication of the biaxial rotating permanent-magnet field. (a)—(b) Un-

structured finite-element mesh of the magnets and surrounding air
domain. (c) Flux-density distribution and (d) field lines of the rotating
dipoles, confirming agreement between the analytical dipole model
and the computed field within the working range. These results pro-
vide a finite-element reference for examining the consistency between
the analytical dipole-based field representation and the physical mag-
netic field in the practical operating region. The COMSOL-generated
magnetic observations were subsequently used as the input to the pro-
posed framework. The corresponding position and attitude estimation
errors are shown in Fig. 8. The estimated trajectories agree well with
the reference trajectories, and the attitude estimates remain bounded
with relatively small fluctuation over the entire measurement interval.
This result indicates that the proposed framework remains effective
even when the observations are generated by a higher-fidelity physical
field model rather than by the analytical model itself.

From a measurement perspective, the significance of the COM-
SOL analysis lies not simply in providing additional simulation sup-
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port, but in verifying field-model consistency and supporting the va-  crepancy serves as an indicator of model-related uncertainty. This in-
lidity of the measurement model employed in the estimator. The fi- termediate verification step is important because it links the idealized
nite-element results indicate that the analytical dipole approximation analytical formulation to the physical experimental system and helps
provides an acceptable representation of the physical magnetic field explain the subsequent measurement performance observed in prac-
within the considered measurement range, while the remaining dis- tice.

(a) & cm (b)
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-100

Fig. 7 (a)-(b) demonstrate the mesh generation of the permanent magnet and air domain via COMSOL; (c)-(d) show the magnetic field distribution of
the magnetic dipole, including magnetic flux density and magnetic field lines.
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Fig. 8 Filtering results based on COMSOL solutions, where(a) and (b) show the position and attitude angle errors.



14 | ENGINEERING Inform Technol Electron Eng 260100

4.5 Physical experiments and practical measurement per-
formance

Finally, physical experiments were conducted to evaluate the
practical performance of the proposed magnetic position-and-
attitude measurement framework. The prototype system and repre-

(a) (b)

-]

50
]

185

sentative experimental scenarios are shown in Fig. 9. The experi-
mental platform consists of the biaxial orthogonal rotating permanent-
magnet excitation structure, the magnetic sensing unit, the signal ac-
quisition and control circuit, and the host-side processing module im-
plementing the proposed method. Detailed hardware parameters are
provided in Table 4 of the Appendix.
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Fig. 9 Relevant images of the prototype test, where (a) and (b) are the structural diagrams of the test prototype, (¢) and (d) show the estimation results
of the algorithm under different trajectory conditions (spiral trajectory: 43 cm path length, 10-12 s; W-shaped trajectory: 46 cm path length, 11-13 s),

and (e) is the field test demonstration.

The measurement surface was a self-healing cutting mat with a
printed 1 cm grid. The sensor was placed at grid intersection points
within the working range, with nominal coordinates read from the
grid markings (resolution 10 mm). The spiral trajectory shown in Fig.
9(c) has a path length of approximately 43 cm and was completed in
approximately 10-12 seconds, while the W-shaped trajectory in Fig.
9(d) has a path length of approximately 46 cm and was completed in
approximately 11-13 seconds, corresponding to average motion
speeds of approximately 35-43 mm/s and 35-42 mm/s, respectively.
These timing data were obtained from the recorded timestamps of
the sensor acquisition system, and the path lengths were computed
by integrating the Euclidean distance between consecutive estimated
positions. The moderate handheld motion speed ensures stable track-
ing while demonstrating the system's real-time performance under
realistic manipulation conditions.

For each static test position, the sensor was held stationary for a
fixed dwell interval and the mean TROAR-UKF estimate was rec-
orded; the error was computed against the grid-defined reference.
For the trajectory experiments, the start and end points were an-
chored to labeled grid intersections, and the theoretical path was de-
fined by straight-line segments between those anchors. Attitude (roll

¥ and pitch ) was validated with a graduated rotation jig (5°

steps); yaw & was not independently verified owing to field inter-

ference with any co-located heading reference. All reported static ac-
curacy figures are given as mean + standard deviation over repeated
measurements at each grid point. The prototype provides reliable 6-
DOF tracking over a sensor-to-source distance of roughly 0.24—
2.15 m, with the highest accuracy in the 0.24-0.45 m core region; the
near limit follows from the dipole-validity conditionr > 2R and the
far limit from the reduced SNR under the 1/r* decay. The attainable
range is mildly direction-dependent owing to the asymmetric two-
magnet layout.

Different motion trajectories were tested in order to assess the
ability of the system to reconstruct both position and attitude in real
time. In addition to the average error, attention was also paid to the
consistency of the results under repeated trials, because for a meas-
urement system, good performance should be reflected not only in
nominal accuracy but also in repeatability and reproducibility.

Table 3 summarizes the performance of TROAR-UKF under two
The COMSOL-based case reflects model-
consistent finite-element observations, while the physical experiment

validation conditions.

includes additional uncertainty sources such as sensor noise, calibra-
tion deviation, synchronization error, mechanical tolerance, and envi-
ronmental disturbance. Therefore, the experimental errors are ex-
pected to be larger than those in COMSOL simulation, although the
overall convergence and tracking stability remain satisfactory.
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Table 3 Quantitative performance indicators of TROAR-UKF 5§ Conclusions

under COMSOL and real-world experimental conditions.

. COMSOL-based Physical
Metric . . .
Simulation Exper]ment
Position RMSE (mm) 1.95 3.32
Average Attitude RMSE (°) 1.62 3.51
Mean settling time (ms) 16 27
Run-to-run SD (mm) 1.59 3.47

The experimental results show that the proposed framework
achieves stable real-time trajectory tracking with millisecond-level
response and millimetre-level positioning accuracy under practical
operating conditions. Compared with the simulation and finite-
element results, the physical experiments exhibit larger residual er-
rors, which is expected because the practical system is affected by
multiple uncertainty sources that cannot be completely eliminated in
the current prototype. These sources mainly include sensor noise,
deviation between the analytical magnetic model and the actual field
generated by the permanent magnets, mechanical installation and
alignment tolerance, rotational-speed fluctuation, and synchroniza-
tion deviation between magnetic excitation and data acquisition. En-
vironmental magnetic disturbance and structural vibration may also
contribute to the residual error.

Among these factors, synchronization error deserves particular
attention. Since the proposed measurement principle relies on the
temporal variation of the rotating magnetic field, any phase offset
between rotor motion and sensor sampling changes the effective ob-
servation sequence presented to the estimator. Such timing incon-
sistency directly affects the correspondence between measured and
predicted magnetic signals, thereby increasing residual error and de-
grading consistency across repeated runs. Similarly, calibration-
related deviations, such as sensor-axis misalignment, uncertainty in
magnet pose, and variation in the effective magnetic moment, may
introduce systematic bias into the reconstructed states. Repeated tri-
als were conducted under the same nominal conditions to assess re-
peatability. The results show that the proposed framework maintains
relatively small run-to-run variation in the reconstructed trajectory,
indicating good repeatability of the measurement process. To assess
reproducibility, additional tests under different initialization and dis-
turbance conditions were also considered. Although the estimation
error increases slightly under these more challenging conditions, the
proposed method remains convergent in most runs and preserves
stable overall measurement behaviour. This indicates that the trust-
region initialization and residual-adaptive covariance update im-
prove not only nominal estimation accuracy, but also the tolerance of
the measurement result to practical uncertainty. Overall, the physical
experiments confirm that the proposed framework is feasible for
high-precision magnetic position-and-attitude measurement in prac-
tical scenarios. More importantly, the results show that the proposed
method improves convergence reliability, repeatability, and robust-
ness against uncertainty sources that are commonly encountered in
real measurement systems.

This paper has presented a magnetic position-and-attitude meas-
urement framework for a biaxial orthogonal rotating permanent-
magnet system, with emphasis on both estimation accuracy and meas-
urement reliability under practical uncertainty. To address the limita-
tions caused by strong nonlinearity, initialization sensitivity, time-
varying noise, and model-related deviations, a trust-region-optimized
adaptive residual unscented Kalman filter (TROAR-UKF) was devel-
oped and integrated into the proposed framework. The method com-
bines trust-region-based initialization, residual-adaptive covariance
updating, and a dual rotating magnetic dipole configuration to im-
prove observability, convergence reliability, and robustness. In addi-
tion to improving nominal reconstruction accuracy, these features en-
hance repeated-run consistency and reduce sensitivity to random ini-
tialization and changing operating conditions.

The proposed framework was validated through repeated Monte
Carlo simulations, COMSOL-based finite-element analysis, and phys-
ical experiments. The results showed that TROAR-UKF outperforms
AST-UKF, SR-UKF, IEKF, and AR-UKF in terms of estimation ac-
curacy, convergence behavior, and robustness to initialization uncer-
tainty. The COMSOL-based analysis further verified the consistency
between the analytical field model and the physical magnetic field
within the considered operating range, while the physical experiments
demonstrated stable real-time tracking with millimetre-level position-
ing accuracy and millisecond-level response. Although the experi-
mental errors were larger than those in simulation, the method main-
tained satisfactory convergence and relatively small run-to-run varia-
tion under practical uncertainty sources, including sensor noise, field-
model mismatch, installation tolerance, synchronization deviation,
and environmental disturbance.

Overall, the results indicate that the proposed TROAR-UKF-
based framework is an effective approach for improving the metrolog-
ical performance of magnetic position-and-attitude measurement sys-
tems. The study also shows that achievable measurement performance
depends not only on the estimator itself, but also on field-model valid-
ity, excitation design, calibration quality, and synchronization stability.
The present prototype is a bench-scale external platform in which only
a compact sensor is attached to the tracked target; the methodology
provides a positive reference for the further development of magnetic
guidance systems in capsule-endoscopy and surgical-navigation sce-
narios, while being directly applicable to industrial metrology and col-
laborative-robot tool-tip tracking in its current form. Future work will
focus on improving computational efficiency and exploring hybrid
model-based and data-driven strategies to further enhance the real-
time performance and practical applicability of magnetic measure-
ment systems.
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Supplementary materials

Table S1 Hardware specifications of the experimental platform.

Category Parameter Value
Model AK09940 (Asahi Kasei Microdevices)
Package / footprint 11-pin LGA, 1.6 mm x 1.6 mm x 0.58 mm
Number of sensing axes 3 (tri-axial, co-located at one point)
Number of sensor units 1 (mounted on tracked target)
Resolution 18 bit per axis
TMR Sensor Sensitivity (Low-n'?llie':')drlve 2, MT[1:0] = 10 nT/LSB
Full-scale range +1200 pT per axis
Noise floor (Low-noise drive 2) 40 nT rms

Operating drive mode for Fs

Single Measurement, Low-power drive 1
(MT[1:0]="00")

Permanent Magnets

Data output rate Fs 1250 Hz
Communication interface 12C, 400 kHz
Grade / material N52 sintered NdFeB
Shape Cylinder

Diameter x height
Remanence B,
Coercivity H,
Equivalent dipole moment m,
Quantity
Magnet 1: rotation plane / frequency
Magnet 2: rotation plane / frequency

34 mm x 16 mm
1.44-148 T
995-1115 kA/m
16.65-17.12 A-m?

2 (geometrically identical)
XOY plane / f; =20 Hz
XOZ plane / f, =40 Hz

Servo Drive

Model
Input voltage
Supply voltage used
Control mode
Feedback
Steady-state speed ripple

MOONS' MBDV-2X-520AC (dual-axis)
24-60 VDC
24 V (switch-mode power supply)
Closed-loop velocity control
Incremental encoder (per axis)
<1 % of set point

Mechanical Frame

Structural material
Magnetic interference

Phenolic resin (Bakelite)
None (non-magnetic material)

Method

Encoder-based, sample-by-sample phase
readout

<1 drive control cycle (< 0.8 ms sampling

Synchronization Phase update latency interval)
Phase quantities derived Instantaneous rotor angles 04(k), 8,(k) in Egs.
(1H-(2)
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