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Abstract: Diffusion models, a family of generative models based on deep learning, have become increasingly
prominent in cutting-edge machine learning research. With distinguished performance in generating samples that
resemble the observed data, diffusion models are widely used in image, video, and text synthesis nowadays. In
recent years, the concept of diffusion has been extended to time-series applications, and many powerful models have
been developed. Considering the deficiency of a methodical summary and discourse on these models, we provide
this survey as an elementary resource for new researchers in this area and to provide inspiration to motivate future
research. For better understanding, we include an introduction about the basics of diffusion models. Except for
this, we primarily focus on diffusion-based methods for time-series forecasting, imputation, and generation, and
present them, separately, in three individual sections. We also compare different methods for the same application
and highlight their connections if applicable. Finally, we conclude with the common limitation of diffusion-based
methods and highlight potential future research directions.
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1 Introduction

Diffusion models, a family of deep-learning-
based generative models, have risen to prominence
in the machine learning community in recent years
(Croitoru et al., 2023; Yang L et al., 2023). With
exceptional performance in various real-world appli-
cations such as image synthesis (Austin et al., 2021;
Dhariwal and Nichol, 2021; Ho et al., 2022a), video
generation (Harvey et al., 2022; Ho et al., 2022b;
Yang RH et al., 2022), natural language processing
(Li XL et al., 2022; Nikolay et al., 2022; Yu et al.,
2022), and time-series prediction (Rasul et al., 2021;
Li Y et al., 2022; Alcaraz and Strodthoff, 2023), dif-
fusion models have demonstrated their power over
many existing generative techniques.
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Given some observed data x from a target distri-
bution ¢(x), the objective of a generative model is to
learn a generative process that produces new samples
from g(x) (Luo C, 2022). To learn such a generative
process, most diffusion models begin by progressively
disturbing the observed data by injecting Gaussian
noise, and then applying a reversed process with a
learnable transition kernel to recover the data (Sohl-
Dickstein et al., 2015; Ho et al., 2020; Luo C, 2022).
Typical diffusion models assume that after a certain
number of noise injection steps, the observed data
will become standard Gaussian noise. So, if we can
find the probabilistic process that recovers the origi-
nal data from standard Gaussian noise, then we can
generate similar samples using the same probabilistic
process with any random standard Gaussian noise as
the starting point.

The recent three years have witnessed the ex-
tension of diffusion models to time-series-related


www.jzus.zju.edu.cn
engineering.cae.cn
www.springerlink.com

20 Lin et al. / Front Inform Technol Electron Eng 2024 25(1):19-41

applications, including time-series forecasting (Ra-
sul et al., 2021; Li Y et al., 2022; Bilos et al., 2023),
time-series imputation (Tashiro et al., 2021; Alcaraz
and Strodthoff, 2023; Liu MZ et al., 2023), and time-
series generation (Lim et al., 2023). Given observed
historical time series, we often try to predict future
time series. This process is known as time-series fore-
casting. Because observed time series are sometimes
incomplete due to reasons such as data collection
failures and human errors, time-series imputation
is implemented to fill in the missing values. Dif-
ferent from time-series forecasting and imputation,
time-series generation or synthesis aims to produce
more time-series samples with characteristics similar
to the observed period.

Basically, diffusion-based methods for time-
series applications are developed from three funda-
mental formulations, including denoising diffusion
probabilistic models (DDPMs), score-based genera-
tive models (SGMs), and stochastic differential equa-
tions (SDEs). The target distributions learned by
the diffusion components in different methods often
involve the condition on previous time steps. Never-
theless, the design of the diffusion and denoising pro-
cesses varies with different task objectives. Hence, a
comprehensive and self-contained summary of rele-
vant literature will be an inspiring beacon for new
researchers who are just entering this new-born area
and experienced researchers who seek future direc-
tions. Accordingly, this survey aims to summarize
the literature, compare different approaches, and
identify potential limitations.

In this paper, we review diffusion-based models
for time-series applications (refer to Table 1 for a
quick summary). For better understanding, we in-
clude a brief introduction about three predominant
formulations of diffusion models in Section 2. Next,
we categorize the existing models based on their ma-
jor functions. Specifically, we discuss the models
primarily for time-series forecasting, time-series im-
putation, and time-series generation in Sections 3,
4, and 5, respectively. In each section, we have a
separate subsection for problem formulation, which
helps clarify the objective, training, and forecasting
settings of each specific application. We highlight if
a model can serve multiple purposes and articulate
the linkage when one model is related to or slightly
different from another. In Section 6, we compare all
the models mentioned in this review on some spe-

cific aspects such as their diffusion formulation and
sampling processes. In Section 7, we briefly intro-
duce some practical application domains in the real
world while providing good sources of publicly avail-
able datasets. Furthermore, we discuss some current
limitations and challenges faced by researchers and
practitioners to inspire future research in Section 8.
Eventually, we conclude this survey in Section 9.

2 Basics of diffusion models

The underlying principle of diffusion models is
to progressively perturb the observed data with a
forward diffusion process and then recover the orig-
inal data through a backward reverse process. The
forward process involves multiple steps of noise injec-
tion, where the noise level changes at each step. The
backward process, in contrast, consists of multiple
denoising steps that aim to remove the injected noise
gradually. Normally, the backward process is param-
eterized by a neural network. Once the backward
process has been learned, it can generate new sam-
ples from almost arbitrary initial data. Stemming
from this basic idea, diffusion models are predom-
inantly formulated in three ways: DDPMs, SGMs,
and SDEs.

In this section, we discuss the theoretical back-
ground of diffusion models before introducing the
above-mentioned formulations. By doing this, we
aim to lead readers who are not deeply familiar with
this area from traditional generative concepts to dif-
fusion models.

2.1 Background of diffusion models

Generative models are designed to generate
samples from the same distribution of the observed
data x by learning the approximation of the true dis-
tribution ¢(x). To achieve this, many methods as-
sume that the observed data can be generated from
some invisible data or the so-called latent variable.
The learning task then becomes minimizing the vari-
ational lower bound of the negative log-likelihood of
the target distribution with some learnable param-
eters associated with the distribution of the latent
variable. Variational autoencoder (VAE) is one of
the most widely known methods built on this as-
sumption (Kingma and Welling, 2013). While the
VAE is based on a single latent variable, the hier-
archical variational autoencoder (HVAE) generalizes
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Table 1 A summary of diffusion-based methods for time-series applications

Application Data type Method Source
TimeGrad Rasul et al., 2021
ScoreGrad Yan et al., 2021
Multivariate time series D3VAE Li Y et al., 2022
Time-series forecasting DSPD/CSPD Bilos et al., 2023
TimeDiff Shen and Kwok, 2023
. DiffSTG Wen et al., 2023
Spatio-temporal graphs
GCRDD Li RK et al., 2023
CSDI Tashiro et al., 2021
. L . Multivariate time series DSPD/CSPD Bilos et al., 2023
Time-series imputation
SSSD Alcaraz and Strodthoff, 2023
Spatio-temporal graphs PriSTI Liu MZ et al., 2023
TSGM Lim et al., 2023
DiffTime Coletta et al., 2023

Time-series generation Multivariate time series

Loss-DiffTime
Guided-DiffTime

Coletta et al., 2023
Coletta et al., 2023

the idea to multiple latent variables with hierarchies,
enhancing the flexibility of the underlying generative
assumptions (Kingma et al., 2016; Sgnderby et al.,
2016).

Diffusion models were originally introduced in
Sohl-Dickstein et al. (2015). Then some improve-
ments proposed by Ho et al. (2020) endowed diffusion
models with remarkable practical value, contribut-
ing to their conspicuous popularity nowadays. As a
matter of fact, diffusion models can be seen as an
extension of the HVAE, constrained by the follow-
ing restrictions: (1) the latent variables are under a
Markov assumption, effectively leading to a Markov
chain based generative process; (2) the observed data
and latent variables share the same dimension; (3)
the Markov chain is linked by Gaussian transition
kernels, and the last latent variable of the chain is
from the standard Gaussian distribution. For better
understanding, we illustrate the connections and dif-
ferences between traditional generative models and
diffusion models in Fig. 1.

2.2 Denoising diffusion probabilistic models

DDPMs implement the forward and back-
ward processes through two Markov chains (Sohl-
Dickstein et al., 2015; Ho et al., 2020). Let the orig-
inal observed data be 2°, where 0 indicates that the
data are free from the noises injected in the diffusion
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Fig. 1 Comparison of traditional generative models
and the diffusion model: (a) variational autoencoder;
(b) Markov hierarchical variational autoencoder; (c)
diffusion model

process.

The forward Markov chain transforms z° to a
sequence of disturbed data x', 2?2, ..., X with a dif-
fusion transition kernel:

=N (2" Vagz" 1, (1 —an)I), (1)

g(a*z"h)

where ay, € (0,1) for k = 1,2, ..., K are hyperparam-
eters indicating the changing variance of the noise
level at each step, and N (x; i, X) is the general no-
tation for the Gaussian distribution of x with the
mean g and the covariance X. A nice property of
this Gaussian transition kernel is that we may obtain
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x” directly from x° by

( e, ( 1—ak) 2)

where & = Hle a;. Therefore, ¥ = /arx® +
V1 — are with € ~ N(0,I). This property can be
derived by applying the reparameterization trick re-

g(a*|a°)

cursively to each backward step from x; to oy, and
we refer readers to page 11 in Luo C (2022) for the
detailed proof Normally, we design ax =~ 0 such
that g(z®) = [q(z¥|x")q(z?)dz’ =~ N(z®;0,T),
which means the starting pomt of the backward chain
can be any standard Gaussian noise. This matches
the third restriction of diffusion models mentioned
in Section 2.1.

Assuming that the backward process can also
be realized with a Gaussian transition kernel, the re-
verse transition kernel is modeled by a parameterized
neural network:

po(zt1zk) = N (5 (2, k), (2, k),

(3)
where 0 denotes learnable parameters. Now, the re-
maining problem is how to estimate 6. Basically,
the objective is to maximize the likelihood objec-
tive function so that the probability of observing
the training sample z° estimated by pe () is maxi-
mized. This task is accomplished by minimizing the
variational lower bound of the estimated negative

log-likelihood — log q(z°), that is,
21
po(x~tx")
Eq(aox) | —logp(z Zl q(@FzF1) |
(4)
where £%% denotes the sequence 2°, !, ..., x¥.

Ho et al. (2020) proposed that we could sim-
plify the covariance matrix Xg(x* k) in Eq. (3) as
a constant-dependent matrix O']%I , where cr,2C controls
the noise level and may vary at different diffusion
steps. In addition, they rewrote the mean as a func-
tion of a learnable noise term as

1 k k
7= (e K) . 6)

where (k) = \}:”—&’“k and € is a noise-matching net-

“e(xkv k) =

work that predicts € corresponding to inputs «* and
k. With the property in Eq. (2), Ho et al. (2020)
further simplified the objective function to

00 ¢ [5(19) e = eo (Vara® + V1= axe, k) H2] :
(6)

where §(k) = %é;(% is a positive-valued weight

that can be discarded to produce better performance
in practice. This simplified objective function can
be understood as approximating the noise injected
at each diffusion step in the forward process, which
makes the mean of the reverse transition kernel
attainable.

Eventually, samples are generated by eliminat-
ing the noises in % ~ N (z%;0, I). Specifically, for
k=K-1,K—-2,..,0,

k+1 _ (k41 k+1 po4q
xb — G (U + Deo(at k+1)) + ok 2,
vV ¥k+1
where z ~ N(0,I)fork=K—-1,K-2,....1,and 2 =

0 for £k = 0. It is not hard to see that the sampling
process above follows the reverse transition kernel
in Eq. (3) with the mean and variance represented
by the first and second terms on the right-hand side
respectively.

2.3 Score-based generative models

SGMs consist of two modules, including score
matching and annealed Langevin dynamics (ALD).
ALD is a sampling algorithm that generates sam-
ples with an iterative process by applying Langevin
Mounte Carlo at each update step (Song Y and Er-
mon, 2019). Stein score is an essential component of
ALD. The Stein score of a density function g(x) is
defined as Vg logg(x), which can be understood as
a vector field pointing in the direction in which the
log-likelihood of the target distribution grows most
quickly. Because the true probabilistic distribution
q(x) is usually unknown, score matching (Hyvéri-
nen, 2005) is implemented to approximate the Stein
score with a score-matching network. Here we pri-
marily focus on denoising score matching (Vincent,
2011) because it is empirically more efficient, but
other methods such as sliced score matching (Song
Y et al., 2020) are also commonly mentioned in the
literature.

The underlying principle of denoising score
matching is to process the observed data with the for-
ward transition kernel g(z*|z?) = N(z*; 20, 021),
with a,% being a set of increasing noise levels
for £ = 1,2,...,K, and then to jointly estimate
the Stein scores for the noise density distributions
4o, (), oy (X)), ..., 4o, () (Song Y and Ermon, 2019).
The Stein score for noise density function ¢, () is

defined as Vlog¢,, (x). Once the Stein scores are
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found, samples can be generated with ALD by grad-
ually pushing random white noises towards high-
density regions of the target distribution along the
direction pointed by these scores.

Usually, the Stein score is approximated by a
neural network sg(x, o), where 6 contains learn-
able parameters. Accordingly, the initial objective
function is given as

k

Ek,mo,mk [HSQ(QZ 7Uk) - vmk IOg 9oy (wk)H] . (7)

With the Gaussian assumption of the forward transi-
tion kernel, a tractable version of the objective func-
tion can be found as

2

] , (8)

where §(k) is a positive-valued weight depending on
the noise scale oy.

After the score-matching network sg is learned,
the ALD algorithm will be implemented for sam-
pling. The algorithm is initialized with a sequence
of increasing noise levels 01, 09, ..., 0 and a starting
point %0 ~ N(0,I). For k = K, K —1,...,0, ="
will be updated with N iterations that compute

k 0
r" — T
89(:Bk,0k) + —
g
k

Ek,z“,z’“ [5(k)

xF gl 4 %nks(gp (wk’"717ak) + Mk %,

wheren = 1,2, ..., N, z ~ N(0, I), and 7, represents
the update step. Note that after each N iterations,
the last output 2*~ will be assigned as the starting
point of the next N iterations, that is, 1! &%
will be the final sample. The role of z in this sam-
pling process is to add slight uncertainty, such that
the algorithm will not end up with almost identical
samples.

2.4 Stochastic differential equations

DDPMs and SGMs implement the forward pass
as a discrete process, which means we should care-
fully design the diffusion steps. To overcome this
limitation, one may consider the diffusion process as
continuous such that it becomes the solution of an
SDE (Yang S et al., 2021). This formulation can be
thought of as a generalization of the previous two
formulations, because both DDPMs and SGMs are
discrete forms of SDEs. The backward process is
modeled as a time-reverse SDE, and samples can be

generated by solving this time-reverse SDE. Let w

and w be a standard Wiener process and its time-
reverse version, respectively, and consider a contin-

uous diffusion time k € [0, K]. A general expression
of SDE is

dx = f(z, k)dk + g(k)dw, (9)

and the time-reverse SDE, as shown by Anderson
(1982), is

dz = [f(z, k) — g°(k) Ve log g ()] dk + g(k)dw.
(10)
In addition, Yang S et al. (2021) illustrated that sam-
pling from the probability flow ordinary differential
equation (ODE) as follows has the same distribution
as the time-reverse SDE:

de = |f(x, k) — ng(k)Vm log qx(x) | dk.

: (1)

Here f(zx,k) and g(k) separately compute the drift
coefficient and the diffusion coefficient for the diffu-
sion process. Vg logg(x) is the Stein score corre-
sponding to the marginal distribution of 2 which is
unknown but can be learned with a similar method
as in SGMs with the objective function

Ep w0 e |0() [[s0(2", k) = Vo log aon(@*[2°)]°]
(12)
Therefore, the training objective is once again to find
a neural network sg (", k) to approximate the Stein
scores. However, because the Stein scores here are
instead based on a continuous process, the subtrac-
tion term cannot be simplified as before, and the
SDE of the diffusion process is required before one
can derive the Stein scores for approximation.

Now, how to write the diffusion processes of
DDPMs and SGMs as SDEs? Recall that oy, is a
defined parameter in DDPMs and that o7 denotes
the noise level in SGMs. The SDE corresponding
to DDPMs is known as a variance preserving (VP)
SDE, and is defined as

1
dz = —ca(k)zdk + a(k)dw,  (13)
where «(+) is a continuous function, and « (%) =

K(1 — ar) as K — oo. For the forward pass of
SGMs, the associated SDE is known as a variance
exploding (VE) SDE, defined as

_ [dlo* (k)]
de = wa, (14)
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where o(+) is a continuous function, and o(+) = oy,
as K — oo (Yang S et al., 2021). Inspired by the
VP SDE, Yang S et al. (2021) designed another SDE
called the sub-VP SDE, which performs especially
well on likelihoods, and is given by

1
de = —ia(k)mdk + \/oz(k) (1 e 2l O‘(S)d5>dw.
(15)

The objective function involves a perturbation distri-

bution gox (z*|2°) that varies for different SDEs. For

the three aforementioned SDEs, their corresponding

perturbation distributions are derived as

N(xk§ x07 [U(k)Q - U(O>2]I)7

(VP SDE)

N($k; {E0€7% fok a(s)ds’ [1_

e~ Jo )41 1) (VE SDE)

N($k; {E0€7% fok a(s)ds’ [1_

e~ Jo *(945]° 1), (sub-VP SDE)
(16)

qor (z"]z°) =

After successfully learning sg(x, k), samples are pro-
duced by deriving the solutions to the time-reverse
SDE or the probability low ODE with techniques
such as ALD.

3 Time-series forecasting

Multivariate time-series forecasting is a crucial
area of study in machine learning research, with
wide-ranging applications across a variety of indus-
tries. Different from the univariate time series, which
tracks only one feature over time, the multivariate
time series involves the historical observations of
multiple features that interact with each other and
evolve with time (Fig. 2). Consequently, multivari-
ate time series provide a more comprehensive under-
standing of complex systems and realize more reli-
able predictions of future trends and behaviours.

In recent years, generative models have been
implemented for multivariate time-series forecasting
tasks. For example, WaveNet is a generative model
with dilated causal convolutions that encode long-
term dependencies for sequence prediction (van den
Oord et al., 2016). As another example, Kashif et al.
(2021) modeled a multivariate time series with an
autoregressive deep learning model, in which the
data distribution is expressed by a conditional nor-
malizing flow. Nevertheless, the common shortcom-
ing of these models is that the functional structure

4

Value }Value
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Vs

V3

(a) (b)

Fig. 2 Examples of a univariate time series (a) and a
multivariate time series (b)

of their target distributions is strictly constrained.
Diffusion-based methods, on the other hand, can
provide a less restrictive solution. In this section, we
will discuss five diffusion-based approaches. We also
discuss two models designed specifically for spatio-
temporal graphs (i.e., spatially related entities with
multivariate time series) to highlight the extension
of diffusion theories to more complicated problem
settings. Because relevant literature mostly focuses
on multivariate time-series forecasting, “forecasting”
refers to multivariate time-series forecasting in the
rest of this survey unless otherwise stated.

3.1 Problem formulation

Consider a multivariate time series X9 =
(29,29, ...,2%|x? € RP}, where 0 indicates that
the data are free from the perturbation in the dif-
fusion process. The forecasting task is to predict
XD ={xf,x ,,...,x}} given the historical infor-
mation X = {«f, 9, ...,2f _;}. X0 is known as
the context window, while Xg is known as the pre-
diction interval. In diffusion-based models, the prob-
lem is formulated as learning the joint probabilistic

distribution of data in the prediction interval:

T
q (wgo:T|m?:to—l) = H q (m?|m?:to—l) .

t=to

(17)

Some literature also considers the role of co-
variates in forecasting, such as Rasul et al. (2021)
and Yan et al. (2021).
information that may impact the behavior of vari-

Covariates are additional

ables over time, such as seasonal fluctuations and
weather changes. Incorporating covariates in fore-
casting often helps strengthen the identification of
factors that drive temporal trends and patterns in

data. The forecasting problem with covariates is
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formulated as

T
q (x?O:T|x(l):t0—lv Cl:T) = H q (-73?|33(1);t0_17 Cl:T) )
t=t
° (15)
where ¢1.7 denotes the covariates for all time points
and is assumed to be known for the whole period.
For the purpose of training, one may randomly
sample the context window followed by the predic-
tion window from the complete training data. This
process can be seen as applying a moving window
with size T on the whole timeline. Then, the opti-
mization of the objective function can be conducted
with the samples. Forecasting a future time series
is usually achieved by the generation process corre-
sponding to the diffusion models.

3.2 TimeGrad

The first noticeable work on diffusion-based
forecasting is TimeGrad proposed by Rasul et al.
(2021). Developed from DDPMs, TimeGrad first in-
jects noise to data at each predictive time point, and
then gradually denoises through a backward tran-
sition kernel conditioned on historical time series.
To encode historical information, TimeGrad approx-
imates the conditional distribution in Eq. (18) by

T
[T pola?|hes). (19)

t=to

where

h; = RNNg(x?, ¢;, hy_1) (20)

is the hidden state calculated with a recurrent neu-
ral network (RNN) module such as long short-
term memory (LSTM) (Hochreiter and Schmidhu-
ber, 1997) or gated recurrent unit (GRU) (Chung
et al., 2014) that can preserve historical temporal
information, and @ contains learnable parameters
for the overall conditional distribution and its RNN
component.

The objective function of TimeGrad is in the
form of a negative log-likelihood, given as

T
> —logpe(xf|hi 1),

t=to

(21)

where for each t € [tg,T], — log pe(x?|h:—1) is upper

bounded by

B0, {(5(!@') He —€g (\/d_ka:? + V1 —are hi_q, k) HZ] .
(22)

The context window is used to generate the hid-
den state hy,_; for the starting point of the training
process. It is not hard to see that Eq. (22) is very
similar to Eq. (6) except for the inclusion of hidden
states to represent the historical information.

In the training process, the parameter 0 is es-
timated by minimizing the negative log-likelihood
objective function with stochastic sampling. Then,
future time series are generated in a step-by-step
Suppose that the last time point of the
complete time series is T. The first step is to de-
rive the hidden state h; based on the last available
context window. Next, the observation for the next

manner.

time point T + 1 is predicted in a manner similar to
DDPMs:

k+1 k+1
. (%L — C(k + Deg(at by kb +1)
mT+1 — + 0k+12.

vV Xk+1

The predicted :c’:“m_ L should be fed back to the
RNN module to obtain h; ,; before the prediction
for the next time point. The sampling process will be
repeated until the desired length of the future time
series is reached.

3.3 ScoreGrad

ScoreGrad shares the same target distribution
as TimeGrad, but it is alternatively built upon SDEs,
extending the diffusion process from discrete to con-
tinuous and replacing the number of diffusion steps
with an interval of integration (Yan et al., 2021).
ScoreGrad is composed of a feature extraction mod-
ule and a conditional SDE-based score-matching
module.
identical to the computation of h; in TimeGrad.
However, Yan et al. (2021) discussed the potential
of adopting other network structures to encode his-
torical information, such as temporal convolutional
networks (van den Oord et al., 2016) and attention-
based networks (Vaswani et al., 2017). Here, we still
focus on RNN as the default choice.
ditional SDE-based score-matching module, the dif-
fusion process is conducted through the same SDE
as in Eq. (9) but its associated time-reverse SDE is

The feature extraction module is almost

In the con-
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refined as

de; = [f(mu k) — 92(k)th log Qk(mt|ht)] dk + g(k)dw,
(23)

where k € [0, K] represents the SDE integral time.
As a common practice, the conditional score func-
tion Vg, logqr(xt|h:) is approximated with a pa-
rameterized neural network sg(zF,h;, k). Inspired
by WaveNet (van den Oord et al., 2016) and Diff-
Wave (Kong et al., 2021), the neural network is
designed to have eight connected residual blocks,
while each block contains a bidirectional dilated con-
volution module, a gated activation unit, a skip-
connection process, and a one-dimension (1D) con-
volutional neural network for output.

The objective function of ScoreGrad is a condi-
tional modification of Eq. (12), computed as

T
S L.(6),

t=to

(24)

with L;(0) being

]Ek,wg,a:f |:6(k:) H’50 (il?f7 htv k) - vmt, log qok (wt‘w?)HZ} .
(25)

Up to this point, we use only the general expres-
sion of SDE for simple illustration. In the training
process, one shall decide the specific type of SDE to
use. Potential options include VE SDE, VP SDE,
and sub-VP SDE (Yang S et al., 2021). The opti-
mization varies depending on the chosen SDE, be-
cause different SDEs lead to different forward transi-
tion kernels ¢(zF|z"~!) and also different perturba-
tion distributions qox(x¢|2?). Finally, for forecast-
ing, ScoreGrad uses the predictor-corrector sampler
as in Yang S et al. (2021) to sample from the time-
reverse SDE.

3.4 D3VAE

In practice, we may encounter the challenge of
insufficient observations. If historical multivariate
time series were recorded based on a short period,
they will be prone to a significant level of noise due
to measurement errors, sampling variability, and ran-
domness from other sources. To address the problem
of limited and noisy time series, D®*VAE, proposed
by Li Y et al. (2022), employs a coupled diffusion
process for data augmentation, and then uses a bidi-

rectional variational autoencoder (BVAE) together

with denoising score matching to clear the noise.
In addition, D3VAE considers disentangling latent
variables by minimizing the overall correlation for
better interpretability and stability of predictions.
Moreover, the mean square error (MSE) between the
prediction and actual observations in the prediction
window is included in the objective function, further
emphasizing the role of supervision.

Assuming that the prediction window can be
generated from a set of latent variables Z that
follows a Gaussian distribution ¢(Z|x{,,,_,), the
conditional distribution of Z is approximated with
pe(Z|xY.,,_1), where ¢ denotes learnable parame-
ters. Then, the forecasting time series &, can
be generated from the estimated target distribution,
given by pe(x? p|Z). It is not difficult to see that
the prediction window is still predicted based on the
context window, however, with latent variables Z as
an intermediate.

In the coupled diffusion process, we inject noises
separately into the context window and the predic-
tion window. Different from TimeGrad which injects
noise in the observation at each time point individ-
ually, the coupled diffusion process is applied to the
whole period. For the context window, the same
kernel as Eq. (2) is applied such that

k _ /70 e
Tigo-1 = VT, 1+ V1= are

where € denotes the standard Gaussian noise but

(26)

with a matrix rather than a vector form.

The diffusion process is further applied to the
prediction window with adjusted noise levels o, >
ag. Let @, == [[i_, o. Then we have

k _ ~1 0 ~!
Lo = \/ Qpyo.T + \/ 1- €.

This diffusion process simultaneously augments
the context window and the prediction window, thus

(27)

improving the generalization ability for short-time-
series forecasting. In addition, it was proven by Li
Y et al. (2022) that the uncertainty caused by the
generative model and the inherent noises in the ob-
served data can both be mitigated by the coupled
diffusion process.

The backward process is accomplished with two
steps. The first step is to predict a:fo:T with a BVAE
as the one used in Vahdat and Kautz (2020), which
is composed of an encoder and a decoder with mul-
tiple residual blocks and takes the disturbed context
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window w’fctofl as input. The latent variables in Z
are gradually generated and fed into the model in
a summation manner. The output of this process
is the predicted disturbed prediction window :i:fo:T.
The second step involves further cleaning of the pre-
dicted data with a denoising score-matching mod-
ule. Specifically, the final prediction is obtained via
a single-step gradient jump (Saremi and Hyvérinen,
2019):

~0 ~k 2 ~k .
xtg:T — mtg:T - GOVQ’;O:TE(mtO:T7e)7

where o9 is prescribed and E (:ifO:T; e) is the energy
function.

Disentanglement of latent variables Z can effi-
ciently enhance the model interpretability and relia-
bility for prediction (Li YN et al., 2021). It is mea-
sured by the total correlation of the random latent
variables Z. Generally, a lower total correlation im-
plies better disentanglement and is a signal of useful
information. The computation of total correlation
happens synchronously with the BVAE module.

The objective function of D*VAE consists of
four components. It can be written as

wlDKL(Q(wa;T) ||p9(ii§o:T))

(28)
+w2Lpsm + wsLlrc + Luvsk,

where w1, w2, and ws are trade-off parameters that
assign significance levels to the components. The
first component Dkr(q(x} .;)||pe(} ;) matches
the estimated target distribution with the true dis-
tribution of the prediction window. The last three
components, Lpsm, L1c, and Lysg, correspond to
the denoising score matching (DSM) module, disen-
tanglement of latent variables, and MSE between the
prediction and the truth, respectively. The param-
eters @ and ¢ are learned together in the training
process. Eventually, forecasting samples are gener-
ated from the learned distribution pg(Z|xf.,,_,) and

pe(wtog:T|Z)'
3.5 DSPD

Multivariate time-series data can be considered
as a record of value changes for multiple features of
an entity of interest. Data are collected from the
same entity, and the measuring tools normally stay
unchanged during the whole observed time period.
So, assuming that the change of variables over time

is smooth, the time-series data can be modeled as

values from an underlying continuous function (Bilo§
et al., 2023). In this case, the context window is
expressed as X0 = {z(1),z(2),...,x(to — 1)} and
the prediction window becomes X = {(to), z(to +
1),...,xz(T)}, where x(-) is a continuous function of
the time point ¢.

Different from traditional diffusion models, the
diffusion and reverse processes are no longer applied
to vector observations at each time point. Alterna-
tively, the target of interest is the continuous func-
tion «(-), which means noises will be injected and
removed from a function rather than a vector. There-
fore, a continuous noise function €(-) should take the
place of the noise vector € ~ N(0, I). This function
should be both continuous and tractable, such that it
accounts for the correlation between measurements
and enables training and sampling. These require-
ments are effectively satisfied by designing a Gaus-
sian stochastic process €(-) ~ GP(0, X) (Bilos et al.,
2023).

Discrete stochastic process diffusion (DSPD) is
built upon the DDPM formulation but with the
stochastic process €(-) ~ GP(0,X). It is a de-
light that DSPD is only slightly different from
DDPM in terms of implementation. Specifically,
DSPD simply replaces the commonly applied noise
€ ~ N(0,I) with the noise function €(-) whose
discretized form is € ~ N(0,X). Let X° be
an observed multivariate time series in a certain
period of time T = {#],t5,...,t/-}, which means
X0 = {z(t),z(th),....,z(t}r)}. In the forward pro-
cess, noise is injected through the transition kernel

o(X"IX0) = N(Var X’ (1-a) ).  (29)

Then, the following backward transition kernel is ap-
plied to recover the original data:

po(X"HXF) = N(po(X*, k), (1 — o) X). (30)

Consequently, the objective function should be
changed as

Ej, xo0 e {5(.74) He —€g (@XO +4/1 = &ke,k> Hz} ,
(31)

where € ~ N(0, X) with the covariance matrix from
the Gaussian process GP(0, X2).

Forecasting via DSPD
TimeGrad. As before, the aim is still to learn the

is very similar to
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conditional probability ¢(X 7| X?), but there are two
major improvements. First, the prediction is avail-
able for any future time point in the continuous time
interval. Second, instead of step-by-step forecasting,
DSPD can generate samples for multiple time points
in one run. By adding the historical condition into
the fundamental objective function in Eq. (31), the
objective function for DSPD forecasting is then given
by

2
Ej, x9,c [5(k) e~ €0 (VarXxy+ V1= are, X0,k } .

(32)

Finally, supposing that the last context window is
X, the sampling process to forecast for the predic-
tion target X, in time interval T is given by

(R LXK+ 1))
X7 + (1 — agy1)z,

P vV Xk+1

where L is from the factorization of the covariance
matrix X = LL", the last diffusion output is gener-
ated as XX ~ N(0, X), and z ~ N(0, X).

Similar to the extension from TimeGrad to
ScoreGrad, the continuous noise function can be
adapted to the SDE framework, thus leading to
the continuous stochastic process diffusion (CSPD)
model (Bilo$ et al., 2023). The diffusion process of
CSPD introduces the factorized covariance matrix
X = LL" to the VP SDE (see Section 2.4) as

1
dX = —ia(k)Xdk + Va(k)Ldw, (33)
where w is a matrix that represents a standard
Wiener process. The perturbation distribution in
the objective function is then modified as

Qor (XF|X0) =N (XF5 X0 # I o,

4
Lo Rt ) (34)

3.6 TimeDiff

TimeGrad adopts the autoregressive sampling
process, in which the prediction of the former time
point should be sent back to the encoding algo-
rithm to compute the condition for sampling the next
prediction. Therefore, errors can accumulate with
the increase of prediction interval length, restricting
TimeGrad’s ability to forecast long-term time series.
In addition, the autoregressive sampling process is

very slow compared to one-shot generative meth-
ods (i.e., methods that generate the prediction for
the whole prediction interval in one run). To solve
these problems, a non-autoregressive method called
TimeDiff was proposed (Shen and Kwok, 2023).

In TimeGrad, the condition of target condi-
tional distribution is the hidden states of the his-
tory window obtained via an RNN module. Alter-
natively, TimeDiff combines two sources of informa-
tion as the condition, including a future mixup and
a future approximation. Future mixup, inspired by
Zhang HY et al. (2018), integrates past and future
information at each diffusion step k via a random
mask mF € [0, 1)P*(T=to+1) sampled from the uni-

form distribution on [0, 1) as follows:
Rumix = mF©Conv(z, _,)+(1-m") ozl 1, (35)

where Conv(+) is a convolution network for encoding
local temporal patterns and long-term dependencies.
In the sampling process, where the future values are
unknown, the mixup is simply set as

hix = Conv(w?:to—l)' (36)

Then future approximation is obtained via simple
linear calculation to generate an initial guess for the
prediction window:
to—1
hapx = Y W; 0 X; + Bi,
i=1
where X; € RP*T=t0+1) js 4 matrix of (T — to + 1)
copies of ¥, and W; and B; are learnable matrices.

(37)

The future approximation is actually a linear autore-
gressive model, which can reduce the disharmony
between the history and prediction windows (Lug-
mayr et al., 2022; Shen and Kwok, 2023). However,
this model does not require autoregressive sampling
because it is based only on historical information.
Hence, TimeDiff effectively avoids the error accu-
mulation and slow sampling caused by the autore-
gressive mechanism. The last step to construct the
condition is to vertically concatenate future mixup

and future approximation as
h = concat(Pumix, Rapx) € RZPXT—to+D) 0 (3g)

With the new condition h, the objective func-
tion is modified as

Ek:,a:?o:T,e [6(1@')”(12?071 — o ( V dkwtog:T

39
/1= e, 2° kh)m (39
k€ L1:pq—1, R, :
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Instead of approximating the noise injected at each
diffusion step, TimeDiff’s objective function aims to
approximate the original data directly. It is assumed
that the mean of the reverse transition kernel in
Eq. (3) is alternatively approximated with a¢ rather
than eg as

po(z®, k) _\/O‘_’“il_—_;:’“—l)mk
\/dk_l(l — ak;)

1— o

(40)
+ xo(x® Kk, h).
Accordingly, this mean is also applied in the sam-
pling process with the learned data matching net-
work xg.

3.7 DIffSTG

Spatio-temporal graphs (STGs) are a special
type of multivariate time series that encodes spatial
and temporal relationships and interactions among
different entities in a graph structure (Wen et al.,
2023). They are commonly observed in real-life ap-
plications such as traffic flow prediction (Li YG et al.,
2018) and weather forecasting (Simeunovié¢ et al.,
2022). Suppose we have N entities of interest, such as
traffic sensors or companies in the stock market. We
can model these entities and their underlying rela-
tionships as a graph G = {V, £, W}, where V is a set
of N nodes as representations of entities, £ is a set of
links that indicates the relationship between nodes,
and W is a weighted adjacency matrix that describes
the graph topological structure. Multivariate time
series observed at all entities are models as graph
signals X0 = {29, 3,..., 20 _|x) € R”*N}, which
means we have D-dimensional observations from N
entities at each time point ¢. A visualized illustration
of STGs is provided in Fig. 3. Identical to the previ-
ous problem formulation, the aim of STG forecasting
is to predict X9 = {x) 20 |, .. x%|z? € RPNV}
based on the historical information X.. Neverthe-
less, except for the time dependency on historical
observations, we also need to consider the spatial in-
teractions between different entities represented by
the graph topology.

DiffSTG applies diffusion models on STG fore-
casting with a graph-based noise-matching network
called UGnet (Wen et al., 2023). The idea of DiffSTG
can be regarded as the extension of DDPM-based
forecasting to STGs with an additional condition on
the graph structure, which means the target distri-

bution in Eq. (17) is approximated alternatively by
pg(xtOO:T|.’B?:t071,W). (41)
Accordingly, the objective function is changed as

Ek,:cgo:,r,e [6(16)”6 — €0 (\/aw?o:T

)
+v/1 _dkeaw?:to—l’k7W)H :|

Time Value

t=1 Low

t=2

i High

Fig. 3 Illustration of spatio-temporal graphs

References to color refer to the online version of this figure

The objective function in Eq. (42) actually
treats the context window and the prediction win-
dow as samples from two separate sample spaces,
namely, X? € X. and Xg € A, with AX; and X},
being two individual sample spaces. However, con-
sidering the fact that the context and prediction in-
tervals are consecutive, it may be more reasonable to
treat the two windows as a complete sample from the
same sample space. To this end, Wen et al. (2023)
reformulated the forecasting problem and revised the
approximation in Eq. (41) as

pg(w?:T|iI}?:t071,W), (43)

in which the history condition is derived by masking
the future time series from the whole time period.
The associated objective function is

Ek,z?:T,e |:5(k) €—€g (\/&_km?:T

2
++v/1 _dkreaw?:to*l’k7W>H :|

(44)

The training process is quite straightforward and fol-
lows common practice, but note that the sample
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generated in the forecasting process includes both
historical and future values. So, we need to take out
the forecasting target in the sample as the prediction.

Now, there is only one remaining problem. How
to encode the graph structural information in the
noise-matching network €g? Wen et al. (2023) pro-
posed UGnet, a U-Net-based network architecture
(Ronneberger et al., 2015) combined with a graph
neural network (GNN) to process time dependency
and spatial relationships simultaneously. UGnet
takes x¥. ., az%to_l, k and W as inputs and then out-
puts the prediction of the associated error €.

3.8 GCRDD

The graph convolutional recurrent denoising dif-
fusion (GCRDD) model is another diffusion-based
model for STG forecasting (Li RK et al., 2023). It
differs from DiffSTG in that it uses hidden states
from a recurrent component to store historical in-
formation as TimeGrad and employs a different
network structure for the noise-matching term eg.
Note that the notations related to STGs here follow
Section 3.7.

GCRDD approximates the target distribution
with a probabilistic density function conditional on
the hidden states and graph structure as follows:

T
H pe(iL‘?|ht_17 W)?

t=to

(45)

where the hidden state is computed with a graph-
modified GRU, written as

hi = GraphGRUg(2), hy_1, W). (46)
The graph-modified GRU replaces the weight matrix
multiplication in a traditional GRU (Chung et al.,
2014) with graph convolution such that both tempo-
ral and spatial information is stored in the hidden
The objective function of GCRDD adopts
a similar form of TimeGrad but with additional

state.

graph structural information in the noise-matching
network:

Ep g e [0(k) € — €0 (V/ara?
2 (47)
+ 1—&ke,ht,1,w,k)H }

For the noise-matching term, GCRDD adopts a vari-
ant of Diff Wave (Kong et al., 2021) that incorporates

a graph convolution component to process spatial in-
formation in W. STG forecasting via GCRDD is the
same as TimeGrad except that the sample generated
at each time point is a matrix rather than a vector.

4 Time-series imputation

In real-world problem settings, we usually en-
counter the challenge of missing values. When col-
lecting time-series data, the collection conditions
may change over time, which makes it difficult to
In addi-
tion, accidents such as sensor failures and human
errors may result in missing historical records. Miss-
ing values in time-series data normally have a nega-
tive impact on the accuracy of analysis and forecast-
ing because the lack of partial observations makes

ensure the completeness of observation.

the inference and conclusions vulnerable in future
generalization.

Time-series imputation aims to fill in the miss-
ing values in incomplete time-series data. Many pre-
vious studies have focused on designing deep learning
based algorithms for time-series imputation (Osman
et al., 2018). Most existing approaches involve the
RNN architecture to encode time dependency in the
imputation task (Cao et al., 2018; Che et al., 2018;
Luo YH et al., 2018; Yoon et al., 2019). Except for
these deterministic methods, probabilistic imputa-
tion models such as GP-VAE (Fortuin et al., 2020)
and V-RIN (Mulyadi et al., 2022) have shown their
practical value in recent years. As a rising star in
probabilistic models, diffusion models have also been
applied to time-series imputation tasks (Tashiro
et al., 2021; Alcaraz and Strodthoff, 2023). Com-
pared with other probabilistic approaches, diffusion-
based imputation enjoys high flexibility in the as-
sumption of the true data distribution. In this sec-
tion, we will cover four diffusion-based methods, in-
cluding three for multivariate time-series imputation
and one for STG imputation.

4.1 Problem formulation

We still consider the multivariate time series
X0 = (29,29, ..., 2%|x? € RP}. Tt is not difficult
to see that X° € RP*T | where D is the number
of features, and T is the number of time points in
the period [1,T].
casting in which we assume that all elements in X°
are known, here we have an incomplete matrix of

Different from time-series fore-



Lin et al. / Front Inform Technol Electron Eng 2024 25(1):19-41 31

observations. In the imputation task, we try to pre-
dict the values of missing data by exploring the in-
formation from some observed data. We denote the
observed data as X, and the missing data as X2.
Then, the imputation task is to find the conditional
probability distribution ¢(X2XY).

For practical purposes, zero padding is applied
to the incomplete matrix X° such that all missing
entries are assigned 0. In addition, a 0-1 matrix
M e RP*T is constructed as a mask to denote the
position of missing values. Specifically, the element
in M is 0 when the corresponding value in X© is
missing and 1 otherwise.

Both X2, and X2 have the same dimension as
X0, In the training process, a fraction of the actu-
ally observed data in X" is randomly selected to be
the true values of missing data, and the rest of the
observed data will be the condition for prediction. A
training mask M’ € RP*T is introduced to obtain
X0, and X0 . It is constructed by assigning 1 to en-
tries that correspond to the remaining observed data
in X°. Then, X!, is computed as X2 = M’ ® X°,
and X0 is computed as X0 . = (M — M') ® X°,
where © denotes the element-wise matrix multiplica-
tion. In the forecasting process, on the other hand,
all actually observed data are used as the condition,
which means X% = M © X°.

Note that the problem formulation here is only a
typical case. Later, in Section 4.4, we will introduce
another formulation that takes the whole time-series
matrix X© as the target for generation.

4.2 CSDI

Conditional-score-based diffusion model for im-
putation (CSDI) is the pioneering work on diffusion-
based time-series imputation (Tashiro et al., 2021).
Identical to TimeGrad, the basic diffusion formula-
tion of CSDI is DDPM. However, as we discussed in
Section 3.2, the historical information is encoded by
an RNN module in TimeGrad, which hampers the
direct extension of TimeGrad to imputation tasks
because the computation of hidden states may be in-
terrupted by missing values in the context window.

CSDI applies the diffusion and reverse processes
to the matrix of missing data, X . Correspond-

ingly, the reverse transition kernel is refined as a

probabilistic distribution conditional on X9 :

pe(XIknil ‘err:157 X(())b)

S

= N(Xrlilgla HB(Xrlilm k|X(())b)a UG(XI];S7 k‘ng)I)v
(48)
where
1
k 0oy _ _~ k k 0
M@(Xmsv k|Xob) - \/a_k (Xms C(k)ee(ansvk|Xob)) )

(49)

with Xk = ar X2, + VI — are. Note that the
variance term here is different from the version in
DDPM (Ho et al., 2020). Previously, the variance
term is defined with some pre-specified constant oy
with £ = 1,2, ..., K, implying that the variance is
treated as a hyperparameter. CSDI, however, defines
a learnable version og with parameter 8. Both ways
are acceptable and have their respective practical
value.
The objective function of CSDI is given by

e [80) e — o (Var s,

2
/1 —dke,ng,k)H }

Ek7xo

m

The noise-matching network €g adopts the DiffWave
(Kong et al., 2021) architecture by default. After
training, the imputation is accomplished by gen-
erating the target matrix of missing values in the
same way as DDPM. ng in the sampling process
is identical to the zero padding version of the origi-
nal time-series matrix X, where all missing values
are assigned to 0. The starting point of the sam-
pling process is a random Gaussian imputation tar-
get XK ~ N(0,I). Then, fork = K—-1,K-2,...,0,
the algorithm computes

(X5 — ¢k + Deo(Xpl' X3, k +1))
Vv ¥k41

where Z ~ N(0,I) for k=K —1,K —2,...,1, and
Z =0 for k=0.

k
X

JFUBZ»

4.3 DSPD

Here we discuss the simple extension of DSPD
and CSPD in Section 3.5 to time-series imputation
tasks. Because the rationale behind the extension of
these two models is almost identical, we focus only
on DSPD for illustration. The assumption of DSPD
states that the observed time series is formed by val-
ues of a continuous function x(-) of time ¢. Therefore,
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the missing values can be obtained by computing the
values of this continuous function at the correspond-
ing time points. Recall that DSPD uses the covari-
ance matrix X instead of the DDPM variance o I or
og in the backward process. Therefore, one may ap-
ply DSPD to imputation tasks in a manner similar to
CSDI by replacing the variance term in Eq. (48) with
the covariance matrix . According to Bilos et al.
(2023), the continuous noise process is a more nat-
ural choice than the discrete noise vector because it
takes account of the irregularity in the measurement
when collecting the time-series data.

4.4 SSSD

Structured state space diffusion (SSSD) differs
from the aforementioned two methods by having the
whole time-series matrix X° as the generative tar-
get in its diffusion module (Alcaraz and Strodthoff,
2023). The name, “structured state space diffusion,”
comes from the design of the noise-matching network
€g, which adopts the state space model (Gu et al.,
2022) as the internal architecture. As a matter of
fact, €g can also take other architectures such as
the DiffWave-based network in CSDI (Tashiro et al.,
2021) and SaShiMi, a generative model for sequen-
tial data (Goel et al., 2022). However, the authors
of SSSD have shown empirically that the structured
state space model generally generates the best impu-
tation outcome compared with other architectures
(Alcaraz and Strodthoff, 2023). To emphasize the
difference between this method and other diffusion-
based approaches, we primarily focus on the unique
problem formulation used by SSSD.

As we mentioned, the generative target of SSSD
is the whole time-series matrix, X° € RDXT, rather
than a matrix that particularly represents the miss-
ing values. For the purpose of training, X is also
processed with zero padding. The conditional infor-
mation, in this case, is from a concatenated matrix
X? = Concat(X" ® M., M.), where M, is a 0-1
matrix indicating the position of observed values as
the condition. The element in M, can only be 1 if
its corresponding value in X° is known.

There are two options for the objective func-
tion used in the training process. Similar to other
approaches, the objective function can be a simple

conditional variant of the DDPM objective function:

Euen 30 e - o (VA0 + Ve x2.0)[].
(51)

where €g is built upon the structured state space
model by default. The other choice of the objective
function is computed with only known data, which

is mathematically expressed as
2
€O M. — e (\/de‘] +/1—are, X°, k) © M. ] .

(52)

Ecxoe [M)

According to Alcaraz and Strodthoff (2023), the sec-
ond objective function is typically a better choice in
practice. For forecasting, SSSD employs the usual
sampling algorithm and applies to the unknown en-
tries in X°, namely, (1 — M.) ® X°.

An interesting point proposed along with SSSD
is that imputation models can also be applied to
forecasting tasks.
ries can be viewed as a long block of missing val-
ues on the right of X°. Nevertheless, experiments
have shown that the diffusion-based approaches un-
derperform other methods such as the autoformer
(Wu et al., 2021) in forecasting tasks.

This is because future time se-

4.5 PriSTI

PriSTI is a diffusion-based model for STG im-
putation (Liu MZ et al., 2023). However, dif-
ferent from DiffSTG, the existing framework of
PriSTT is designed for STGs with only one feature,
which means the graph signal has the form X° =
{29, 29, ..., 2%} € RY*T. Each vector ¥ € RY rep-
resents the observed values of N nodes at time point
t. This kind of data is often observed in traffic pre-
diction (Li YG et al., 2018) and weather forecasting
(Yiet al., 2016). METR-LA, for example, is an STG
dataset that contains traffic speed collected by 207
sensors on a Los Angeles highway in a four-month
time period (Li YG et al., 2018). There is only one
node attribute, that is, traffic speed. However, un-
like the multivariate time-series matrix, where fea-
tures (sensors in this case) are usually assumed to
be uncorrelated, the geographic relationship between
different sensors is stored in the weighted adjacency
matrix W, allowing a more pertinent representation
of real-world traffic data.

The number of nodes N can be considered as the
number of features D in CSDI. The only difference
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is that PriSTT incorporates the underlying relation-
ship between each pair of nodes in the conditional
information for imputation. So, the problem formu-
lation adopted by PriSTI is the same as our discus-
sion in Section 4.1, and thus the goal is still to find
a(X 0| X3p)-

To encode graph structural information, the
mean in Eq. (49) is modified as

1
pg(X]I;S,k‘ng, W) = \/77 (Xl]:]‘. - <(k)€9(Xylncnsﬂ Xr?bv kv W)) )
(53)

where W is the weighted adjacency matrix. Conse-
quently, the objective function is changed to

Er.xo, . {5(/@) He ) (\/aTX& + /1~ are, Xg,, k, W) HZ] :
(54)

The conditional information, X7, is processed with
linear interpolation before it is fed into the algorithm
to incorporate extra noises, which will enhance the
denoising capability of the model and eventually lead
to better consistency in prediction (Choi et al., 2022).
The noise-matching network €g is composed of two
modules, including a conditional feature extraction
module and a noise estimation module. The condi-
tional feature extraction module takes the interpo-
lated information X9 and adjacency matrix W as
inputs and generates a global context with both spa-
tial and temporal information as the condition for
diffusion. Then, the noise estimation module uses
this global context to estimate the injected noises
with a specialized attention mechanism to capture
temporal dependencies and geographic information.
Ultimately, the STG imputation is fulfilled with the
usual sampling process of DDPM, but with the spe-
cially designed noise-matching network here to in-
corporate the additional spatial relationship.

Because PriSTI works only for the imputation
of STGs with a single feature, which is simply a
special case of STGs, this model’s practical value
is somewhat limited. So, the extension of the idea
here to more generalized STGs is a notable topic for
future researchers.

5 Time-series generation

The rapid development of the machine learn-
ing paradigm requires high-quality data for different
learning tasks in finance, economics, physics, and

other fields. The performance of the machine learn-
ing model and algorithm may be highly subject to
the underlying data quality. Time-series generation
refers to the process of creating synthetic data that
resembles the real-world time series. Because the
time-series data are characterized by their tempo-
ral dependencies, the generation process usually re-
quires the learning of underlying patterns and trends
from past information.

Time-series generation is a developing topic in
the literature and several methods exist (Yoon et al.,
2019; Desai et al., 2021). Time-series data can be
seen as a case of sequential data, whose generation
usually involves the generative adversarial network
(GAN) architecture (Mogren, 2016; Esteban et al.,
2017; Donahue et al., 2019; Xu TL et al., 2020). Ac-
cordingly, TimeGAN is proposed to generate time-
series data based on an integration of RNN and GAN
for the purpose of processing time dependency and
generation (Yoon et al., 2019). However, the GAN-
based generative methods have been criticized be-
cause they are unstable (Chu et al., 2020) and sub-
ject to the model collapse issue (Xiao et al., 2022).
Another way to generate time-series data stems
from the VAE, leading to the so-called TimeVAE
model (Desai et al., 2021). As a common short-
coming of VAE-based models, TimeVAE requires a
user-defined distribution for its probabilistic process.
Here we present a different probabilistic time-series
generator that originates from diffusion models and
is more flexible with the form of the target distri-
bution (Coletta et al., 2023; Lim et al., 2023). This
section aims to enlighten researchers about this new
research direction, and we expect to see more deriva-
tive works in the future.

5.1 Problem formulation

With the multivariate time series X° =
{29, 29, ..., 2% |x? € R}, the time-series generation
problem aims to synthesize time series @! ;. in the
same time period. The problem formulation may
vary in different papers. Here, we will focus on
two different methods, conditional score based time-
series generative model (TSGM) (Lim et al., 2023)
and TimeDiff (Coletta et al., 2023). TSGM synthe-
sizes time series by generating observation z? at time
point ¢ € [2,T] with the consideration of its previous
historical data =Y., ;. Correspondingly, the target
distribution is the conditional density q(z?|z%., ;)
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for t € [2,T], and the associated generative pro-
cess involves the recursive sampling of x; for all time
points in the observed period. With DiffTime, alter-
natively, time-series generation is formed as a con-
strained optimization problem, and the condition in
target distribution is designed based on specific con-
straints rather than just historical information. De-
tails about the training and generation processes will
be discussed in the following subsections.

5.2 TSGM

TSGM was proposed to conditionally generate
each time-series observation based on the past gener-
ated observations (Lim et al., 2023). The TSGM ar-
chitecture includes three components: an encoder, a
decoder, and a conditional score-matching network.
The pre-trained encoder is used to embed the under-
lying time series into a latent space. The conditional
score-matching network is used to sample the hidden
states, which are then converted to the time-series
samples via the decoder.

Given the multivariate time series X° =
{29, 29, ...,2%|x? € RP}, the encoder En and de-
coder De enable the mapping between the time-
series data and hidden states in a latent space. The
mapping process can be defined as

h, =En(h}_,,x}), &) =De(h}), (55)

where &Y refers to the reconstructed time-series data
at time ¢, after the mapping process. This is a re-
cursive process because both the encoder En and
decoder De are constructed with the RNN struc-
ture. The training objective function Lgp for both
the encoder and decoder is defined as

Lep = Eqo 2.7 — 2073 - (56)

Given the auto-dependency characteristic of
the time-series data, learning the conditional log-
To address this,
the conditional score-matching network is designed
based on the SDE formulation of diffusion models.
Note that TSGM focuses on the generation of hidden
states rather than producing the time series directly
with the sampling process. At time step ¢, instead
of applying the diffusion process to x?, the hidden
state hY is diffused to a Gaussian distribution by the
following forward SDE:

likelihood function is essential.

dhy = f(k, he)dk + g(k)dw, (57)

where k € [0, K] refers to the integral time. With the
diffused sample h¥,,, the conditional score-matching
network sg learns the gradient of the conditional
log-likelihood function with the following objective
function:
T
EScorc = Eh?:T’k Z [‘C(tv k)] ) (58>
t=1
with

L(t,k) = Epg [50k) [s0(RE, hu_1. k) — Vi, log qor (e h)]?]
(59)

The network architecture of sg is designed based on
U-Net (Ronneberger et al., 2015), which was adopted
by the classic SDE model (Yang S et al., 2021).

In the training process, the encoder and decoder
are pre-trained using the objective Lgp. They can
also be trained simultaneously with the network sg,
but Lim et al. (2023) showed that the pre-training
generally led to better performance. Then, to learn
the score-matching network, hidden states are first
obtained through inputting the entire time series
x{ - into the encoder, and then fed into the training
algorithm with the objective function Lgcore. The
time-series generation is achieved by sampling hid-
den states and then applying the decoder, where the
sampling process is analogous to solving the time-
reverse SDE.

The TSGM method can achieve state-of-the-
art sampling quality and diversity, compared to a
range of well-developed time-series generation meth-
ods. However, it is still subject to the fundamental
limitation that all diffusion models may have—they
are generally more computationally expensive than
GANSs.

5.3 DiffTime, and Guided-

DiffTime

Loss-DiffTime,

Sometimes synthetic time series are required to
be statistically similar to historical time series but
involve some specific constraints. For example, syn-
thetic energy data are expected to follow the princi-
ple of energy conservation (Seo et al., 2021). Hence,
Coletta et al. (2023) proposed DiffTime to handle
the constrained time-series generation problem.

TimeDiff considers two types of constraints, the
trend constraint as a time series s € RP*7 and the
fixed-point constraint on a specific variable at a cer-
tain time point. To incorporate the trend constraint,
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TimeDiff simply replaces the condition in the condi-
tional DDPM objective function with s as

2
]Ek‘rm(l):T7€ [5(]6) HG — €g (\/ o”ck:c?:T + V1 —arek, S) H :| .

(60)

For the fixed-point constraint, TimeDiff explicitly
enforces the fixed values in the disturbed time series
m’f:T at each diffusion and reverse step k.

To enhance the role of constraints, Loss-
DiffTime was proposed to penalize the generative
process in proportion to how much the synthetic data
violate the constraints. Specifically, Loss-DiffTime

uses a differentiable penalty function
fo = AgReLU(g(@%.7)) + MReLU(h(2}.7)), (61)

where g(-) and h(-) are inequality and equality con-
straints on the synthetic time series 9 - with A, and
An being the respective penalty terms, respectively.
This penalty function is added to the objective func-
tion of Loss-DiffTime as

. . 2
Eiap e |90) ||e = eo (25 k. 8) + pfe(@dr)|], (62)
0 _ 1 k 1 k
where 29, = Tor (CL‘LT - \/1—%5’;669 (w1:T7k,s)) .
Loss-DiffTime suffers from two major issues.
First, as a drawback of almost all diffusion models,
the sampling process requires K iterations, which

makes it slow and computationally expensive. Sec-
ond, once the model is trained, the constraints are

fixed. So, if one needs to change the constraints, the
model should be trained with a new penalty function
again. To solve these problems, Coletta et al. (2023)
proposed Guided-DiffTime, which adopts the denois-
ing diffusion implicit model (DDIM) as the underly-
ing structure. DDIM shares the same training objec-
tive as DDPMs, but it requires fewer backward steps
to produce high-quality samples, efficiently acceler-
ating the sampling process (Song JM et al., 2021).
Then, to solve the second problem, Guided-TimeDiff
applies the penalty function only in the sampling
process with the information given by its gradient
with respect to a:’f:T at each sampling step k (Dhari-
wal and Nichol, 2021). Specifically, in each sampling
iteration k, after the noise is obtained from the noise-
matching network €g, it will be updated as follows:

€< ep(xh k) 8), (63)

€+ €— pvm’foC(jcg.)T> (64)

Finally, the updated noise will be used to compute
the time series at the former diffusion step k& — 1.

6 Model comparison

In Table 2, we provide a comparison of all 15
methods mentioned in this review. We compare the
time-series tasks that each model can conduct. Al-
though most models were designed specifically for
one of the three tasks, some of them can be applied
to multiple tasks by nature. Specifically, models for

Table 2 Comparison of diffusion models for time-series applications

Method Forecasting Imputation Generation Data Diffusion Sampling
TimeGrad v MTS/STG Discrete Autoregressive
ScoreGrad v MTS/STG Continuous Autoregressive

D3VAE v MTS/STG Discrete One-shot
DSPD v v MTS/STG Discrete One-shot
CSPD v v MTS/STG Continuous One-shot
TimeDiff v MTS/STG Discrete One-shot
DiffSTG v STG Discrete One-shot

GCRDD v STG Discrete Autoregressive

CSDI v v MTS/STG Discrete One-shot
SSSD v v MTS/STG Discrete One-shot
PriSTI v v STG Discrete One-shot
TSGM v MTS/STG Continuous Autoregressive
DiffTime v MTS/STG Discrete One-shot
Loss-DiffTime v MTS/STG Discrete One-shot
Guided-DiffTime v MTS/STG Discrete One-shot
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imputation can be applied to forecasting tasks by re-
garding the future time series as missing values. In
addition, we compare the data types that each model
can handle. Generally, models designed for multi-
variate time series can be extended to STG tasks
by simply discarding the graph structure. However,
practically, the performance of these models on STG
datasets may not be satisfactory. We also compare
the diffusion process of different models, categorizing
them into discrete diffusion and continuous diffusion.
Most models with discrete diffusion are based on the
DDPM formulation (Ho et al., 2020), while models
with continuous diffusion follow the SDE-based de-
sign (Yang S et al., 2021). Finally, we consider the
distinctions in the sampling process. Specifically, we
categorize the models as either autoregressive gener-
ators or one-shot generators. With the autoregres-
sive sampling process, models produce predictions
for one time point in one sampling iteration. By
contrast, one-shot models generate full time series for
the whole target time period in one run. Normally,
autoregressive methods are more accurate, but one-
shot generation is more computationally efficient be-
cause it requires only one sampling iteration (Wen
et al., 2023).

7 Practical applications

To highlight the practical value of diffusion mod-
els for time series, we provide a brief review of rel-
evant real-world applications. In general, diffusion
models can be applied to almost all kinds of time-
series-based problems, because most are designed
to handle broad time-series forecasting, imputation,
and generation tasks. In this section, we delve into
some primary application domains, and our discus-
sion is divided into two subsections depending on
the data type. Specifically, we focus on general time-
series and STG applications. Although there can be
an overlap between the applications of these two data
types because STGs are special cases of multivariate
time series, studies in these two areas usually have
different emphases.

7.1 General time-series applications

The study of diffusion models for time series
involves data from numerous real-world application
domains. Because diffusion models are highly flexi-
ble and can generate data from any distribution, they

can be used to generate time-series data with compli-
cated patterns and dependencies. Specifically, when
the data are subject to high uncertainty by nature,
diffusion models can generate probabilistic outputs
to better represent the uncertainty, leading to bet-
ter insights and decisions (Capel and Dumas, 2023).
Here we will present two frequently discussed exam-
ples from the literature, including energy forecasting
and medical practices.

7.1.1 Energy forecasting

Energy forecasting is of essential importance
for decision-making in environment control, energy
management, and power distribution. For example,
renewable energy forecasting helps enhance the op-
erational predictability of modern power systems,
contributing to the control of energy mix for con-
sumption, and eventually, leading to better control
of carbon emissions and climate change. However,
renewable energies such as solar energy and wind
energy are affected by external factors such as un-
expected natural conditions, resulting in unstable
production and consumption. To capture the un-
certainty in renewable energy generation, Capel and
Dumas (2023) proposed to use DDPMs for renew-
able energy forecasting and showed the superiority
of DDPMs in terms of accuracy over other gener-
ative methods. As another example, Wang et al.
(2023) proposed DiffLoad, a diffusion-based Seq2Seq
structure, for electricity load forecasting that will ul-
timately contribute to the planning and operation of
power systems.

7.1.2 Medical practices

To meet increasing requirements, analysis of
physiological signals has become crucial (Zhang YF
et al., 2021). In clinical settings, an accurate predic-
tive model is important for detecting potential un-
usual signals. The transform-based diffusion proba-
bilistic model for sparse time-series forecasting (TD-
STF), a transformer-based diffusion model, was pro-
posed for heart rate and blood pressure forecasting
in the intensive care unit (ICU) and shown as an
effective and efficient solution compared to other
models in the field (Chang et al., 2023). In addi-
tion, diffusion models can be designed for electroen-
cephalogram (EEG) and electrocardiogram (ECG)
signal prediction, imputation, and generation,
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offering valuable support for clinical treatments (Nei-
far et al., 2023; Shu et al., 2023).

7.2 Spatial temporal graph applications

STGs are a special type of multivariate time-
series data that record the change of values of one
or multiple variables of different entities in a system
over time. The literature on diffusion models for
STGs covers two application domains, transporta-
tion (Li RK et al., 2023; Wen et al., 2023) and air
quality monitoring (Liu MZ et al., 2023; Wen et al.,

2023).
7.2.1 Transportation

For transportation, the system of interest is
usually traffic networks with numerous sensors that
monitor traffic conditions and collect traffic data
such as vehicle speed and traffic flow (Xu DW et al.,
2017; Seng et al., 2021). In traffic STGs, graph nodes
are trafic sensors, and edges are usually constructed
based on the geometric distance between each pair
of sensors. Given the record of historical traffic data,
the objective of traffic forecasting is to predict the
average traffic speed or traffic flow in the next time
period (e.g., an hour) for all sensors. Existing dif-
fusion models serving this purpose include DiffSTG
(Wen et al., 2023) and GCRDD (Li RK et al., 2023).
Diffusion models can also be used for traffic data
imputation (Liu MZ et al., 2023). Due to sensor fail-
ures or human errors, missing records are common
in traffic data, which causes issues in analysis and
prediction (Yi et al., 2016); thus, diffusion models
can be applied to predict the missing values before
forwarding the data for further analysis.

7.2.2 Air quality monitoring

Diffusion models have also been applied to ad-
dress air quality problems, including air quality pre-
diction and air data imputation. In such tasks, air
monitoring stations are modeled as graph nodes, and
the edges are also formed based on geometric infor-
mation. The objectives of air quality prediction and
air data imputation are analogous to traffic forecast-
ing and imputation. For example, PM; 5 prediction,
one of the famous tasks in this application domain,
aims to predict future PMs 5 readings of several air
monitoring stations in a city (Yi et al., 2018; Wen
et al., 2023).

7.3 Publicly available datasets

In Table 3, we list some frequently used publicly
available datasets in the study of diffusion models
for time series. We present datasets from papers
focusing on either multivariate time series or STGs.
We also categorize the datasets by their application
domains and provide their source links. With high
data quality, public availability, and close reflection
of real-world implications, these datasets can serve as
valuable resources for researchers and practitioners
to test and understand diffusion models in various
application domains.

8 Future research directions

Up to this point, we have discussed different
methods for time-series forecasting, imputation, gen-
eration, and some relevant practical application do-
mains. Now, we look into the limitations of existing
models and challenges in this research area that may
lead to future research directions and inspire future
researchers.

1. Heavy model selection

How to select the optimal diffusion model struc-
ture still remains an open problem. Designing a dif-
fusion model for time series requires the selection
of many building blocks, such as the condition, the
noise-matching network or other networks serving
similar purposes, and the sampling acceleration tech-
nique. However, there are many potential choices for
these building blocks without a unified framework or
criterion for evaluation. For example, to construct
a good condition for the target distribution, how to
represent a time series effectively is quite essential
(Yin et al., 2015). While TimeGrad (Kashif et al.,
2021) and GCRDD (Li RK et al., 2023) choose RNN
to encode historical information as the condition,
other serial data encoders such as the transformer
encoder (Vaswani et al., 2017) can be adopted to
boost good performance as well (Sikder et al., 2023).
For each building block, the choice is highly flexible
but suffers from heavy tuning costs of structures and
hyperparameters. This highlights the importance of
research on the comparison of different options and
a unified framework or guidance on model selection.

2. Insufficient research on noise injection

Noise injection, as an important component of
diffusion models, has not been sufficiently studied in
the research for time series. First, current research
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Table 3 Publicly available datasets of multivariate time series (MTS) and spatio-temporal graphs (STG)

Type Domain Dataset Source
SOLAR https://github.com/laiguokun/multivariate-time-series-data
ELECTRICITY https://archive.ics.uci.edu/ml/datasets/ElectricityLoad Diagrams20112014
E NORPOOL https://www.nordpoolgroup.com/Market-datal /Power-system-data
ner.
&Y CAISO http://www.energyonline.com/Data
ETTml https://github.com/zhouhaoyi/ETDataset
MTS ETThl https://github.com/zhouhaoyi/ETDataset
Traff TRAFFIC http://pems.dot.ca.gov
raffic
TAXI https://wwwl.nyc.gov/site/tlc/about/tlc-trip-record-data.page
Climate WEATHER https://www.bgc-jena.mpg.de/wetter/
Finance EXCHANGE https://github.com/laiguokun/multivariate-time-series-data
Website WIKIPEDIA https://github.com/mbohlkeschneider/gluon-ts/tree/mv_release/datasets
METR_ LA https://github.com/liyaguang/DCRNN
Traffic PEMS BAY https://github.com/liyaguang/DCRNN
STG PEMS 08 https://github.com/guoshnBJTU/ASTGNN /tree/main/data
AIR BJ https: //www.microsoft.com/en-us/research /uploads/prod/2016,/02/Data-1.zip
Air AIR GZ https://www.microsoft.com/en-us/research /uploads/prod/2016,/02 /Data-1.zip
AQI 36 https://www.microsoft.com/en-us/research /uploads/prod/2016/02 /Data-1.zip

considers only injecting Gaussian noise, leaving lack
of study on other distributions and noises designed
specifically for discrete time-series data. In addition,
the noise schedule (i.e., how «aj changes with the
diffusion steps) is not carefully designed for time-
series data. Currently, we can observe research only
on the noise schedule for images (Chen, 2023).

3. Unsatisfactory performance with spatio-
temporal graphs

Although there are several studies on diffusion
models for STG forecasting, the performance of these
models is still unsatisfactory. Specifically, diffusion
models fail to outperform the deterministic methods
such as DCRNN (Li YG et al., 2018) and GMSDR
(Liu DC et al., 2022). To enhance performance, one
may consider how to better encode the spatial in-
formation in diffusion models. Currently, the graph
structure W is used only as part of the condition,
so how to enhance the role of spatial information is
still a problem to be solved. Moreover, exiting diffu-
sion models for STGs are very slow at sampling (Li
RK et al., 2023). This shows the need for design-
ing or incorporating suitable sampling acceleration
techniques.

9 Conclusions

Diffusion models, a rising star in advanced gen-
erative techniques, have shown their exceptional
power in various real-world applications. In recent
years, many successful attempts have been made
to incorporate diffusion in time-series applications
to boost model performance. As compensation for
the lack of a methodical summary and discourse
on diffusion-based approaches for time series, we
have furnished a self-contained survey of these ap-
proaches while discussing the interactions and differ-
ences among them. Specifically, we have presented
seven models for time-series forecasting, four mod-
els for time-series imputation, and four models for
time-series generation. Although these models have
shown good performance with empirical evidence,
we feel obligated to emphasize that they are usually
associated with very high computational costs. In
addition, because most models are constructed with
a high level of theoretical background, there is still a
lack of deeper discussion and exploration of the ra-
tionale behind these models. This survey is expected
to serve as a starting point for new researchers in this
area and inspiration for future directions.
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