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Abstract: According to the limit equilibrium state of soils behind rigid walls and the pseudo-static approach, a general closed-form
solution to seismic and static active earth pressure on the walls, which considers shear and tension failure of the retained soil, is
put forward using a variational calculus method. The application point of the active resultant force specified in the proposed
method is explained with a clear physical meaning related to possible movement modes of the walls. In respect of the derived
nine dependent equations reflecting the functional characteristics of the earth pressure, the proposed method can be performed
casily via an implicit strategy. There are 13 basic factors related to the retained soils, walls, and external loads to be involved in
the proposed method. The tension crack segment of the slip surface is obviously influenced by these parameters, apart from
vertical seismic coefficient and geometric bounds of the surcharge, but the shear slip segment maintains an approximately
planar shape almost uninfluenced by these parameters. Noticeably, the proposed method quantitatively reflects that the resultant
of the active earth pressure is always within a limited range under different possible movements of the same wall.
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1 Introduction method (Chang, 1997; Wang, 2000), a slip-line method
(Peng and Chen, 2013), a kinematical limit analysis
method (Soubraand Macuh, 2002), and a soil-arching-

effect method (Paik and Salgado, 2003; Li and Wang,

Active earth pressure is an external load on retain-
ing structures, so its determination is very crucial in prac-

tice. Coulomb’s theory (Coulomb, 1776) and Rankine’s
theory (Rankine, 1857) are two classical methods for
static earth pressure. Based on the former, Mononobe
(1924) and Okabe and Member (1924) provided ap-
proaches for seismic earth pressure via a pseudo-static
method. However, these classical solutions to static or
seismic active earth pressure have some limitations due
to their assumptions which, in some cases, are different
from practical conditions (Wei et al., 2022). So, many
researchers have improved or developed further ana-
lytical methods for static active earth pressure under
uniform surcharge using a simplified limit equilibrium
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2014; Rao et al., 2016; Xie and Leshchinsky, 2016;
Zhou et al., 2018) and, for seismic active earth pres-
sure, using a pseudo-static method (Choudhury and
Singh, 2006; Iskander et al., 2013; Han et al., 2016; Krab-
benhoft, 2018). Moreover, similar analytical methods
for the active earth pressure under strip surcharge (Kim
and Barker, 2002; Greco, 2006; Farzaneh et al., 2014;
Hou and Shu, 2019) have been proposed. Tensile be-
havior is one of the significant properties of cohesive
soil (Paul, 1961; Spencer, 1968) influencing its slope
stability (Utili, 2013; Michalowski, 2017; Park and
Michalowski, 2017; Li et al., 2019), but it is not suffi-
ciently involved in the existing computation methods
for active earth pressure. Based on a kinematical limit
analysis approach, Li and Yang (2019) and Yang and
Zhang (2019) analyzed seismic or static active earth
pressure on rigid walls considering the existing ten-
sion crack or tensile strength cut-off of soils. Nev-
ertheless, the assumed positions of the cracks are not
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always the same as the actual ones, and, in most cases,
the segment of the computed critical slip surface near
the backfill top surface is not completely identical with
the vertical crack shape as actually observed. Indeed,
the assumption of the critical slip surface of the re-
tained soil in the upper-bound limit analysis is that
its shape is usually log-spiral or planar (Chen, 1975),
and can be rigorously derived by the variational calcu-
lus method (Kopascy, 1957; Baker and Garber, 1978;
Zhang et al., 2016). Compared with the upper-bound
limit analysis, the variational method does not assume
that the soil obeys the associated flow rule and thus
avoids a possible source of computation error.

According to the variational method, de Josselin
de Jong (1980) and Puta et al. (2005) analyzed the
limit height of the vertical slope of a frictionless soil
and the anchorage force of a wall, respectively. More-
over, Luan and Nogami (1997) proposed an explicit
variational approach to determine the two limit earth
pressures. Li and Liu (2010) provided a further solu-
tion to the active earth pressure of a simple model using
a similarly explicit solution tactic based on the varia-
tional method. Xiao et al. (2021) put forward an implicit
solution strategy to solve the variational problem of
the earth pressure under strip surcharge. However, they
did not consider tensile strength cut-off of the retained
soil in their analysis. Chen et al. (2020) coped with the
problem by considering the soil tensile strength, but
their assumption on the maximum principle stress at
the bottom of the tension crack is questionable since
the backfill surface is not usually horizontal and the
soil is not actually cracked at any point on the surface,
which consequently exhibits a unique solution for the
application point of the active thrust regardless of the
fact that the application point is linked physically with
wall movement modes not yet entirely taken into
account in the analysis.

In addition, it should be noted that although there
are three basic movement modes of a practical rigid
wall including translation and rotations about wall heel
and toe under the pushing effect of the retained soil, the
accurate movement of the wall is not usually obtained
in practical engineering since it is a composite motion
composed of the translation and either of the two rota-
tions in a complex way. So, the application point deter-
mined only according to one of the simple basic move-
ment modes of the practical wall is doubtful. It would be
more rational and safe to determine the variation range
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of the application point by reference to all possible wall
movements.

In view of these factors, seismic and static active
earth pressure on the rigid walls are generally ana-
lyzed in this study based on the limit equilibrium con-
ditions of the retained soil yielding shear and tension
failure criteria and the variational extremization. Con-
sidering the possible movement modes of the walls, the
application point of the active resultant force involved
in the proposed method is explainable with clear phys-
ical meaning in a new insight. The thrust force and cor-
responding shear-tension composite slip surface are
fully discussed under the condition of the potential low-
ermost location of its application point. Besides, the
possible variation range of the active earth pressure
and its application point corresponding to various
wall movements can be determined quantitatively.

As shown in Fig. 1, behind a rigid retaining wall
there is homogeneous soil with local strip surcharge
on its surface. A composite slip surface BMO in the
soil in the active limit state due to the wall movement
is assumed as a vertical tension crack BM with depth
d obeying the maximum normal stress criterion con-
nected with a continuous curved surface MO satisfy-
ing the Mohr-Coulomb yield criterion. It begins at a
random point B on the soil surface and ends at the
specified point O at the wall heel. In the light of the
pseudo-static method of seismic analysis, horizontal and
vertical seismic forces characterized briefly by corre-
sponding seismic coefficients are uniformly exerted in
the soil and strip surcharge.
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Fig. 1 Analysis model for active earth pressure on a rigid
wall. The parameters will be explained in the text
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2 Analysis methodology

As shown in Fig. 1, Cases I, II, and III are three
possible intersections between the surcharge width and
point B. The formula of the segment of the sliding sur-
face MO is written as y=f(x) with the origin of coordi-
nates set at point O, in which y and x are abscissa and
ordinate with reference to the origin O in the rectangu-
lar coordinate system, where subscripts M, B, and ¢
represent points M, B, and O, respectively; 0 is the dip
angle between the radius of the slip surface and the
horizontal direction, where subscripts M and O repre-
sent points M and O, respectively; f is the functional
relationship between y and x. Based on the principle
of general variational methods finding functions to make
the value of quantities depending on their reach extre-
mum (Giaquinta and Hildebrandt, 2004), the problem
of resolving the active earth pressure can be described as
finding the maximum of the thrust force as a function
of the failure surface shape and the normal stress on it
under the condition that the soil is in the active limit state.

Based on the Cartesian coordinate system estab-
lished in Fig. 1 as well as static equilibrium conditions,
Egs. (1)~(3) are the three equilibrium equations for
the critical slide body.
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where H, V, and M denote the horizontal and vertical
resultant forces and resultant moment on a potential
slide body, respectively; / is the curve length of a shear
failure segment of a potential sliding surface OM; t

and o are shear and normal stresses on the shear fail-
ure segment, respectively; # is the inclination of a tan-
gent at one point on the potential sliding surface; &
stands for the seismic acceleration coefficient, where
subscripts h and v stand for horizontal and vertical di-
rections, respectively; y is the unit weight of the soil; s
is the function of x to express the simplified surface
of the retained soil; F, denotes the resultant force of
the strip surcharge; G, is self-weight of the local soil
mass in zone 40C; E, represents active earth pressure
on the retaining wall; a is the wall back dip angle; ¢ is
the wall-soil friction angle; M is the moment with
respect to the wall heel point O, where subscripts nv,
nh, qv, and gh stand for the gravity G, the horizontal
force equal to G, at the centroid of zone AOC, the
resultant /7, and the horizontal force equal to F, at the
midpoint of the strip surcharge; z, is the height of the
application point of earth thrust to the wall heel, which
can be exhibited as £H, where the coefficient ¢ is the
ratio of z, to the wall height H. i is a calculation index
related to the dip angle of wall back and it is equal to
1 if & is not more than 90°. Conversely, it is equal to
0. The other intermediate variables are
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where f is the inclination of the soil surface; a is the
horizontal offset distance of the strip surcharge ¢ to the
wall; b, is the effective width of the strip surcharge on
the slide body and it is expressed individually corre-
sponding to Cases I, II, and III as:
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where b is the distribution width of the surcharge on
the soil surface.
In fact, x,=x,, if the tension crack is assumed to
be vertical as mentioned above.
From the geometric relationships, we can obtain:
dx y'dx

di= cosy - sing’ )

where " denotes the first-order derivative of f{x).

The classic Mohr-Coulomb criterion assumes
that failure occurs if the shear stress on any point in a
material reaches a value that depends linearly on the
normal stress in the same plane. According to the Mohr-
Coulomb yield criterion and substituting Eq. (5) into
Egs. (1)—(3), there are
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where ¢ and ¢ are respectively the cohesion and inter-
nal friction angle of the retained soil.

Solving for the active earth pressure is substan-
tially searching for the maximum of the force on the
wall while the soil is in the active limit state (Cou-
lomb, 1776). Therefore, one can let Eq. (7) be the basic
formula and Egs. (6) and (8) be the two restraint equa-
tions including the fundamental variable x, as well as
presenting Lagrange multipliers 4, and 4,, to give:

f:"(r_/ 2, H +2,M ) dx=0. )

In Cases I, II, and III, the intermediate variable
m is respectively:
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Thus, the two Euler equations expressed as
Eqgs. (12) and (13) should be met to make the function
E, attain its extremum.

om d [om
%_dx(aa’)_o’ (12)
om d [ Oom
5 alar] o o

where ¢’ is the first-order derivative of o with respect
to x.

Then, as specifically expressed in the electronic
supplementary materials (ESM), the functional rela-
tionship between the active earth pressure and the crit-
ical sliding surface with normal stress on it can be fur-
ther derived.

For the retained soil with tensile strength cut-off,
point M can be regarded as being in both shear failure
state satisfying the Mohr-Coulomb yield criterion and
tension failure state with horizontally minor principal
stress equal to —R,, where R, is the tensile strength cut-
off. As shown in Fig. 2, the normal stress on the slip
surface at point M can be derived as:

o,=—R (1 +sing) +ccosp, (14)
where the tensile strength cut-off R, can be expressed
as (Park and Michalowski, 2017):

RL_WZCcosgo (15)

“ 7 1+sing’

in which w is a non-negative coefficient (calibration
coefficient) no greater than 0.5 under the condition of
non-negative normal stress on the slip surface MO at
point M.

Fig. 2 Illustration of normal stress on the slip surface MO
at point M

Thus, according to Eq. (S10) in the ESM, at
point M there is:
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where K, and K, are integral constants.

In total, there are nine independent variables in-
cluding x,, y, K,, K, 0,, 0,, x,,, d, and E, involved in
nine independent equations including Egs. (S11)—(S17),
(S22), and (16). Thus, the nine equations can be solved
directly using an implicit approach to accomplish the
solutions of the nine variables by a computer program
such as MATLAB (The MathWorks, Inc., 2018), in
which the inserted function fsolve can be applied to
execute the computation and achieve unique solutions
easily. The convergence errors of the nine equations
can be uniformly adopted as 10, which gives satisfac-
tory accuracy and rapid convergence in most cases.
So, the active earth pressure and corresponding failure
surface under a specified application point can be accu-
rately determined.

It should be noted that a series of possible solu-
tions of £, can be obtained mathematically under vari-
ously specified application point locations. However,
the moment on the wall exerted by E, around its heel
or head should be a certain value because it is con-
trolled by the static equilibrium conditions of the wall,
and the active earth pressure is the maximum value
for those thrust forces in the active limit state of the
retained soil, so z, should be physically adopted within
the mathematical solutions to make E, reach its maxi-
mum while keeping that moment on the wall.

In fact, the location of the application point of the
active thrust is closely related to the movement modes
of the wall which are influenced by some practical cir-
cumstances such as foundation conditions and restraints
in front of the wall. According to some test results
(Niedostatkiewicz et al., 2011), in the case of purely
active rotations of the wall around its heel and head as
well as translation, volumetric strains of the backfill are
relatively concentrated near the heel, head, and middle-
lower part of the rigid wall, respectively, which means
distribution of compressive stress of the backfill on the



wall is correspondingly focused on those three loca-
tions. That is to say, for the purely active rotations of
the wall around its heel and head in the tests, the appli-
cation points of the resultant of the earth pressure are
those nearest to and farthest from the wall heel, respec-
tively. However, as shown in Fig. 3, the application
point P under pure translation is between the two
extreme locations (Fang and Ishibashi, 1986; Hazarika
and Matsuzawa, 1996; Matsuzawa and Hazarika, 1996).
Therefore, z, should be physically adopted in its mini-
mum and maximum values within admissible mathe-
matical solutions under pure rotation of the wall around
its heel or a point below it and its head or a point above
it, respectively. In other words, z, should be modified
within the framework of the theoretically available
solutions. If z, is adopted as between the two extreme
values, it means the wall is purely translating or com-
positely translation-rotation moving to make the back-
fill be in the active limit state. In brief, different z, cor-
responding to the active earth pressures mean different
possible movements of the wall, and the earth pres-
sures under different wall movements are naturally dif-
ferent. That is to say, in solving the combined equations
in the proposed method, the different z, specified can
cause different results of the active earth pressures,
which is reasonable because they physically correspond
to different movements of the wall.

) e
[ 8
\

L

()

Fig. 3 Relative locations of application point of the active
resultant force in three cases: (a) wall translation; (b) wall
rotation around the head; (c) wall rotation around the heel

In addition, for the cohesionless backfill or cohe-
sive soil with relatively high surcharge on its top sur-
face, there is no tension crack in the soil behind the
wall, which means potential shear failure surfaces in
the soil start on its top surface. Namely, point M is
totally overlapping with point B. Thus, except for
Eq. (16), the nine independent equations are reduced
to eight.
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3 Applications and verifications

To validate the proposed method, some typical
examples including cohesionless and cohesive soil re-
tained by rigid walls are described. For brevity, a coef-
ficient of active earth pressure K, shown in Eq. (17) is
introduced. Also, the application point of the active
earth pressure is generally adopted at its lowest value
within possible solutions, which corresponds to move-
ment of the wall in rotation about its heel or a point
below its heel (substantially a compound movement
containing translation and rotation around the heel).

K,= —.
a 1 )
2H

(17)

3.1 Some examples of seismic and static earth
pressures

Fig. 4 shows comparison of calculation results
for some examples of cohesive soil between the pro-
posed method and some existing analytical methods.
It indicates that K, by the proposed method, consider-
ing both the Mohr-Coulomb yield criterion and the
maximum normal stress criterion (namely, M-C&T), is
very close to those from most of the existing methods
(Rankine, 1857; Richards and Shi, 1994; Mazindrani
and Ganjali, 1997; Shukla et al., 2009; Li and Yang,
2019). However, as can be seen from Fig. 4a, the pro-
posed results are obviously smaller than those by Saran
and Prakash (1968) and higher than those by Nian and
Han (2013). The reason for the difference between
them may be that the self-weight of the slide wedge
and cohesion are maximized independently in the for-
mer, which causes an overestimated failure state of the
retained soil; only local equilibrium conditions near the
soil-wall interface are satisfied but the limit equilibrium
conditions of the whole slide mass are not considered
in the latter, which leads to an underestimated calcula-
tion. As expected, K, by the proposed method, consid-
ering only the Mohr-Coulomb yield criterion (namely,
M-C), is obviously less than the existing results in
most cases. It can be also seen that the critical slide
mass by the proposed method (M-C&T) is rela-
tively close to that by upper-bound limit analysis
method (Li and Yang, 2019), but the shape and depth
of the tension crack are much more adequately re-
flected by the proposed method (M-C&T) than the
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Fig. 4 Comparison of calculation results of cohesive soil between the proposed method and some existing methods for
various examples: (a) K, vs. ¢ in example 1; (b) K, vs. H in example 2; (c) K, vs. ¢ in example 3; (d) slip surfaces in
example 4; (e) K, vs. ¢/(yH) in example 5; (f) K, vs. H in example 6

limit analysis method. Besides, the relationship be-
tween K, and ¢/(yH) by the proposed method (M-C&T)

is obviously nonlinear, which is different from the tra-
ditionally linear result (Fig. 4¢).



As shown in Fig. 5, seismic active earth pressures
of two examples of cohesionless soil are computed
using the proposed method (M-C) and some existing
methods. One can see in the example with =0° the
proposed results are identical with those by Shukla
et al. (2009) and from the improved Mononobe-Okabe
method by Fang and Chen (1995), but they are about
12% higher than those by Nian and Han (2013). For
the other example with d/p=0.5, the proposed results
are also considerably closer to those by Fang and Chen
(1995).

3.2 Some examples of static earth pressure with
distanced strip surcharge

Active earth pressures under a non-cohesive back-
fill by different methods are given in Table 1. It can be

1.0
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seen that the proposed results are in good agreement
with those of Greco (2006) and Farzaneh et al. (2014).
In the case of the relatively high setback distances of
the surcharge, the results by the proposed method are
visibly higher than those by the Coulomb wedge method
(Coulomb, 1776). However, they are averagely 3%—8%
smaller than those by the stress distribution approach
(Franz G, 1983; Cernica, 1995; MOHURD, 2013) on the
basis of the elastic theory. As for the results for a co-
hesive backfill (Table 2), the proposed earth pressures
are relatively close to those by Farzaneh et al. (2014).
But the results by the two methods are, on average,
5%—15% smaller than those by the stress distribution
approaches. Thus, the existing approaches are more
conservative than the proposed method. The reason
for that is that the latter is on the basis of a limit state
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Fig. 5 Comparison of calculation results of cohesionless soil between the proposed method and some existing methods
for two examples: (a) K, vs. ¢ in one example; (b) K, vs. ¢ in the other example

Table 1 Active earth thrusts of non-cohesive soil calculated using different methods (y=20 kN/m’, ¢p=30°, 6=10°, w=0, H=

10 m, =90°, and #=0°) (Xiao et al., 2021)

Active earth thrust (kN/m)

q (kPa) a(m) b (m) Coulomb Franz G 45° distribution 45°+¢/2 distribution Greco Farzaneh et al.

Proposed Ratio ¢

(1776)  (1983) (Cernica, 1995) (MOHURD, 2013)  (2006) (2014)
10 2 1 3134 3468 336.7 339.1 3134 3147 3135 031
20 2 1 3184 3603 340.0 3449 318.4 320.3 3186 032
30 2 1 3235 3737 3433 350.7 3235 326.1 3234 032
20 4 1 3085 3757 340.0 344.9 318.4 3203 3187 031
50 4 1 3085 4392 350.0 362.2 333.8 338.0 3335 030
100 4 1 3122 5450 366.7 391.1 362.9 368.9 3582 0.29
20 3 2 3152 3795 346.7 356.4 328.6 331.4 3286 031
20 3 3 3152 3885 3533 365.4 339.1 340.7 3385 030
20 3 4 3152 3885 360.0 365.4 349.9 342.2 3406 0.29
10 0 2 3184 3449 340.0 344.9 318.4 320.1 3186 0.33
100 0 3 3235 3507 3433 350.7 3235 325.4 3235 033
10 0 4 3286 3564 346.7 356.4 328.6 330.5 3284 033
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but the former is based on an elastic state of the re-
tained soil.

3.3 Examples from Peng and Chen (2013) under
a=0 m and b=c0

In the case of a non-vertical wall back and non-
horizontal top surface of the retained cohesionless
soil under uniform surcharge (Peng and Chen, 2013),
the computation results using the proposed method
are given in Table 3. The comparison among various

methods indicates that the proposed method agrees
well with the other methods.

3.4 Some examples involved in tension cracking

In the case of cohesive soil with relatively small
strip surcharge on its top surface, there is tension crack
in the soil. Fig. 6 shows a comparison of computed
depths of the crack in some examples by the proposed
method and some by the classic Rankine-Bell formula
(Bell, 1915). It can be seen that the proposed values

Table 2 Active earth thrusts of cohesive soil calculated using different methods (y=20 kN/m’, ¢=10 kPa, ¢p=30°, 6=10°, y=

0, =10 m, a=90°, and f=0°) (Xiao et al., 2021)

Active earth thrust (kN/m)

g(kPa) a(m) b(m) FranzG  45° distribution  45°+/2 distribution  Farzanch et al. Proposed  Ratio &
(1983)  (Cernica, 1995)  (MOHURD, 2013) (2014)
10 2 1 2413 231.2 233.6 210.7 215.6 0.25
20 2 1 254.8 234.5 239.4 216.7 220.7 0.26
30 2 1 268.3 237.9 2452 222.8 225.6 0.26
20 4 1 270.2 2345 239.4 216.7 220.7 0.24
50 4 1 333.7 244.5 256.7 2353 235.5 0.23
100 4 1 439.6 261.2 285.6 267.1 259.1 0.21
20 3 2 274.1 241.2 251.0 2283 230.6 0.24
20 3 3 285.6 247.9 262.5 235.6 233.1 0.23
20 3 4 297.1 254.5 274.1 235.8 233.1 0.23
10 0 2 233.6 228.8 233.6 216.4 220.7 0.27
10 0 3 239.4 232.1 239.4 221.8 225.7 0.28
10 0 4 2452 235.4 2452 227.0 230.5 0.27

Table 3 Active earth pressures of cohesionless soil by various methods (H=10 m, ¢=30°, =0 m, and b=x) (Peng and

Chen, 2013)
Active earth pressure (kN/m)
y (kN/m’) @ (°) B©) () q(kPa)  Coulomb Sokolovskii ~ Peng and Chen Proposed  Ratio &
(1776) (1965) (2013)
90 0 0 20 66.667 66.667 66.667 66.92 0.55
78.5 0 20 20 78.107 73.397 78.107 76.59 0.53
100 0 10 20 49.015 50.679 51.461 50.39 0.52
20 90 0 0 20 400.000 400.000 400.000 400.06 0.37
20 100 0 0 20 324.338 328.444 328.444 324.01 0.28
20 84.9 0 10 20 413.875 407.587 413.875 411.74 0.41
20 78.5 0 20 20 468.642 440.380 468.643 460.72 0.45
20 90 10 10 20 419.424 413.052 419.424 419.57 0.38
20 90 10 20 0 340.022 320.764 341.349 340.15 0.30
20 83.6 10 20 0 399.559 375.462 399.559 398.32 0.41
20 95.2 10 0 334.407 334.407 334.407 334.54 0.35
20 110 10 0 0 234.110 242.602 242.602 234.20 0.17
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Fig. 6 Comparison of tension crack depths by the proposed method and by the Rankine-Bell formula: (a) d vs. ¢; (b) d

vs. ¢; (¢) d vs. H

are very slightly smaller than the classical ones in the
special cases, which further shows that the proposed
method can be generally accepted.

Also, it can be seen from the formula derivation
provided above that the proposed method under =0 m
and k,=k=0 can be completely reduced to the simpli-
fied method (Xiao et al., 2021), which has already been
verified by some tests (Tsagareli, 1965; Tang et al.,
1988; Khosravi et al., 2013). This is further evidence
for the acceptability of the proposed method.

4 Parametric investigation and discussion

According to the foregoing analysis model and
derived formulas, there are generally 13 factors includ-
ingy, o, 9d,c, H p,a q,a,b, k, k, and y influencing
the active earth pressure. So, the influences of these
essential factors on the thrust force and failure surface
are now individually discussed. For simplicity, the
parameters k,, k,, y, and d are shown here and the others
are shown in the ESM.

4.1 Horizontal seismic coefficient k,

As shown in Fig. 7, K, increases non-linearly with
k,, but the minimum value of the ratio ¢ is almost lin-
early increasing as k, increases. The failure surface in
the soil can be approximately regarded as a composite
surface with two planes, and it is gradually moving to-
wards the soil interior with the increase of 4, but the
normalized depth of tension crack d/H decreases as £,
increases. Normal stress (compressive stress) on the
slip segment OM satisfying the Mohr-Coulomb yield

criterion is nearly linearly distributed along the seg-
ment under different £,.

4.2 Vertical seismic coefficient &,

It can be seen in Fig. 8 that K, increases linearly
with £, but the minimum value of the ratio ¢ is hardly
altered as k, increases. k, has almost no influence on
the critical sliding surface in the retained soil, but d/H
is obviously decreasing as k, increases. Distribution of
normal stress on the shear failure segment of the slip
surface still exhibits nearly linear characteristics under
different k..

4.3 Calibration coefficient of tensile strength cut-off y

Fig. 9 shows that y has no apparent effect on K,
but has a noticeable effect on the minimum value of
the ratio &. As expected, y has obvious influence on
the location and depth of the tension crack other than
the shear segment of the critical slip surface. The loca-
tion of the tension crack is gradually moving far away
from the wall. Besides, normal stress on the shear seg-
ment of the slip surface is influenced by y to some
extent.

4.4 Interface friction angle J between soil and wall

As can be seen from Fig. 10 that K is slightly de-
creasing with /¢, but the minimum value of the ratio
& is obviously decreasing with d/¢. The failure surface
is developing marginally towards the soil interior as d/p
increases, and the depth of tension crack is increasing
faintly with d/¢. Distribution of the normal stress o is
nearly linear along the slip segment OM under differ-
ent values of d.
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4.5 Ratio of the application point height to wall

height &

As mentioned above (Fig. 3), the application

point of the active thrust from the wall base is rising

as the wall purely rotates around the heel, translates,

and rotates around the head. Solutions of the ratio &
controlled by the derived formulas are correspond-
ingly related to various movements of the wall. So,
the influence of the ratio £ on the active earth pressure
is further discussed here to reflect the influence of the
wall movements. Fig. 11 shows that K, is nonlinearly
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slightly increasing within a limited range with admis-
sible ratio £, which means the active earth pressure is
always limited under different possible movements of
the same wall. The depth of a tension crack decreases
nearly linearly with the increase of the ratio ¢. In par-
ticular, the shear slip segment OM of the failure sur-
face varies from planar shape to curved mode as the
ratio ¢ increases and the slip surface develops gradually

towards the wall. Additionally, the ratio £ has strong
influence on the normal stress on the shear slip seg-
ment. There are varied characteristics of the slip seg-
ment from linear to a curved outline with the increase
of the ratio ¢&.

Also, according to the proposed method, the ap-
plication point of Coulomb’s active earth pressure can
be further discussed. As listed in Table 4 for a typical
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example with the wall rotation about its base or a
point below it, one can see that the application point
of the Coulomb’s earth pressure is H/3 from the wall
heel only if 0=0°, a=0°, and f=0°. Actually, whether
the application height in the original Coulomb’s theory
is H/3 or not depends on the three angles and the wall
movement modes. If 6=0°, «=0°, and f=0°, the active

earth pressure increases linearly with depth from zero
at the wall top under the wall rotating about its base
(Paik and Salgado, 2003). As a result, the application
height is exactly H/3. However, under the other condi-
tions, the profile of the active earth pressure is not a
triangle so that the application height is not equal to
H/3.
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5 Conclusions

A general closed-form solution for seismic and
static active earth pressure on rigid walls is derived
by a variational calculus method broadly considering
shear failure together with tension failure of the soil.
According to the derived nine dependent equations

involved in shear strength and tensile strength cut-off
of the soil, the proposed method can be easily executed
via an implicit strategy. Compared with some test re-
sults and some existing calculation methods, seismic
and static active earth pressures computed using the
proposed method are in good agreement, which means
the proposed method has acceptable accuracy. The
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proposed method can be more extensively used in prac-
tice because it does not include assumptions concern-
ing the given shape of the slip surface but gives much
more influence to other factors. The proposed method
can theoretically determine the variation range of the
active earth pressure on a practical rigid wall under
possible movements, and quantitatively reveal the

influences of 13 basic parameters on the active earth
pressure and corresponding failure surface under a
specified application point closely related to the possi-
ble movement modes of the wall.

Different application points of the earth pressure
specified within an admissible range for solving the
problem by the proposed method can cause different



Table 4 Application points of active earth pressures under
different conditions (y=18 kN/m’, p=30°, ¢=0, H=10 m, and
p=0°)

Proposed Coulomb’s Relative
a) 00 <O g (EN/m) E,(kKN/m) error (%)
90 0 0.333 300.00 300.00 0.00
90 15  0.309 271.76 271.27 0.18
90 30 0.299 270.83 267.45 1.26
80 0 0.489 356.70 366.03 -2.55
80 30 0473 376.34 346.26 8.69
100 0 0.325 245.56 243.25 0.95
100 30 0316 215.20 204.34 5.31

results of the active earth pressure in a limited variety,
which physically corresponds to different possible wall
movements. The active earth pressure is always in a
limited range under different movements of the same
wall. Besides, in the case of the lowest value of the ap-
plication point of the active earth pressure within pos-
sible solutions, the critical slip surface in the retained
cohesive soil consists usually of a planar shear segment
connected with a vertical tension segment near the
backfill surface. However, the shear slip segment varies
from planar shape to curved mode as the location of
the application point rises, and the planar shape of the
shear segment is not influenced by the 13 factors.

The tension crack segment of the critical sliding
surface in the cohesive soil varies significantly with
these factors apart from &, a, and b. Similarly, the loca-
tion of the shear slip segment of the failure surface is
not influenced by the five parameters k,, v, g, a, and b.

Seismic active earth pressure increases with &, and
k., and the depth of tension crack decreases almost lin-
early with the two coefficients. The critical sliding sur-
face is progressively moving towards the soil interior
with the increase of &, but is almost uninfluenced by £;.

Distribution of normal stress on the shear segment
of the critical slip surface varies from linear to nonlinear
profile along the segment as the ratio ¢ increases from
its minimum. The magnitude of the normal stress is
slightly influenced by v, a, and b, but the other param-
eters also have observable effects on it.

In special cases satisfying Coulomb’s assumptions,
seismic active earth pressures by the proposed method
are very close to those in the improved Mononobe-
Okabe method. Moreover, the proposed static active
earth pressures under strip surcharge agree well with
those by some existing analytical methods related to
limit state of the retained soil, but the proposed results
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are evidently smaller than those by the traditional stress
distribution methods based on elasticity theory.

It should be noted that the proposed method can
solve the resultant force of the active earth pressure
other than the distribution of the earth pressure on the
wall, which is its typical limitation and it cannot be
used to analyze the internal forces of walls.
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