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Abstract: The wheel wear of light rail trains is difficult to predict due to poor information and small data samples. However, the
amount of wear gradually increases with the running mileage. The grey future prediction model is supposed to deal with this
problem effectively. In this study, we propose an improved non-equidistant grey model GM(1,1) with background values
optimized by a genetic algorithm (GA). While the grey model is not good enough to track data series with features of
randomness and nonlinearity, the residual error series of the GA-GM(1,1) model is corrected through a back propagation neural
network (BPNN). To further improve the performance of the GA-GM(1,1)-BPNN model, a particle swarm optimization (PSO)
algorithm is implemented to train the weight and bias in the neural network. The traditional non-equidistant GM(1,1) model and
the proposed GA-GM(1,1), GA-GM(1,1)-BPNN, and GA-GM(1,1)-PSO-BPNN models were used to predict the wheel diameter
and wheel flange wear of the Changchun light rail train and their validity and rationality were verified. Benefitting from the
optimization effects of the GA, neural network, and PSO algorithm, the performance ranking of the four methods from highest
to lowest was GA-GM(1,1)-PSO-BPNN>GA-GM(1,1)-BPNN>GA-GM(1,1)>GM(1,1) in both the fitting and prediction zones.
The GA-GM(1,1)-PSO-BPNN model performed best, with the lowest fitting and forecasting maximum relative error, mean
absolute error, mean absolute percentage error, and mean squared error of all four models. Therefore, it is the most effective and
stable model in field application of light rail train wheel wear prediction.
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1 Introduction

C-type 6-module low-floor trains are operated
on the Changchun light rail lines in China (Liu et al.,
2022). The train has only one bogie located under each
car body and the car bodies are articulated with each
other by joints, which introduce an extra rotational
degree of freedom on the car body. This causes exces-
sive bending between car bodies and consequently
aggravates the wheel wear problem. According to the
statistics of wheel-rail wear of Changchun light rail
lines from 2019 to now, significant abnormal wheelset
flange wear and tread wear exceeding maintenance stan-
dards are commonly found, leading to the degeneration
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of train operational safety, passenger riding comfort,
and wheel and rail service life. It follows that making
more accurate predictions of wheel wear in the future is
crucial to providing a reference for timely wheel repro-
filing or replacement so as to reduce vehicle operation
costs and ensure operation quality.

Many methods aiming to predict wheel wear have
been developed in recent decades. The model-driven
method combines the vehicle—track coupled dynamics
model and the material wear model to numerically simu-
late and predict wheel—rail contact wear. The key point
in the model-driven method is to solve the vehicle—
rail dynamics problem and the wheel—rail rolling con-
tact problem. Typical material wear models include
those based on the Archard model (Chudzikiewicz
and Korzeb, 2018; Wang et al., 2022b), friction work
model (Correa et al., 2016; Wojciechowski et al., 2020),
and wear index model (Jiang et al., 2019). Of these
models, the Archard model is the most commonly used.
According to the Archard model, the material wear of
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the wheel is directly proportional to the wheel—rail
normal contact force and relative sliding distance, and
inversely proportional to the hardness of the worn
material (Pradhan et al., 2019). However, the wheel
flange wear prediction results based on the Archard
model are inferior to those of the other two models,
while the wheel diameter prediction effects of the three
models are equivalent (Zhu Y et al., 2019).

Before using a material wear model, it is neces-
sary to develop physical models of the vehicle and
track to obtain the vehicle dynamics characteristics and
wheel-rail contact characteristics. The finite element
method is feasible but complex (Luczak et al., 2020).
The calculation accuracy and the expense of the com-
putational effort are often in conflict and need to be
balanced. However, finite element method can pro-
vide convincing results. Popular commercial software
such as UM (Wang et al., 2022b) and SIMPACK
(Zhu AH et al., 2019; Wang SW et al., 2022) contain
a wheel-rail wear simulation module which integrates
a vehicle dynamics model, wheel—rail contact model,
and material wear model. By using the easy-to-use
software, the dynamic responses of the physical model
can be calculated and the wheel and rail wear can be
predicted efficiently and rapidly.

With increasing operating mileage, a massive
amount of historical tracking wheel wear data has been
accumulated. This enables deep analysis of the useful
information in these long-term datasets and so a number
of data-driven wheel wear prediction methods have
emerged. Generally, data-driven methods contain two
types of models: a probability statistical model and a
machine learning method. The statistical model focuses
on fitting a linear or nonlinear relationship between
wheel wear and time or mileage by methods such as
the least squares method (Han and Zhang, 2015; Zhu
AH et al., 2019), grey model (Li et al., 2015), Markov
decision process model (Jiang et al., 2017), Monte
Carlo model (Yang et al., 2018), and Bayesian data-
driven model (Chi et al., 2020).

Under the sustainable development of intelligent
and information technology, machine learning has
been the ideal choice to deal with large-scale datasets.
Machine learning extracts the features from the given
data, finds the knowledge and rule in the data, builds
the mathematical model for the data, self-corrects the
mathematical model over time, and then forecasts
future data. The most well-known machine learning
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for wheel wear prediction is artificial neural network
technology, including conventional neural network
(Wang SW et al., 2022), non-linear autoregressive
neural network (NARNN) (Fan et al., 2017), nonlin-
ear autoregressive model with exogenous input neural
network (NARXNN) (Shebani and Iwnicki, 2018),
Levenberg Marquardt back propagation neural net-
work (LMBPNN) (Zhang et al., 2019), and Leven-
berg Marquardt (LM)-orthogonal matching pursuit
(OMP)-NARXNN model (Deng et al., 2023). Neural
network models can easily become trapped into local
extreme values and so the weight and bias in the net-
work usually need to be optimized through several
non-numerical optimization algorithms, such as ant
colony algorithm (Chang et al., 2022), particle swarm
optimization (PSO) algorithm (Cai H et al., 2022),
genetic algorithm (GA) (Su et al., 2023), or simulated
annealing (SA) algorithm (Yuan et al., 2024).

Support vector machine (SVM)/support vector
regression (SVR) and extreme learning machine (ELM)
are two other developed machine learning models for
wheel wear forecasting. Similar to the conventional
neural network, traditional SVM/SVR might also be
inclined to seek out the local optimal value. In this
case, grey wolf optimizer (GWO) optimized multi-core
SVR (Xu, 2021), GA-SVR (Liao, 2014), PSO-SVR
(Xing et al., 2014), and coupled SA optimized least
squares SVM (Zhong et al., 2015) are optional to
replace the traditional SVM/SVR. ELM was proposed
based on a single hidden layer feedforward neural net-
work and has the advantages of a faster training speed
and higher training accuracy (Huang et al., 20006).
However, the improved ELM models, e.g., PSO opti-
mized multi-kernel ELM (Chen, 2019), multilayer
ELM with identity mapping (Wang et al., 2022a), and
chaotic quantum PSO optimized derived ELM (Wang
et al., 2022b), are undoubtedly more attractive and suc-
cessful. In summary, although the data-driven method
avoids the need for an in-depth understanding of de-
tailed and complex physical processes, it still depends
heavily on the quantity and quality of the observed
data. For small samples with deficient information, a
data-driven method is not sufficiently accurate.

Wheel wear becomes more serious with increas-
ing running mileage. Generally, the detected wear forms
a small non-equidistant sample. Grey system theory is
particularly suitable for processing this kind of dataset.
In the present study, the non-equidistant GM(1,1) model
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was used to predict the growth of wheel wear in light
rail trains on the Changchun light rail line. The back-
ground value of the traditional GM(1,1) model is
approximately constructed using a trapezoidal area
formula, which causes a large error when the sample
interval is large or the accumulating series increases
sharply (Cai L et al., 2022). The dynamic adaptive
factor varying with the observed mileage interval was
introduced by Li et al. (2016) to the traditional back-
ground value calculation formula to achieve a back-
ground value closer to the theoretical value. However,
there is no universal principle for the appropriate selec-
tion of these dynamic adaptive factors. Hence, in this
work, we implemented GA to seek rational dynamic
adaptive factors to improve the performance of the
traditional grey model. The grey theory can predict
how the wheel wear will deteriorate in the future but
cannot capture the random section and periodic sec-
tion in the original dataset. Conversely, neural network
technology is particularly strong in analyzing nonlin-
ear samples (Zhang et al., 2016). In view of this, the
GA-GM(1,1) model was further improved by correct-
ing its initial residual errors using a back propagation
neural network (BPNN) model. The optimal weights
and biases of the network are automatically searched
by a PSO algorithm. The fitting and prediction accura-
cies of the traditional GM(1,1) model and the three im-
proved models proposed in this paper, i.e., GA-GM(1,1),
GA-GM(1,1)-BPNN, and GA-GM(1,1)-PSO-BPNN,
were estimated by the maximum relative error (MRE),
mean absolute error (MAE), mean absolute percentage
error (MAPE), and mean squared error (MSE). The
effectiveness and stability of the four models were
compared and analyzed quantitatively.

2 GA-GM(1,1) model
2.1 Traditional non-equidistant GM(1,1) model

The non-equidistant series is converted to an equi-
distant series with the help of the unit time difference
factor and then the GM(1,1) model is established mak-
ing use of the obtained equidistant series. Let X (s)=
{x9(s,), x(s,), -+, x”(s,)} be a non-equidistant mile-
age wheel wear measurement series with the measured
running mileage interval As=s,—s,_#const, i=2, 3, -+,
n. The average measured mileage interval is:

_ Sn_sl
Asy= 2 (1)

The unit time difference factor between each mea-
sured mileage interval and the average measured mile-
age interval is:

—5,—(—DAs,

pls)="" A, @)

The total difference in each measured period is:
AXO(s) =p(s)x"Cs) =xP(s. )] (3)

The grey values at equal interval are calculated
as follows:

z29(s,) =x"(s,) = Ax(s,). 4)

Then, the reconstructed evenly spaced data series
can be represented as Z”(s)={z"(s,), 2°(s,), -+, 2°(s,)}.
Based on this, the first-order accumulative generating
operator (1-AGO) series of Z(s) is Z"(s)={z""(s,),
2%(sy), -+, 2(s,)}-

A GM(1,1) model is established for Z"(s), the
whitening differential equation is:

o
ddzs +azV=b, 5)

where a and b are the parameters to be estimated by
the least squares method. Their estimated values are:

[a. b]'=(B"B) 'B"Y, (6)

where B and Y are defined as follows:

_?1)(52) 1 Z(O)(Sz)
5 _%1)'(53) 1 - Z(O)(.s3) ’ (7)
-z"(s,) 1 z%(s,)

with

Z(l)(si) +Z(U(Si—1)

Z0(s,) = 3 ®)




Solving Eq. (5), the time response function of
the whitening differential equation is:

ZA(I)(S,-):|:Z(O)(S]) _ Z:'eu(s,l)_i_z, i= 17 2’ e N (9)

Let x (s, )=x¥(s,), the predicted values of the
original measured wheel wear series are as follows:

7(1(.}',*.3")
£<°)(si)=(1—e")[x((’)(sl)—z}e ML i=23,
(10)

2.2 GA optimized background value

z"(s,) is called the background value series of
the GM(1,1) model. It is one of the sources of error in
parameter estimation by the grey model. The theoreti-
cal background value is the area enclosed by the curve
of the nonlinear function Z“(s) on [s.,, 5] and s-axis,
which is expressed as f - Z0(s)ds. According to

Sic1

Eq. (8), the background value is taken as the average
value of the two points z"(s)) and z"(s,,). That is, the
background value is the area of the trapezoid ABCD
(Fig. 1). There is an apparent error between the two
background value calculation methods which becomes
unacceptable when the sample interval is large and the
1-AGO series grows sharply.

Z0s) A

oy

Fig. 1 Background value construction of the GM(1,1) model

In Eq. (8), the weights of z"(s)) and z"(s,,) are
equal (=0.5), which does not agree with the adjacent
two measurement intervals probably being different.

To consider the effect of the measurement interval,
a dynamic adaptive factor varying with the observed
mileage interval was introduced by Li et al. (2016) to
revise Eq. (8) as follows:
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20(s) =4z%(s) +(1=24)z"(s, ), (A1)
where 4, (0<4<1) is the dynamic adaptive factor.

However, how to properly determine the value
of the dynamic adaptive factor is a puzzling problem.
We can do this job using an intelligent algorithm. A
GA traverses the whole search space and searches for
several local optimal solutions, thus increasing the pos-
sibility of finding a global optimal solution. With the
minimum prediction error of GM(1,1) as the constraint
condition, in this study, we regarded the dynamic adap-
tive factors as variables and searched for the optimal
solutions by GA. The steps were as follows:

Step 1: Encoding and population initialization.
Chromosomes are encoded by real numbers and a
single chromosome can be treated as a string of real
numbers. Each chromosome includes all the adaptive
factors of the background value series as {4, 4, -*+, 4,}.
Hence, the encoding length is n—1. n, initial chromo-
somes are randomly generated within a preset gene
assignment range, where n, is the population size.
Each chromosome in the population corresponds to
one individual.

Step 2: Population fitness evaluation. The adap-
tive factors carried by each individual are assigned to
the corresponding background values. The wheel wear
is forecasted by the GM(1,1) model. We design the fit-
ness function in the same direction as the prediction
error optimization. The smaller the fitness, the better the
individual. Therefore, a forecast accuracy evaluation
indicator is selected as the individual fitness function.

Step 3: Selection operation. The roulette selection
strategy is adopted to choose better individuals in the
population. Supposing the fitness value of individual i
is £, all the individuals are sorted from largest to small-
est according to their fitness. The probability p, of each
individual being selected is calculated as follows:

- (12)

The range [0, 1] is divided into 7, intervals accord-
ing to the selection probabilities. Generating a random
number between 0 and 1, the individual with p, corre-
sponding to the interval within which the random
number falls will be picked out.

Step 4: Crossover operation. Based on a preset
crossover probability P, two individuals denoted the
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ith and jth chromosomes are randomly selected from
the population and are cut at the same location, posi-
tion k. The gene segments of the selected individuals
between position £ and the terminal position are ex-
changed, as shown in Eq. (13) (Ning et al., 2022):

A =brajkt +(1- br)aﬂm

(13)

Ajjy =b,a,+(1- br)ajkn

where g, and g, are the gene segments of the ith and
jth chromosomes between position & and the termi-
nal position, respectively; b, is a random number and
belo, 1].

Step 5: Mutation operation. Based on a preset
mutation probability P, the ith chromosome is selected
from the population to enter the mutation phase. The &
gene of this individual is changed, as shown in Eq. (14)
(Liu et al., 2024):

aik+(aik_aikmax) f(g)7 }"120.5,
A= (14)
A+ (i — ) 'f(g)v r<0.5,
with
2
f(g):rz(l— g) , (15)

where a, is the gene of the ith chromosome at & posi-
tion; a,,.. and a,, . are the upper and lower bounds
of the selected gene, respectively; », and r, are two
random numbers, 7,€[0, 1] and r,€[0, 1]; g is the cur-
rent evolution number; g, is the maximum evolu-
tion number.

Step 6: Ending condition. The new population is
created after the selection, crossover, and mutation

ikmin

(b)

operations. The fitness of each offspring individual is
calculated and the optimal individual is the one with
the minimum fitness. Steps 3 to 5 are repeated and the
set of initial dynamic adaptive factors evolves continu-
ously until the fitness of the optimal chromosome is
less than the desired one or the evolution number has
reached the preset value.

The combination of dynamic adaptive factors
corresponding to the optimal individual is then deliv-
ered to Eq. (11) to modify the background value series
in the traditional non-equidistant GM(1,1) model.

3 BPNN residual error correction model
3.1 BPNN architecture

BPNN is a typical multi-layer feedforward neural
network. Its basic structure includes an input layer, a
hidden layer, and an output layer. The most typical
BPNN is a three-layer network which has a single
hidden layer (Fig. 2a) because it can realize the
mapping between input and output with arbitrary di-
mensions. The input and output data are two m- and
n-dimensional vectors: X=(x,, x,, -+, x,)'eR"” and Y=
s ¥» **+» ¥,)'€R” while the hidden layer has p nodes
represented by 4, to A,. The input data flow is uniquely
directed from the first layer to the last layer through
interconnected nodes. The nodes, called neurons, in
the same layer are not connected to each other, but are
connected to all nodes in the adjacent layer. Each
neuron, composed of a summation operator and an
activation function f, receives input signals from all the
neurons in upper layers and produces an output after
applying the activation function to the weighted sum
of its inputs. The output information of a neuron is
given by:

PSO BPNN
Input | [Hidden| [Output
" layer || layer || layer %
1

Encoding the initial
weights and biases &

Evaluation of
PSO fitness

Generating swarm |—>x,,,

position

Updating particle
velocity

D o

Fig. 2 Topology of standard BPNN (a) and PSO-BPNN (b)



y=f(ﬁw;xi+9bias), (16)

where weR is the ith connection weight; x, is the ith
input signal; 6, eR is the bias factor.

Initially, all the weights and biases are assigned
values randomly. During network training, the network
compares the actual output with the desired output and
propagates the total error through a backpropagation
algorithm to each node in every layer. As a result, the
weight and bias parameters are adjusted dynamically

to minimize the performance function.
3.2 PSO optimized BPNN

PSO is a biology-inspired evolutionary computa-
tion algorithm originating from the social behavior of
predatory birds. It has the advantages of an easy update
mechanism, fewer parameters, quick convergence,
and global search performance. The PSO starts with a
swarm, which is a gathering of arbitrary particles char-
acterized by irregular positions and velocities. Each
particle travels its position toward the best position
through hyperspace scanning based on its, and the
swarm’s, previous experience. In the progression, the
new location of a particle is updated by adding a veloc-
ity to its existing position. The updating processes of
particle velocity and position are as follows:

X =xb v (17)
vitl=wvite r (Ph— X0+ Cor (gl —xi), (18)
where x*' and x! are the positions of the ith particle

k+1

in the (k+1)th and kth iterations, respectively; v;
and v are the velocities of the ith particle in the (&+1)th
and kth iterations, respectively; w is the inertia weight
and we[0, 1.2]; ¢, and ¢, are acceleration constants
within the interval of [0, 2]; », and 7, are random
numbers within the interval of [0, 1]; pf., and gt are
the best individual and global positions, respectively,
of particles in the kth iteration.

The traditional BPNN model has a sluggish con-
vergence rate and is easily trapped into a local extreme
value. Also, BPNN is sensitive to the initial connec-
tion weights and biases. For this reason, the PSO algo-
rithm is used to optimize the network weight and bias
parameters to reduce the weaknesses of BPNN. The
topology of PSO-BPNN is shown in Fig. 2b. The steps
of weight and bias optimization are as follows:
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Step 1: Encoding and swarm initialization. Simi-
lar to GA, a real-number encoding style is used for
a particle containing all the weights and biases of a
BPNN. Each particle can be expressed according to
the topology of the neural network as {w3,, w3, -+,
Wi Ooiasts Oniasas > Oniasn}» Where the superscripts 2 and
3 denote the hidden and output layers, respectively, w;
is the weight between the ith neuron and the jth neuron
in the upper layer, and 0,,,, is the ith bias. Subsequently,
the encoding length is given by:

L=(m+n+1)p+n. (19)
Limiting the position and velocity assignment ranges,
n, initial particles are randomly generated, where n,
is the population size of the swarm.

Step 2: Fitness evaluation. The weights and biases
in each particle are assigned to the corresponding
positions in the BPNN. The network is then trained
and the test samples are predicted. A forecast accuracy
evaluation indicator is taken as the particle fitness func-
tion. The fitness value of each particle is calculated and
the optimal individual and global fitness (the minimum
forecast error) are chosen.

Step 3: Updating the velocity and position of each
particle. Using Eqgs. (17) and (18), the new swarm is
generated.

Step 4: Ending condition. The weight and bias
optimization process will be terminated when the global
fitness is less than expected or the evolution number
has reached the preset value. The weights and biases
corresponding to the optimal individual are then deliv-
ered to the BPNN model. The network continues to
be trained until the learning goal is met or the training
epoch reaches the preset target. Otherwise, go to Step 3
to conduct a new cycle of velocity and position updat-
ing on the evolved population.

3.3 GA-GM(1,1)-PSO-BPNN model

The wheel wear of a light rail train is affected in
variable degrees by many factors such as the line con-
dition, running speed, tread profile, and contact geom-
etry. As a result, the changing trend of wheel wear is
nonlinear and random. Moreover, there are occasional
errors in the measured wear data. Faced with these
circumstances, a grey model can do little. Unlike the
GM(1,1) model, neural network technology is particu-
larly strong in analyzing nonlinear samples. It can fully
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learn the mutation data during the training process and
eliminate the interference of random factors. There-
fore, the grey model and the neural network can be
integrated to produce a quantitative and qualitative fore-
casting method. Correcting the initial residual errors
of the GM(1,1) model by BPNN is one of the main
methods to improve the grey prediction performance.
The specific principle of the GA-GM(1,1)-PSO-BPNN
model for wheel wear prediction is shown in Fig. 3.

Wear prediction

| Residual prediction ‘:

B 5 !
[Measured wheel wear] Wear residual series | i

_________________

Final predictive wear

Fig. 3 Flow chart of the GA-GM(1,1)-PSO-BPNN model
for wheel wear prediction

Step 1: The GA-GM(1,1) model is used to ana-
lyze and forecast the measured wheel wear dataset, and
the initial predicted series of wear is obtained: X (s)=
{)2(0)(3'1)5 )2(0)(*?2)5 ) -Q(O)(Sn)} .

Step 2: The residual error series between the ini-
tial predicted wear series and the measured wear series
is calculated according to the following equation:

EV(s5)=X(s)=XO(s). (20)

Step 3: The residual error series is taken as the
input of the PSO-BPNN model. The PSO-BPNN model
is then trained and the predictive residual error series
EO(s)={6%s,), 8s,), -+, ¢°(s,)} is output.

Step 4: The initial predictive wear of the GA-
GM(1,1) model is corrected by the predictive residual
error values of the PSO-BPNN model to obtain the
final predictive wear series X 9(s)={£(s,), £°s,), ***,

pre pre pre

x9(s,)}, as shown in Eq. (21).

pre

X0 ()=X (s)+EV(s). @21)

The relative error (RE), MAE, MAPE, and MSE
between the final predictive wear series and the mea-
sured one are chosen as the forecast accuracy evalua-
tion indicators. The formulas of RE (£}), MAE (E,,,),
MAPE (E,,,), and MSE (E,,) are as follows:

g X)) —E(s)
o=
' x(s;)

1< .
=g*j£kﬁ$(&)—xmKSJL

T (5:)—x(s,)

(O)(S )
= ST )T

x100%, i=1,2, -, n, (22)

(23)

n

MAP *2

i=1

‘ 100%, (24)

(25)

4 Wheel wear prediction of light rail train
4.1 Field test

The Changchun Rail Transit Line 4 starts from
the Changchun Railway Station (North) and ends at
the Tianxin Road Station. It is 20.82 km long and
serves as a medium-volume auxiliary line in the light
rail network. The trains operated on this line are in the
form of ~Mcl+Tpl+M1-M2+Tp2+Mc2-, where Mc
and M represent the motor vehicles with and without
cabs, respectively, Tp represents the trailer vehicle with
a pantograph, “~=” represents the semi-permanent cou-
pler, and “+” represents the single articulated device.
Their maximum operating speed is 70 km/h. We moni-
tored the wheel wear of all the wheelsets for months
on these trains (Fig. 4). Statistical analysis showed that
the wheel wear was concentrated mainly near the flange
and tread root, so two parameters, wheel diameter and
wheel flange wear, were considered for prediction in
this study. The 17 sets of wheel diameter and flange
wear data of the guiding wheel in the Mc1l module of
a light rail train were taken to verify the applicability
of the three prediction models proposed above. The
mileage sampling intervals of the sequences obtained
differed. The inspection data are shown in Table 1.

- YA
i

Fig. 4 Wheel wear photographs from a light rail train

4.2 Variable selection

The inspection data were divided into 12, 13, and
14 dimensions to develop six groups of non-equidistant



Table 1 Measured data of wheel diameter and wheel flange

wear
No. Mileage (km) Wheel diameter Wheel flange wear
(mm) (mm)
1 465523 660.0 1.2456
2 496271 659.6 1.3730
3 525525 658.1 1.5002
4 557825 657.5 1.6544
5 580318 654.5 1.8368
6 609647 654.1 2.0072
7 645822 653.8 2.2434
8 679827 653.7 2.5814
9 708954 653.5 2.7396
10 736453 653.3 2.8441
11 767652 651.8 2.8053
12 798292 651.4 2.9071
13 832159 651.1 3.0220
14 865527 650.5 3.2365
15 894857 649.9 3.2205
16 928513 649.6 3.5798
17 959875 648.8 3.7181

GM(1,1) models. For example, the i-dimensional model
predicts the subsequent n—i data based on the first i
samples. The prediction results of the 12-, 13-, and
14-dimensional models are shown in Table 2. Model
performance was closely related to the data dimension
and the prediction step. Because the prediction error
accumulates with the increase of the prediction step,
the accuracy of the 13- and 14-dimensional models was
higher than that of the 12-dimensional model. Thus,
the 14-dimensional GM(1,1) model, i.e. 14 sets of
training samples, was used in the following forecast
of wheel wear.

In modeling GA, the gene assignment range was
set as [0, 1] and the individual fitness function was
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MAPE. The other preset parameters were as follows:
population size, 50; maximum evolution number, 100;
crossover probability, 0.8; mutation probability, 0.2;
evolution goal of individual fitness, 1x107.

During residual error prediction using BPNN,
multi-step scroll prediction was used to ensure predic-
tion accuracy because of the small data samples. i
consecutive sets of samples were taken as the input, and
the (i+1)th sample was taken as the expected output.
The numbers of neurons in input, hidden, and output
layers were determined through trial-and-error methods
as 5, 6, and 1, respectively, for the wheel diameter
prediction model and 3, 10, and 1 for the wheel flange
wear model. The activation function used in this study
was “tansig” (Eq. (26)). The input to this function can
be an arbitrary value and its output is within [-1, 1],
so the inputs of each layer are unified.

tan sig(x)= I —-1. (26)

+e™

The other preset parameters were as follows: maxi-
mum training epoch, 1000; learning goal, 1x10”; learn-
ing rate, 0.001; minimum performance gradient, 1x10°;
additional momentum factor, 0.95; the performance
function used in training was the MSE.

In modeling the PSO algorithm, the position and
velocity assignment ranges were both set as [-3, 3] to
ensure a large search space. The MAPE was taken as
the particle fitness function. The other preset parame-
ters were as follows: population size, 100; maximum
iteration number, 100; inertia weight, 0.9; the two
acceleration constants were both 0.6; the evolution goal
of individual fitness was 1x107.

Table 2 Prediction results of the 12-, 13-, and 14-dimensional models

Wheel diameter (mm)

Wheel flange wear (mm)

Ne. Actual 12-dimensional 13-dimensional 14-dimensional Actual 12-dimensional 13-dimensional 14-dimensional
13 651.1 650.2 3.022 3.376
14 650.5 649.4 649.7 3.237 3.653 3.483
15 649.9 648.7 649.1 649.3 3.221 3.916 3.712 3.609
16 649.6 647.9 648.3 648.6 3.580 4.242 3.993 3.868
17 648.8 647.2 647.6 647.9 3.718 4.569 4.273 4.125
MRE (%) 0.26 0.20 0.16 22.88 15.26 12.07
MAE (mm) 1.294 1.020 0.841 0.596 0.427 0.361
MAPE 0.002 0.002 0.001 0.175 0.123 0.104
MSE (mm®) 1.767 1.090 0.740 0.389 0.195 0.133
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4.3 Empirical results

A comparison of the error convergence trends
of the training processes between the proposed GA-
GM(1,1)-BPNN and GA-GM(1,1)-PSO-BPNN models
is shown in Fig. 5.

—@— Wheel diameter, GA-GM(1,1)-BPNN

—&— Wheel diameter, GA-GM(1,1)-PSO-BPNN
—&A— Wheel flange wear, GA-GM(1,1)-BPNN
—W%— Wheel flange wear, GA-GM(1,1)-PSO-BPNN

6 A A A A

MSE (x10°® mm?)

0 5 10 15 20 25
Iteration number

Fig. 5 Error convergence trends of different models

With the optimization ability of the PSO algo-
rithm, the neural network had a relatively faster con-
vergence speed and converged to a lower MSE, which
makes predictive results more accurate.
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The predictive values of wheel diameter using
the traditional GM(1, 1) model and the proposed
GA-GM(1,1), GA-GM(1,1)-BPNN, and GA-GM(1,1)-
PSO-BPNN models are shown in Fig. 6a. Based on
Fig. 6a, the traditional non-equidistant GM(1,1) model
reflected the overall changing trend of the measured
wear data series, but could not well track the local
variation. By correcting the initial predicted residual
error series using the BPNN model, the forecasted
data were closer to the actual values in each period.
The contributions of GA to the traditional GM(1,1)
model and PSO algorithm to BPNN model can be
clearly observed in Fig. 6a, which indicates that the GA
and PSO algorithms can bring a strong approximation
ability to GM(1,1) and BPNN models. To choose the
best model accurately, the REs between the actual and
forecasted data were compared in Fig. 7a and the MRE,
MAE, MAPE, and MSE of each model in Table 3. With
the aid of the GA, BPNN, and PSO algorithms, all
three proposed models, GA-GM(1,1), GA-GM(1,1)-
BPNN, and GA-GM(1,1)-PSO-BPNN, had signifi-
cantly smaller errors than the traditional GM(1,1) model
in both the fitting and prediction zones. From highest to
lowest, the fitting and prediction performance ranking
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Fig. 6 Actual and predictive data curves using different models of wheel diameter (a) and wheel flange wear (b)
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Fig. 7 REs of the predictive data of wheel diameter (a) and wheel flange wear (b)

Table 3 Errors of different models in the fitting zone and prediction zone

Fitting Prediction

Item Model MRE MAE MSE MRE MAE MSE
) @m M @) o) @mm M m)
GM(1,1) 0.213 0.572  9x10™*  0.519  0.258 1.29 0.002 1.756
. GA-GM(1,1) 0.201 0.498  8x10™" 0424 0.171 0.79 0.002  0.673

Wheel diameter ) ~ ~
GA-GM(1,1)-BPNN 0.008 0.009 2x10° 3x10* 0.102 034 6x10* 0.168
GA-GM(1,1)-PSO-BPNN  2x10™*  6x107° 2x10° 6x10° 0.051 0.17  3x10™*  0.044
GM(1,1) 10.10 0.132 0.952 0.026 12.07 0361 0.104 0.133
GA-GM(1,1) 9.85 0.119 0.048 0.022 9.19  0.248 0.071 0.064

Wheel flange wear B B B

GA-GM(1,1)-BPNN 0.04 3x10 2x10 1x10 847  0.154 0.045 0.033
GA-GM(1,1)-PSO-BPNN  2x10°° 1x10°  2x107°  4x10°° 5.85 0.084 0.023 0.008

of the four methods was GA-GM(1, 1)-PSO-BPNN>
GA-GM(1,1)-BPNN>GA-GM(1,1)>GM(1,1). Specifi-
cally, the GA-GM(1,1)-PSO-BPNN model performed
best among the four models based on its lowest MRE,
MAE, MAPE, and MSE values of 2x107, 6x10~° mm,
2x10°, and 6x10° mm’ in the fitting zone and 0.051%,
0.17 mm, 3x10™, and 0.044 mm’ in the prediction zone,
respectively. Conversely, the traditional GM(1,1) model
came in last with the highest MRE, MAE, MAPE,
and MSE values of 0.213%, 0.572 mm, 9x10™, and
0.519 mm® in the fitting zone and 0.258%, 1.29 mm,

0.002, and 1.756 mm’ in the prediction zone, respec-
tively. Although the improved GA-GM(1,1) model was
more accurate than the traditional GM(1,1) model, its
overall effect was still not ideal.

The forecasted values of wheel flange wear and
the prediction models’ errors are shown in Fig. 6b
and Fig. 7b, respectively. Similar to wheel diameter,
the GA-GM(1,1)-PSO-BPNN model had the highest
reliability and validity in fitting and predicting wheel
flange wear, followed by the GA-GM(1,1)-BPNN,
GA-GM(1,1), and GM(1,1) models. The MRE, MAE,
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MAPE, and MSE values of the GA-GM(1,1)-PSO-
BPNN model were 2x107, 1x10™° mm, 2x107°, and 4%
10° mm’ in the fitting zone, and 5.85%, 0.084 mm,
0.023, and 0.008 mm’ in the prediction zone, respec-
tively, which were much lower than those of the tradi-
tional GM(1,1) model with corresponding values of
10.1%, 0.132 mm, 0.952, and 0.026 mm’ in the fitting
zone and 12.07%, 0.361 mm, 0.104, and 0.133 mm’ in
the prediction zone. The errors of the other two models
lay between those of the GM(1,1) and GA-GM(1,1)-
PSO-BPNN models.

The simulation times of wheel diameter and wheel
flange wear prediction using the four models are listed
in Table 4. The more complex the model, the longer it
took to complete the forecast task. In particular, the
GA-GM(1,1)-PSO-BPNN model required a few extra
minutes but this was not significant considering its
higher efficiency and robustness.

5 Conclusions

By using the non-equidistant GM(1,1) model com-
bined with GA, in this study, we predicted the wheel
wear of a light rail train operated on the Changchun
Rail Transit Line 4 with respect to running mileage
from 894857 to 959875 km according to the field
measured wear of mileage from 465523 to 865527 km.
The results showed how the GA presented can be used
to improve the traditional GM(1,1) model. The initial
residual errors of the GA-GM(1, 1) prediction series
were corrected by the BPNN model. The optimized
weights and biases of the network were automatically
searched by a PSO algorithm. The fitting and predic-
tion accuracies of these four models were estimated by
MRE, MAE, MAPE, and MSE. The following con-
clusions were drawn:

1. Due to its ability to search the entire parame-
ter space while skipping local-optimal points, a GA
could be introduced to optimize the background value
of a grey model. The improved GA-GM(1,1) model
lowered both the fitting and prediction errors of the
classic GM(1,1) model.

2. Combining the advantages of the improved
model GA-GM(1,1) in linear prediction and the neu-
ral network model in stochastic data prediction, the
GA-GM(1,1)-BPNN model further upgraded the fit-
ting and prediction performances.

3. Benefitting from the contributions of the weight
and bias optimized by the PSO algorithm, the GA-
GM(1,1)-PSO-BPNN model showed the most reliable
performance with the least fitting and forecasting MRE,
MAE, MAPE, and MSE values of the four models. The
GA-GM(1,1)-PSO-BPNN model fitted the observed
data extremely well and its prediction results matched
the observed data most closely.

4. The GA-GM(1,1)-PSO-BPNN model is more
complex but more efficient. It can accurately track the
changing trend of wheel wear, overcoming the impacts
of the nonlinear and random characteristics of the mea-
sured wear data in the case of small samples. Though
this model usually takes more time in application, the
extra time is insignificant considering its higher effi-
ciency and robustness.
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