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Abstract: The modeling and dynamical analysis of discrete chaotic systems is a vital research field, and various chaotic maps 
have been developed using mathematical and control-theoretic approaches. However, physical circuit design of mathematically 
defined discrete chaotic systems and the computation of their energy functions remain challenging and open problems. In this 
study, a two-dimensional (2D) chaotic map is constructed using an open-loop modulation coupling method, and its dynamical 
characteristics are analyzed using bifurcation diagrams. Lyapunov exponents (LEs) and spectral entropy (SE) complexity are 
also inspected under different parameter configurations. Furthermore, the proposed chaotic map is expressed using two distinct 
physical memristive circuits: one is composed of a magnetic flux-controlled memristor, a nonlinear resistor, and a capacitor; the 
other utilizes a charge-controlled memristor, a nonlinear resistor, and an inductor. Moreover, two energy functions are derived 
from the two memristor-coupled circuits for the proposed chaotic map. The results demonstrate that the mathematical model of 
the discrete chaotic system can be effectively expressed through these two nonlinear circuits. Our study offers a theoretical 
foundation and viable methodology for the physical circuit representation of discrete chaotic systems and determination of their 
energy functions.
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1 Introduction 

Discrete chaotic systems are typically repre‐
sented by mathematical models that capture chaotic 
behaviors in discrete-time frameworks. These dis‐
crete chaotic systems exhibit strong nonlinearity and 
can produce complex dynamical behavior and high 
levels of randomness. Such features make them widely 
applicable in areas such as random number genera‐
tion (Tutueva et al., 2020; Umar et al., 2024; Wu and 
Zhou, 2024) and image encryption (Sameh et al., 
2024; Jackson and Perumal, 2025; Verma and Kumar, 
2025). As a result, the design and application of dis‐
crete chaotic systems continue to attract significant 
research interest.

In recent years, diverse chaotic maps and neu‐
ron maps have been developed and their dynamical 
behaviors have been systematically studied. Notable 
examples include two-dimensional (2D) chaotic maps 
(Peng et al., 2020), 2D hyperchaotic maps (Ma et al., 
2024), three-dimensional (3D) chaotic maps (Wang 
et al., 2025), memristive chaotic maps (Peng et al., 2021; 
Li KS et al., 2024; Xiang et al., 2024), memristive hy‐
perchaotic maps (Bao et al., 2021; Ma et al., 2022; 
Zhang et al., 2023), neuron maps (Luo and Flanagan, 
2007; Ibarz et al., 2011; Narayanan and Johnston, 2012), 
and memristive neuron maps (Muni et al., 2022; 
Ramakrishnan et al., 2022; Wang Z et al., 2024). Fur‐
thermore, chaotic maps have been widely applied in the 
design of image encryption algorithms–specific work 
includes chaotic map-based image encryption algo‐
rithms (Akraam et al., 2023; Li, 2024; Jackson and 
Perumal, 2025), image encryption schemes employing 
hyperchaotic maps (Alexan et al., 2023a, 2023b; Lai and 
Liu, 2023), image encryption algorithms using mem‐
ristive chaotic maps (Peng et al., 2023; Liu et al., 2024; 
Wang C et al., 2024), image encryption approaches 
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grounded in neuron maps (Alexan et al., 2023a; Gao 
et al., 2025), and image encryption methods incorporat‐
ing memristive neuron maps (Xu et al., 2023).

These chaotic maps and neuron maps are derived 
from improvements to existing discrete systems through 
mathematical methods. Some chaotic maps and neuron 
maps have also been established from a physical 
perspective. For example, Yang et al. (2024a, 2024c) 
proposed two 2D memristive chaotic maps and a 3D 
memristive chaotic map by using two simple memristor-
coupled circuits and a dual memristor-coupled circuit. 
Similarly, two memristive map neuron models were con‐
structed using memristive neuron circuits (Yang et al., 
2024b; Chen et al., 2025). Jia et al. (2024) proposed a 
memristive neuron map via a memristor-coupled cir‐
cuit and studied its energy properties and adaptive 
behavior. Moreover, Li YN et al. (2024) designed a 
memristive map neuron from a memristor-coupled cir‐
cuit and investigated its adaptive dynamics. In (Wang 
BC et al., 2024; Lei and Ma, 2025), memristive neuron 
maps were implemented using memristor-coupled cir‐
cuits, with a focus on coherent resonance phenomena. 
Detailed methodologies for energy computation in mem‐
ristive maps can be found in references (Guo et al., 
2023, 2024). In fact, some hyperchaotic maps with 
neural models have been applied in data security (Gabr 
et al., 2024) and image encryption algorithms (Alexan 
et al., 2023a; Gabr et al., 2023).

Research on these aforementioned map systems 
demonstrates that map models can be successfully 
established through both mathematical and physical 
methods. However, analog circuit design of map sys‐
tems and the computation of their energy functions 
remain unresolved challenges. In this paper, we intro‐
duce the physical circuit representation and energy 
calculation methods for general discrete systems. This 
study contributes to analog circuit design of chaotic 
map models and associated energy calculations, offer‐
ing an effective approach for validating the physical 
reliability of mathematically defined map systems. The 
main highlights of this work are:

(1) A 2D model of a chaotic map is built using 
an open-loop modulation coupling method.

(2) The proposed chaotic map is expressed by 
applying two different memristor-coupled circuits.

(3) Two energy functions for the proposed chaotic 
map are derived from the two different memristor-
coupled circuits.

2 Model of a chaotic map and its dynamics 

As is well known, even the simplest nonlinear 
oscillatory circuit can be described by a system of 
two nonlinear differential equations. Therefore, for a 
discrete system to be physically realizable via analog 
circuits, it must be at least 2D. For simplicity, in this 
study, we specifically focus on the circuit design of a 
2D chaotic map and its energy function. A 2D chaotic 
map is generated by applying an open-loop modula‐
tion coupling method, and its structural diagram is 
shown in Fig. 1.

The structural diagram of an open-loop modulation 
coupling system in Fig. 1 can be expressed as follows:

ì
í
î

ïïxn + 1 =F(xn )- cxnG ( )yn 

yn + 1 = byn +axn
(1)

where a, b, and c represent the coefficients. (xn, yn) 
denotes the iterative variable. F(xn) and G(yn) can be 
selected as a one-dimensional chaotic map, a linear 
function, or a nonlinear function. In this study, F(xn) is 
defined as a nonlinear function, and G(yn) is chosen as 
a linear function. Thus, the 2D map system can be 
described by

ì
í
î

xn + 1 = μ1 xn - μ2 x2
n - cxn yn

yn + 1 = byn + axn
(2)

where μ1 and μ2 are the parameters of the nonlinear 
function F(xn).

To further investigate the dynamical behaviors of 
the map given in Eq. (2), based on parameters and ini‐
tial value of the logistic map, the parameters are fixed 
at μ1=μ2=3.9 and c=0.12, with the initial value set to 
(0.1, 0.2). The bifurcation diagrams and Lyapunov ex‐
ponents (LEs) are computed for different values of the 
parameters (a, b), and the results are shown in Fig. 2.

The results demonstrate that the dynamical be‐
haviors of the map given in Eq. (2) can be modulated 

Fig. 1  Structural diagram of an open-loop modulation 
coupling method. Variables will be given in the maintext
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by varying the parameters. For instance, chaotic attrac‐
tors and various types of periodic patterns emerge 
under different parameter values. Furthermore, phase 
trajectories corresponding to different values of the 
parameter b are illustrated in Fig. 3.

As shown in Fig. 3, chaotic attractors and various 
types of periodic attractors are obtained by adjusting 
the parameter b. These results confirm that the map 
defined by Eq. (2) exhibits chaotic behavior and pos‐
sesses rich nonlinear dynamical features, including 
period-2, period-4, and period-8 orbits. The influence 

of other parameters on the system dynamics is further 
apparent following validation with a two-parameter 
bifurcation. Under the same initial values as specified 
above, the corresponding bifurcation diagrams are pre‐
sented in Fig. 4.

In Fig. 4, the yellow regions correspond to chaotic 
states, while other colors represent distinct periodic 
states. Different parameter combinations can induce 
either periodic or chaotic dynamics. Complexity mea‐
sures such as spectral entropy (SE) can also be used 
to distinguish between chaotic and periodic behaviors 
in nonlinear systems, as chaotic modes generally ex‐
hibit higher complexity values, whereas periodic modes 
yield lower ones. To further analyze the dynamics of 
the chaotic map given in Eq. (2), the SE complexity is 
computed under fixed parameter conditions and an 
initial value of (0.1, 0.2). The resulting two-parameter 
SE complexity diagram is presented in Fig. 5.

In Fig. 5, chaotic patterns exhibit higher SE com‐
plexity values (indicated in red), whereas periodic 
modes correspond to lower values. These results dem‐
onstrate that the nonlinear dynamics of the chaotic 
map given in Eq. (2) can be effectively regulated 
through two-parameter variation, with chaotic behavior 
occurring across a broad range of parameter values.

Fig. 2  Bifurcation diagrams of variable xn and LEs by 
adjusting the values of parameters (a, b): (a) a∈[1, 3], b=0.6; 
(b) b∈[0.5, 0.8], a=1.5

Fig. 3  Phase trajectories under different values of parameter 
b: (a) b=0.55, a=1.5; (b) b=0.63, a=1.5; (c) b=0.73, a=1.5; 
(d) b=0.78, a=1.5

Fig. 4  Bifurcation diagrams of variable xn from adjustment 
of the parameters: (a) μ1=μ2=3.9, c=0.12; (b) μ1=μ2=3.9, b=
1.5; (c) b=0.85, c=0.12, μ2=3.9; (d) a=0.15, c=0.12, μ1=3.9. 
References to color refer to the online version of this figure
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To more deeply explore the new discrete chaotic 
map sequences, which display greater randomness, we 
set three different initial state values and calculate the 
resulting SE complexity values, repeating this process 
three times and taking the average SE value. For the 
chaotic maps, which include examples such as 2D sine 
logistic modulation map (2D-SLMM) from other ref‐
erences (Hua et al., 2015), the SE complexity compar‐
ison results are shown in Table 1. It is clear that the 
proposed discrete chaotic map has a higher SE com‐
plexity value, and therefore exhibits greater randomness.

In chaotic systems, even the slightest differences 
(whether it be minor variations in the system’s own 
parameters or in the initial state) will be exponentially 
magnified as the system evolves, leading to the final 
outcome being substantially different from the original 
situation, and completely unpredictable. To investi‐
gate the sensitivity of the chaotic map given in Eq. (2) 
to its parameters and initial values, the parameters are 

fixed at b=1.5, c=0.12, μ1=μ2=3.9, and the initial value 
is set to y0=0.2, then the variable x is calculated for dif‐
ferent a parameter values and initial variable x0 values; 
the results are shown in Fig. 6.

The results in Fig. 6 indicate that two nearly 
identical parameters and initial states, after evolving 
for a sufficient period, will have completely different 
trajectories and show no similarities. Therefore, the 
chaotic map system in Eq. (2) exhibits sensitivity to 
changes in parameters and initial values.

3 Circuit expression of a chaotic map 

Initially, the map equations given in Eq. (2) can 
be linearly transformed into an equivalent form of dif‐
ferential equations. The variables in Eq. (2) are defined 
as follows:

wn =
1 +Dτ
Dτ

xn un =
1 +Dτ
Dτ

yn. (3)

As a result, Eq. (2) is updated by

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

ï

ï

wn + 1

Dτ
1 +Dτ

= μ ( )wn

Dτ
1 +Dτ

- ( )wn

Dτ
1 +Dτ

2

-

        cwn

Dτ
1 +Dτ

un

Dτ
1 +Dτ



un + 1

Dτ
1 +Dτ

= bun

Dτ
1 +Dτ

+ awn

Dτ
1 +Dτ

.

(4)

Eq. (4) can then be rewritten as follows:

ì

í

î

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

wn + 1

Dτ
1 +Dτ

-wn

Dτ
1 +Dτ

=

        μ ( )wn

Dτ
1 +Dτ

- ( )wn

Dτ
1 +Dτ

2

-

        cwn

Dτ
1 +Dτ

un

Dτ
1 +Dτ

-wn

Dτ
1 +Dτ



un + 1

Dτ
1 +Dτ

- un

Dτ
1 +Dτ

=

        bun

Dτ
1 +Dτ

+ awn

Dτ
1 +Dτ

- un

Dτ
1 +Dτ

.

(5)

Table 1  SE complexity value comparison results

Map model

This paper

Sine (Hua et al., 2015)

2D-SLMM (Hua et al., 2015)

2D-SLMM (Hua et al., 2015)

Parameter value

a=0.15, c=0.12, μ1=μ2=3.9, b=0.91

a0=1, ω=π

a=1

μ=1

SE1

0.888

0.868

0.812

0.363

SE2

0.887

0.871

0.819

0.363

SE3

0.889

0.859

0.705

0.375

Average SE

0.888

0.866

0.779

0.367

Ranking

1

2

3

4

Fig. 5  SE complexity of variable xn by adjusting parameter 
values: (a) μ1=μ2=3.9, c=0.12; (b) μ1=μ2=3.9, b=1.5; (c) b=
0.85, c=0.12, μ2=3.9; (d) a=0.15, c=0.12, μ1=3.9. References 
to color refer to the online version of this figure
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Using dx/dτ= (xn+1 − xn)/Δτ, Eq. (5) is updated as 
follows:

ì

í

î

ï
ïï
ï

ï
ïï
ï

dw
dτ

=
1
Dτ ( )( )μ1w - μ2w2 Dτ

1 +Dτ
- cwu

Dτ
1 +Dτ

-w 

du
dτ

=
1
Dτ

( )bu + aw - u .

(6)

Then, Eq. (6) can be simplified to:

ì

í

î

ïïïï

ï
ïï
ï

dw
dτ

= μ′1w - μ′2w2 - c′wu

du
dτ

= b′u + a′w
(7)

where

μ′1 =
μ1 - 1
Dτ

    μ′2 =
μ2

1 +Dτ
   c′=

c
1 +Dτ

   

b′=
b - 1
Dτ

   a′=
a
Dτ

.
(8)

Next, the physical dimensions of the variables in 
Eq. (7) are defined as follows:

w =
v
v0

   u =
φ

ρCv0

   τ =
t
ρC

 (9)

where v0 is the reference voltage, C is the capacitance 
of a capacitor, and ρ is the resistance of a resistor. 
Then, Eq. (7) can be updated by

ì

í

î

ï
ïï
ï

ï
ïï
ï

C
dv
dt

=
1
ρ ( )μ′1v - μ′2

v2

v0

-
c′

Cρ2v0

vφ

dφ
dt

=
b′

Cρv2
0

φ +
a′
v2

0

v.
(10)

Subsequently, Eq. (10) can simplified as follows:

ì

í

î

ï
ïï
ï

ï
ïï
ï

C
dv
dt

=
1
ρ ( )μ′1v - μ′2

v2

v0

- αvφ

dφ
dt

= βφ + γv
(11)

where

α =
c′

Cρ2v0

  β =
b′

Cρv2
0

  γ =
a′
v2

0

. (12)

In fact, the higher-order terms in Eq. (11) can be 
defined as a nonlinear resistor (NR), and the current 
across the nonlinear resistor iNR is described as:

iNR =-
1
ρ ( )μ′1v - μ′2

v2

v0

 (13)

where ρ is the resistance of a nonlinear resistor, (μ′1, 
μ′2) denotes the dimensionless parameters of a nonlin‐
ear resistor, v0 is the cut-off voltage, and v is the volt‐
age across the nonlinear resistor. The cross term and 
second equation in Eq. (11) can be defined as a mag‐
netic flux-controlled memristor, of which the current 
iM is expressed by

ì
í
î

ïï

ïïïï

iM = αvφ
dφ
dt

= βφ + γv
(14)

where φ is the magnetic flux, v is the voltage across 
the memristor, and (α, β, γ) denotes the parameters 
related to the memristor material. Based on Eq. (11) 

Fig. 6  Evolution of variable x under different a parameter 
values and initial values: (a) parameter a is changed by 10−5; 
(b) initial value of x0 is changed by 10−5
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and Kirchhoff’s law, the current relationship between 
electronic components in a circuit is described by

iM =-iNR - iC (15)

where iC is the current of the capacitor.
Incorporating all of this, the magnetic flux-

controlled memristor-coupled circuit corresponding to 
the discrete system presented in Eq. (2) is designed, 
with a diagram shown in Fig. 7.

The map system defined from the mathematical 
model is thus expressed using a circuit constructed 
from physical electronic components, including a non‐
linear resistor, a magnetic flux-controlled memristor, 
and capacitors. Furthermore, the physical dimensions 
of the variables in Eq. (7) can be defined by

w =
ρiL

v0

  u =
qρ2

Lv0

  τ =
ρt
L
 (16)

where q is the charge, iL is the current across the non‐
linear resistor, v0 is the reference voltage, L is the induc‐
tance of the induction coil, and ρ denotes the resistance 
of the resistor. Then Eq. (7) can be updated by

ì

í

î

ï
ïï
ï

ï
ïï
ï

L
diL

dt
=
μ′1
v2

0

ρiL -
μ′2
v2

0

ρ2i2
L

v0

-
ρ3c′
Lv3

0

qiL

dq
dt

=
b′ρ
L

q + a′iL.

(17)

Furthermore, Eq. (17) can be simplified as follows:

ì

í

î

ï
ïï
ï

ï
ïï
ï

L
diL

dt
= ηρiL - ς

ρ2i2
L

v0

- κqiL

dq
dt

= δq + λiL
(18)

where

η =
μ′1
v2

0

  ς =
μ′2
v2

0

  κ =
ρ3c′
Lv3

0

  δ =
b′ρ
L

  λ = a′. (19)

The higher-order terms in Eq. (18) are consid‐
ered as a nonlinear resistor, and its voltage across is 
defined as:

vNR = ηρiL - ς
ρ2i2

L

v0

 (20)

where (η, ς ) denotes the dimensionless parameters of 
the nonlinear resistor, and v0 denotes the cut-off voltage. 
That is, a high-order nonlinear term can be realized 
using a nonlinear resistor and two closed loops (three 
branch circuits) in a neural circuit to perform signal 
processing and functional regulation.

Indeed, functional regulation from the nonlinear 
term can be incorporated into a charge-controlled mem‐
ristor (CCM) when the nonlinear resistor is broken or 
unavailable. In this way, a simpler neural circuit in 
one closed loop is proposed in Fig. 8, and the CCM 
activates the regulation of the energy flow in a nonlin‐
ear manner. The cross term and second equation in 
Eq. (18) make up a charge-controlled memristor, of 
which the voltage vM is defined as follows:

ì
í
î

ïï

ïïïï

vM = κqiL
dq
dt

= δq + λiL
(21)

where (κ, δ, λ) denotes the parameters related to the 
memristor material. Based on Eq. (18) and Kirchhoff’s 
law, the voltage relationship between the electronic 
components in the circuit is:

vL = vNR - vM. (22)

Therefore, the charge-controlled memristor-
coupled circuit corresponding to the discrete system 
given by Eq. (2) is designed as shown in Fig. 8.

Therefore, the map system defined from the math‐
ematical model can be expressed using a circuit imple‐
mented with physical electronic components, including 
a nonlinear resistor, a charge-controlled memristor, and 
an induction coil.

Fig. 7  Magnetic flux-controlled memristor-coupled circuit 
without an inductor
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4 Energy function of the map system 

In classical physics, energy is conserved, but the 
vast majority of chaotic systems are dissipative (mean‐
ing energy decreases or diverges over time), and energy 
is not conserved in the traditional sense. The energy 
referred to here is a broad, mathematical analogue or 
pseudo-energy function. It is not a physical Joule but 
a measure of the activity level, excitation level, or 
nonlinearity intensity of a system’s state. This pro‐
vides a novel and abstract energy perspective for 
understanding chaos. By using mathematical methods 
(such as embedding methods), it can be proved that a 
dissipative chaotic system can be represented as a pro‐
jection or subsystem of a higher-dimensional, energy-
conserving system. This reveals the deeper regularity 
that might be hidden behind chaos. That is, random‐
ness, dissipation, and unpredictability may stem from 
a higher-dimensional, regular, and conservational dy‐
namic process. This has greatly deepened the under‐
standing of the essence of chaos.

The constructed energy function evolves over 
time, and its statistical properties (such as the variance 
of energy, volatility, and entropy value) can serve as 
new and more robust features to effectively distinguish 
between periodic, chaotic, and random movements; 
they can even be used to quantify the intensity of chaos. 
Chaotic states typically correspond to intense and irre‑
gular fluctuations in energy, while periodic states corre‐
spond to stable and periodic changes in energy.

Chaos control: If an energy function is available, 
the control problem can be transformed into a more intu‐
itive energy control problem. By applying a small per‐
turbation, the “energy” of the system can be stabilized 

at a desired low value (corresponding to a periodic 
orbit). This provides a clear objective function for con‐
troller design.

Synchronization of chaos: The goal is to make 
the trajectories of two or more chaotic systems consis‐
tent. By reducing the energy difference between the 
systems to zero, synchronization can be achieved. This 
task has applied value in fields such as secure commu‐
nication and neural network synchronization.

Therefore, studying the energy of discrete chaotic 
systems and the construction of energy functions is a 
promising research direction that applies classical phys‐
ical concepts to modern nonlinear science. It is not 
only an important theoretical idea, but also a practical 
tool. In this work, the energy function of the chaotic 
map given in Eq. (2) is defined through the memristor-
coupled circuits shown in Figs. 6 and 7.

As seen in Fig. 7, the energy storage component 
consists of a magnetic flux-controlled memristor and 
a capacitor. Therefore, the physical field energy of this 
component can be calculated as follows:

W =
1
2

Cv2 +
1
2
φiM (23)

where v is the voltage of the capacitor.
According to Eq. (14) and Fig. 7, Eq. (23) can 

be updated by:

W =
1
2

Cv2 +
1
2
αφ2v. (24)

Furthermore, based on Eqs. (8), (9), and (12), the 
dimensionless energy function corresponding to the 
physical field energy in Eq. (24) is described as follows:

H =
W

Cv2
0

=
1
2

w2 +
1
2

c′u2w. (25)

Therefore, the energy function of the chaotic map 
given in Eq. (2) can be expressed by:

Hn + 1 =
1
2

x2
n +

1
2

cy2
n xn. (26)

In Fig. 8, the energy storage component consists 
of a charge-controlled memristor and an inductor. There‐
fore, the physical field energy of this component can 
be determined as:

Fig. 8  Charge-controlled memristor-coupled circuit without 
a capacitor
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W =
1
2

Li2
L +

1
2

qvM. (27)

According to Eq. (21), Eq. (27) can be updated by:

W =
1
2

Li2
L +

1
2
κqi2

L. (28)

Moreover, based on Eqs. (16) and (19), the dimen‐
sionless energy function corresponding to the physical 
field energy in Eq. (27) is described as follows:

H =
W

v2
0 L
ρ2

=
1
2

w2 +
1
2

c′u2w. (29)

Consequently, the energy function of the chaotic 
map given in Eq. (2) can be expressed by:

Hn + 1 =
1
2

x2
n +

1
2

cy2
n xn. (30)

In order to further investigate the energy distribu‐
tion of the mapping dynamics, sequence evolution 
diagrams corresponding to different dynamic behaviors 

and energy sequences are calculated and displayed in 
Figs. 9 and 10.

From Figs. 9 and 10, we can observe that different 
dynamical behaviors correspond to different energy 
distributions. Moreover, in both the chaotic state and 

Fig. 10  Evolution of the Hamilton energy and its average value in the memristive map under different values of parameter b: 
(a) b=0.55, a=1.5; (b) b=0.63, a=1.5; (c) b=0.73, a=1.5; (d) b=0.78, a=1.5. <Hn> is the average value of the Hamilton energy

Fig. 9  Evolution of x under different values of parameter b: 
(a) b=0.55, a=1.5; (b) b=0.63, a=1.5; (c) b=0.73, a=1.5; (d) b=
0.78, a=1.5
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periodic state, there is a relatively small average energy 
value. Notably, as the number of cycles decreases, the 
average energy value keeps increasing. Next, to explore 
the energy regulation of the dynamics of the map 
system, an energy-controlled adaptive regulation cri‐
terion is defined as follows:

b = b0 + g × θ (ε -Hn )    

θ (ν ) = 1   ν ³ 0
θ (ν ) = 0   ν < 0

(31)

where b0 is the initial value of the parameter b, g de‐
notes a gain, ε is a threshold value, and parameter 
growth is controlled by applying the Heaviside func‐
tion θ. The parameters are fixed at μ1=μ2=3.9, c=0.12, 
a=1.5, ε=1.5, and the initial value is (0.1, 0.2). The 
phase diagram, the growth of parameter b, and the 
y-variable sequence and energy sequence are shown in 
Fig. 11.

The results show that parameter a reaches a stable 
value of 0.888 after 190 iterations under the gain g=
0.002. Moreover, chaotic states are suppressed to pres‐
ent periodic states, and the chaotic attractor evolves 
into periodic attractors.

In summary, a discrete chaotic system represented 
by a mathematical model can be expressed physically 
using a nonlinear memristor-based circuit composed 

of various electronic components. The energy function 
associated with the chaotic map system can be derived 
from its corresponding memristor-coupled circuit con‐
figurations. The main steps for circuit-based verifica‐
tion of a discrete chaotic system are as follows:

Step 1: A map model is derived in the form of a 
continuous differential equation through a linear trans‐
formation of the variables.

Step 2: Dimensionless continuous differential 
equations are defined in specific dimensions by apply‐
ing the dimensions of the physical components (capaci‐
tor, inductor, memristor, and resistor).

Step 3: The differential equation is simplified fol‐
lowing the dimension definition.

Step 4: The possible current or voltage relation‐
ships between the electronic components are obtained 
by applying Kirchhoff’s law and the simplified dimen‐
sional differential equation.

Step 5: Design series-parallel circuits that can ex‐
press the dimensional equations and satisfy Kirchhoff’s 
law.

However, it should be noted that the present 
study has a few limitations. Firstly, potential synchro‐
nization between analog and digital chaotic systems was 
not investigated. Secondly, there were no simulations 
(such as in PSPICE, MATLAB, or Simulink), tran‐
sient waveforms, or operating data used to validate the 
memristor-coupled circuits. Simulated oscilloscope-
style outputs could be generated in future studies to per‐
form further validation. Finally, we have not yet made 
detailed tests and comparisons of design complexity, 
parameter tunability, availability of energy functions, 
and hardware feasibility with recent chaos-to-circuit 
frameworks. In subsequent work these limitations will 
be addressed.

5 Conclusions 

In this study, a 2D chaotic map was built using an 
open-loop modulation coupling method. The dynam‐
ical behaviors of the chaotic map showcased how both 
chaotic and diverse periodic patterns can be induced 
by adjusting the parameter values. Moreover, it was 
revealed that the 2D chaotic map can be implemented 
experimentally using two distinct memristor-coupled 
circuits. Our results indicate that higher-order terms in 
any 2D chaotic system can be equivalently realized 

Fig. 11  (a) Phase portraits; (b) growth of parameter b; 
(c) evolution of variable yn; (d) evolution of energy. The 
parameters are selected as g=0.002, b0=0.55, ε=1.5, and an 
initial value of (0.1, 0.2)
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using a nonlinear resistor, while nonlinear cross terms 
and linear coupling between variables can be effec‐
tively represented by a memristor. Furthermore, the 
dimensional consistency of dimensionless equations 
can be restored through appropriate combinations of 
capacitance and resistance, or inductance and resis‐
tance. And notably, the energy function associated with 
a chaotic map system can be derived from its corre‐
sponding memristor-coupled circuit configurations. The 
circuit expression framework proposed in this study 
offers a generalized approach useful for hardware imple‐
mentation and validation of other chaotic map systems.
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