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Motivation (I) 
Resampling is a critical procedure that is of both 
theoretical and practical significance for efficient 
implementation of the particle filter. To gain an insight of 
the resampling process and the filter, this paper 
contributes in three further respects as a sequel to the 
tutorial (Li et al., 2015).  
 
1. Identical distribution (ID) is established as a general principle for 

the resampling design, which requires the distribution of particles 
before and after resampling to be statistically identical. Three 
consistent metrics including the (symmetrical) Kullback-Leibler 
divergence, Kolmogorov-Smirnov statistic, and the sampling 
variance are introduced for assessment of the ID attribute of 
resampling, and a corresponding, qualitative ID analysis of 
representative resampling methods is given.  
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Motivation (II) 

2. A novel resampling scheme that obtains the optimal ID attribute in 
the sense of minimum sampling variance is proposed.  
 

3. More than a dozen typical resampling methods are compared via 
simulations in terms of sample size variation, sampling variance, 
computing speed, and estimation accuracy.  

 
These form a more comprehensive understanding of the 
algorithm, providing solid guidelines for either selection of 
existing resampling methods or new implementations. 
 
 
Reference:  
Li, T., Bolic, M., Djurić, P.M., 2015. Resampling methods for particle filtering. 
IEEE Signal Process. Mag., 32(3):70-86. [doi:10.1109/MSP.2014.2330626] 
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Main idea/Method (I) 
Three identical distribution metrics  

1.    The KLD of q from p, denoted as DKL(p||q), is a measure of the information lost when q is 
used to approximate p. For the discrete probability distributions p and q, DKL(p||q) is given by 
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2.  The Kolmogorov-Smirnov (K-S) statistic, also referred to as F-discrepancy, is the maximum 
vertical distance between two empirical distribution functions (EDF): 
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3.   Define the sampling variance (SV) as the mean of the quadratic discrepancies between 
the numbers of times that the particles are resampled and the expectations: 

 

             

.
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Main idea/Method (II) 
MSV (minimum-sampling-variance) resampling 
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Main idea/Method (III) 
MSV (minimum-sampling-variance) resampling 

Theories 2 and 3 show that the proposed MSV resampling method minimizes 
the SV in terms of asymptotical unbiasedness and optimal-weight condition. 
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Major results (I) 
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Fig. 1  True state and estimates against time when the starting number of particles is 100 
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Major results (II) 

Fig. 2  Fluctuation of the number of particles against time 
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Major results (III) 
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Fig. 3  Sampling variance of different resampling methods that satisfy the optimal weighting condition 
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Major results (IV) 

Fig. 4  Average RMSEs of PFs against different starting numbers of particles (legend is the same as that of Fig. 1) 
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Major results (V) 
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Major results (VI) 

Fig. 6  Average processing time of 100 runs of different resampling methods against different 
starting numbers of particles (legend is the same as that of Fig. 1).  
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Conclusions 
• This paper has contributed in three more aspects. 

– ID has been established as a fundamental principle for resampling, 
which can be measured by the KL divergence, K-S statistic, and 
the sampling variance. This affords a useful perspective to 
compare and assess existing resampling methods or to design 
new methods. 

– Following the ID principle, a simple resampling method, called 
MSV resampling, is proposed that obtains the optimal ID attribute 
in terms of SV. 

– A comprehensive comparable study of more than a dozen 
representative resampling methods, including the proposed MSV 
resampling based on a classical state space model, is given. The 
results show that, most unbiased resampling methods do not 
exhibit much difference in terms of estimation accuracy (despite 
significantly biased resampling methods performing very badly), 
but they show significant differences in terms of SV and computing 
time and may provide special benefits in specific problems 
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