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Motivation 
Quadrotors are usually tasked to fly in low-altitudes and 
obstacle-strewn environments. The ability to navigate safely in 
such an environment is crucial for all other applications. 
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System structure 
Positioning/

SLAM 

Flight control 
system 

Motion 
planning 

• 

Nominal path plan consists 
of line-segments from the 
user or other algorithms. 
 
Trajectory generation: 
smooth and feasible 
trajectory. 

Mission 
management 
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Main idea 
Incremental trajectory generation in safe corridor: 

1. An efficient algorithm that generates 3D 

velocity, acceleration, and jerk-limited trajectory. 

2. Instant reaction to change 

environment or mission. 

3. Navigating the nominal path plan: 

 (1) safely (safe flying corridor) 

 (2) smoothly (C2 continuity) 

 (3) efficiently (computing & flying) 
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Method overview: safe flying corridor (SFC) 

A serries of inter-connected bounding 
boxes: 

1. Encapsulate the nominal path plan; 

2. Aligned with each line-segment; 

3. Defines a bounding-box frame; 

4. Easy inside checking. 

x 

y 

y axis min/max  
x axis min/max  
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Presentation Notes
The basic idea behind our algorithm is very straight forward, it combines the idea of the
Fly-by waypoint and the safe corridor. Here we use a 2 dimensional corridor with 3 bounding boxes to illustrate it.
Assume the initial position of the vehicle is within the first bouding box denoted by waypoint A,B and we would like to
travel to the waypoint D.
We first generate a trajectory to point B, when we are executing the trajectory,
we constantly generate and check the trajectory from the current state to the next waypoint, waypoint C, is feasible and inside the corridor.
When we find the trajectory is feasible and safe, we then start to execute the new trajectory from the next step.
On the new trajectory, we then repeate the process again until we find a safe and feasible trajectory to point D.
So now, the problem is on 
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Method overview: SFC navigation 

1. How to generate the feasible trajectory fast enough? 
2. How to test its safety efficiently? 

S 

Online and incremental,  
sample and throw 
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The basic idea behind our algorithm is very straight forward, it combines the idea of the
Fly-by waypoint and the safe corridor. Here we use a 2 dimensional corridor with 3 bounding boxes to illustrate it.
Assume the initial position of the vehicle is within the first bouding box denoted by waypoint A,B and we would like to
travel to the waypoint D.
We first generate a trajectory to point B, when we are executing the trajectory,
we constantly generate and check the trajectory from the current state to the next waypoint, waypoint C, is feasible and inside the corridor.
When we find the trajectory is feasible and safe, we then start to execute the new trajectory from the next step.
On the new trajectory, we then repeate the process again until we find a safe and feasible trajectory to point D.
So now, the problem is on 
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The jerk limited trajectory  

1. Not only limited jerk, but also limited acceleration and velocity. 
2. Effectiveness for quadrotors is proved. 

 

 

 

The jerk limited trajectory for a single axis  
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Presentation Notes

We first look into the trajectory generation problem, in our work, we use a jerk limited trajectory.
For a common double integrator system, we usually say the input is acceleration, and the output is position.
For a triple integrator system, its input is now the jerk, which is the derivative of acceleration.
In the jerk limited trajectory problem, the trajectory's jerk, acceleration and velocity must be all limited.

It is first invented to generate trajectory for robotic arms. But also proven efficient for quadrotors later by …
Below is a figure of … you can see how its xxxx, xxxx, xxxx and xxxx are all limited.
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The jerk limited trajectory: why effective? 

Limit the velocity for safety 

 

Inner loop constraints:  

Limited body rate  

and total thrust fmax 

 
 

 

 Single axis constraints: ​ 
The limited acceleration and jerk 
 
 
 
 
 

Outer loop constraints: ​ 
The limited acceleration and 
jerk 
 
 
 
 
 

Sufficient condition 

Sufficient 
condition 

Decoupling 

Final constraints: ​ 
The limited acceleration and jerk 
 
 
 
 

maxω
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Presentation Notes
As for why the jerk limited trajectory is efficient, we will have to look at the controller design for most quadrotors.
Where a cascaded inner loop and outer loop design is adopted. The inner loop control's the vehicle's attitude and thrust and 
Usually has a much faster dynamics compared to the outer loop. We then assume there are limits on the vehicle's body rate and the total thrust.
It is proven that these limits can be satisfied by limiting the trajectory's jerk and acceleration separately.
And we can further decouple them into each individual axis.
Finally, to consider issue such as safety and air-drag, 
we would also want to limit the vehicle's velocity thus the overall constraints can be shown as below:
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The jerk limited trajectory: compared with TOC 

The traditional time optimal control (TOC) or bang-bang control problem 
considers 

 

The jerk limited trajectory problem considers a system characterized by 

 

j

0 1 0 0
0 0 1 0
0 0 0 1

p p
v v u
a a

       
      = +      
             
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Presentation Notes
The idea of jerk limited trajectory actually comes out from the traditional time optimal control of a double integrator system,
Except we are dealing with a third order system and with not only input, but also state constraints on each order.
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The jerk limited trajectory: velocity set-point  

Problem: 
From an arbitrary state to a desired 
velocity such that: 

An example:  

 

a 

It is shown that the trajectory consists of at most three segments 
with u=±ujmax and 0. 
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Presentation Notes
To understand our solution, we first take a step back and look at a double integrator problem (here we called the velocity set point problem).
Assume the jerk is the input, we would like to bring the system from an arbitrary state to a desired velocity and keep the velocity, subject to constraints on jerk and acceleration.
And the solution is actually given previously by Haschke in 2008, where it shows the trajectory consists of at most three segments where the jerk is either at its maximum magnitude or zero.



Smaller 
area 
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The jerk limited trajectory: velocity set-point  

Intuition on the solution:  

 
Covered area (acc)=ΔVelocity 

Larger 
area 
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In this presentation, I would like to give some intuition behind his solution, if we plot the acclelration out, then the problem is the area covered under the acceleration profile shall be the desired change in the velocity.
Because we require the final acceleration to be zero, and there is a cap on the acceleration, so the acceleration profile actually have two possible shapes one is the trapizoid and the other is the triangle.
To determine which shape is it, we try to draw the largest possible triangle and see the resulting area is too big or too small. If it is too big, then it is a triangle shape, otherwise it shall be trapezoid.
Based on the shape of the profile, we can set two different equations sets and solve them for the actual input and their lasting time.
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The jerk limited trajectory: position set-point  

Problem:  
From an arbitrary state to a desired point 
such that 

An example:  

 

a 
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Presentation Notes
As for the jerk limited trajectory problem mentioned in our work, we are dealing with a position setpoint problem, that is we want to reach a desired 
Position and stay there and subjects to limits on jerk, acceleration and velocity.
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The jerk limited trajectory: position setpoint  

Intuition on the solution: Covered area (vel)=ΔPosition 

Needing 
smaller 

area 

Needing 
larger 
area 

Determining 
switching 
moment 

Determining 
cruise 
 time 
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Presentation Notes
The intuition on the solution is acually similar to the previous case:
Check the position we reached when the velocity is immediately bring down to zero.
Now, here we assume that the desired position we hope to reach is more than this.
Now, we create another case, called the zero cruise profile where we bring the velocity to its maximum value and immidiately down to zero.
If the desired position is somewhere between the blue and the green curves, then it means the maximum velocity cannot be reached, and we have to start to decrease the velocity towards zero before it reaches the maximum value.
We can find the time to decrease the velocity down to zero through a binary search.
If the desired position is above the position reached in a zero cruise profile. We have to addin a phase of constant velocity which we only needs to determin its duration.
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The jerk limited trajectory: trajectory along lines  

For the trajectory to "converge" to a given line segment: 

On the y and z axes:  
   Set the position set-point to zero. 

 
On the x axis: 
   Set the position set-point to |P3–P2|. 

 
 

Result: 
    The trajectory converges to the   
    desired line-segment path. 
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In a three dimensional case, we would like the generated trajectory to "converge" to a line-segment.
This is done by generating jerk limited trajectory in the individual axis of the local corridor frame.\
On the y and z axis, the set-point is zero. And on the x axis, the setpoint is the length of the line-segment.
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The jerk limited trajectory: how to control?  

The robust and perfect tracking (RPT) controller:  
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To follow the trajectory, we adopt a linear control law, called the robust perfect tracking which could be considered as a form of feedback + feedforwad control.
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Safety check  

Inside a single bounding box? 
     1. Project into the bounding-box frame; 
     2. Check the extreme value in individual 
axes. 
 

Advantages:​ 
     1. Finite checking time regardless of the 
length of the corridor; 
    2. Guaranteed soundness. 

Inside multiple bounding boxes? 
    1. Find split points; 
    2. Split the trajectory; 
    3. Check the split parts individually.  
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After we generated the trajectory, we want to exam whether the trajectory is fully inside the corridor, and wheter it satisfy some other
feasiblity requirements. Luckily, it can be shown that the jerk limited trajectory contains at most 21 segments of polynomials.
And we can find the extrem value for each polynomial segment and their derivatives.

Further, if the trajectory crosses two bounding boxes and is fully inside the corridor, there must be a spliting point that is contained by both bouding boxes.
For the splited trajectory, we then check whether each part of them is fully inside their corresbonding bounding boxes.
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Experimental results 

Experiment A: 
horizontal maneuver 

Experiment B: vertical 
maneuver 

Experiment C: long distance fly 
(simulation) 

Major results 
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Presentation Notes
Our algorithm has been tested using real vehicles. We performed three sets of experiments,
In experiment A, we perform a zig-zag manuver, 
In experiment B, we perform a manuver rich in height differences.
In experiment C, it is a large scale mission for tower inspection.
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Experimental results: handling of constraints  

Reference Tilted corridor State constraints Soundness 

Chen et al. (2016) ❌ ✔ ✔ 

Liu et al.  (2017) ✔ ✔ ❌ 

Tang et al.  (2016) ✔ ❌ ✔ 

Shen et al.  (2018) ❌ ✔ ✔ 

Proposed method ✔ ✔ ✔ 

* All other methods, except the proposed one, use the spline approach, and require the 
solving of one or multiple non-linear programming problems. 

Axes aligned corridor 
Tilted corridor 
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Presentation Notes
Compared to the trivial point-to-point fly which fully stops at each waypoints, our method generally only takes half of the flying time to reach the same target.
Compared to the polynomial spline methods, our method does not require to solve a constrained optimization problem, 
And instead of solving for the trajectory in one run, it solve it step by step but with a much shorter cycle time.
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Experimental results: computational efficiency  

Our method 

1. Incrementally generating the 
trajectory during execution;  

2. For vehicle with low-power 
onboard PC; 

3. Faster reaction to changes. 

 Spline-based SFC method 

Generating the entire trajectory 
before execution.  
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Computing time per execution is 2000 times shorter. 
The algorithm is very efficient, at each moment it generates the reference for the next control cycle. The following results is achieved on a laptop with Intel I5 CPU. 
Compared to spline based methods, which generate the entire trajectory by solving a quadratic programming problem, our method achieves micro-second level performance, and
is more suitable for micro-sized vehicle with limited computational capability. 
Further, the limited trajectory generation algorithm can also be used for other vehicles, like the tail sitter on the right.
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Concluding remarks 

1. We have proposed a rather down-to-earth solution for 
navigating a quadrotor along the nominal path plan 

(1) safely, (2) smoothly, and (3) efficiently,  

with its physical constraints on velocity, acceleration, and jerk. 

2. The proposed approach 

(1) saves flying time, and (2) is computationally efficient. 
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In conclusion: 
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