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PART 1 Background 
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Classical first-order steepest descent method (SDM)  

Problem 

Simple 

Valid in convex functions Invalid in non-convex functions 
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Classical first-order steepest descent method (SDM) based BPNNs  

Problem 

The classical first-order SDM-based BPNNs are easily trapped into a local 
optimal solution. Their optimization performances must be improved. 
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PART 2 Methods 
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Fractional calculus 

Preparation 1 

Fractional calculus has become an important novel branch in mathematical analyses. Recently, 

promising results and ideas have demonstrated that fractional calculus can be an interesting and 

promising tool in many scientific fields such as diffusion processes, viscoelasticity theory, fractal 

dynamics, fractional control, fractor (fractional-order resistor), fracmemristor (fractional-order 

memristor), image processing, and neural networks. 
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Fractional calculus 
Preparation 1 
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Preparation 1 
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Fractional calculus 

Preparation 1 

The application of the improved fractional-order steepest descent method (FSDM) in the training 
of BPNNs has potential. To improve the optimization performance of classical first-order BPNNs, 
in this work, we study whether it is possible to apply the improved FSDM to generalize classical 
first-order BPNNs to fractional-order BPNNs (FBPNNs).  

The application of fractional calculus to neural networks and cybernetics is an emerging discipline 
of research and a small number of studies have been conducted in this area.  
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Fractional calculus 

Preparation 1 

The basic characteristic of fractional calculus is that it extends the concepts of the integer-order 
difference and Riemann sums. The characteristics of fractional calculus are considerably different 
from those of classical integer-order calculus. 
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Grünwald-Letnikov Riemann-Liouville Caputo 

Fractional calculus 

Preparation 1 

f is a differintegrable function 

[a, x] is the duration of f 

N is the number of partitions of the duration 

v is an arbitrary real number (fractional-order) 

Γ is the Gamma function  
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Fractional calculus has the potential of playing an important role in the applications of neural networks 

and cybernetics because of its inherent strengths such as long-term memory, non-locality, and weak 

singularity.  
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“a” is the minimum value of the domain. Therefore, the fractional derivatives of a real-valued function 

are real numbers, not complex numbers. 

Preparation 1 
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Preparation 1 
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The fractional differential, except based on the Caputo definition, of a Heaviside function, is 
nonzero, whereas its integer-order differential must be zero.  

Preparation 1 

Thus, the properties of the fractional-order steepest descent method (FSDM) are also 
different from those of the traditional first-order steepest descent method.  

For example, FSDM can determine the fractional-order extreme points of the energy norm, 
which do not overlap the traditional first-order stationary points. It is known that the classical 
first-order BPNNs has a tendency to be trapped into local optimal solutions. Front In

form
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Preparation 1 

This introduced fractional-order branch of the family of BPNNs trained by the improved FSDM 
differs from the majority of the previous classical first-order BPNNs. The higher optimal search 
ability of an FBPNN to determine the global optimal solution is the major advantage that makes 
FBPNN superior to a classical first-order BPNN. 
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Fractional-order operator/mask 

Truncation is necessary  (effective memory) 
On one hand, it can reduce the amount of calculation; on the other hand, it is convenient for 

discretization processing, and satisfactory results can be obtained. 

Grünwald-Letnikov numerical implementation 

Fractional calculus 
Preparation 2 
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Chain rule of the composite function 

Faà di Bruno’s formula 
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Fractional-order derivative 

Preparation 3 
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Input matrix of samples 

Mean square error 

p
q Ideal output matrix of samples 

1 2 3, , ,W W W

1 2 3, , ,b b b

Weight matrix 
Bias matrix 

1 2 3, , ,f f f Activation function 

FBPNN 

Model of a BPNN represented by abbreviated symbols denoting its three layers 

Practical output matrix of samples 

Square error at iteration k  

β
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Partial derivatives of the net input signal 

FBPNN 

The net input signal of the 
activation function 
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Fractional-order partial derivatives of the square error 

FBPNN 

Faà di Bruno’s formula 
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Approximate fractional-order partial derivatives of the square error 

FBPNN 

Truncation 

The approximate fractional-order partial derivatives of the square error are suggested to merely 
take the first four terms of two aforementioned equations into account: 
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Improved fractional-order steepest descent method based FBPNN 
FBPNN 

Therefore, we introduce an FBPNN trained by an improved FSDM, whose reverse incremental 
search is in the negative directions of the approximate fractional-order partial derivatives of the 
square error at iteration k of the iterative search process.  
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Fractional-order global optimal convergence of the improved FSDM based FBPNN 

FBPNN 

The criteria for the convergence of FBPNNs are: 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 

A necessary condition of the criteria for the convergence of FBPNN is: 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 

A necessary condition of the criteria for the convergence of FBPNN is: 
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Fractional-order global optimal convergence of improved FSDM based FBPNN 

FBPNN 

Except saddle points, the improved FSDM can guarantee that an FBPNN converges to a fractional-

order optimal minimum point      a global minimum point, of the square error        .  
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Approximate fractional-order partial derivatives of the square error 
FBPNN 
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Approximate fractional-order partial derivatives of the square error 
FBPNN 

To further simplify the calculation, without loss of generality, in the actual computations of an 
FBPNN trained by an improved FSDM, we can set        . 1=n
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FBPNN BPNN 

Comparison 1 

The computational complexity of an algorithm can be typically 
measured by the number of its multiplications and additions, and 
related memory space; thus, the computational complexity of an 
FBPNN is similar to that of a traditional BPNN. 

Small computational burden 

Small storage space 

Simple 
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FBPNN BPNN 

Comparison 1 

Stop  
rule 

The number of iterations is greater than a threshold. 

The loss function is less than an acceptable threshold. 

The first-order derivative is equal to 0. 

The number of iterations is greater than a threshold. 

The loss function is less than an acceptable threshold. 

The first-order derivative is equal to 0. 

The square error function is equal to 0. 
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Fractional-order global optimal convergence of the improved FSDM based FBPNN 

FBPNN 

Lemma 1   If the number of neurons and number of hidden layers of an FBPNN trained by 

an improved FSDM are such that at least one fractional-order minimum point of the square 

error exists, even if                         and                     , but             , the iterative search processes 

are constrained to keep going on. Then the improved FSDM can guarantee that an FBPNN 

converges to a fractional-order optimal minimum point                 , a global minimum point. 
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Comparison 2 

Lemma 1 indicates that first a classical first-order BPNN considers merely the local 
characteristics of the square error F. Thus, a classical first-order BPNN is likely to converge 
to a local extreme point of its square error. 

Assume that the iterative search process of a classical first-order BPNN converges to a 
local extreme point. On this local extreme point, one can obtain 
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Comparison 2 

However, our method considers the nonlocal characteristics and weak singularity of the square 
error, F, of an FBPNN. Thus, an FBPNN trained by an improved FSDM can guarantee the  
convergence to a global minimum point of its square error. 

The higher optimal search ability of an FBPNN to determine the global optimal solution is the 
major advantage that makes FBPNN superior to a classical first-order BPNN.  

BPNN FBPNN 

Valid in convex functions Valid in non-convex functions 
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In general, the fractional-order extreme value of a normalized quadratic energy norm determined 
by the fractional-order partial derivatives is not equal to its integer-order one. 

Comparison 3 

If the global minimum value of the square error is equal to zero, the fractional-order optimal 
minimum point, determined by the approximate fractional-order partial derivatives, is identical to 
the global minimum value of the square error. 

How to solve this problem 
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However, in practice, this value is usually greater than 0. 

The universal approximation theorem states that the ideal value of the error function equals 0. 

So, when should we stop? 

The engineering problem, on one hand, is based on the operator’s experience, and on the 
other hand, can be determined by the needs of the customer service. 

FBPNN BPNN 

Can find arbitrarily the position corresponding to the given error. Can NOT find. 

Comparison 3 
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PART 3 Experiments 
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Example 1 

Martin T. Hagan, Howard B. Demuth, Mark H. Beale, Orlando De Jesus 

 

ISBN-10: 0-9717321-1-6 

ISBN-13: 978-0-9717321-1-7 

 

http://hagan.okstate.edu/nnd.html 

Neural Network Design (2nd Edition) 
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The surrounding terrain is very flat, so the integer-order derivative is close to zero. 

Contour map of the loss function
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FBPNN can converge to the global optimal point, and its convergence speed is very fast. 

Gradient does NOT disappear 
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The middle terrain also has many special points with an integer-order derivative close to zero. 

FBPNN can converge to the global optimal point, and its convergence speed is very fast. 

Contour map of the loss function
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Stable running results 

Front In
form

 Technol E
lectro

n Eng



Contour map of the loss function
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The middle terrain also has many special points with an integer derivative close to zero. 

FBP can converge to the global optimal point, and its convergence speed is very fast. 

Stable running results 
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Example 2 
Contour map of the loss function
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FBPNN can converge to the global optimal point, and its convergence speed is very fast. 

BPNN cannot converge to the global optimal point. 
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Stable running results Gradient does NOT disappear 

Specifically, the initial point is just on the local optimum point. 
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Even if the global minimum is close to 0, FBPNN can converge to the 

global optimal point, and its convergence speed is very fast. 
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PART 4 Conclusions 

Front In
form

 Technol E
lectro

n Eng



Advantages 

Stronger ability to express information 

Small computational burden 

Small storage space 

Fewer parameters 

Stable running results 

Valid in convex functions 

Valid in non-convex functions 

Gradient does not disappear 

Simple 

Even if the minimum value 
of the function is close to 0, 

FBPNN can also be valid. 

Fast 
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