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Motivation

1. Due to the uncertainty caused by the environment, most
practical systems always suffer from external disturbances. H.,
control is one of the most effective approaches to attenuate the
effect of disturbances on the system performance. However,
obtaining the H,, controller requires solving the nonlinear
Hamilton—Jacobi—Isaacs (HJI) equation.

2. Reinforcement learning (RL), or adaptive dynamic
programming (ADP), is an efficient machine learning technique
for dealing with H,, control problems, because RL overcomes the
curse of dimensionality and achieves the goal of online learning
controller design.



Motivation (Cont’d)

3. Over the past few years, many model-free Q-learning
approaches have been developed for H_, control problems. Note
that most of the existing Q-learning methods are based on value
iteration. Meanwhile, theoretical foundations for policy-iteration-
based Q-learning are relatively lacking in the literature. Inspired
by off-policy RL and adaptive control, we develop a novel policy-
iteration-based minimax Q-learning method for H,, control of
linear discrete-time systems.



Main idea

Algorithm 1 Model-based offline policy iteration
algorithm

1. First, we prove the
convergence of the model-
based offline policy iteration
algorithm by proving its
equivalence to Newton’s
method for solving the
related game algebraic
Riccati equation (GARE).

2. On the basis of the model-
based offline policy iteration
algorithm, we develop the
model-free minimax Q-
learning algorithm.

1:

2:

Start with a set of initially stabilizing feedback gains
( Erll, hgl] // Initialization

For the given stabilizing feedback gains [R’i,h’é]._
solve for the corresponding value matrix P! via

the following matrix equation: // Policy evaluation
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Update the control policy and disturbance policy
using the following equation:
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// Policy improvement
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Stop if |K,™ — K!|| < e (i = 1,2), where ¢ is a
threshold; otherwise, set [ =14 1 and go to step 2




Method

1. We define the following Q-function:

Ql+1(wk7 Uk, wk)
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By using the Kronecker product quadratic polynomial basis
vector, we have

T
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Then the policy evaluation problem is translated into the
following parameter estimation problem:
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Method (Cont’'d)

We use the recursive least squares (RLS) method to learn the

true value: A . P(i)oex
WC ) —|_ ]. — WC . — . 2
i1 (i ) 1+1(7) 1+ 553(%)@

(26a)
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2. After performing Ko+ 1) = K11 () — BT :
policy evaluation, we o (L + @ “fkT)
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improvement stepby o p (292)
using the following Karn(G+1) = Kaun() + 1+ 2Tzy)
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method: (29b)



Method (Cont’'d)

Compared with Algorithm 1, Algorithm 2 is completely model-free, thus
robust to the drift in system dynamics and the inaccuracy in system
modeling. In addition, both policy evaluation and policy improvement
are carried out in an online adaptive way using the state samples
generated by the behavior polices.

Algorithm 2 Online minimax ()-learning algorithm
1: Start with a set of initially stabilizing feedback gains

(K1, I{':{::l // Initialization

For the given stabilizing feedback gains [ﬁi’f. E’%],

run Egs. (26a) and (26b) until W, ;41 (i+1) converges

to We.i41 // Policy evaluation

3: Using the obtained W_;ii, run Eqgs. (29a) and
(20b) simultaneously until [ﬂ’l_,;_,_l[_-;r'], ﬁ’g_;+1[j]j
converges to ( Er";"'l. E’éﬂ'l} // Policy improvement

1: Stop if |KI*' — K| < e (i = 1,2), where ¢ is a
threshold; otherwise, set [ =1+ 1 and go to step 2

|}




Major results

Convergence of the minimax Q-learning method:
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Fig. 1 Ewvolution of the controller feedback gain
Iﬂ_i':ii in the policy-iteration-based minimax - lgﬂrning
method, where R’i = [Rpi.l'-RFELE'-EILS'RF:ELA]

Fig. 2 Ewolution of the disturbance feedback gain
R’é in the policy-iteration-based minimax €)- 1$m11ing
method, where R’é = [R’éll, R’éj,ﬁré‘a.ﬁéé]



Major results (Cont’d)

Convergence of the value-iteration-based Q-learning method:
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Fig. 5 Evolution of the controller feedback gain K} in Fig. 6 Evolution of the disturbance feedback gain

the wvalue-iteration-based ()-learning method, where K. in the value-iteration-based Q-learning method,
KY =[K| . K] 5. K] 3. K] 4] where K = [Kj ., K 5. K} 5, K} 4]



Major results (Cont’d)

Disturbance rejection performance of the obtained controller:
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Fig. 3 State evolution of system (51) by implementing  Fig. 4 State evolution of system (51) by implementing
uy, = (K¥)Tx; under disturbance wj, = 5exp(—0.16k)  ur = (K$)T 21 under the worst-case disturbance wy. =
(K5) Tz,



Conclusions

1. A policy-iteration-based minimax Q-learning method is
developed for learning the H,, controller online using the
state samples generated by the behavior policies, without
guerying the system model.

2. By employing a normalized gradient method, a novel
policy improvement scheme is proposed.

3. The rigorous convergence analysis of the proposed
minimax Q-learning method is established under some
persistence of excitation conditions and learning rate
constraints.
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