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Motivation

1. As an optimization technigue with enhanced safety and parallel
computation capability, distributed optimization is of great
significance.

2. Due to environmental interference or technical errors,
stochastic optimization has always been a hot topic in optimization
theories. The studies on distributed stochastic optimization
techniques are also open.

3. Existing works on distributed optimization are vector-variable
systems. Hence, the computation time relies on the dimension of
the state in the optimization problem. However, if the dimension is
high, the methods converge slowly. In many key areas (e.g.,
Image processing), matrix-valued optimization models can
overcome this difficulty.
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Contributions

An auxiliary function is proposed to analyze several
properties of the matrix-valued functions. Many common
properties for vector-valued optimization methods are
proposed in a matrix-valued fashion.

A selection principle of the penalty functions and the penalty
gains is derived. Based on the selection principle, an exact
penalty method is proposed for transforming a matrix-valued
optimization problem with inequality and equality constraints
Into a problem without inequality or equality constraints.

A distributed optimization algorithm based on a gossip model
IS developed for solving the matrix-valued distributed
stochastic optimization, and its convergence is analyzed.
Two numerical examples are provided to illustrate the
efficiency of the proposed algorithm for solving matrix-valued
distributed stochastic optimization problems.



Matrix-valued optimization

To extend the results to matrix-valued domains, several common
properties of vector-valued optimization methods are reformulated
In a matrix-valued manner.

Definition 1 ( L-Lipschitz continuity) f:R"*™ —
R is said to be L-Lipschitz continuous if VX,Y €
R™*™ 3L > 0, such that |f(X) — f(Y)| < L||X —
Y ||p, where L is a Lipschitz constant.

Definition 2 (I-smoothness) f: R™"*™ — R is said
to be l-smooth if VXY € R"*™ 3l > 0, such that
IV(X) = VEY)lle <UIX =Y [|5.

Definition 3 (u-strong convexity) f: R™*™ — R
is said to be p- stlonﬂl\ convex if VXY € IR” N

dp > 0, such thdrf > f(X)+tr((VF(X)) (Y-

X)) +u|Y - X||}/2.
Note that I)eflnltlon 3 defines the convexity of
fifu=0.

Definition 4 For any convex function f : R"*™ —
R, the subdifferential of f with respect to X is de-
fined by

Af(X) = {(,|f > f(X)+u (G*(Y —X))}.

In addition, G € df(X) is called a subgradient of f
at X.

Lemmal Assume f: R"*™ — Randa: R"™ — R
with vee(X).='&. VX,Y € R"™™, we have the
following statements: ‘

M XTY)= (“».'(‘C(X))1 vee(Y):
F=||z|;

B)Yn>0,|X +Y|r < (1+n)X|F+ 1+

DY e

(4) f(X) is l-Lipschitz continuous if and only if
a(x) is I-Lipschitz continuous;

5) f(X) is l-smooth if and only if a(x) is [-
smooth:

(6) f(X) is p-strongly convex if and only if a(x)
is p-strongly convex.

Lemma 2 If f(X) is p-strongly convex and
bounded with M’, and V f( X)) is bounded with M",
then f(X) is 2M'u/M"-Lipschitz continuous.

Lemma3 Ifl||X|#/2

is [-pseudo smooth.

f(X) is convex, then f(X



Stochastic optimization models
and penalty function methods

Consider the following optimization model:

Stochastic optimization model

mmZﬂ )—ZEf =p, Fi(X, &)

1=1

s.t. g(X) <0, h(X) =0,

Stochastic optimization model
in a dlstrlbuted settlnqs

min Z-fl\ ZE*”DF(
i—1

_\',—_\>. i._]ﬁI\.
8.t. g(X;) <0, ieln,

h(X;)=0, ieln.

To deal with the constraints, a penalty function method Is
applied, and a selection principle of penalty functions and gains

IS proposed as follows:

Selection principle 1 Penalty gain ¢ (¢ > 0) and
penalty function 75(X) : R™™ ™ — R satisfy the
following conditions:

(1) VX e R™*™, f(X)+ers(X) > f(Ps(X)):

(2) VX € R**™, 15(X) > 0;

B VX € S, 19(X) =0.

Model via penalty function methods

N
min f;,(_\', )
2 @)
s8.t. X;:=X;, 2,7 €In,

where f', (X:)=[fi(X,)+ P, .A (X,;)+ P, B;(X;) with
Ai(X;) = (9(X;) +|g(X5)))? and B;(X;) = |h(X;))?
for i € Iy.

Table 1 Comparison of existing works with this study

Reference Matrix-valued Distributed Stochastic Constraint

Huang et al. (2021) v
Zhang et al. (2022)

Zhou et al. (2019), Xia ZC et al. (2021)
Koloskova et al. (2019)

This study v

Bound constraints
Equality constraints
x Bound constraints
v None
v Equality constraints; inequality constraints




Distributed stochastic
optimization algorithm

A distributed stochastic optimization algorithm is established
based on the gossip model, and it converges to an optimal
SOIUtlon Wlth Surtable Step Slzes Algorithm 1 Distributed stochastic gradient de-

scent algorithm

Gossip model - Initialization

2: Input: X;(0), time-varying step ((k), total number

Xi(t+1)=Xi(t)+k Z .-1(1'.])(-\_:(}") - Xi(k)) of iterations K, and A
e 3 Fork=1,2,...K
_ 4: Sample £i(k), and calculate V Fi( Xi(k), &i(k))
Convergence anaIyS|S 5: Choose Py, and Py, satisfving
Theorem 3 Under Assumption 2, for p > 0, Al Ly, (Xi(k))Py, + La,(X:(K)) Pa, > -’+}“

gorithm 1 for (k) = 4/(x1(a+k)) with a > 5/p
converges at the rate 6: Choose Hi(k) € Py, DA(X:(k)) + Po. OB(X:(k)
7: Calculate

N N
Z fz *—\':ng_g{l\')} — Z fz[i\r*} Yi(k) = Xi(k) — (k) (VFi(Xi(k), &i(k)) + Hi(k))
i—1 i— (5)
2 K(K+2a) /(7
= ( y e L T 8: Calculate
\H H\[J) \lsll\-] (.\' X2 . Calculat
32()[\ x3Q Xi(k+1) = Yi(k)+x Y A(4,5)(Y;(k)-Yi(k)) (6)
JEN;

- y K- i 9: End for
where X . (K) = > " w(k)X (k)/S(K) for 10: Output: Xavg(K)

w(k) = (a + k)%, and H(]\ ) = ,\:7“ w(k) > K3/3.




The penalty function method deals with the equality and

Major results

Inequality constraints well.
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Fig. 1 Transient states of X(1,i) (a), Xg(2.i) (b), Xk(3.1) (c), and the transient values of the objective
function (d) in Example 1 (k, i € {1,2,3})
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Major results (Cont’d)

The distributed stochastic optimization algorithm converges

to an optimal sol

ution with suitable step sizes, and it can deal

with the stochastic variables well.
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Fig. 2 Transient values of the objective function in

Example 1
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Fig. 3 Errors between the transient values of the
objective function obtained by Algorithm 1 and the
optimal values of the objective function in Example 2



Conclusions

1. We have focused on a special constrained
optimization called matrix-valued distributed
stochastic optimization subject to inequality and
equality constraints.

2. We have adopted an exact penalty for the handling of
the constraints. Based on a gossip model, we have
developed a distributed stochastic gradient descent
algorithm and analyzed its stability.

3. Two illustrative examples have been provided to
explain the validity of the exact penalty method and
the optimization method.
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