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Motivation

1. While most existing literature focuses on games with scalar
payoffs, multi-objective games (MOGs), which involve vector
payoffs, are prevalent in practical settings.

2. Equilibrium analysis is fundamental in game theory.
Consequently, exploring the Pareto equilibrium of MOGs, a well-
established extension of the Nash equilibrium, is both reasonable
and practical. To date, no research has addressed the finite-step
reachability or finite-step controllability of Pareto equilibria in
MOGs.



Motivation (Cont'd)

3. Specifically, analyzing MOG Pareto equilibrium problems
demands consideration of players’ individual expectations, as
cooperative and competitive elements are inherently intertwined In
the game process.

4. The semi-tensor product (STP) of matrices has emerged as a
key mathematical tool in game theory, particularly for solving
scalar-payoff equilibrium problems. To our knowledge, STP has
yet to be applied to Pareto equilibria in MOGs, especially
regarding their existence, finite-step reachability, and finite-step
controllability.



Main idea

1. A class of multi-objective games is proposed and represented in
the form of multi-layer graphs.

2. Set the payoff vector and ultimate payoff expectations for every
player in an MOG, where the ultimate payoff can be expressed
using the weighted sum.

3. Use STP to convert the payoff function, ultimate payoff
expectations, etc. into algebraic form, and then discuss the
existence, finite-step reachability, and finite-step controllability of
Pareto equilibrium points.

4. Base on the finite-step controllability, a backward search
algorithm is provided to find the shortest evolutionary process and
control sequence.



Method

1. Multi-layer graphs and STP are used to obtain the
algebraic expressions of MOGs.

2. Based on the algebraic form of payoff function, the
ultimate payoff expectations and Pareto equilibria are
iInvestigated.

3. A strategy updating rule is designed. It can be used to
determine the number of Pareto equilibrium points, based
on which some results concerning finite-step reachability
and finite-step controllability are presented.

4. A backward search algorithm is presented to determine
the shortest evolutionary process and control sequence.



Major results

Definition of MOGs

Definition 2 An MOG = (N, S,a,K,C) con-
sists of the following factors:

1. N ={1,2,...,n} is the set of players.

2.5 = 851 x8x...x5, is the set of strategy pro-
files, where S; is the strategy set of player ¢ and “ x”
is the Cartesian product. s = (s1.82,....8,) € S 18
a strategy profile where player i chooses strategy s;,
1=1,2....,n,s; € 5.

3. a = (a1,a2,...,am), where a; represents the
Different
layers represent the different objectives, and m € N4

weight of the j*" layer, j = 1,2,..., m.

is the number of objectives in this game.

4. K =
(K, K oG,

m;

(erw -K—21 e WK_H)'!

} is the set of layers where player i re-

where K; =

sides, meaning that K’; consists of the objectives with
which player 7 is concerned, m; € Ny, m > m; > 1
andi=1,2,...,n.

5 Cla) =

ci(s) =

(c1(s), e2(s), ..., cn(s)), where
i LI .

ci‘l (s). C?Q (s),...,c;"*(s)| is the payoff
vector of player i under the strategy profile s € S.

Specifically, ¢/ (s) = > ¢,(si,s;) is the payoff of
leU;(i)

the j*® objective for player i, and c{_l(s.i_,sz) is the
payoff of player 7 in a game with plajfer [ in terms
of the j*" objective, where U;(i) is the set of players
who have games with player i at the ' layer, i € N,
j € K;.



Major results (Cont’d)

Verification for the ultimate payoffs Verification for the Pareto equilibrium
Theorem 1. The individual expectations Theorem 2 For an MOG = (N, S,a,K,C),
(Vrl_-r2 _____ r,) can be achieved in the MOG = there exists a Pareto equilibrium s* =
(N,S,a,K,C) if and only if there exists a positive (s1,85,...,8,) if and only if one of the follow-
integer j satisfying ing conclusions holds:

(i) For every i € N, there exists a vector o €

R™: such that H; ' = 1; @ a holds;
where G is shown in Eq. (4). (ii) For every i € N, thme G\l‘-.l’q a constant r €

So\{s?} such that JH_I " <3 H, " holds, where —i

satisfies X7 @7 = &,,._1,1= 1,9,...,n

(1'01)' (g) 2 On 3



Major results (Cont’d)

Design the strategy updating rule

Denote (sy(t),sa2(t),...,s,(t)) as the strat- Fi(t) ={@&M:(t,=:) € R!jr\{ok}} and Q;(t) = {x;|
egy profile at time ¢; its algebraic form is de- — RIdNri) € R:_’\{ 0;.}}. Thus, the strategy updat-
scribed as (ax1(t), x2(t),..., ;r.nr(t‘)). Let x_;(t) = ing rule is designed as
(@1(t), z2(t), - .., @i1(2), @it 1 (£), - - ., xn(t)). Given ( Lo i)Y Qi(t)] =k —1,
zi € A\{@i(t)} and X_i(t) = wj @ (t) € Agn-t, P;(t), Qi(t)| + |Pi(t)| =k — 1
set fi(t,®i) = ci(@i, X—i(t)) — ci(zi(t), X-i()), O:i(t) = 4 and |Q;(t)| < k-1,

| A\ Qi (1), otherwise.

(16)
Here, O;(t) is the set of strategies that can be chosen
at time t + 1 for player i. Particularly, O;(t) with
S 6;{__”_1 is designated as Og, and it is assumed
that player i chooses the strategies in Of with equal
probability, i =1,2,...,n,1=1,2,..., k"L



Major results (Cont’d)

Verification for the number of Criterion for the finite-step reachability of
Pareto equilibria Pareto equilibria
Theorem 3 Consider the EMOG with strategy Theorem 4 Consider the EMOG with the one-

updating rule (16) and all players simultaneously up-  step evolutionary equation (19). There are J;‘_Ap(}

date their strategies. The number of Pareto equilib-  possible processes to reach the strategy profile 67s

ria n;, satisfies from 475 at step s with a positive probability, s €
Ny .

n, = trace(J).

Criterion for the finite-step controllability of Pareto equilibria

Theorem 5 Consider the EMOG with the con-
trolled one-step evolutionary equation (20). The ini-
tial strategy profile X (0) = 6f§; can be controlled to
the target strategy profile X (s) = 7. at step s with
a positive probability if and only if (J3),. ,. > 0.



Major results (Cont’d)

Algorithm 1 Backward search method (to find the - if j == 1 then
: 14: P =
shortest evolutionary process and control sequence) P=a
. : — : 15: else
Inpiti fin, Pey Jugy t=1,2,....k o O
Output: ¢, P, Q : Z._f[p!a.'
1: Initialize t = 0, g = O}n; 17: gl
2: while ¢,, # 1 do 18: end for
3: t=t+1; 19: forr=1:k" do
4: for j=1:k™ do 20: gr =p1rVp2,rV...Vprm
5: forr=1:k" do 21: end for
6: a=0%.; 22: if t == 1 then
7- if t ==1 and (Ju,j)p.,r == 1 thh 23: = ¥
8: iy, = 18 24: Q = I
9: else if t # 1 and {{|(Ju ;)i = 1} C 25 else
{l|Qi—1,1 = 1} then 26 P=[P; p
10: L .
o i 2 Q=[Q; q
N endt 28:  end if
12: end for

end while

]
L




Major results (Cont’d)

A numerical example

Example 2 Consider an MOG = (N, S, a, K, C);
the three-layer graph is shown in Fig. 2. Here, we
set N = {1,2,3,4}, S§; = S =83 = 84 = 5 =
{1,2}, & = [(3,2,2), K = ({1},{1, 3},{1,2, 3}. {2} )
C(s) = (c1(8),e2(8),e3(8),¢4(8)) is shown in Ta-

ble 1, and the payoff expectations of players 1-4 are
ri=21,r3 =28. v = 36, and vy =12

a,

Fig. 2 Three-layer graph representation of the MOG
in Example 2

Table 1 Payoffs of Example 2

ci(s)

s1=(1,1,1,1) sa=(1,1,1,2) s3=(1,1,2,1) s4=(1,1,2,2) s5=(1,2,1,1) se=(1,2,1,2) s7=(1,2,2,1) sg=(1,2,2,2)

c1 7 7 1 9 8 8 2 4
o [5,4]T [3,2] T [7,4]T [10,4]T [3,9]T [6,1]T [9,2]T [9,6]T
ca [6,1,2]T [3,10,2]T 6,1,1]T [7,4,5]T 3. 77T [0,1,3)T [5,2,3]T [5,4,2]T
ca 9 2 5 8 10 7 5 5
ci(s)

89=(2,1,1,1) 510=(2,1,1,2) 811=(2,1,2,1) 819=(2,1,2,2) 813=(2,2,1,1) 814=(2,2,1,2) 515=(2,2,2,1) 816=(2,2,2,2)
c1 3 9 7 6 5 12 8 3
o [5,3]T [6,2]T 3,5]T [5,2]T [1,3]T 8,4]T 6, 7T [3,6]T
es [6,1,9]T 3,10, 4]T [7,7,2]T 3,1,5]T [4,6,3]T 8,5,8]T [5,6,2]T 3,3,4]T
c4 2 3 7 3 7 12 6 4

The four values of s; in the brackets represent the corresponding selected strategies of the four players
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Static analysis

Furthermore, based on Eq. (4), G can be calcu-
lated as Eq. (6) (at the top of the next page). Thus,
it can be verified that 7 = 4 and j = 14 satisfy Theo-
rem 1; that is, payoff vectors of all players are in line
with their expectations under the strategy profiles

0 ~ (1,1,2,2) and 8i¢ ~ (2,2,1,2).

cn

14 14 -4 20 17 17 . -1
-5 —-15 1 10 -1 -8 3 11
-12 -3 -14 3 N\N1°* -28 -11 -9
12 -2 4 10 14 8 4 1

- 7 7 1 9 8 8 2 4
HlCOl?(}QTGBlQSB
5 3 7 10 5 6 3 5]
e [ 42404 325 2
2= 201136 9 9 18 5 3
9 1 2 6 3 4 7 6]

Therefore, it can be checked that Theorem 2
holds for every i € N as [ = 1,4,5,8,14, and 15,
meaning that &{s, 014, 876, 0%, Oia, and &]2 are
Pareto equilibria. Thus, combining with the result
in Example 2, we find that strategy profiles 875 ~
(1,1,2,2) and 8{g ~ (2,2, 1,2) are Pareto equilibria,
and all players can meet their expectations under
these strategy profiles.

2 1 3 _-15 -6 14 -5 —13
2 0 8 0 8 18 6 2
([6 3 306 3 4 8]
1 10 7 1 1 10 6 5
2 2 739 4 3 8
H! = Col
3=l 16 7 55 7 3 5 3
1 4 247 1 6 3
\[1 5 3 22 5 2 4])

[V ]

(VRN |

-y

o Y

=
—_
L

~
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Dynamic analysis

According to Egs. (16) and (17), it can be determined that

Zi(t+1) = R X_i(t), i=1,23,4,
where 10
R1:—10011001_ 00
10110 01 1 0] 00
Ro_[1 111100 1] 00
“l1111011 1) 10
_ \ 00
Ry — 1 1 1 1 1 1,4\ 00
|01 11111 0] , 00
R__IOIIUIOI_ 10 1
““lo1011010] 00
Based on Theorem 3, we find that the number i d
of Pareto equilibria is trace(J)—6, which is in agree- 00
ment with Example 4. In this example, we set the 01
length of the evolution process to 3 and X (0) = 00
82 ~ (1,1,1,2). By calculation, we find that there 01
are J;, = 4 and J}, , = 0 paths to the strategy 00

profiles i ~ (1,1,2,2) and 61§ ~ (2,2,1,2) with a

positive probability, respectively.

e R e TN e i e [ e R = R == I e I e [ s S e B s [ cs B s |

OO OO O OO QO KOk O KOO

= R o [ o R e T o I e [ e T e I s N =T o = — T

O = O k= O~ QOFFR OO0 O O o O o

== == === O OO O O O o O

O OO0 OO OO O

S OO0 O O OO OO0 00O MO MO

e == = i - I s [ o R . Y o Y o - R o Y o [ s I o T o |
O = O = OO0 OO0 OO0 oo oo o o

O OO0 O O 00 OO O OO =

s I o [ e S e Y s Y o [ e Y s [ e Y s R s Y s B e B e |

OO H OO0 0O OO0 o000 Qo oo
O, O, OO OO0 OO0 oo oo

OO OO OO O OO OO OOO




Major results (Cont’d)

Dynamic analysis

Then, it can be calculated that J3 , = 0, mean-
ing that the EMOG cannot naturally evolve to
5§ ~ (1,1,2) at step 3. Thus, taking player 3 in
Example 2 as a pseudo-player, the controlled one-
step evolutionary equation is

Xau(t+1) = Jyu(t) X, (1), (23)

where
101 000000001010 17
000010100101 00O00O0
101000000001 0101
J_OOOOUOOO[]lUlUOUO
" 01010000001 00DO0DO00O0
0O00O00O0OD01T01T00DO0O00O0
0101000000101 010
00000101101 00O0O0 0]

Furthermore, from Eq. (22) we have

10110101
01011010
10110101
;_[01 010000
““01 110000
10100000
01111010
1010010 1]

Based on Theorem 5, it can be verified that
(J2)2.4 = 4, meaning that there are four evolution-
ary processes that can be controlled from J3 to 63 at

step 3 with a positive probability.




Major results (Cont’d)

Dynamic analysis

Next, we find the shortest evolutionary process
and control sequence from &3 to 82 with probabil-
ity 1. According to Algorithm 1, the backward search
process is shown in Fig. 4. Therefore, the evolution-

g u(0)=8
ary processes and control sequences are dg
= u(l)= L, u(0)=41 u(1)=41 G
(5J—>62 and &3 — 88 ——= 82.

Probability 1 Plebabilty i
i rmﬂu

o > @

Fig. 4 The backward search process of Example 6




Conclusions

1. The algebraic expressions of MOGs are obtained using
multi-layer graphs and STP.

2. Two necessary and sufficient conditions are proposed to
verify whether all players can meet their expectations and to
verify the existence of the Pareto equilibrium, separately.

3. A new strategy updating rule is designed, and evolutionary
MOGs are considered in algebraic form, based on which some
results concerning finite-step reachability and finite-step
controllability are presented.

4. A backward search algorithm is presented to determine the
shortest evolutionary process and control sequence.
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