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Motivation 

1. While most existing literature focuses on games with scalar 
payoffs, multi-objective games (MOGs), which involve vector 
payoffs, are prevalent in practical settings. 
2. Equilibrium analysis is fundamental in game theory. 
Consequently, exploring the Pareto equilibrium of MOGs, a well-
established extension of the Nash equilibrium, is both reasonable 
and practical. To date, no research has addressed the finite-step 
reachability or finite-step controllability of Pareto equilibria in 
MOGs. 
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Motivation (Cont'd) 
 
3. Specifically, analyzing MOG Pareto equilibrium problems 
demands consideration of players’ individual expectations, as 
cooperative and competitive elements are inherently intertwined in 
the game process.  

4. The semi-tensor product (STP) of matrices has emerged as a 
key mathematical tool in game theory, particularly for solving 
scalar-payoff equilibrium problems. To our knowledge, STP has 
yet to be applied to Pareto equilibria in MOGs, especially 
regarding their existence, finite-step reachability, and finite-step 
controllability. 
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Main idea 
1. A class of multi-objective games is proposed and represented in 
the form of multi-layer graphs. 
2. Set the payoff vector and ultimate payoff expectations for every 
player in an MOG, where the ultimate payoff can be expressed 
using the weighted sum. 

3. Use STP to convert the payoff function, ultimate payoff 
expectations, etc. into algebraic form, and then discuss the 
existence, finite-step reachability, and finite-step controllability of 
Pareto equilibrium points. 
4. Base on the finite-step controllability, a backward search 
algorithm is provided to find the shortest evolutionary process and 
control sequence. 
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Method 
1. Multi-layer graphs and STP are used to obtain the 
algebraic expressions of MOGs. 

2. Based on the algebraic form of payoff function, the 
ultimate payoff expectations and Pareto equilibria are 
investigated. 

3. A strategy updating rule is designed. It can be used to 
determine the number of Pareto equilibrium points, based 
on which some results concerning finite-step reachability 
and finite-step controllability are presented. 

4. A backward search algorithm is presented to determine 
the shortest evolutionary process and control sequence. 
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Major results 
Definition of MOGs 
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Major results (Cont’d) 

Verification for the ultimate payoffs Verification for the Pareto equilibrium 
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Major results (Cont’d) 
Design the strategy updating rule 
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Major results (Cont’d) 
Verification for the number of 

Pareto equilibria 
Criterion for the finite-step reachability of 

Pareto equilibria 

Criterion for the finite-step controllability of Pareto equilibria 
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Major results (Cont’d) 
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Major results (Cont’d) 
A numerical example 
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Major results (Cont’d) 
Static analysis 
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Major results (Cont’d) 
Dynamic analysis 
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Major results (Cont’d) 
Dynamic analysis 
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Major results (Cont’d) 
Dynamic analysis 
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Conclusions 
1. The algebraic expressions of MOGs are obtained using 
multi-layer graphs and STP. 

2. Two necessary and sufficient conditions are proposed to 
verify whether all players can meet their expectations and to 
verify the existence of the Pareto equilibrium, separately. 

3. A new strategy updating rule is designed, and evolutionary 
MOGs are considered in algebraic form, based on which some 
results concerning finite-step reachability and finite-step 
controllability are presented. 

4. A backward search algorithm is presented to determine the 
shortest evolutionary process and control sequence. 
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