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Abstract: The output voltages for the capacitive elements of a neural circuit model can be mapped into dimensionless capacitive variables, 
which present firing patterns similar to the membrane potentials detected in biological neurons. The inclusion of a memcapacitor also en‐
ables consideration of membrane deformation effects, enhancing the model’s capacity to simulate neuronal behavior across varying physio‐
logical and environmental conditions. In this study, a capacitor and a memcapacitor are connected through a linear resistor in parallel with 
other electric components in different branch circuits composed of an inductor and a nonlinear resistor. The electrical activities in a neuron 
with a double-layer membrane and two capacitive variables are discussed in detail after converting the nonlinear equations for the neural 
circuit into a theoretical neuron model. A dimensionless neuron model and its corresponding energy function are derived. The field energy 
function for the neural circuit is converted into an equivalent Hamilton energy function and further validated via the Helmholtz theorem. 
Furthermore, the average value of energy serves as an indicator for predicting stochastic resonance, as supported by analyzing the distribu‐
tion of the coefficient of variation. The neuronal firing patterns are shown to be energy-dependent. An adaptive control strategy is proposed to 
regulate mode transitions in electrical activities of the neuron. An analog equivalent circuit is constructed to experimentally verify the nu‐
merical results, thereby supporting the reliability of the proposed neuron model.
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1 Introduction 

The human brain comprises approximately 1011 neurons inter‐

connected by roughly 1014 synapses (Herculano-Houzel, 2009). 

Complex network studies show that these networks exhibit small-

world and modular structures with highly connected hub regions, 

which support efficient information processing and robust dynam‐

ics (Bullmore and Sporns, 2009). Inspired by these architectures, 

neuromorphic computing has become a challenge that aims to emu‐

late the brain’s massively parallel, low-power, and fault-tolerant 

operation (Indiveri et al., 2013; Beilliard and Alibart, 2021; Huang 

et al., 2021). Fast and effective signal processing in artificial neural 

networks is worthy of investigation in terms of model approach 
and algorithm reliability. In contrast, conventional von Neumann ar‐
chitectures, with strictly separated memory and processing units, in‐
cur a severe data “traffic jam” (memory bottleneck) and high energy 
cost when scaled to brain-like tasks. To overcome this, neuromor‐
phic systems collocate memory and computation (for example, via 
memristive synapses) so that the weights and processing occur in 
place (Dong et al., 2021; Li Y and Shen, 2022; Li JY et al., 2023).

From a physical perspective, the membrane potentials of neu‐
rons can be effectively modeled by using capacitive components 
such as traditional capacitors and memcapacitors, whose main char‐
acteristics are electric field and charge levels associated with field 
energy. Modeling the electrical behavior of neurons has a long his‐
tory, with simplified theoretical models capturing key neuronal fea‐
tures such as spiking, excitability, and bistability, while remaining 
analytically tractable (Cebrián-Lacasa et al., 2024). In particular, 
the FitzHugh–Nagumo (FHN) model, introduced in the early 1960s, 
is a canonical two-variable excitable cell model that reproduces re‐
laxation oscillations, bistability, and excitability to external stimuli 
(FitzHugh, 1961). As one of the foundational reduced models, FHN 
condenses the complex Hodgkin–Huxley system into a tractable 
form amenable to analysis and experimental interpretation. In recent 
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decades, the FHN model and its improved versions have served 
as a theoretical and experimental approach tested for understanding 
excitable media and neuronal synchronization, including studies on 
coupled pairs and pattern formation (Yanagita et al., 2005; Plotnikov 
and Fradkov, 2019; Scialla et al., 2021). Coupled FHN neurons have 
been extensively analyzed for their synchronization behavior, re‐
vealing multi-stability, phase-repulsive and phase-attractive regimes, 
and the onset of complex firing patterns, including cyclic and chaotic 
dynamics. Extensions to diffusive and boundary-coupled networks 
uncovered rich spatiotemporal structures, such as Turing instabilities, 
spiral waves, and chimera states, driven by diffusion, time delays, 
and network topology (Quininao and Touboul, 2020; Tah et al., 
2021; Ji and Mao, 2024; Wang HL et al., 2025). Recent work has 
even demonstrated synchronization mode transitions, chimera-like 
dynamics, and bifurcation delays in spatially extended FHN net‐
works, highlighting their continued relevance in modern nonlinear 
neural modeling (Plotnikov and Fradkov, 2016; Gerster et al., 2020).

Concurrently, novel electronic devices have been incorporated 
into neuromorphic circuits to better mimic neural function. In par‐
ticular, metal-oxide memristors (resistive memory devices) can em‐
ulate synaptic plasticity and neuronal firing behaviors (Prezioso et al., 
2015; Zidan et al., 2018; Deswal et al., 2019; Tian et al., 2025). 
They have been used to implement integrate-and-fire spiking dy‐
namics and spike-timing-dependent plasticity (STDP) in hardware 
arrays (Di Ventra et al., 2009; Khacef et al., 2023; Tomassoli et al., 
2024) and show important application in building dense crossbar 
neural networks (Prezioso et al., 2016; Busygin et al., 2025). More re‐
cently, “memelements” beyond memristors, notably memcapaci‐
tors (capacitors with memory), have attracted interest because they 
can both store energy and exhibit history dependence (Romero et 
al., 2021; Ge et al., 2025a). These two kinds of memristors are con‐
sidered higher-order nonlinear resistors with charge-dependent or 
magnetic flux-dependent resistance or memductance. The linear 
part consumes Joule heat, while the remaining higher-order term 
in the memristive function describes the field effect of the memris‐
tor. In the general approach of memristor-coupled nonlinear circuits, 
additive branch circuits incorporated with memristive elements are 
connected in parallel to the capacitive and inductive elements in other 
branch circuits, and the dynamics of developed memristive models 
show dependence on the initials and multi-stability (Budhathoki 
et al., 2013; Minati et al., 2020; Isah and Bilbault, 2022; Shao et al., 
2024, 2025). Memristors can connect a voltage source for generat‐
ing electric stimuli within a specific frequency band (Xie et al., 
2024), and the filtered signals are very similar to realistic signals 
imposed on the nervous system. A hybrid ion channel (Yu et al., 
2025) can be designed by connecting a memristor to an inductor in 
series, and continuous energy exchange is helpful in triggering st‑
able firing activities in the neural circuit. Most importantly, a mem‐
ristor can replace the capacitor, inductor, and even nonlinear resis‐
tor in the neural circuit. For example, a breakdown in the capacitor 
or inductor, or non-availability of some electric components, includ‐
ing capacitors or induction coils in the neural circuits, will termi‐
nate the signal processing and energy exchange, but some recent 
studies have confirmed that incorporation of a memristor can en‐
hance energy exchange, enabling the neural circuit to present similar 
firing patterns without using any capacitors or inductors (Guo et al., 
2024; Yang et al., 2024d; Lei et al., 2025).

Memcapacitors add the ability to recover and modulate energy 
flows in a circuit, potentially yielding more bio-plausible neuron 
models (Zheng et al., 2022). For example, Li PY and Li (2025) re‐
placed the FHN circuit’s ordinary capacitor with a charge-controlled 
memcapacitor and found that the resulting neuron exhibits a rich rep‐
ertoire of dynamical regimes, including tonic spiking, subthreshold 
oscillations, bursting and bi-stability, and transitions among periodic, 
multi-periodic, and chaotic firing, depending on the stimuli and ini‐
tial conditions. Ge et al. (2025b) similarly modeled an FHN neuron 
with a Miller-effect memcapacitor, derived an equivalent Hamilton, 
and showed that the system’s impedance and firing behavior de‐
pend on the flux history. They observed memory-dependent imped‐
ance, state-dependent energy firing, and even noise-induced reso‐
nance peaks in the energy dynamics. Shi et al. (2024) introduced a 
memristor-coupled memcapacitor synapse in a Hopfield neural net‐
work, where the novel memcapacitor-synapse element exhibited 
complex plastic dynamics and extreme multistability, demonstrating 
brain-like “bionic” memory behavior of the combined memristor–
memcapacitor structure. Studies on chaotic circuits combining mem‐
ristor and memcapacitor elements have reported extreme multi-
stability and complex phase dynamics suitable for neuromorphic 
tasks (Chen et al., 2023; Han et al., 2024). Cellular neural networks 
leveraging memcapacitor elements suggest promising applications 
in associative memory and cryptography (Wang X et al., 2025).

Beyond single-membrane configurations in which the neuron 
model has one capacitive variable for the membrane potential, the 
concept of neuron models containing a double-layer membrane has 
been explored to mirror the biophysical complexity of lipid bilayers 
and extracellular field interactions. These neuron models have two 
capacitive variables (Li YN et al., 2024a; Wang BC et al., 2024, 2025; 
Wang HL et al., 2025), which measure the energy characteristic 
and potential diversity for the inner and outer cell membrane, and 
two capacitors are coupled in parallel with other branch circuits in 
the neural circuits. Guo et al. (2023) suggested a neuron model 
containing a memristive membrane and its circuit implementa‐
tion of two capacitive variables expressed by coupling two capaci‐
tors via a memristor. Yang et al. (2024c) simulated dynamics in a 
memristor-mediated double-membrane neuron, highlighting the 
role of inter-membrane energy gradients in coherence resonance 
and adaptive firing. Song et al. (2025) discussed the energy dy‐
namics and resonance in a neuron holding with a memristive chan‐
nel and membranes. These double-membrane models reveal how 
inter-membrane coupling and energy gradients can regulate excit‐
ability and synchronous firing in networks. Unlike previous double-
membrane models, where both layers were represented by conven‐
tional capacitors, our study introduces a memcapacitor as the outer 
membrane. Compared with existing memristive FHN models that 
adjust firing mainly through resistive memory effects, the memca‐
pacitor provides a charge- and energy-dependent mechanism, al‐
lowing the outer membrane to exhibit memory-dependent capaci‐
tance and deformation under external stimuli. As a result, it be‐
comes the key factor in energy regulation and stochastic reso‐
nance, thereby highlighting the novelty of our approach. Recent 
achievements have introduced discrete memristive neuron models 
that incorporate magnetic induction and electromagnetic effects, 
exhibiting rich dynamical behaviors such as multi-stability, chaotic 
bursting, and bifurcation transitions consistent with FHN mechanisms 
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(Li YN et al., 2024b; Yang et al., 2024a; Song and Yang, 2025). 
Comprehensive discussions of neural circuit dynamics from a physi‐
cal perspective are available in recent reviews (Ma, 2023; Panda 
et al., 2024; Yang et al., 2024b).

In the present study, we continue this trajectory by construct‐
ing a double-membrane FHN-type neuron in which one membrane 
is represented by a conventional linear capacitor and the other by a 
memcapacitor, with a resistor between them (modeling the intra-
membrane dielectric). By incorporating a memcapacitor into the 
model, we simulate a deformable membrane structure that dynami‐
cally adjusts its capacitive state in response to electrical and ener‐
getic fluctuations. This not only enhances the biophysical plausibil‐
ity of the model, but also allows for dynamic adaptation akin to real 
cellular membranes responding to external stimuli. To assess the in‐
fluence of uncertainty and an external electromagnetic field on neu‐
ronal activities, a noisy disturbance is introduced, revealing the 
presence of stochastic resonance. In addition, we propose a self-
adaptive parameter evolution law to investigate regulatory behav‐
ior in the memcapacitive neuron model. The resulting dynamical 
features and associated energy profiles are systematically analyzed.

2 Neural circuit and model description 

In this model, the architecture of the proposed neural circuit is 
built upon an essential biophysical assumption. Two capacitive ele‐
ments, including a memcapacitor and a common capacitor, are 
combined in parallel via a linear resistor, and the coupled device 
describes the two-layer cell membrane with flexibility in the outer 
membrane. Additive branch circuits are incorporated with an induc‐
tor, a constant source, and a nonlinear resistor, and are suitable for 
measuring the electrical activities in the corresponding ion chan‐
nels. In addition, one linear resistor in the inductive branch circuit 
is used to estimate the Joule heat during ion propagation in the ion 
channel. The linear resistor connecting two capacitive elements de‐
scribes the material property between outer and inner cell mem‐
branes, and its consumption of Joule heat explains the filtering 
function of the cell membrane, when intracellular ions are pumped 
to pass through the ion channels embedded in the cell membrane. 
The outer cell membrane is sensitive to external stimuli, and shape 
deformation will induce changes in the membrane parameter in the 
presence of external electric excitation iS.

Following Kirchhoff’s law, the correlation for the physical 
variables in Fig. 1 is given by
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VMC−VC

R1

− iL− iNR,

L
diL

dt
= VC−E−R0iL,

iMC =− VMC−VC

R1

+ iS.

(1)

In the circuit representation, the linear resistor R1 simulates 
the resistance of the medium between the two membrane layers. 
Here, VC denotes the voltage across the capacitor, while VMC repre‐
sents the voltage across the memcapacitor. The circuit in Fig. 1 is 
designed to reflect key physical properties of cell membranes. The 

capacitor describes the capacitive behavior of the inner membrane 

due to static distribution and stochastic diffusion of intracellular ions 

and is assumed to have constant capacitance, meaning no changes 

in the inner membrane of the neuron. An inductor is introduced to 

simulate magnetic field effects induced by directional ionic cur‐

rents across membrane channels. The nonlinear resistor captures 

the anisotropic coupling between electric and magnetic energy in 

complex intracellular environments. To account for the biophysical 

difference across membrane layers, a double-membrane structure is 

adopted: the inner membrane is modeled by a conventional capacitor, 

while the outer membrane—more susceptible to deformation under 

external stimuli—is represented by a memcapacitor with time-varying 

capacitance. This configuration enables simultaneous consideration 

of inner and outer membrane dynamics and their energy-dependent 

interactions. The channel current across the nonlinear resistor and 

the generalized memcapacitor are described by
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M (σ )q ( t ) ,
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= iMC,
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= q.

(2)

Within this straight-line region, the current iNR is proportional 

to the cross-voltage, and the resistivity remains a constant ρ. Here, V0 

represents the critical point where the i–V curve for the nonlinear 

resistor transitions from the linear region to the nonlinear region. The 

relationship between the inverse-capacitance of the memcapacitor 

(Han et al., 2024) used in this paper and the state variables is given by

C −1
M (σ )=

R12

R11

σ+
R12

R10

σ2. (3)

The memcapacitor model derived from the equivalent circuit 

does not satisfy dimensional consistency, where the variable σ cal‐

culates charge accumulation within a transient period. The coeffi‐

cients R12/R11 and R12/R10 have no physical units and therefore 

should be corrected by applying suitable physical parameters. To 

address this, two dimensional parameters are introduced: a with 

unit of [1/(CTQ)] and b with unit of [1/(CTQ)2], where [T] denotes 

time, [C] denotes capacitance, and [Q] denotes an electric charge 

unit (the square brackets “[ ]” denote the dimension of a physical 

Fig. 1  Neural circuit with a memcapacitive membrane. C, E, CM, L, 
and NR represent the capacitor, constant voltage power, memcapacitor, 
inductor, and nonlinear resistor, respectively
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quantity). Accordingly, the inverse-capacitance expression of the 
memcapacitor is reformulated as follows:

C −1
M (σ)=a

R12

R11

σ+ b
R12

R10

σ2. (4)

To describe the physical mechanism of the memcapacitor em‐
bedded in the proposed circuit, we consider its constitutive relation, 
in which the terminal voltage VMC(t) is determined by the accumu‐
lated charge q(t) and a state-dependent inverse-capacitance func‐
tion C−1

M(σ). The inverse capacitance is modeled as a quadratic func‐
tion of the internal state variable σ(t): C−1

M(σ)=A1σ+A2σ
2, where A1 

and A2 are adjustable physical parameters associated with the prop‐
erties of capacitance, resistance, and charge level. This nonlinear 
relationship implies that the memcapacitance CM(σ) varies dynam‐
ically with the internal state, and the quadratic term introduces 
asymmetric modulation effects, distinguishing the device from con‐
ventional linear capacitors. The internal state σ evolves according 
to the time integral of charge, governed by dσ/dt=q(t), which re‐
flects the memory behavior intrinsic to the device, and its electrical 
properties depend not only on the instantaneous input but also on 
the entire history of charge flow. Under periodic excitation, this 
leads to the emergence of non-symmetric double-loop hysteresis in 
the q–VMC characteristic, a hallmark of memcapacitive systems. The 
ratios R12/R11 and R12/R10 in Eq. (3) serve as tuning parameters that 
adjust the balance between linear and nonlinear contributions, en‐
abling flexible modulation of the memory effect and mimicking bi‐
ologically relevant membrane adaptation behaviors.

To facilitate subsequent analysis and simulation, all the in‐
volved variables have been updated in presenting dimensionless 
forms, resulting in a set of simplified control equations that de‐
scribe the dynamic evolution process of the system, particularly fo‐
cusing on the characteristic performance of the memcapacitor oscil‐
lator. The variables and physical parameters in Eqs. (1), (2), and 
(4) have been replaced by their equivalent dimensionless forms. 
The specific transformation criterion is given by
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(5)

The dynamics for the physical variables in Eq. (1) can be dis‐
cussed in relation to the memcapacitor oscillator, which is given by
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(6)

Physically, the memcapacitor defines a membrane whose per‐

mittivity changes based on the history of the electric field and stored 

charge, analogous to deformation or reconfiguration of lipid bilay‐

ers in response to sustained external stimulation. The resistor between 

the two capacitive layers reflects the intra-membrane resistance or 

dielectric coupling, capturing inter-layer ionic or structural interac‐

tions. The charge variable q governs the energy level and electric 

field in the memcapacitor, dictating how capacitance states evolve 

with stored charge. Within this neural circuit architecture, capaci‐

tors, the inductor, and the memcapacitor collectively store the field 

energy. During the scale transformation for physical time in Eq. (5), 

the reference time can also be selected as R0C, and the dimension‐

less time scale τ=t/(R0C) will support another group of new vari‐

ables. The new theoretical model maintains the same physical and 

dynamical properties even though the obtained model may show 

some difference from Eq. (6). Consequently, the total field energy 

W and its corresponding dimensionless energy function H are de‐

fined by

ì

í

î

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïïï
ï

ï

ï

ï

ï

ï

ï

W =
1
2

CV 2 +
1
2

Li2
L +

1
2

CMV 2
MC

    = CV 2
0 ( )1

2
x2 +

1
2λ4

y2 +
1
2
λ2wz2 +λ3w2 z2 , 

H =
W

CV 2
0

=
1
2

x2 +
1

2λ4

y2 +
1
2
λ2wz2 +λ3w2 z2, 

HC =
1
2

x2, HL =
1

2λ4

y2,

HMC =
1
2
λ2wz2 +λ3w2 z2.

(7)

The field energy of the neural circuit is saved in these electric 

components, and its equivalent dimensionless form H can be de‐

rived by recasting the neuron model presented in Eq. (6) into an 

equivalent vector representation, leveraging the Helmholtz decom‐

position criterion.
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(8)

where the gradient energy ∇H describes the gradient distribution of 

spatial forces, the skew-symmetric matrix J(X) represents the vortex 

field Fc(X), and the symmetric matrix R(X) relates to the gradient 

field Fd(X). Following the criterion in Eq. (8), the neuron with mem‐

capacitive variable and two-layer membranes can be expressed by 

Eq. (9).
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where

a11 = ( λ1 − 1) − 1
3
λ1 x2, a22 =

( − λ5 y − λ6 )λ4

y
,

a33 =
2x − λ2 zw − λ3 zw2 + IS

λ2 zw + λ3 zw2
, a44 =

1
0.5λ2 z + λ3 zw

.

Notably, the eigenvector in Eq. (9) is consistent with the gradi‐

ent energy term specified in Eq. (7). Thus, the neuron model devel‐

oped from the neural circuit has a unique and exact energy func‐

tion. Variations in energy levels can influence the firing behavior 

and membrane potential. On the other hand, alterations in intrinsic 

parameters or membrane potential can indicate potential shifts in 

the neuron’s energy state. The introduction of external forcing in‐

jects energy into the system, thereby triggering dynamic changes in 

the memcapacitive membrane, and then the energy proportion of 

other branch circuits/ion channels is changed synchronously. As a 

result, one of the coherent parameters with the memcapacitor (λ2, 

λ3) can be regarded as a tunable parameter, whose evolution is regu‐

lated by the energy flow within the system.

dλ3

dτ
=σλ3Θ ( H−λ ) ,

 Θ ( P )={1, P⩾0,

0, P < 0.

(10)

Here, Θ(P) denotes the Heaviside step function. Specifically, 

the gain parameter σ determines the step size of memcapacitance 

growth, and the parameter for the higher-order term of memca‐

pacitance begins to increase exponentially when the system energy 

exceeds a certain threshold λ. To probe the influence of external 

fields on the capacitor channel and memcapacitor, zero-mean Gauss‐

ian white noise (statistical property<Sext(τ), Sext(τ′)⩾Dδ(τ−τ′)) with 

intensity D can be incorporated into the first and third terms of 

Eq. (6). The additive noisy excitations result from stochastic fluctu‐
ation in the electric field. This stochastic perturbation enables in‐
vestigation of noise-driven stochastic phenomena in individual neu‐
rons via controlled intensity modulation.

The coefficient of variation CV predicts the correlation and reg‐
ularity of the sampled time series for signal series and is considered 
a statistical approach suitable for use on available sampled time series 
for one variable in the system. The noise intensity is changed care‐
fully to detect the appearance of the lowest CV value, and coherence/
stochastic resonance is induced and predicted, which is shown as

CV = <T 2 >−< T > 2

<T >
, (11)

where Δτ=T denotes the inter-spike interval (ISI) of the membrane 
potential time series and serves as a measure of temporal regularity. 
Simultaneously, the average value of energy <H> is computed via

<H >=
1
τ ∫0

τ

H ( τ )dτ≈ 1
N∑i=1

N

Hi . (12)

Within a transient period, t=Nh is used to find numerical solu‐
tions, where N indicates the number of iterations and h is the time 
step for numerical simulation. Analysis reveals stochastic resonance 
at the specific noise intensity where the CV versus noise intensity 
curve attains its global minimum. Concurrently, the <H> versus 
noise intensity profile reaches its peak at this identical intensity, 
corroborating the resonance condition. Bifurcation analysis and co‐
herence resonance are described in the following section, followed 
by the implementation of an adaptive control scheme to modulate 
energy levels and govern transitions in neural firing patterns.

3 Numerical results and discussions 

Modifying component physical parameters or external excita‐
tion intensity in neural circuits can induce voltage output patterns 
resembling biological neuronal firings. The external stimuli applied 
in the model take the form of a periodic signal, specifically IS=
Acos(ωτ), representing rhythmic environmental inputs, where A 
is the amplitude and ω is the angular frequency. The fourth-order 
Runge–Kutta method is used to find the time series of variables 
for further nonlinear analysis. Numerical simulations herein use a 
dimensionless integration step size of h=0.01.

Bifurcation analysis serves as an effective tool for predicting 
transitions in neuronal firing patterns. Peak values of the mem‐
brane potential (xpeak) are extracted from the time series in the pres‐
ence of varying parameters under the external driving signal. Here, 
xpeak refers to the maximum amplitude observed in the sampled neu‐
ronal membrane potential. By adjusting the memcapacitive parame‐
ters λ2 and λ3, the neuron exhibits transitions between periodic and 
chaotic dynamics. These switches are captured through variations 
in peak values of the membrane potential, with the largest Lyapu‐
nov exponent (LLE) plotted against different values of λ2 and λ3 
(Fig. 2).

The results in Fig. 2 indicate that chaotic behavior can emerge 
within specific parameter ranges. However, as the bifurcation 
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parameters continue to increase, the system eventually settles into 

a stable regime characterized by a negative LLE and the suppres‐

sion of chaotic oscillations, as shown by the extensive numerical 

results in Fig. 3.

The neuron described by Eq. (6) can exhibit bursting, spiking, 

or chaotic activities when the angular frequency or amplitude of 

the external stimuli is carefully tamed (Fig. 3). To simplify the anal‐

ysis, different amplitudes and angular frequencies are applied to in‐

duce distinct firing behaviors, and the associated energy levels are 

computed. Figs. 4 and 5 present the phase portraits correspond‐

ing to chaotic, bursting, and periodical states and the evolution of 

the system’s energy.

When chaotic activity in the neuron is suppressed, giving rise 

to bursting or periodic firing modes, the underlying attractors are 

reshaped, accompanied by a notable change in the average energy 

level. Typically, the chaotic state is associated with a lower average 

energy value. As plotted in Eq. (7), the total energy function comprises 

three components: capacitive, inductive, and memcapacitive energy 

terms. To better understand their respective roles, Fig. 6 presents 

the relative contributions of each component to the average energy, 

allowing for a more detailed interpretation of how energy is redis‐

tributed during dynamic transitions.

The memcapacitive term contributes most of the total Hamil‐

ton energy, often exceeding the combined contributions from the 

Fig. 2  Distribution of peak values of the membrane potential (a and b) and LLE (c and d) versus bifurcation parameters. λ3=3.8 for (a) and (c), and λ2=
3.3 for (b) and (d). λ1=1.8, λ4=2.8, λ5=6, λ6=0.05, A=5.8, ω=2, and initial conditions are fixed at (2, 2, 0.1, 0.1)

Fig. 3  Distribution of peak values of the membrane potential (a and b) and LLE (c and d) versus bifurcation parameters. ω=2 for (a) and (c), and A=
5.8 for (b) and (d). λ1=1.8, λ2=3.3, λ3=3.8, λ4=2.8, λ5=6, λ6=0.05, and initial conditions are fixed at (2, 2, 0.1, 0.1)
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capacitive and inductive elements (Fig. 6). This underscores its reg‐
ulatory dominance in determining firing patterns and energy flow 
within the neuron. The capacitive and inductive energy components 
contribute significantly less, with negligible fluctuations in present‐
ing different firing modes. Crucially, the memcapacitor strongly 

influences the neuron’s firing patterns: chaotic firing correlates with 
reduced memcapacitive energy storage, whereas periodic firing coin‐
cides with peak memcapacitive energy levels. The dynamic behavior 
of the neuron under the influence of the adaptive regulation de‐
scribed in Eq. (10) is worthy of investigation, especially in terms 

Fig. 4  Phase portraits (a, d, g) and evolution of membrane potential (b, e, h) and energy value (c, f, i) corresponding to chaotic (a–c, A=5.2), bursting 
(d–f, A=5.608), and periodical (g–i, A=7.5) states. λ1=1.8, λ2=3.3, λ3=3.8, λ4=2.8, λ5=6, λ6=0.05, ω=2, and initial conditions are fixed at (2, 2, 0.1, 0.1)

Fig. 5  Phase portraits (a, d, g) and evolution of membrane potential (b, e, h) and energy value (c, f, i) corresponding to periodical (a–c, ω=1.5), bursting 
(d–f, ω=2.045), and chaotic (g–i, ω=2.09) states. λ1=1.8, λ2=3.3, λ3=3.8, λ4=2.8, λ5=6, λ6=0.05, A=5.8, and initial conditions are fixed at (2, 2, 0.1, 0.1)
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of mode transitions and associated energy variations. The results are 
illustrated in Fig. 7.

Counterintuitively, implementing a larger gain increases the 
transient period for reaching the saturation value for the growing 
parameter λ3 because the dynamics of firing patterns is dependent on 
this parameter in a nonlinear way. This firing pattern transition corre‐
sponds with energy variations, leading to stable periodic firing modes.

To evaluate and confirm the stochastic characteristics and ef‐
fects, Gaussian white noise is incorporated into the neuron for regu‐
lating neural activities. We characterize the response by computing 
the dependence on the noise intensity D of both the coefficient of 
variation CV and the average value of energy <H> . Fig. 8 illus‐
trates the dependence of CV and <H> on noise intensity D under 
two distinct perturbation schemes: introducing noise into the mem‐
brane potential equation (i.e., the first state variable); introducing 
noise into the memcapacitor channel dynamics (i.e., the third state 
variable).

When noise is applied to the first or third term of Eq. (6), it rep‐
resents the impact of external electric field fluctuations on the ca‐
pacitor channel and the memcapacitor channel, respectively. When ap‐
plying Gaussian white noise perturbations, both cases exhibit stochas‐
tic resonance phenomena. When noise is applied to the memcapacitor 

channel (outer membrane), the CV value at resonance is lower 
(0.187 64), while the corresponding <H> is higher (5.236 44). This in‐
dicates the occurrence of stronger resonance intensity, higher rhyth‐
mic firing regularity, and enhanced coherence compared to the 
resonant state observed when noise is applied to the capacitive chan‐
nel (inner membrane). The emergence of stochastic resonance re‐
quires different thresholds when noise is applied to regulate the 
outer and inner membranes. Similarly, stochastic resonance can be 
induced when additive noise is imposed for exciting the second 
variable for the inductive channel, and the mean energy obtains an‐
other maximum value at moderate noise intensity. To validate the 
dynamic characteristics governed by Eq. (6), an analog circuit com‐
posed of operational amplifiers, analog multipliers, resistors, and 
capacitors is constructed (Fig. 9). The corresponding firing patterns 
under different input amplitudes are presented in Fig. 10.

During the operation of the analog neural circuit, its firing dy‐
namics can be controlled by varying the external voltage input. By 
modulating the stimulus amplitude, the circuit exhibits both periodic 
and chaotic behaviors. This circuit implementation strengthens the 
practical relevance of the proposed model, with the simulated out‐
comes in Fig. 10 showing excellent agreement with the numerical 
results shown in Figs. 4a, 4b, 4g, and 4h.

Fig. 6  Average values for capacitive, inductive, and memcapacitive energy terms: (a) ω=2, bursting A=5.608, periodic firing A=7.5, chaotic firing A=5.2; 
(b) A=5.8, bursting ω=2.045, periodic firing ω=1.5, chaotic firing ω=2.09. λ1=1.8, λ2=3.3, λ4=2.8, λ5=6, λ6=0.05, and initial conditions are fixed at (2, 2, 0.1, 0.1)

Fig. 7  Evolution of firing patterns (a and b), energy levels (c and d), and parameters (e and f) under the adaptive control law. σ=0.06 for (a–c), and σ=0.08 
for (d–f). λ1=1.8, λ2=3.3, λ4=2.8, λ5=6, λ6=0.05, A=5.8, ω=2, λ=65, and initial conditions are fixed at (2, 2, 0.1, 0.1). The parameter λ3 begins its growth from 1
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In summary, the numerical analysis confirms that the pro‐
posed memcapacitive neuron model exhibits diverse dynamical be‐
haviors, including chaotic, bursting, and periodic firing, under various 
parameter regimes. The memcapacitor plays a decisive role in mod‐
ulating these behaviors through its energy-dependent properties. 
The inclusion of adaptive control and stochastic perturbations fur‐
ther enhances the model’s flexibility, allowing for energy-guided tran‐
sitions and coherence optimization. Indeed, incorporation of the mem‐
capacitor into the neural circuit is well suited for measuring the 
flexible property of the cell membrane, and the effect of shape de‐
formation of the outer membrane of the neuron is estimated in a 
quantitative way. Importantly, experimental implementation using 
analog circuits validates the theoretical predictions and demonstrates 
the physical feasibility of the model, thereby reinforcing its relevance 
in bio-inspired neuromorphic systems. That is, by considering the 
main physical properties of biological neurons, distinct resonance 

characteristics under noisy excitation can be induced by our pro‐

posed model. Besides the common stochastic resonance, the occur‐

rence of similar inverse stochastic resonance (ISR) (Lu et al., 2020; 

Zamani et al., 2020; Wang XQ et al., 2023; Yamakou et al., 2024) 

can be discussed. This study aims to investigate an approach to mod‐

eling a single neuron with a controllable memory cell membrane. 

The theoretical model can be further used to explore the collective 

dynamics, including synchronization stability and pattern formation 

in networks composed of the same neurons or neurons with param‐

eter diversity. In addition, memristors can be connected to additive 

branch circuits of the neural circuit, and the memristive channel 

becomes controllable in signal processing. For further biophysical 

guidance and potential application of similar neural circuits, read‐

ers are referred to recent reviews and references therein (Ma and 

Guo, 2024; Ma, 2025).

Fig. 8  Dependence of CV and <H> on noise intensity D under two distinct perturbation schemes: (a, c) the noisy excitation is applied to the right side of 
the first formula in Eq. (6); (b, d) the noisy excitation is applied to the right side of the third formula in Eq. (6). λ1=1.8, λ2=3.3, λ3=3.8, λ4=2.8, λ5=6, λ6=
0.05, A=5.8, ω=2, and initial conditions are fixed at (2, 2, 0.1, 0.1)

Fig. 9  Analog circuit implementation based on Multisim. An external voltage V1 is imposed on the working unit. VEE: emitter voltage; VCC: voltage 
collector common
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4 Conclusions

In this study, an additional memcapacitor is integrated into the 

FHN neural circuit and connected to a traditional capacitor via a 

linear resistor to simulate both the capacitive properties and deforma‐

tion characteristics of a cell membrane. This configuration enables 

the characterization of capacitive energy diversity in neurons with 

memcapacitive membranes and allows the controllability of the 

membrane to be described by adjusting the memcapacitance param‐

eters. The proposed neuron can be considered a new model contain‐

ing two capacitive variables, and the physical mechanism of ca‐

pacitance regulation is explained. That is, both external electric 

stimuli and electric field polarization modify the energy levels of 

the neuron, and the outer cell membrane regulates its capacitance 

based on the charge levels and energy value. Under external stimu‐

lation, changes in energy levels and distribution are observed, and 

the memcapacitive neuron exhibits transitions in firing modes. By 

modulating the noise intensity, stochastic resonance can be in‐

duced, leading to highly regular neural activity at an optimal noise 

level, which also supports the maintenance of maximum Hamilton 

energy. In this paper, we propose a novel memcapacitor-based neu‐

ron model with improved biophysical relevance, as it incorporates 

additional physical effects to better emulate the behaviors of real 

biological neurons. Although this study focuses on a single-neuron 

model, future studies could extend it to network-level investiga‐

tions. The memcapacitive neuron model not only enriches theoretical 

understanding but also points to potential applications. Its adaptive 

capacitive property and the observed stochastic resonance effect 

suggest prospects in reconfigurable neuromorphic hardware and 

noise-tolerant neural signal processing.
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