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Abstract: A control algorithm for a 3-RPS parallel platform driven by pneumatic cylinders is discussed. All
cylinders are controlled by proportional directional valves while the kinematic and dynamic properties of the system
are modeled. The method of adaptive robust control is applied to the controller using a back-stepping approach
and online parameter estimation. To compensate for the uncertainty and the influence caused by estimations, a fast
dynamic compensator is integrated in the controller design. To prevent any influence caused by the load applied
to the moving platform changing in a practical working situation, the identification of parameters is taken as the
initialization of unknown parameters in the controller, which can improve the adaptability of the algorithm. Using
these methods, the response rate of the parameter estimation and control performance were improved significantly.
The adverse effects of load and restriction forces were eliminated by the initialization and online estimation.
Experiments under different situations illustrated the effectiveness of the adaptive robust controller with parameter
initialization, approaching average tracking errors of less than 1%.
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1 Introduction

Parallel mechanisms are now used widely in
many industrial and civil applications, such as mo-
tion simulators, adjustment platforms, and virtual
reality equipment (Merlet, 2002). Compared with a
full six-degree-of-freedom (6-DoF) structure, such as
a Stewart platform, the incomplete DoF 3-RPS (par-
allel mechanism that has three chains with revolute
(R), prismatic (P), and spherical (S) joints in each
one) manipulator retains the three most important
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freedoms—roll, pitch, and heave—of a virtual real-
ity entertainment moving stage. As a type of parallel
mechanism, it has the advantages of heavy load ca-
pacity, high rigidity, and low inertia (Pfreundschuh
et al., 1991). Because there are only three actuators
driving the moving platform, the hardware costs can
be lower and the controller structure can be sim-
pler. Many mechanism and structural analyses have
been conducted regarding its kinematic and dynamic
properties (Wang et al., 2005; Zheng et al., 2011).
Researchers have also studied realistic devices that
have 3-RPS structures and similar types. To con-
trol the posture of the platform, the accuracy of the
model parameters is the key to performance control.
Because there are seven moving parts and friction
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forces exist in all joints, all the inertial, frictional,
and load parameters will lead to a large observa-
tion matrix and parameter vector. Farhat and Díaz-
Rodríguez proposed methods for this kind of identi-
fication process (Farhat et al., 2008; Díaz-Rodríguez
et al., 2010).

Many 3-RPS platforms that are used currently
are driven by electric or hydraulic cylinders to pro-
vide adequate control precision. However, for some
occasions that have the large demands of 3-RPS plat-
forms, the lower cost advantage of pneumatic cylin-
ders makes them part of the market, even though
the trajectory tracking accuracy is much lower than
those of electric and hydraulic devices. Due to the
compressibility of air and nonlinear characteristics of
pneumatic elements, pneumatic servo control is also
much more difficult. Improvements in pneumatic
servo control performance have long been a goal of re-
searchers and engineers. During recent years, many
studies had been performed in this area with many
algorithms applied to pneumatic systems, such as
feedback linearization, self-tuning, fuzzy, and sliding
mode controls (Kimura et al., 1997; Richardson et al.,
2001; Schulte and Hahn, 2004; Girin et al., 2009).
Based on the back-stepping method, the adaptive
robust controller has attracted researchers’ atten-
tion for its resistance to parameter uncertainties and
nonlinear characteristics (Yao and Tomizuka, 1997;
Smaoui et al., 2006). In recent years, the developed
theories have been successfully applied in mecha-
tronic control systems based on linear motors (Chen
et al., 2013a; 2013b) and hydraulic elements (Yao
et al., 2014b), in addition to theoretical improve-
ments (Yao et al., 2014a; Chen et al., 2015). Apply-
ing adaptive robust method aspects in the controller
design has been shown to be an effective way to im-
prove the pneumatic servo system position control
performance for a single cylinder (Meng et al., 2013).

With developments in parallel mechanism anal-
ysis, pneumatic modeling, and control methods, re-
search advances in posture tracking control for a par-
allel platform driven by pneumatic elements have
been reported recently. For the parallel platform
used in virtual reality entertainment equipment (a
four-dimensional (4D) movie chair), posture condi-
tion and load forces vary heavily during ordinary
operation. This is quite different from the single-
cylinder experiments in the studies mentioned above.
To eliminate this defect, one choice is the use of pneu-

matic muscles, in which frictional forces do not exist
and their influences would not appear (Zhu et al.,
2008; 2009; Tao and Zuo, 2014). However, the pneu-
matic muscle can bear only one-directional tensile
force, which means it cannot be used in heavy load
conditions under compression forces. For a manip-
ulator driven by cylinders, which can accept forces
from both sides, some work has also been done with
different control methods (Grewal et al., 2011; 2012;
Ramsauer et al., 2012; Pradipta et al., 2013; An-
drievsky et al., 2014). The precisions of the plat-
forms driven by pneumatic cylinders in these stud-
ies were about 5%–20% and load-sensitive. An en-
tertainment 4D movie platform should bear about
a 200-kg load or more; the dynamic model would
change as the load varies in a realistic working situa-
tion. This may lead to controller instability without
a robust controller. Moreover, in the application of
multiple parallel platforms, the parameters assumed
to be constant in value during controller design may
differ in different manufacturing batches, such as the
dead-zone and friction properties.

In this study, based on aspects of adaptive ro-
bust control, a controller is designed accordingly
for a pneumatic parallel system model. Stability
is demonstrated numerically and the effectiveness
is validated through simulations and experiments.
Compared with the basic adaptive robust method,
a direct part is integrated into the robust controller
design to raise the transient performance. Moreover,
a new method integrated with parameter initializa-
tion (ARCPI) is proposed for posture control for the
parallel pneumatic manipulator to overcome the dis-
advantages caused by the variation of the initial esti-
mation value. The adaptability of this control algo-
rithm satisfies realistic working situations, and the
controller has much better tracking performance. In
the second section, the kinematic and dynamic mod-
els of the 3-RPS platform are established with me-
chanical constraints. Online load estimation, based
on a least-squares method and noncontinuous pro-
jection mapping, is proposed in Section 3.1. The
inertial and frictional parameters can be initialized
while using identification technology to resist load
changes and time-varying features, as discussed in
Section 3.2. A fast dynamic compensator is intro-
duced into the robust controller design, based on the
dynamic model of the 3-RPS system, as described in
Section 3.3. Based on the modeling and controller
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design, Section 4 provides the experimental results,
confirming the effectiveness of ARC and indicating
that the improved algorithm (ARCPI) can make the
pneumatic platform resist the effects of load vari-
ation and strengthen the adaptability of the con-
troller. A summary and discussion are provided in
the final section. Proof of stability of the controller
is provided in the Appendix.

2 Modeling of a 3-RPS pneumatic plat-
form

2.1 Kinematics

The transition matrix is shown in the form of
Tait-Bryan angles in Eq. (1), where s represents sin
and c represents cos. (AXbo,

A Ybo,
A Zbo) is the lo-

cation of the origin of the moving board in the fixed
board coordinate:

A
BR =
⎡
⎣

cβcγ −cβsγ sβ

cαsγ + sαsβcγ cαcγ − sαsβsγ −sαcβ

sαsγ − cαsβcγ cγsα+ cαsβsγ cαcβ

⎤
⎦ ,

(1)

where rA and rB are the lengths of OAAi and OBBi,
respectively. In the current structure, the joint
points Ai and Bi all locate on the same radius circle
on each plane, and OA and OB are the centroids of
the equilateral triangles A1A2A3 and B1B2B3, re-
spectively. Points Ai, Bi, OA, OB are in the same
plane. Fig. 1 shows the mechanical structure and the
coordinate configurations. ui is the normalized vec-
tor of the rotational joint axis. ni is the normalized
vector of Li.

According to the mechanical structure, the con-
straint equations can be written as

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

AYbo = rB(cosβ sin γ),

AXbo = rB
2 (cosβ cos γ

+sinα sinβ sin γ − cosα cos γ),

γ = − arctan
(

sinα sin β
cosα+cosβ

)
.

(2)

When the desired trajectory Xd in working
space {α(t), β(t), Z(t)} is given, according to the co-
ordinate definition in Fig. 1 and the constraints in
Eq. (2), the lengths of all actuators can be calcu-

lated in vector form:

Li =
A
BT

BPsi − APRi

= A
BRxyz

BPsi +
APbo − APRi, (3)

where Li is the vector of each cylinder piston rod’s
direction in the fixed coordinate. li = |Li| −L0i, L0i

is the original length of cylinder i, and li is the actual
position of each piston rod. Thus, the transition
functions from workspace Xd(α, β, z) to joint space
xd(l1, l2, l3) are established. Fig. 2 is the physical
platform connected to the signal conditioning board
(PCB) and NI-PXI controller.

S3

S1

S2

ZB

YB

XB

ZA

YA

XA
R3

R2

R1L3 L1

L2

f3 fsr3

fsr1

fsr2

f1

f2

u3
u2

u1
n3

n2

n1

OA

OB

OO

LLLL111

OOOOAAOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOBBBBOO
33 OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

rA

rB

F M
Vbo

ωbo

OA
ZA

YA
XA

L1

L2L3

OB

ZB

YBXBXXBBBXXXX α

β

z

Fig. 1 Mechanical structure of the 3-RPS pneumatic
platform

Fig. 2 Physical platform
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2.2 Dynamics

According to Carneiro and de Almeida (2007)
and Meng et al. (2011), a polytropic process is chosen
as a more accurate description of the thermodynamic
process in cylinder chambers:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ti = Ts

(
pi

pbal

)n−1
n

, pbal = 0.8077 ps,

dpi

dt = γaR
Vi

(ṁiinTs − ṁioutTi)

− γapi

Vi

dVi

dt + γa−1
Vi

Q̇i + din + d̃i0, i = a, b,

Vi = V0i +Ai(L/2 + x),

Q̇i = hShi(x)(Ts − Ti),

Shi(x) = 2Ai + πD(L/2 + x),

(4)
where h is the thermal conductivity of air and the
inner chamber surface, Shi(x) is the area of heat
exchange, ps is the source pressure, γa is the heat ca-
pacity ratio, and R is the ideal gas constant. Because
the natural frequency of the proportional directional
control valve (FESTO MPYE series) is much higher
than the bandwidth of the pneumatic servo system,
the dynamic feature of the valve core can be ignored.
The valve model in Eq. (5) is used to calculate the
mass flow:

qm =

⎧
⎪⎪⎨
⎪⎪⎩

A(u)CdCaPu/
√
Tu, Pd/Pu < pr,

A(u)CdCaCbPu/
√
Tu, pr < Pd/Pu < λ,

A(u)CdCaCcPu/
√
Tu, λ < Pd/Pu < 1,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ca =

√
(γa/R) (2/ (γa + 1))

(γa+1)/(γa−1)
,

Cb =

√
1−(Pd/Pu − pr)

2
/(1− pr)

2
,

Cc =
Pd/Pu−pr

1−λ

√
1−

(
λ−pr
1−pr

)2

,

Cd = 1.099− 0.1075Pd/Pu,

(5)
where Pd and Pu are the downstream and upstream
pressures, respectively, pr is the critical pressure ra-
tio, and λ is the linear flow ratio.

Based on the structure of the 3-RPS pneumatic
platform, the dynamic model in the joint space can
be written as follows:
{
Meẍ = AapL − bẋ−AfSf(ẋ)− FL + fn + f̃0,

ṗL = qL + Fp + dn + d̃0,

(6)
where Me = diag(m1,m2,m3), mi stands for the
equivalent inertial load of each piston rod, Aa =

HpAa. x = [x1, x2, x3]
T is the desired position curve

of each cylinder, pL = [pL1, pL2, pL3]
T, pLi = pia −

kiareapib, and kiarea is the area factor for the cylinder
chambers within the piston rod. pL is the first-level
virtual input. The physical meaning of pLi is the
equivalent pressure difference between the two cham-
bers of one cylinder. qL = [qL1, qL2, qL3]

T, which
stands for the second-level virtual input, is used as
the desired flow rate to calculate the control voltages
of the proportional valves. Fp = [Fp1, Fp2, Fp3]

T

is the load matrix applied to cylinder piston rods.
f̃n = [f̃n1, f̃n2, f̃n3]

T and f̃o = [f̃o1, f̃o2, f̃o3]
T rep-

resent the modeling error and disturbance on each
axis, respectively. dn = [dn1, dn2, dn3]

T and d̃o =

[do1, do2, do3]
T are the influence caused by the valve

model and disturbance of air flow, respectively. f̃o
and d̃o are the nonlinear uncertainty parts in the
model. Hp is constant at 105.

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

qLi =
γaR

HpVia
(ṁiainTs − ṁiaoutTia)

− γaR
HpVib

(ṁibinTs − ṁiboutTib) ,

Fpi = − γaAia

Via
ẋipia − γaAib

Vib
ẋipib

+ γa−1
HpVia

Q̇ia − γa−1
HpVib

Q̇ib.

(7)

Eq. (7) gives the mathematical expression of qLi and
FLi. Next, we define the unknown parameter vectors
θa, θb and their regression matrices ϕa, ϕb as shown
in Eqs. (8)–(10):⎧⎪⎪⎨

⎪⎪⎩

θa = [θ1, θ2, θ3]
T,

θi = [bi, Afi,−FLi + fni]
T, i = 1, 2, 3,

θb = [θb1, θb2, θb3]
T
= [dn1, dn2, dn3]

T,

(8)

ϕa =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẋ1 0 0

Sf1(ẋ1) 0 0

1 0 0

0 ẋ2 0

0 Sf2(ẋ2) 0

0 1 0

0 0 ẋ3

0 0 Sf3(ẋ3)

0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

ϕT
b = I3×3. (10)

Finally, the simplified dynamic model of the up-
per board driven by three pneumatic cylinders un-
der proportional valve control is established in the
following equations:

{
Meẍ = AapL +ϕT

a θa + f̃0,

ṗL = qL + Fp +ϕT
b θb + d̃0,

(11)
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⎧
⎪⎪⎨
⎪⎪⎩

θi ∈ Bθi ,

f̃0 ∈ Bf̃0
,

d̃0 ∈ Bd̃0
.

(12)

Although accurate values of θi, f̃0, and d̃0 are
unknown, the parameters all have definite physical
meanings and they should all be bounded. Bθi ,
Bf̃0

, and Bd̃0
are the boundary restriction in-

tervals for the unknown parameters and nonlinear
uncertainties.

3 Controller design and estimation

The NI-PXI system is used as the physical con-
troller and the data interactive environment from the
Simulink model to embedded software (Cheng and
Chen, 2013). The controller structure of the actual
3-RPS platform is shown in Fig. 3.
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Fig. 3 Control system diagram

3.1 Online parameter estimation

According to the dynamic analysis of the 3-RPS
platform, the unknown parameters are important for
control performance. However, not all of them can
be measured in advance, and the friction parameters
may change as the temperature or load distribution
varies. Moreover, the load feature will not be the
same as in the last operation in an actual working
situation. As mentioned above, given that the un-
known parameters are all bounded, the least-squares
method (LSM) can be used to estimate them.

Based on the parameters’ online estimation,
considering adaptive robust control, and assuming
f̃0 = d̃0 = 0, multiply a stable linear time invari-
ant (LTI) transfer function Gf with both sides of
Eq. (11). Define ϕT

if = Gfϕ
T
i to obtain the following

equations:
{
yaf = Gf(Meẍ−AapL) = ϕT

afθa,

ybf = Gf(ṗL − qL − Fp) = ϕT
bfθb,

(13)

which can be written as yif = ϕT
ifθi , i = a, b and is

in the standard linear regression form. Gf is used as
a filter to obtain the status values yif for the param-
eter estimation. According to the dynamic model of
a pneumatic servo system and related studies, the
transfer function’s order is three. So, we set Gf as a
combination of a second-order mass-spring-damping
system describing the motion of the piston rod and
a first-order system describing the relationship be-
tween air flow and pressure. By using this method,
the calculated yif is definitely stable. Gf is defined
as a third-order stable transfer function with the fol-
lowing form:

Gf =
ω2

f
(τfs+ 1) (s2 + 2ξωfs+ ω2

f )
. (14)

We use εi to represent the predictive error vector:

εi = ŷif − yif = ϕT
if θ̂i −ϕT

ifθi = ϕT
if θ̃i. (15)

The equation above is the standard parameter
estimation model. LSM can be used to obtain the
estimated vector θ̂i.

Moreover, noncontinuous projection mapping
is used to ensure that the estimation results are
bounded.

˙̂θ = satθ̇M
(Pr
θ̂
(Ψτ )), θ̂(0) ∈ Bθ, (16)

where Ψ is a positive-definite adaptive matrix, and τ

is an adaptation function. Bθ is the known boundary
set of the unknown parameters. satθ̇M

(·) is the satu-
ration function, which is used to limit the updating
speed of the parameters. ˙̂

θM is the maximum pa-
rameter updating speed determined in advance. Prθ̂
is the standard projection mapping (Goodwin and
Mayne, 1987; Yao and Tomizuka, 1997):

Prθ̂(Ψτ ) =

⎧
⎪⎪⎨
⎪⎪⎩

Ψτ , when θ̂ ∈ Bθ or ϕT
θ̂
Ψτ ≤ 0,(

1− Ψ
ϕθ̂ϕ

T
θ̂

ϕT
θ̂
Ψϕθ̂

)
Ψτ ,

when θ̂ ∈ ∂Bθ or ϕT
θ̂
Ψτ > 0.

(17)
The saturation function is defined as

sat ˙̂θM
(·)=sa·, sa =

⎧⎨
⎩
1, ‖·‖ ≤ ˙̂

θM,
˙̂θM/ ‖·‖ , ‖·‖ > ˙̂θM.

(18)
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Theorem 1 According to the definitions above, for
any case that satisfies Eq. (16), where Ψ > 0 is any
continuously differentiable positive symmetric adap-
tation rate matrix and τ is any adaptation function,
the estimated parameters vector has the properties
as given below:
⎧⎪⎪⎨
⎪⎪⎩

θ̂(t) ∈ Bθ = {θ̂ : θmin ≤ θ̂ ≤ θmax}, ∀ t,
(θ̂ − θ)T(Ψ−1Prθ̂(Ψτ )− τ ) ≤ 0, ∀ τ ,
| ˙̂θ(t)| ≤ θ̇M, ∀ t,

(19)

which means that by using this approach, the esti-
mated parameters would always be inside the closed
set of Bθ and the updated rate would be restricted.

The adaptive rate matrix Ψi is

Ψ̇i =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

αiΨi − Ψiϕifϕ
T
ifΨi

1+νiϕT
ifΨiϕif

,

when λmax(Ψi(t)) ≤ ρMi

and
∥∥Prθ̂(Ψiτi)

∥∥ ≤ θ̂Mi,

0, otherwise,

(20)

where 1 ≥ αi ≥ 0 is the fading factor that reduces
the influence caused by the old data. ν ≥ 0 is the
normalized factor, λmax(Ψi(t)) is the largest eigen-
value of Ψi(t), and ρMi is the upper bound of ‖Ψi(t)‖.
τi is the adaptive function, as shown in Eq. (21):

τi =
1

1 + νiϕT
ifΨiϕif

ϕifεi. (21)

3.2 Load compensation

Determination of the parameters’ initial values
can help the system status converge into a specific
stable condition faster, compared with nonchange-
able initial factors. To estimate these numbers, iden-
tification of the dynamic parameters of the 3-RPS
system can be helpful (Atkeson et al., 1985; Grot-
jahn et al., 2004; Farhat et al., 2008).

According to the Gibbs-Appell equations, the
open-chain mechanical system dynamics can be writ-
ten in a linear form as

W (q, q̇, q̈) ·Φ = τL, (22)

where W is a matrix that has the size ndof × (10n+

nfr). nfr is the number of frictional model parame-
ters, and n is the number of moving parts. τL is the
generalized forces vector applied to the actuators. Φ
is the vector of the dynamic parameters. If we focus
only on the upper moving board, then n = 1.

Φ =
[
MΦ IΦ Φfri

]T
, (23)

where MΦ = [mi, mcxi, mcyi, mczi], mi is the mass
of each body, and mcxi, mcyi, and mczi are elements
of the first mass moment with respect to the body’s
mass center. IΦ are the values of each body’s inertia
tensor elements, calculated about its local reference.
Φfri are the frictional model parameters.

In matrix W , there are many zero columns that
have no effect on the dynamic system as a whole, if
we consider all moving parts in the 3-RPS structure.
There are also some columns that have the same
direction as the others, which can also be reduced.
Thus, the observation matrix W is rank-deficient
and there are an infinite number of parameter so-
lutions. As such, it is important to reduce the size
of the dynamic model matrix to a smaller one that
is sufficient to solve for the parameters. Moreover,
considering the dynamic model reduction and the
frictional characteristics, the dynamic model of the
system has the following form:

W I
r ·ΦI

b + (Ffi −ZTFfe) = τL, (24)

where W I
r is the reduced observation matrix of the

inertia part, and ΦI
b is the base parameter, equal to

rank(W I
r ). Ffi and Ffe are independent and depen-

dent friction forces, respectively.
Based on the theory above, before estimating

the initial values of some key elements and applying
them to the real situation in this study, some pro-
cesses still need to be addressed. The main object is
the moving platform; the influence of the cylinders
and pistons is ignored to decrease the size of the ob-
servation matrix and the parameter vector. Because
the main friction forces exist in the sliding pairs be-
tween the cylinder walls and pistons, all other fric-
tion forces on spherical and revolute joints can be
ignored; i.e., Ffe is regarded as zero. The external
forces and torque applied to the upper board, i.e.,
FBe and τB, have the form shown in Eqs. (25) and
(26):

FBe = FBd − Ffs

= mP̈OB −mg + ω̇OB ×mc+ ωOB × (ωOB ×mc),

(25)
τB = IOB ω̇OB + ω̇OB × (IOBωOB)

+mc× (ω̇OB × c) +mc× (ωOB × (ωOB × c))

+mc× P̈OB −mc× g,
(26)

where FBd can be detected by pressure sensors at-
tached to all chambers. Ffs is the sliding friction
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force. POB is the origin of the moving coordinate at-
tached to the moving board in global coordinates. g
is the vector of gravity, which equals [0, 0,−9.8]m/s2.
c is the unknown location of the mass center relative
to POB . ωOB and ω̇OB are the angular velocity vec-
tor and angular acceleration vector, respectively.

The friction model is described by the following
equations:

{
fsi = (biẋi +AfiSfi(ẋi))ni,

Ffs =
∑

fsi,
(27)

where ni is the normalized direction vector of each
piston rod, which can be calculated based on the
position data of all cylinders.

Combining Eqs. (25)–(27), we obtain

UT
c = [FT

Bd, τ
T
B ]T = WT

c Φc, (28)

where WT
c is the observation matrix and Φc is the

parameter vector.

WT
c =

[
PW CW 1 0 N ·B
0 CW 2 CWP 0

]
. (29)

The calculation equations for these elements in
WT

c are shown in Eqs. (30)–(33). PW = P̈OB −
g. CW1 = C(ω̇OB) + C(ωOB)C(ωOB), CW2 =

C(P̈OB − g), CWP = D(ω̇OB) +C(ωOB)D(ωOB).
{
N = [ n1, n2, n3 ],

B = [ diag(ẋ1, ẋ2, ẋ3), diag(Sc1, Sc2, Sc3) ]3×6,

(30)

C(a) =

⎡
⎣

0 −az ay
az 0 −ax
−ay ax 0

⎤
⎦ , (31)

D(a) =

⎡
⎣

ax ay az 0 0 0

0 ax 0 ay az 0

0 0 ax 0 ay az

⎤
⎦ , (32)

IOB = IT
OB

=

⎡
⎣

I11 I12 I13
I21 I22 I23
I31 I32 I33

⎤
⎦ . (33)

3.3 Controller structure

Based on back-stepping concepts, there are two
steps in designing the controller, by which the cal-
culated control values are finally exported for the
proportional valves. The first step is considered at
the level of pressure. es is defined as a vector that is

similar to the sliding model surface vector. Kx is the
constant matrix chosen as a proportional feedback of
the tracking error vector e = x− xd.

{
es = ė+Kxe,

ės = ë+Kx(ẋ− ẋd).
(34)

pL is used as the first-level virtual input, and
ep = pL − pLd is used to describe the error between
the desired pressure vector pLd and the measured
pressure vector pL.

pLd = pLda1 + pLda2 + pLds1 + pLds2, (35)

where pLda1 is the model compensation part and
pLds1 is chosen as the proportional feedback to sta-
bilize the ideal modeled dynamic system:
⎧⎨
⎩
pLda1 =

(
−ϕT

a θ̂a +Meẍd −MeKxe
)
/Āa,

pLds1 = −Kpes/Āa,

(36)
where Kp is a positive-definite diagonal matrix.
pLda2 is the fast compensation part. pLds2 is the ro-
bust feedback part that inhibits the influence caused
by the parameter estimation error and uncertain
nonlinearity. This part can be defined as

{
dc1 +R1(t) = −ϕT

a θ̃a + f̃0,

pLda2 = −d̂c1/Āa,
(37)

where dc1 is the low-frequency part of the estimation
error and R1(t) is the high-frequency part.
Theorem 2 dc1 can be estimated readily by defin-
ing ˆ̇

dc1 = Prd̂c1
(γ1es) and is used to calculate pLda2.

Prd̂c1
(γ1es)

=

{
0, when ‖d̂c1‖ = dc1M or d̂c1es > 0,

γ1es, else.
(38)

γ1 is a positive diagonal matrix and γ1i is the adap-
tive rate value of each dc1i, where i = 1, 2, 3. Ac-
cording to Theorem 1 and Eq. (37), pLds2 is defined
by

pLds2 = − 1

Āa

H2
1 (t)

4η1
es,

H1(t) ≥ dc1M+ ‖θMa‖ ‖ϕa‖+ fmax,

(39)

where dc1M is the upper bound of ‖dc1‖ and θMa =

θmaxa − θmina.
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The purpose of the second-level controller design
is to make ep = pL − pLd converge to zero. Then,
the derivation of ep is given by

ėp = qL + Fp +ϕT
b θb + d̃0 − ṗLd. (40)

Eq. (40) indicates that this step is considered
in the level of flow rate. Because the flow rate is
determined by the control voltage directly, the result
of this step can be used in the calculation of the
control value vector uc.

qL = qLda1 + qLda2 + qLds1 + qLds2. (41)

Similar to the first step of the controller design of
pL, qLda1 is the model compensation part, and qLds1

is chosen as the proportional feedback to stabilize
the ideal modeled dynamic system:

{
qLda1 = −Āaes − Fp −ϕT

b θ̂b + ṗLd,

qLds1 = −Kqep,
(42)

where Kq is a positive-definite diagonal matrix.
qLda2 is the fast compensation part. qLds2 is the ro-
bust feedback part that inhibits the influence caused
by the parameter estimation error and uncertain
nonlinearity. This part can be defined as

{
dc2 +R2(t) = −ϕT

b θ̃b + d̃0,

qLda2 = −d̂c2,
(43)

where dc2 is the low-frequency part of the estimation
error and R2(t) is the high-frequency part.
Theorem 3 dc2 can be estimated readily by defin-
ing ˆ̇dc2 = Prd̂c2

(γ2ep) and is used to calculate qLda2.

Prd̂c2
(γ2ep)

=

{
0, when ‖d̂c2‖ = dc2M or d̂c2ep > 0,

γ2ep, else.
(44)

γ2 is a positive diagonal matrix and γ2i is the adap-
tive rate value of each dc2i, where i = 1, 2, 3. Ac-
cording to Theorem 1 and Eq. (43), qLds2 is defined
by

qLds2 = −H2
2 (t)

4η2
ep, (45)

H2(t) ≥ dc2M + ‖θMb‖ ‖ϕb‖+ dmax, (46)

where dc2M is the upper bound of ‖dc2‖ and θMb =

θmaxb − θminb.

Finally, when qLd is calculated, the inverse pro-
cessing of flow rate calculation is applied according
to Eq. (47):

Ai(u) =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

HpqLdi/(γaRTsKq(ps,pa, Ts)/Va

+γaRTbKq(pb,p0, Tb)ka/Vb), qLdi > 0,

HpqLdi/(−γaRTaKq(pa,p0, Ts)/Va

−γaRTsKq(ps,pb, Tb)ka/Vb), qLdi < 0.

(47)
Determined by the valve testing experiment re-

sults shown in Fig. 4, the relationship between the
control voltage and valve area can be expressed as

J(uci) =

{
KAu

2
cdi +KBucdi +KC , |ucdi| ≥ udzi,

KDucdi+KE

KF ucdi+KG
, |ucdi| < udzi,

ucdi = (uci − umi)/10,

(48)
where ucdi, umi, uci, and udzi are normalized control
values, middle control values, real output voltage,
and dead zone values, respectively, and KA–KG are
constants to describe the flow rate curve, shown in
Fig. 4. Then, the real output voltage uc is given by

uci = J−1(Ai(u)). (49)

The stability proof of this controller design is
given in the Appendix.
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Fig. 4 FESTO MPYE 1/4’ valve model

3.4 Controller simulation

Using the configurations shown in Table 1,
a model of the 3-RPS pneumatic platform was
built in Simulink. The unknown parameters
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were initialized as θ̂i = [100, 20, 10]T, θbi = 0,
ρMi = [1000, 100, 100, 1000, 100, 100, 1000, 100, 100],
θ̇Mi = [10, 10, 10, 10, 10, 10, 10, 10, 10]T, θ̇Mbi =

[10, 10, 10]T. The desired trajectory is a sine wave on
each axis. The controller ran for 40 s. The posture
tracking performance is shown in Fig. 5. This sim-
ulation confirmed the effectiveness of the online pa-
rameter estimator and the performance of the ARC
controller.

Table 1 Constant values used in the model

Symbol Description Value

Aa Chamber A area 3.12× 10−3 m2

Ab Chamber B area 2.803× 10−3 m2

R Air constant 287 N·m/(kg·K)
Ts Source temperature 295 K
L Cylinder length 0.2 m
γa Heat capacity ratio 1.4

τf, ωf, ξf Filter parameters 1, 50, 0.1
Voi Dead volume 0.2 L
h Heat-trans constant 50 W/(m2·K)
D Cylinder diameter 0.063 m
αi Fading factor 0.1
νi Normalization factor 0.1

H1(t),η1 pLds2 constant 80, 4
H2(t),η2 qLds2 constant 200, 10

Kx Error vector feedback diag(45,45,45)
Kp pLds1 feedback diag(20,20,20)
Kq qLds1 feedback diag(60,60,60)
udz Dead-zone voltage 0.64 V
uc Valve center voltage 5.02 V

Ψi(0)jj j=1,2,· · · ,9 100
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Fig. 5 Simulation results of the tracking error: (a)
L1 error; (b) L2 error; (c) L3 error

4 Experiment results

We programmed the controller designed in the
previous section and applied it to the real hardware
(Fig. 2). Different from the simulation, all the exper-
iments were executed on the actual plant to verify the
designed controller’s performance. A brief structure
of the hardware system is shown in Fig. 3. The con-
troller was established using Matlab/Simulink soft-
ware, and Realtime-Workshop was used to build the
embedded file, which could be downloaded into the
PXI system. NI-Veristand was used as the data-
interactive environment between the host-PC (dash-
board) and real-time controller (NI-PXI8106 RT).

Each independent experiment consisted of three
steps: initial parameter identification, trajectory
tracking control, and error analysis.

The first step solves the problems with obvious
changes in the load, temperature, or a long time in-
terval since the last experiment. In those situations,
the parameters are regarded as unknown and change-
able. To improve the control performance, compared
to constant initial configurations, a better set of ini-
tial values of the unknown parameters should be de-
termined first. If there is no significant difference in
the external influence, such as load and temperature,
between the two times of trajectory tracking control,
and the second control experiment is executed im-
mediately after the first one, then there is no need to
estimate the initial values of the parameters again.
The former settings can still be applied until the load
features change.

During the first process, the controller must ex-
ecute the configuration process of the initial val-
ues. The trajectory is a compound sine wave and
the points are selected at the smoothing moving
status while the system is under the control of a
PID controller. After selecting a series of estimation
points, the matrices (UT

c )6 npts×1 and (WT
c )6 npts×16

in Eq. (28) are built. Then, the parameter vector
(Φc)16×1 can be calculated:

Φc =
WcU

T
c

WT
c Wc

. (50)

According to Eq. (8), set θoi as the initial pa-
rameter vector, θoi = [boi, Aofi,−FoLi + foni], i =

1, 2, 3, and −FoLi + foni is expressed as θoi3, i =

1, 2, 3. −FLi + fni can be calculated using an in-
verse force Jacobian reflection, as shown in Eq. (51).
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Then, the parameter vectors are initialized. Jf is the
Jacobian force matrix. Table 2 shows the identifica-
tion results for the dynamic initial parameters of the
system.

(−FL + fn)3×1 =
(
J−1

f [mg,mc× g]T
)
3×1

. (51)

Table 2 Initial value estimation results

Parameter Value Parameter Value

m 24.50 kg bo1 412
mcx 0.3 kg·m bo2 327
mcy 3.8 kg·m bo3 345
mcz 0.5 kg·m Aof1 20.8
I11 1.44 kg·m2 Aof2 19.5
I12 0.12 kg·m2 Aof3 22.3
I13 0.09 kg·m2 θo13 –112 N
I22 0.95 kg·m2 θo23 –63 N
I23 0.02 kg·m2 θo33 –59 N
I33 1.65 kg·m2

The second step is the main procedure of the
control experiment. When a desired curve is given,
under the control of the adaptive robust control,
the platform begins to follow the trajectory. Dur-
ing this process, online parameter estimation works
to make the estimated unknown parameters subse-
quently closer to the real values as the algorithms
are executed. Fig. 6 shows the tracking error perfor-
mance and the position tracking in the joint space
when given a desired sine curve on the roll axis in
the working space without parameter initialization.
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The last step is analyzing controller perfor-
mance, which is used to make judgments about the
effectiveness of different control algorithms and vari-
able configurations. To quantify the performance,
the data for the last 10 s is used to calculate the er-
ror indices. The indices include the maximum track-
ing error eF and the root-mean-square error ‖e‖rms,
shown in Eq. (52). The relative error ‖e‖rms/Am

is calculated to represent the general effectiveness
evaluation criteria of the controller, where Am is the
amplitude of the trajectory.

⎧
⎨
⎩
eF = max{|e|} |Tf−10≤t≤Tf ,

‖e‖rms =
√

1
10

∫ Tf

Tf−10 e
2dt.

(52)

The experimental results shown in Figs. 6 and 7
demonstrate that if the initial value set was chosen
properly, then the posture tracking should be good.
Fig. 6 indicates the situation where a desired input
trajectory is given in the working space without pa-
rameter initialization. When the initial parameters
are all chosen not far from the true values, the per-
formance is acceptable, because it is consistent with
the simulation results. However, if the initial pa-
rameter settings are far from realistic, there will be
some jitter introduced in the motion of the upper
board. Moreover, as the model differences become
larger, the platform may enter an unstable status.
As shown in Fig. 7, the system works at the edge of
stability and the tracking performance decreases.
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After applying the initialization step for a new
load setup to the platform, it is quite common that
the 4D movie chairs bear different audiences who
have different weights and sitting positions, so the
adverse effects can be eliminated and the jitter phe-
nomenon will disappear (Fig. 8).
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5 Discussion and conclusions

In this paper, an ARC controller with a parame-
ter initialization method was proposed. It was found

to be stable and effective while controlling the pos-
ture of a 3-RPS platform driven by pneumatic cylin-
ders. The process of stability proof is shown in the
Appendix.

Parameter uncertainty and nonlinear features
can be estimated and inhibited by online estimation
methods and robust parts of the controller. The
experimental results indicated that the unknown pa-
rameters are indeed bounded and converge. The pa-
rameter identification not only prevents the vibra-
tion phenomenon but also decreases the estimation
time when given a set of better initial parameter
values. This represents important progress in prac-
tical settings, because the robustness of the system
is improved when facing varying surroundings and
external loads. Fig. 9 gives a comparison between
the parameter estimation processes under ARC and
ARCPI. After the initialization, the range of the
estimated parameters is much smaller and more ac-
curate. For a more complex situation, a compound
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sine waveXd is used as the desired curve in the work-
ing space. The posture tracking results are shown in
Fig. 10 under ARCPI. Posture control experiments
have also been performed using the same desired tra-
jectory but different algorithms. The relative track-
ing error of ARCPI was not more than 1%. Error
analysis comparisons with several other algorithms
are shown in Tables 3 and 4.
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Compared to previous methods such as SMC
and the basic ARC controller, the proposed method
can improve the tracking performance by the
integrated direct/indirect adaptive robust design.

Table 3 Tracking error analysis eF (m=50kg)

Parameter SMC ARC ARCPI

Roll (rad) 0.0110 0.0046 0.0032
Rollrel 3.9% 1.6% 1.1%
Pitch (rad) 0.0130 0.0057 0.0037
Pitchrel 4.1% 1.8% 1.2%
Heave (mm) 3.6 2.0 1.4
Heaverel 4.0% 2.2% 1.6%

Table 4 Tracking error analysis erms (m=50kg)

Parameter SMC ARC ARCPI

Roll (rad) 0.0070 0.0023 0.0016
Rollrel 2.70% 0.82% 0.57%
Pitch (rad) 0.0740 0.0028 0.0020
Pitchrel 2.30% 0.88% 0.63%
Heave (mm) 2.1 0.85 0.54
Heaverel 2.30% 0.94% 0.60%

Meanwhile, parameter initial value identification ex-
pands the controller’s adaptability of different work-
ing statuses and satisfies realistic conditions.

There are still some difficulties to overcome.
One is the valve’s dead-zone features. The nonlinear
dead-zone property is a major factor in control pre-
cision, but different valves have different dead-zone
properties even for the same batch of valves. It is
impossible to evaluate each one’s dead-zone and cen-
tral voltage udz and um before applying them to a
3-RPS platform. A solution must be proposed to
improve the adaptability of the controller. More-
over, to achieve a higher precision for the posture,
new friction models should be considered in the con-
troller design, such as the LuGre model, which has
been shown to be an effective model for the friction
between the piston and cylinder wall (Khayati et al.,
2009).
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Appendix: Proof of stability

According to the system dynamic model and
definitions of es, define a Lyapunov function:

V1 =
1

2
eT

s Mees. (A1)

With Eqs. (11) and (34), the derivation of V1 is

V̇1 = eT
s

(
ĀapL +ϕ

T
a θa + f̃0 −Meẍd +MeKxe

)
.

(A2)
Substituting Eqs. (35) and (36) into Eq. (A2) yields

V̇1 = Āae
T
s ep − eT

s Kpes

+ eT
s (ĀapLda2 + ĀapLds2 −ϕT

a θ̃a + f̃0).

(A3)

According to the definition of pLd, we have

V̇2 = Āae
T
s ep − eT

s Kpes

+ eT
s (ĀapLds2 − d̃c1 +R1(t)). (A4)

According to Theorem 2 and Eq. (39), pLds2 satisfies
⎧
⎨
⎩
eT

s (ĀapLds2 − d̃c1 +R1(t)) ≤ η1,

Āae
T
s pLds2 ≤ 0.

(A5)

Then, the derivation of V1 can be rewritten in the
form

V̇1 ≤ Āae
T
s ep − eT

s Kpes + η1. (A6)

Define another Lyapunov function V2:

V2 = V1 +
1

2
eT

p ep. (A7)

As in the previous step, derive V2:

V̇2 = V̇1 |pLd − eT
pKqep

+ eT
p (qLda2 + qLds2 −ϕT

b θ̃b + d̃0).
(A8)

Based on the definition of qLd, V̇2 is expressed as

V̇2 = V̇1 |pLd − eT
pKqep

+ eT
p (qLds2 − d̃c2 +R2(t)).

(A9)

According to Theorem 3 and Eq. (45), qLds2 satisfies
{
eT

p (qLds2 − d̃c2 +R2(t)) ≤ η2,

eT
p qLds2 ≤ 0,

(A10)

which means

V̇2 ≤ −eT
s Kpes − eT

pKqep + η1 + η2. (A11)

According to Lyapunov theory, V̇2 gradually con-
verges to a spherical area, and the size is controlled
by the values of Kp, Kq, η1, η2, which means the
tracking error vector e is bounded. Thus, the con-
troller designed in Section 3.3 is stable.
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