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Abstract:
second-order consensus, by introducing position and velocity coordination variables through neighbor-to-neighbor

We propose a formation control strategy for multiple unmanned aerial vehicles (multi-UAV) based on

interaction to generate steering commands. A cooperative guidance algorithm and a cooperative control algorithm are
proposed together to maintain a specified geometric configuration, managing the position and attitude respectively.
With the whole system composed of the six-degree-of-freedom UAV model, the cooperative guidance algorithm, and
The
cooperative guidance law is a second-order consensus algorithm, providing the desired acceleration, pitch rate, and

the cooperative control algorithm, the formation control strategy is a closed-loop one and with full states.

heading rate. Longitudinal and lateral motions are jointly considered, and the cooperative control law is designed by
deducing state equations. Closed-loop stability of the formation is analyzed, and a necessary and sufficient condition
is provided. Measurement errors in position data are suppressed by synchronization technology to improve the
control precision. In the simulation, three-dimensional formation flight demonstrates the feasibility and effectiveness

of the formation control strategy.

Key words: Multiple unmanned aerial vehicles; Consensus; Cooperative guidance; Cooperative control;

Synchronization technology
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1 Introduction

Recently, the formation control of multiple un-
manned aerial vehicles (multi-UAV) has been an
active topic (Shan and Liu, 2005; Jing and Shi,
2014) since it promises many practical applications,
such as reconnaissance, surveillance, atmospheric
study, communication relaying, and search and res-
cue. Multi-UAV formation has the unique advantage
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over a single UAV in that it has higher efficiency and
less fuel consumption. In other words, multi-UAV
formation control has good prospects in both mili-
tary and civil fields.

Some research methods have been proposed for
multi-UAV control, such as leader-follower (Mer-
cado et al., 2013), behavior-based approach (Kim
and Kim, 2007), virtual structure (Ren and Beard,
2002), and artificial potential function (Bennet et al.,
2011). These methods have different advantages, but
the communication topology between UAVs is rarely
considered, so they cannot make full use of infor-
mation flow and sharing. To use the information
flow to improve synchronization of the entire for-
mation, the consensus method has attracted more
and more interest of researchers (Kumar et al., 2005;
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Kuriki and Namerikawa, 2013). The consensus algo-
rithms require only neighbor-to-neighbor interaction
and carry out a decentralized control strategy, which
minimizes power consumption, increases stealth, and
improves the scalability of the formation (Kuriki and
Namerikawa, 2014).

Consensus can make the formation evolve as
a rigid body in a given direction with some given
orientation and maintain the geometric relationship.
For more specific formation flight problems of UAVs,
the consensus is that the vehicles should be able to
achieve tracking for the given velocity, heading, and
altitude commands (Kumar et al., 2005). Some effort
of consensus has been devoted to multi-UAV forma-
tion control. A consensus-based feedback lineariza-
tion method has been proposed to maintain a speci-
fied time-varying geometric configuration for forma-
tion flight (Seo et al., 2009). The formation guid-
ance problem can also be solved by consensus theory
(Chen and Zhang, 2013). For collision-avoidance of
multiple UAVs, a consensus strategy coupled with ar-
tificial potential function has been proposed (Kuriki
and Namerikawa, 2014). A testbed was even con-
structed to validate the consensus algorithm, using
a global positioning system (Aldo et al., 2010).

However, most of the existing literature on con-
sensus recognizes the UAV as a point mass (Wang
et al., 2010; Li et al., 2012). Some scholars assumed
that an automatic pilot operates in the inner loop
and its executive capability is infinite (Bai et al.,
2009). Both the above assumptions are too idealistic
to be used in practice. Moreover, the relationship be-
tween cooperative guidance and cooperative control
is seldom studied.

Besides, to decrease the influence of distur-
bances and measurement errors, some methods have
been found and adopted, such as proportional-
integral-derivative (PID) control (Xiao et al., 2011),
H,, control (Wang et al., 2012), sliding mode con-
trol (Hou et al., 2011), and model predictive con-
trol (Annamalai et al., 2015). Unfortunately, PID
control cannot suppress nonlinear disturbances, and
H, control is conservative in finding a weight func-
tion. Though the common sliding-mode controller
is easily designed and invariant with the change of
system parameters and disturbances, the oscillation
caused by discontinuous control restricts its applica-
tion. Model predictive control has shown better per-
formance than the traditional linear quadratic Gaus-

sian (LQG). Hence, it is expected that higher control
accuracy of the formation can be acquired through
an effective and efficient way to reduce disturbances
and measurement errors.

Therefore, it is of great need to solve these
critical problems and advance consensus in appli-
In this study, we focus on formation con-
trol using consensus with high precision.
pared to Fukushima et al. (2013), instead of gen-

cation.
Com-

erating a number of subproblems and solving opti-
mization problems, our formation control strategy
involves less computational burden. Compared to
Ren (2006), our formation control strategy is closed-
loop and with full states, as the whole system con-
sists of the six-degree-of-freedom UAV model as well
as the cooperative guidance and cooperative control
algorithms. A cooperative guidance algorithm and
a cooperative control algorithm are proposed and
united. To clearly demonstrate the relationship be-
tween cooperative guidance and cooperative control,
the coordination variable is used as the key connec-
tion point, and cooperative control is treated as the
inner loop of cooperative guidance. To improve the
control accuracy of the formation, measurement er-
rors in sensor data are reduced by synchronization
technology.

2 Problem formulation and back-

ground

Consider a formation of n identical UAVs, each
denoted by U; (i € {1,2,...,n}). They consti-
tute a directed graph G = {V,€}, where V =
{U1,Us,...,U,} is the set of nodes, and £ C V xV is
the set of edges in which an edge of the graph G is de-
noted by e;;. Note that e;; is a directed edge from Uj
to U; such that U; can obtain information composed
of position and velocity from U;. The set of neighbors
for U; is denoted by N; = {U; € V : ¢;; € £}. Define
a non-negative adjacency weight a;; associated with
the edge e;;. Moreover, assume that a; = 0 for all
U, e V.

After describing the communication topology,
choosing the coordination variables becomes another
major issue of consensus, as consistent coordination
variables are the final objective.
locity coordination variables are selected such that
velocity V; can be used as velocity coordination vari-
ables directly, whereas the choice of the position

Position and ve-
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coordination variables is more complicated.

For this purpose, the definition of the position
coordination variable will be given. It is defined as a
reference point p;r, and the position vector from U;
to its reference point is denoted by pt. The geomet-
ric configuration and position coordination variables
are demonstrated in Fig. 1 in both the unsteady case
and the steady case.

(b)

Fig. 1 Position coordination variable p;g:
steady case; (b) steady case

(a) un-

Suppose that the predefined geometric configu-
ration of the formation is known. The position coor-
dination variable is obtained by vector computation:

pir = pi + Pip- (1)

If pir = pj¥ as t — oo, the formation is
achieved as in Fig. 1b.

3 Multi-UAYV formation control

A multi-UAV formation control system consists
of a cooperative guidance system and a cooperative
control system. The cooperative control system aims
to control the attitude in the inner loop, and the
cooperative guidance system is used to control the
position in the outer loop, where the output of the
outer loop is used as the input of the inner loop.
As measurement errors and synchronization errors
can significantly degrade the system performance,
synchronization technology is used to suppress these
errors and improve the control accuracy of the multi-
UAYV formation system. The structure of the multi-
UAV formation control is depicted in Fig. 2.

3.1 Cooperative guidance

A second-order consensus algorithm is adopted
to design the cooperative guidance system. Longitu-
dinal, lateral, and altitudinal channels are designed,

Measurement

Irors " Synchronization

technology
Synchronization
errors

Coordination
variables

i, Cooperative / Cooperative U
’— guidance 7$ control /

Position
Velocity
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Fig. 2 Structure of the multi-UAV formation control

respectively, as follows:

Vz% =— > aijlzie — xip — &),

JEN;
Vi = Jg/ aijlyir — Yir — Vis); (2)
Vzgi =— Y aijlzir — zjp — V24,

JEN;

where v is a positive constant greater than 1 and
pij = (ij,9ij, %) is the relative speed of U; to U;:
I.ij = IZ — ij,
Yij = Yi — Yj,
éij = 2.:1' — 2’j.

Though p;r is different from each other in the
beginning, by controlling the three components of
the acceleration given in Eq. (2) in the ground coor-
dination system, the formation is stable if p;r — p;r
as t — oo. Define the acceleration vector V;# =
(ngi,Vyg;i,‘./Z%)T. To further design the formation-
keeping algorithm based on consensus, V;® is trans-
formed into a set of real guidance orders V&, 68, 1%,
which are the desired acceleration, pitch rate, and
heading rate, respectively:

mgz\/(Vw%)2+(Vy%)2+(Vz%)2, 3)
[ [arctan < Ve, )}
dt Vi

_ VE g VEdt - Vg [y VEde

(gvsan) (Ve
)

_ Vg JyVedi— vz f g

(vsan) (e

For simplicity, define a new cooperative guid-
ance law as follows:

(4)

(5)

o= [V, 0] (©
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The formation can realize stability by Eq. (6)
with the corresponding cooperative control system.

3.2 Cooperative control

A cooperative control law will be designed and
divided into two channels, as the six-degree-of-
freedom dynamics model of UAV is composed of lon-
gitudinal and lateral channels. Linear state equa-

tions for the longitudinal channel are given by

(7)

{ .,1'31.0118; — Alongmiong_FBlonguiong,

7
long Clong long
= x,; R

Y;
where wiong = [Vi,ai,0i,G:,0¢,,00,]T are the state
variables, " = [8,, 4, 0c,.a]T are the inputs, and

yzong = [V;,6;]T are the outputs. Note that &, ,de,
and ¢, 4, bc, a represent the actual and desired thrust
offsets and elevator deflections, respectively. The

detailed form of "¢ is shown in Eq. (8) (in the
long

next page), while the detailed form of y, is as
follows:
T
a;
{Vl}_[IOOOOO 0; )
0; 0 01 0 0 0] |q
Oy,
e
The linear state equations for the lateral channel
are
{ leiat :‘A~la‘cwﬁat_’_Blat,ulliat7 (10>
y%at — Clatmliat7
where 1% = [B;, ¢i, Vi, Di, Ti, 0a,, 0r,] T are the state
variables, ul®* = [6,, 4,6;,.a]T are the inputs, and
yiat = ¢); is the output. Note that &,,,d,, and

0a;,ds Or; d Tepresent the actual and desired aileron
and rudder deflections, respectively. The detailed
form of #!** is shown in Eq. (11) (in the next page),
lat

while the detailed form of y,

2 is as follows:

5]
bi
i
Yi=[0 01 0 0 0 0]|p
Ti
Sa,
_51”1:_

Then longitudinal and lateral equations can be

expressed in a unified form as follows:

long long
- < = | = lu;
wi:Awi_FBui:Alwﬁ“ + B u%at] )
long
_ Ao = |z;
yi—Cxi_Clwiat‘|v
1 1 (13)
_ Along 0 _ Blong 0
where A = { 0 Alat} , B = { 0 Blat] ,

_ T
C = [Clong’ Clat]T, T = {[xiong]T, [mliat]T] are
the total state variables, input w; are the four actu-

ators, and y; = {[y;ong]Ta y%at

are the outputs.
Next, the cooperative control algorithm will be

designed, whose structure is depicted in Fig. 3.

Fig. 3 Structure of the cooperative control algorithm

The control errors of g; are indicated as

t
€y, = ’gz —/ ’Uidt.
0

Computing differentials of Egs. (13) and (14), we
obtain

(14)

d. . _
—x; = Ax; + Bu,,

T (15)

= C_'QEZ — V;. (16)

—ey,
dt Yi
It is easy to see that

i) Lo ol 2]+ [a] e [5] 0m

If system (17) is controllable, it should satisfy

rank{g g]—ng—l-n@, (18)
where n 5z and ngs are the ranks of matrices A and
C, respectively. The input for both longitudinal and

lateral motions of the cooperative control law is

t
u; = Kix; + Kg/ EQidt, (19)
0

where K7 and K> are feedback gains of the cooper-
ative control law, selected using the pole placement
method (Liu and Tang, 2000).
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L [ Xy + Xty cosae Xa — (g COS e 0
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0, 0 0 0 1
¥ = MQ(ZV _XtV sinac) MdZa —gMd sinuc Md(V—FZ )
di My + M, M, 4 M,
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R 0 0 0 0
Se.
-] 0 0 0 0
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3.3 Stability analysis

Generally, providing the consistent criterion is
very essential for a consensus algorithm. Afterward,
the focus of this part is analyzing the closed-loop
stability of the multi-UAV formation system with
the cooperative guidance law (6) and the cooperative
control law (19).

Using state equations and matrix analysis to ob-
tain the necessary and sufficient condition, the theo-
retical deduction process for obtaining the consistent
criteria is divided into five steps. Beginning from the
cooperative control law (19), state equations of the
whole formation will be given step by step. More
precisely, it is necessary to deduce the close-loop
state equations of a single UAV using the cooper-
ative control law before computing state equations
of the whole formation.

Then the process for obtaining the consistent

criterion is given as follows:

1. For simplicity, Eq. (19) can be expressed in
the observable canonical form, the detailed process
of which can be found in Shi (2008):

{

where x{ are the state variables of the observable

R0 __ 0 1,0 o
P = A°zy + BCey,,

u; = C°x?, (20)

canonical form.

2. Compared with Egs. (13) and (20), the co-
operative control law (19) is united with the UAV
model, obtaining state equations from ey, to y;:

z$ = A%z + Bey,,
{ ’gi = Ceﬂ??? (21)
_ S
o 0 BCrA° A
where A° = (I [O 0 ]) [ AO]’
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( {0 B(JOAOD1 [_BCO(AO)lBo

B = (I- :
0 0 B°

C° =|[C, 0], and x¢ = [[z;]T, [a:‘?]T]T are the state

3
variables.
3. There exists é5, = y; — v;, and the closed-
loop state equations for a single UAV are obtained

as

ca _ Aaa A,
{ T2 = A*z? + B%v;, (22)

yi = Cxf,

where A?* = [g A—i—IB C_’] is the state matrix,
B? = [ OBC] is the input matrix, C* = [C*, 0]

s are the

state variables, and the input v; is the cooperative
order defined in Eq. (6).
4. The state equations of the whole formation

is the output matrix, 2 = [[z]T, [a:f]T]T

are given by

~all all ,all all, all
' = A + B ud,

{ y?ll = Callgall (23)
where a2 = [[:c‘{“]T7 [x3]%,..., [m%]T]T, yll =
[3717172»~"737n]T7 uall = ['Ul,’UQ,...,'Un]T, Aall =
diag(A?),, B = diag(B%),, and C?!
diag(C?),,.

5. As v; = [V, 0%, ¢#]T in the cooperative guid-
ance law (6), nonlinear Eqgs. (3)—(5) are small lin-
earized disturbances:

v; = H*VE. (24)

According to Egs. (3)—(5), matrix H? can be de-
. . . . T
duced. Define Vel = [mg]T,[Vf]T,...,[V,g]T}

and H*! = diag(H?),,, and then substitute Eq. (24)
into Eq. (23) to obtain

nall o pall all all grally/gall
{:c Adllgall | gall praily/eall o5)

yall — Callmall

There exists V&l = —(I' ® I;)y*! such that
Eq. (23) can be transformed into a linear time-
invariant system, where ‘®’ represents the Kronecker
product and I is the expanded matrix of the com-
munication topology (Shi, 2008):

dSaH — Aallwall + BallHall (_(1—1 ® 1-3>yall)
— Aallwall + BallHall (_(1—1 ® I3)Ca“33a“)
_ (Aall _ BallHall(F ® Ig)Call) xall' (26)

Until now, the state equations Eq. (25) come to
a linear time-invariant system without control in-
put, which is caused by the initial condition. It
is possible to analyze whether system (26) is sta-
ble or not. If and only if all non-zero eigenvalues
of (A — BalHa(I" ® I;)C?") have negative real
parts, system (26) is stable, which is a necessary and
sufficient condition for the multi-UAV formation sys-
tem with the cooperative guidance law (6) and the
cooperative control law (19).

3.4 Synchronization technology

Measurement errors always exist in practice,
which is harmful to formation control and will de-
crease the stability and accuracy. Under the influ-
ence of navigation and range finding, position data
contain measurement errors:

. -
T, = x; + T,

Yi =Y+ Ui,

(27)

where Z;, y;, and Z; are the measurement errors.
Therefore, the measurement values z} , y;, and z;
are used to replace the real values z;, y;, and z;,

respectively. Define plp = (205, ylp, 25¢)T as new
position coordination variables:
d

pir = P; + Pir- (28)

Substitute Eq. (28) into Eq. (2) to obtain the accel-
eration for cooperative guidance:

Ve =— 2 aijleip — Tip — vE3;],

JEN;
Vi =— JeZM aij[Yyip — Yir — VY551, (29)
VE=— 3 aylzlp — 2jp — 73]

JEN;

To overcome the flaw, the synchronization tech-
nology is proposed, which works in an effective and
efficient way because the technology uses the cross-
coupling concept to synchronize the relative position
tracking motion of the aircraft. For simplicity, the
channel z is chosen to improve the control accuracy.
It uses synchronization error:

€y = — Z aij [(zjp — rip) +ci(dip — I;F)] ;
JEN;
(30)
which incorporates error information from different
UAVs in the system to identify the performance of
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synchronization. In Eq. (30), ¢; is a positive constant
less than 1. The cross-coupled error e} . then couples
the measurement error z; and synchronization error
ez, through a positive synchronization gain d,:

N -
€y, =T + dy, €,

(31)

The objective of the synchronization strategy is
to drive e} of each UAV in Eq. (31) to zero asymp-
totically by choosing proper gain values, implying
that both z; and e, are driven to zero as well. Like-
wise, the cross-coupled errors ey,
z channels are defined in the same way. Then let
e; = [es,,er ei]T, to calculate the modification
AVE". The new modified trajectory command will
be passed to Eq. (2). The new cooperative control
law is V2 = V& 4 AV# | where AV is the syn-
chronization technology given by the state feedback:

and e} for y and

t
AVE = Kzel + K, / erdt, (32)
0
in which K3 and K, are feedback gains of the
synchronization technology, selected using the pole
placement method (Liu and Tang, 2000).

4 Numerical simulation

Using the six-degree-of-freedom dynamic UAV
model (Eq. (13)), the multi-UAV formation control
strategy is simulated with five aircrafts, where all
UAVs are considered identical. The performance of
the whole formation will be analyzed, where no colli-
sion avoidance algorithm is implemented. Each UAV
weighs 85 kg with a wingspan of 2.4 m. Fig. 4 shows
the communication network. An edge from U; to U;
means that U; can receive information from Uj.

.
N\

Fig. 4 Communication topology

All the UAVs have to maintain an equilateral tri-
angular formation, with side length of 8 m. Besides,

they do not fly at an identical altitude. Rather, Us
and Us maneuver 4 m lower than Uy, while Uy and
Us are 8 m lower than U;. However, the team does
not start at the desired positions in the beginning.

The simulation time is 200 s, and each opera-
tion step takes 0.02 s. Simulations are performed for
the cooperative guidance law (6) and the cooperative
control law (19), where the synchronization technol-
ogy (32) is also validated. The maximum velocity of
the formation is 46 m/s and the minimum is 32 m/s.
Other initial parameters of each UAV are given in
Table 1.

Table 1 Initial parameters of each unmanned aerial
vehicle

UAV  p(to) (m) V(to) (m/s) 0(to) (°) w(to) (°)
Ur - [20, 5, 502]T 38.0 2.3 48.8
Us  [10, 10, 496]T 39.0 0 57.4
Us  [30, —5, 494]T 40.8 3.8 68.5
U, [0, 5, 492]T 39.0 2.0 62.8
Us [20, —10, 490]T 40.0 ~1.2 53.0

There is white Gaussian noise in the measure-
ment of position, with mean value of 0 m and vari-
ance of 1 m? in the z,y,z channels.
synchronization errors are defined as Eq. (30) with
¢ = 0.2. The synchronization gains d,,dy,,d., in
the synchronization technology (32) for these vehi-
cles are all set to 0.3.

Formation

Applying the cooperative guidance law (6), the
cooperative control law (19), and the suggested syn-
chronization technology (32), Fig. 5 illustrates the
position and attitude of the team, Fig. 6 depicts the
cross-coupled errors, and Fig. 7 shows the compari-
son of both methods with and without synchroniza-
tion technology (32).

Fig. 5 shows the velocity, pitch, heading, and
the three-dimensional position. The trajectory of the
team is represented clearly in Fig. 5d. Fig. 5e shows
the three-dimensional position after stabilization in a
short time, which is the last part of Fig. 5d. Only the
last six sampling points are adopted within 0.1 s. It
can be seen that position and attitude of the team do
not satisfy the desired request in the beginning. Un-
der the influence of the cooperative guidance law (6)
and the cooperative control law (19), both position
and attitude achieve consensus and the team stabi-
lizes within 100 s; afterward, these UAVs maintain
good triangular configuration.
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Fig. 5 Position and attitude of the formation: (a) velocity; (b) pitch; (c) heading; (d) three-dimensional
position; (e) local three-dimensional position
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Fig. 6 Cross-coupled errors of the formation: (a) velocity errors; (b) pitch errors; (c) heading errors; (d)
three-dimensional position errors
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Fig. 7 Cross-coupled errors of the formation with and without synchronization technology: (a) velocity errors;
(b) pitch errors; (c) heading errors; (d) three-dimensional position errors

Fig. 6 shows
heading, the
Though there is noise in the measurement of posi-
tion, the errors decrease and approach zero asymp-
totically within 100 s, which is in agreement with

errors of velocity, pitch,

and three-dimensional position.

the position and attitude curves in Fig. 5. Specif-
ically, three-dimensional position errors, which ap-
proach zero after 100 s in Fig. 6d, clearly show that
the formation shape is kept well. In a word, these
curves of errors also validate the effectiveness of the
cooperative guidance law (6) and the cooperative
control law (19).

To compare the two methods with and with-
out synchronization technology (32), only the er-
ror curves of U; are chosen as representatives. In
Fig. 7, the errors of velocity, pitch, heading, and
the three-dimensional position for these two meth-
ods are shown together. In comparison, though both
methods can stabilize the formation, the effect of
depressing measurement errors and synchronization

errors with synchronization technology (32) is better,
with smaller steady-state error and faster decreasing
speed. Therefore, it is validated that synchroniza-
tion technology (32) is good at depressing errors and
improving control accuracy.

5 Conclusions

In this paper, we considered a multi-UAV for-
mation control strategy based on second-order con-
sensus. A cooperative guidance algorithm and a co-
operative control algorithm were designed together
to maintain a specified geometric configuration. The
cooperative guidance law is a second-order consensus
algorithm, providing the desired acceleration, pitch
rate, and heading rate. The cooperative control
law is easy to construct by choosing proper feed-
back gains. By theoretically analyzing the closed-
loop stability of the formation system and dividing
the deducing process into five steps, the necessary
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and sufficient condition of closed-loop stability was
obtained, which is that the formation system is stable
if and only if all non-zero eigenvalues of the formation
system have negative real parts. Three-dimensional
formation flight simulation shows that, by using the
synchronization technology, both measurement er-
rors and synchronization errors were driven to zero
asymptotically. Control effort of each UAV has quick
response and high control precision, which makes
the proposed multi-UAV formation control strategy
a good candidate for engineering applications.
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