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Abstract:    Due to continuous process scaling, process, voltage, and temperature (PVT) parameter variations have become one of 
the most problematic issues in circuit design. The resulting correlations among performance metrics lead to a significant para-
metric yield loss. Previous algorithms on parametric yield prediction are limited to predicting a single-parametric yield or per-
forming balanced optimization for several single-parametric yields. Consequently, these methods fail to predict the multi-  
parametric yield that optimizes multiple performance metrics simultaneously, which may result in significant accuracy loss. In this 
paper we suggest an efficient multi-parametric yield prediction framework, in which multiple performance metrics are considered 
as simultaneous constraint conditions for parametric yield prediction, to maintain the correlations among metrics. First, the 
framework models the performance metrics in terms of PVT parameter variations by using the adaptive elastic net (AEN) method. 
Then the parametric yield for a single performance metric can be predicted through the computation of the cumulative distribution 
function (CDF) based on the multiplication theorem and the Markov chain Monte Carlo (MCMC) method. Finally, a copula-based 
parametric yield prediction procedure has been developed to solve the multi-parametric yield prediction problem, and to generate 
an accurate yield estimate. Experimental results demonstrate that the proposed multi-parametric yield prediction framework is able 
to provide the designer with either an accurate value for parametric yield under specific performance limits, or a multi-parametric 
yield surface under all ranges of performance limits. 
 
Key words:  Yield prediction, Parameter variations, Multi-parametric yield, Performance modeling, Sparse representation 
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1  Introduction 
 

As the integrated circuit (IC) process scales, 
process, voltage, and temperature (PVT) variability 
becomes increasingly critical (Li, 2010; Trejo-Guerra 
et al., 2012; Nateghi and El-Sankary, 2015; Tlelo- 
Cuautle and Sanabria-Borbon, 2016). This increasing 

variability leads to widespread fluctuations in IC 
performance and makes it continually more chal-
lenging to create a reliable, robust design with high 
yield (Radfar and Singh, 2014; Banerjee and Chat-
terjee, 2015; Kondamadugula and Naidu, 2016). In 
addition, because of the fluctuations in PVT param-
eters, there exist correlations among performance 
metrics, such as gain, bandwidth, leakage current, 
offset, and gate delay. Improving one of these may 
deteriorate the others (Srivastava et al., 2008), and 
further cause serious parametric yield loss. For  
analog/mixed-signal circuits, parametric yield loss 
has become a significant or even dominant part of the 
total yield loss. Hence, within today’s IC design phase, 
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it is critical to consider multiple performance metrics 
simultaneously as part of the parametric yield pre-
diction procedure under PVT parameters. 

Most of the existing work in yield prediction has 
been limited to considering one single performance 
metric, and therefore has neglected the correlations 
among performance metrics under PVT parameter 
variations. For instance, Liu et al. (2013) presented a 
yield analysis of analog circuits considering process 
variations. This approach first estimates the fre-
quency response bounds for a performance metric. 
Then, the analog circuit yield is analyzed according to 
the frequency-domain variation bound of the per-
formance metric. Thus, this situation will bring sig-
nificant parametric yield loss and great difficulty in 
yield optimization. Similar work was reflected in 
Haghdad and Anis (2012) and Bayrakci (2015). To 
maintain the correlations among performance metrics, 
there is an urgent need to incorporate multiple per-
formance metrics simultaneously in the yield predic-
tion procedure. This paper suggests a novel multi- 
parametric yield prediction framework under  
PVT parameter variations using several efficient  
techniques. 

Recent research has been fully aware of the 
importance of the correlations among performance 
metrics. Accordingly, these studies have focused on 
considering simultaneously multiple performance 
metrics, especially some conflicting metrics, in par-
ametric yield analysis. For instance, Haghdad and 
Anis (2012) presented a statistical analysis of the 
timing yield by considering both process and envi-
ronmental variations. This algorithm first generates a 
statistical thermal profile and maps its associated 
voltage drops across the power grid. Then, the statis-
tics of voltage drop and temperature fluctuations are 
used to predict the chip-level timing yield. Hwang  
et al. (2013) used yield slack to perform a statistical 
optimization. This method was verified to achieve a 
good leakage estimate with high computational effi-
ciency. However, the approaches mentioned above 
fail to consider the close correlations among perfor-
mance metrics (e.g., leakage current and gate delay). 
On the contrary, they predict/optimize one single 
parametric yield under other performance metric 
constraint(s), without predicting/optimizing the 
parametric yield considering multiple performance 
metrics simultaneously. 

To address the above-mentioned issue, Tlelo- 
Cuautle and Sanabria-Borbon (2016) applied an 
evolutionary algorithm called a non-dominated sort-
ing genetic algorithm (NSGA-II) in the optimization 
of operational transconductance amplifiers, which 
can guarantee the robustness of the feasible solutions 
to PVT variations among multiple performance met-
rics. However, this is a performance modeling method 
to describe the relationship between performance 
metrics and PVT variations. It does not describe the 
relationship between parameter yield and PVT varia-
tions by performance statistic information. Further-
more, Tang and Jha (2016) and Li et al. (2016) pro-
posed two kinds of new methodologies that target 
multi-objective yield optimization. By applying 
adaptive multi-objective optimization, these method-
ologies can simultaneously optimize the timing and 
leakage power under PVT parameter variations. 
However, the proposed methodologies provide only 
trade-off information among multiple parametric 
yields. That is to say, they still predict the parametric 
yield for one single performance metric. In contrast to 
these multi-objective optimization methods, we pro-
pose an efficient multi-parametric yield prediction 
framework which can provide the designer with either 
an accurate value for parametric yield under specific 
performance limits, or a multi-parametric yield sur-
face under all ranges of performance limits, instead of 
a set of feasible solutions among multiple parameter 
yields. Thus, our framework will have higher accu-
racy and practicability. 

This paper aims to predict parametric yield con-
sidering multiple performance metrics in a simulta-
neous manner. The prediction framework regards 
multiple performance metrics as the constraint con-
ditions and provides a multi-parametric yield estimate. 
In this work, we propose a multi-parametric yield 
prediction framework based upon the adaptive elastic 
net (AEN) method, multiplication theorem, Markov 
chain Monte Carlo (MCMC) method, and copula 
theory. The proposed framework maintains the cor-
relations among performance metrics by modeling 
them in terms of PVT parameter variations sparsely 
with the AEN method. Then, based on the multipli-
cation theorem and the MCMC method, a single- 
parametric yield prediction methodology has been 
developed to estimate the parametric yield for one 
single performance metric. Finally, a copula-based 
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multi-parametric yield prediction procedure is sug-
gested to predict the parametric yield considering 
multiple performance metrics simultaneously. As a 
result, designers can conveniently and efficiently 
obtain an accurate value for multi-parametric yield 
considering arbitrary performance metrics. The ef-
fectiveness of the proposed approach has been veri-
fied on various ISCAS benchmark circuits. To sum-
marize, the multi-parametric yield prediction 
framework can provide the designer with an accurate 
value of parametric yields under specific performance 
limits, or a multi-parametric yield surface under all 
ranges of performance limits. 

 
 

2  Sparse modeling for an arbitrary perfor-
mance metric 
 

The response surface modeling (RSM) (Xu et al., 
2015) method has been widely applied to estimate the 
performance metric of IC. However, the main disad-
vantage of the RSM method is the over-fitting prob-
lem that it may cause. Furthermore, most RSM 
methods apply least-squares fitting to obtain the pa-
rameter sensitivities of performance metrics from an 
over-determined linear equation, which leads to a 
very high computational cost. In this section, we in-
troduce the AEN method (Zou and Zhang, 2009) to 
model the stochastic sparse models for the perfor-
mance metrics of IC. The AEN method is an effective 
variable selection strategy that requires just a small 
set of sample points without over-fitting and pos-
sesses sparsity. 

2.1  Stochastic model for performance metrics 

Without loss of generality, in this study we use a 
common vector p=[p1, p2, …, pm] to represent the PVT 
parameters. The parameter variations ∆p=p–p0 are 
usually considered as random variables, where p0 
contains the mean values of p. To analyze the varia-
bility of an arbitrary performance metric f, such as 
gain, bandwidth, leakage current, offset, and gate 
delay, the following model is applied to approximate f 
by a linear combination of n basis functions: 
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i i
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where αi (i=1, 2, …, n) denote the sensitivity coeffi-

cients of the performance metric with regard to the 
corresponding PVT parameters taken into account. 
Bi(∆p) (i=1, 2, …, n) are regarded as the basis func-
tions of interest. The notation ε describes the ap-
proximation error term. 

In general, the unknown sensitivity coefficients 
in Eq. (1) can be obtained by solving the linear equa-
tions at k sample points: 
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where ∆p(j) and f(j)(∆p) are the values of ∆p and f(∆p) 
evaluated at the jth sample point, respectively. 

If we attempt to obtain the least squares (LS) 
solutions to Eq. (2), the size of samples k must be 
equal to or greater than the number of basis functions. 
When the number of basis functions is large, the 
general RSM methods become intractable due to the 
high computational cost. Furthermore, given the ap-
proximate Eq. (1), not all basis functions play an 
important role for a specific performance metric. In 
other words, a considerable number of these sensi-
tivity coefficients are generally zero. Only a small set 
of critical basis functions that impact f(∆p) signifi-
cantly are necessary for approximating the perfor-
mance metric. Thus, it is critical to identify these 
critical basis functions and further represent the per-
formance metric sparsely to reduce the computational 
complexity. 

2.2  AEN-based sparse representation modeling 
AEN is a regularization method for dealing with 

the common linear problem (Zou and Zhang, 2009). 
This section details the AEN method for sparse rep-
resentation of performance metrics, which will be 
incorporated into the multi-parametric yield predic-
tion framework in subsequent sections. 

Without loss of generality, substituting the sam-
pling data into Eq. (1), it can be equivalently repre-
sented as a matrix form: 

1 1
,

n n

i i i i
i i
α α

= =

= ⋅ + = ⋅ + ≈ ⋅∑ ∑F B B Bα ε ε        (3) 
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In Eq. (4), vector F denotes the k sample values 

of the performance metric. Vector B represents the 
sample matrix for the basis functions—the size of 
basis functions may be large, e.g., 104−106 (Li, 2010). 
Vector Bi∈

k contains the sample points for the ith 
basis function, which can be regarded as the basis 
vector associated with Bi(∆p). The n-dimensional 
column vector α describes the sensitivity coefficients 
of the corresponding basis functions. In addition, ε is 
the approximate error vector. 

Now we introduce the L1- and L2-penalty func-
tions, which will be considered as the sparsity con-
straints in yield estimation. The AEN criterion objec-
tive function of a performance metric can be formu-
lated as follows: 
 

2 2
1 2 1 22 2 1

AEN( , , ) .* ,λ λ λ λ= − ⋅ + +F Bα α α ω α  

(5) 
 

where λ1 and λ2 denote the regularization coefficients 
of the AEN method. ||*||22 and ||*||1 stand for the L2- 
and L1-penalty functions, respectively. The L2-penalty 
||α||22 equals the summation of squares of the elements 
in vector α. The L1-penalty ||ω·α||1 equals the sum-
mation of the absolute values of the elements in vec-
tor ω.*α=(ω1α1, ω2α2, …, ωnαn)T, where ωi.= 
(|αi(EN)|)−γ, αi(EN) is the ith parameter estimation of 
the elastic net (EN) method, and γ is a positive con-
stant. The penalty function contours of L1 and L2 are 
illustrated in Fig. 1. 
 

 
 
 
 
 
 
 
 
 

To interpret the idea of L1- and L2-penalty func-
tions, we formulate the following optimization prob-
lem to obtain an AEN estimate of α: 
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where α′ is the optimal estimate of the sensitivity 
coefficients. Some of them will be compressed to 
zeros by the optimization of the AEN method, there-
fore making the model in Eq. (1) sparse. The param-
eters λ1 and λ2 in Eq. (6) manipulate the amount of 
regularization applied to the estimation. If λ1=0, it 
leads the AEN estimation back to the adaptive Lasso 
(least absolute shrinkage and selection operator)  
estimate. 

Now, to deal with the optimization problem (6), 
we construct a new sampling data set using the orig-
inal sampling data set (B, F) and the regularization 
coefficients λ1, λ2, which are represented as (B*, F*): 
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Let η=λ2(1+λ1)−1/2 and α*=(1+λ1)1/2α. The opti-

mal estimation of the sensitivity coefficients obtained 
by AEN is equivalent to the estimation of an adaptive 
Lasso method (Zou, 2006), which is defined as 
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In practice, we can solve the adaptive Lasso 

problem by converting it into a traditional Lasso issue. 
Let B**=B*./ω=(B1

*/ω1, B2
*/ω2, …, Bn

*/ωn) and 
α**=ω.*α*. Then Eq. (8) can be converted as follows: 
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Fig. 1  The penalty function contours of L1 (a) and L2 (b) 
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It is clear that Eq. (9) is a traditional Lasso ex-
pression. The optimal estimation of Eq. (9) can be 
solved effectively by the least angle regression (Lars) 
(Zhang and Zamar, 2014). Once the optimal estimate 
is obtained, we can easily obtain the sparse estimate 
of the sensitivity coefficients α′. Note that to avoid the 
over- or under-fitting situation, a parameter selection 
criterion, e.g., the Akaike information criterion (AIC) 
(Panchal et al., 2010), Bayesian information criterion 
(BIC) (Lan et al., 2012), or cross-validation (Kaneda 
et al., 2015), is necessary for selecting the optimal 
path of Eq. (9). 

According to the AEN method, the crucial basis 
functions are automatically selected by compressing 
the sensitivity coefficients of unimportant basis 
functions to zeros. Thus, the model of a performance 
metric can be represented sparsely, established by 

 

sparse
1

( ) ( ) ( ),
n

i i
i

f f Ba
=

′∆ = ∆ = ∆∑p p p         (10) 

 
where f(∆p) is sparse, indicating that ∃i∈[1, n], αi′=0. 

By performing the algorithmic flow mentioned 
above, the model of the performance metric can be 
constructed with sparse coefficients and without 
over-fitting. The resulting performance metric model 
will later be employed to predict the parametric yield. 

 
 

3  Parametric yield analysis for one single 
performance metric 
 

In this section we introduce the parametric yield 
prediction method for one single performance metric 
under PVT parameter variations. The parametric yield 
for an arbitrary performance metric is assumed to be 
subject to a given metric limit, denoted by ynom. As a 
result, the parametric yield information can be pro-
vided as 

 

single nom nom( ) Prob( ( ) ),Y F y f y= = ∆ <p       (11) 
 
where vector ∆p denotes the PVT parameter varia-
tions, and f(∆p) is the approximation of performance 
metric f obtained by the AEN method described  
previously. 

It is obvious that the parametric yield can be 
determined by the cumulative probability function 

(CDF) of performance fluctuations propagated from 
parameter variations, which return the cumulative 
probability at a certain limit. Accordingly, the key 
issue here is to predict the CDF of a performance 
metric under parameter variations. The CDF provides 
the mapping relationship between the performance 
metric and parameter variations. In this work, the 
parametric yield model is further given by 

 

single nom f( ) Prob( ),Y F y χ= =               (12) 
 
where χf represents the parameter variation set, de-
noted by χf={Δp: f(∆p)<ynom}. According to Eq. (12), 
once Prob(χf) is estimated, the parametric yield can be 
predicted. The prediction procedure takes advantage of 
the multiplication theorem and the MCMC method to 
estimate the CDF of the performance metric. 

The MCMC method is a powerful technique for 
simulating arbitrary probability distributions (Yuan, 
2009). In this study, we apply the MCMC method to 
estimate the CDF of performance distribution, de-
noted by Prob(χf). Here we denote the probability 
distribution Prob(χf)=Prob(f(∆p)<ynom) as the sta-
tionary distribution of a Markov chain. The state 
points can be regarded as the sample points in χf ob-
tained by Markov chain simulation. Moreover, the 
approximate maximum likelihood point, denoted by 
Δp*, can be obtained from these state points easily 
(Yuan, 2009). To approximate the performance metric 
f(∆p), a first-order Taylor series expansion is appro-
priate for expanding the sparse model in Eq. (10) at 
Δp*. The linear approximation of the performance 
metric under parameter variations can be established 
as follows: 
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With the sparse model of the performance metric 
approximated linearly, the next step is to estimate the 
CDF Prob(χf). To do that, a parameter variation set of 
the linear approximation χl is introduced, defined as 
χl={Δp: L(Δp)<ynom}. As indicated in the multiplica-
tion theorem, the probability relationship can be de-
scribed as 
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f l l f f
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It is obvious that the CDFs, Prob(χf) and 

Prob(χl), are proportional to each other when param-
eter variation sets χf and χl have intersection. As a 
result, if Prob(χl) and the two conditional probabili-
ties, Prob(χf|χl) and Prob(χl|χf), are obtained, Prob(χf) 
can be calculated. Following this flow, the saddle 
point estimation method (Jin, 2013) is further intro-
duced to calculate Prob(χl). Without loss of generality, 
for an arbitrary parameter variation Δp, the cumulant 
generating function (CGF) can be described as 
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where MΔp(t) denotes the moment generating function 
and pdf(Δp) is the probability density function (PDF) 
of Δp. 

We now focus on estimating the CGF of a linear 
expression, denoted by J(Δp)=L(Δp)–ynom. The linear 
expression is in terms of parameter variations Δp and 
performance metric limit ynom. According to Huang 
and Du (2008) and Yuan (2009), the CGF of linear 
expression J(Δp) can be defined as 
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We then use the saddle point estimation method 

to estimate Prob(χl) in Eq. (14). To be specific, given 
parameter variations Δp, Prob(χl) can be described as 
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where Φ(u) and φ(u) denote the CDF and PDF of a 
standard normal distribution, respectively. The ran-

dom variables u and v are obtained by the GGF of 
J(Δp) described in Eq. (16). Specifically, u and v are 
given by u=sign(ts)[−2KJ(p)(ts)]1/2 and v=ts[K″J(p)(ts)]1/2, 
where ts denotes the saddle point, obtained by solving 
equation K′J(p)(t0)=0, and ‘′’ and ‘″’ denote the first- 
and second-order derivatives, respectively. 

By now, we have estimated Prob(χl), which is 
able to provide the cumulative probability of the lin-
ear approximation of performance under parameter 
variations ∆p. As long as we can calculate the values 
of the conditional probabilities, Prob(χf|χl) and 
Prob(χl|χf) demonstrated in Eq. (14), Prob(χf) can be 
estimated. In what follows, the conditional probabil-
ity Markov chain method (Yuan et al., 2010) is ap-
plied to estimate Prob(χf|χl) and Prob(χl|χf). 

The conditional probability Prob(χf|χl) is calcu-
lated by a digital simulation method. Specifically, 
regarding the probability distributions in χl as the 
stationary distribution of a Markov chain, the sample 
points in χl can be obtained by Markov chain simu-
lation. The sample size is represented by nl. By 
counting the number of the sample points falling into 
region χf, the value of the conditional probability 
Prob(χf|χl) can be calculated as 
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where If(Δp(i)) is the indicator function in region χf. 
When Δp(i)∈χf, If(Δp(i))=1; otherwise, If(Δp(i))=0. nl|f 
denotes the size of the samples falling into region χf. 

On the other hand, the conditional probability 
Prob(χl|χf) can be calculated in a similar manner: 
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where Il(Δp(i)) denotes the indicator function in region 
χl, nf is the sample size in region χf, and nl|f is the size 
of the nf samples falling into region χl. 

Having calculated Prob(χf|χl), Prob(χl|χf), and 
Prob(χl), we can estimate Prob(χf) as follows: 
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The algorithmic flow for estimating the cumu-
lative distribution probability is summarized in Al-
gorithm 1. 

 
Algorithm 1    Cumulative distribution probability 
estimation 
Input: fun, ynom. 
/* Sparse model for a performance metric under PVT param-
eter variations, and performance metric limit */ 
Output: prob. 

Δp*←Likelihood_Point(fun) 
linear_Fun←Linear(fun, Δp*) 
J_Stack←Decompose(linear_Fun, ynom) 
CGF_Stack=∅ 
while J_Stack≠∅ do 
    F←POP(J_Stack) 
    CGF_F=CGF_Computation(F) 
    PUSH(CGF_F, CGF_Stack) 
end while 
J_CGF=Combine(CGF_Stack) 
CDF_Linear=CDF_Computation(J_CGF) 
(num_Fun, sample_Fun, num_Linear, sample_Linear)=  

Simu_Markov(fun, linear_Fun, ynom) 
(num_F_L, num_L_F)=Count(fun, linear_Fun, ynom,  

sample_Fun, sample_Linear) 
prob=Prob_Computation(CDF_Linear, num_Fun,  

num_Linear, num_F_L, num_L_F) 
return prob 
 
Having the sparse model for a performance 

metric under parameter variations and the perfor-
mance limit ynom, the Likelihood_Point subroutine 
constructs the sampling space by Markov chain sim-
ulation and returns the approximate maximum like-
lihood point Δp*. The Linear subroutine uses a first- 
order Taylor series expansion to expand the sparse 
model for the performance metric at Δp*. The De-
compose and Combine subroutines decompose and 
compose the linear expression J(Δp), respectively. 
The CGF_Computation subroutine computes the CGF 
of the components of J(Δp) according to Huang and 
Du (2008) and Yuan (2009). The CDF_Computation 
subroutine can compute Prob(χl) by a saddle point 
estimation method. The simu_Markov subroutine 
returns the sample points and sample size in regions 
χf and χl by Markov chain simulation sampling. The 
Count subroutine is responsible for counting the 
numbers of sample points falling into χf and χl. The 
Prob_Computation returns the exact value of Prob(χf). 
By performing the algorithmic flow presented in Al-
gorithm 1, Prob(χf) can be estimated efficiently, 

which will subsequently be applied to predict the 
parametric yield for one single performance metric 
under parameter variations according to Eq. (12). 
 
 
4  Copula-based multi-parametric yield pre-
diction procedure 

 
In Section 3, we concluded that the parametric 

yield of one single performance metric can actually be 
represented by the CDF of the performance metric. 
However, in practice, parametric yield prediction 
often considers multiple performance metrics simul-
taneously, e.g., gain, bandwidth, leakage current, 
offset, and gate delay. Therefore, it is necessary to 
predict the multi-parametric yield under parameter 
variations, which can be modeled as the joint CDF of 
the multiple performance metrics. Likewise, the 
multi-parametric yield model can be constructed as  

 

multi 1,nom 2,nom ,nom 1 1,nom

2 2,nom ,nom

( , , , ) Prob( ( ) ,
          ( ) , , ( ) ),

d

d d

Y F f
f f
= = ∆ <

∆ < ∆ <

y y y p y
p y p y





(21) 
 

where vector ∆p denotes PVT parameter variations, 
fi(∆p) (i=1, 2, …, d) are the sparse models of d per-
formance metrics, and yi,nom (i=1, 2, …, d) are the 
limits of the d performance metrics. 

Similar to the flow in the previous section, to 
predict the multi-parametric yield, we focus on esti-
mating the joint CDF of the performance metrics. In 
this work, copula theory is applied to predict the joint 
CDF considering multiple performance metrics. 

4.1  Basic facts about copula theory 

Copula theory is an emerging branch in the field 
of statistics (Binois et al., 2015). It studies how to 
construct an appropriate multivariate joint CDF, 
which has correlations among designated single var-
iable marginal CDFs and all random variables. As of 
now, copula theory is well known in mathematical 
statistics. However, to our knowledge, it has not yet 
been used for a multi-parameter yield prediction 
procedure. In this subsection, we first present several 
basic facts about copula theory, which are necessary 
to follow the analysis. 
Definition 1 (Copula function) (Nelson, 2006)   
Copula is a function C defined on [0, 1]n, which  
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satisfies the following conditions: (1) ∀u∈[0, 1]n, part 
of u are zeros, let C(u)=0; (2) C(u) is an 
n-dimensional increasing function; (3) ∀u∈[0, 1]n 
and i=1, 2, …, n, ui=1, i≠k, C(u)=uk. 
Proposition 1 (Sklar’s theorem) (Nelson, 2006)    For 
any n-dimensional distribution function F: n→[0, 1]n 
with marginals F1, F2, …, Fn, there exists a copula C 
such that ∀z∈n, F(z)=C(F1(z1), F2(z2), …, Fn(zn)). 
Moreover, if Fk are continuous, then C is uniquely 
given by C(u)=F(F−1(u1), F−1(u2), …, F−1(un)); oth-
erwise, C is uniquely determined on the range F1×…× 
range Fn. 

Through Sklar’s theorem, we are pleasantly 
surprised to find an efficient general technology for 
handling an arbitrary correlation structure. As long as 
the marginal CDFs Fi (i=1, 2, …, n) are known to-
gether with the copula function describing the corre-
lation, we can estimate the joint CDF. In this work, 
the marginal CDFs of performance metrics have been 
unambiguously estimated by the multiplication the-
orem and the MCMC method in the previous section. 
It is obvious that as long as we determine the form of 
the copula function, the multi-parameter yield (also 
known as the joint CDF of the performance metrics) 
can be predicted effectively, which will be discussed 
in the next subsection. 

4.2  Copula-based joint CDF prediction procedure 

This subsection details the joint CDF prediction 
procedure for multiple performance metrics based on 
copula theory. The focus here is on optimizing the 
parameter(s) of the selected copula function that ef-
fectively describe(s) the correlations among perfor-
mance metrics. To predict the joint CDF, our method 
starts with a copula function selection performed on 
various copula functions obtained by different con-
struction methods. At present, copula functions in-
clude mainly elliptic copula functions (e.g., Gaussian 
and t-copula), Archimedean copula functions, and 
Plackett copula functions. However, the elliptic cop-
ula has a quite complicated form (not even analytic) 
and is intractable in our multi-parameter yield pre-
diction problem. Instead, we turn to a different, sim-
pler class of copula functions, found in so-called 
Plackett and Archimedean copulas. Plackett copulas 
are functions based on a constant cross-product ratio 
(Kao and Govindaraju, 2008). The function forms of 
Plackett copulas were detailed in Kao and Go-

vindaraju (2008), while Archimedean copulas can be 
defined in what follows. 
Definition 2 (Archimedean copula) (Houda and 
Lisser, 2015)    A copula C is called Archimedean if 
there exists a continuous strictly decreasing function 
φ: [0, 1]→[0, +∞], called the generator of C, such that 
φ(1)=0 and C(u)=φ−1[φ(u1)+φ(u2)+…+φ(uk)]. If 
limt→0φ(t)=+∞, then C is called a strict Archimedean 
copula and φ is called a strict generator. 

Archimedean and Plackett copulas have many 
families for different types of functions. In this work, 
the main family types are listed in Table 1. This list 
includes well-known families of Archimedean copu-
las such as Gumbel, Clayton, and Frank, but also the 
Plackett family of copulas at the bivariate level. These 
copula families all have different properties and, due 
to their flexibility, serve as a good starting point for 
dependence modeling. 

After determining the copulas to be used, the 
parameter estimation procedure is applied to explore 
the optimal parameter θ for each copula. To do so, a 
pseudo maximum likelihood estimator (PMLE) (Kim 
et al., 2007) method is adopted here to estimate the 
parameter θ. First, we construct the marginal empir-
ical CDFs of the performance metrics, based on the 
sampling data. The marginal empirical CDF of the ith 
performance metric can be defined as 

 

( )
,nom ,

1
nom

1( ) ( ( ) ) ,
s

j i
i i i i

j

sF y I f
s s=

= ∆ < =∑ p y    (22) 

 
where I(fi(Δp(j))<yi,nom) is the indicator function of the 
ith performance metric. When fi(Δp(j))<yi,nom, 
I(fi(Δp(j))<yi,nom)=1; otherwise, I(fi(Δp(j))<yi,nom)=0. 
The notation s denotes the size of the sampling data 
for the ith performance metric. si denotes the size of 
samples satisfying fi(Δp)<yi,nom. 

We randomly choose n performance limits for 
performance constraints, denoted by yi,nom=(yi,nom

(1), 
yi,nom

(2), …, yi,nom
(n))T (i=1, 2, …, d). Based on the 

marginal empirical CDFs determined by Eq. (22), the 
marginal empirical CDF matrix can be estimated 
easily, where it is described as um={ui=(ui

(1), ui
(2), …, 

ui
(n))T, i=1, 2, …, d}. In this work, we apply matrix um 

and the copula demonstrated in Table 1 to calculate 
the maximum likelihood estimation (MLE) of pa-
rameter θ. Without loss of generality, the likelihood 
function of the copula in Table 1 can be represented as 
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where u=(u1, u2, …, ud) denotes the PDF of the copula 

function, and 
1 2
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d

d
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Correspondingly, the log-likelihood function of 
the copula in Table 1 can be obtained by 
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As a general principle of parameter point esti-

mation, PMLE seeks to maximize the log-likelihood 
function. Denoting θPMLE:=argmaxθ∈Θlc(θ), the value 
of θPMLE is considered the optimal estimate of pa-
rameter θ, which can be obtained either numerically 
or analytically. 

Having estimated the optimal parameters for the 
copulas listed in Table 1, we focus on selecting the 
best fitting copula to predict the joint CDF of the 
performance metrics. The optimal copula can be  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

selected by the goodness of the fit evaluation method, 
such as AIC (Panchal et al., 2010) or ordinary least 
square (OLS) (Wang and Hutson, 2015). By com-
paring the evaluation results, the copula with the best 
goodness of fit (e.g., the minimum value of AIC or 
OLS) can be considered as the most suitable copula. 
Then according to copula theory, the multi-parameter 
yield (joint CDF) of the performance metrics can be 
constructed by the copula function obtained in the 
previous step and the marginal CDFs of the perfor-
mance metrics estimated in Section 3. The expression 
of the multi-parameter yield can be represented as  

 

multi 1,nom 2,nom ,nom

1 1,nom 2 1,nom 1,nom PMLE

( , , , )
( ( ), ( ), , ( ); ).

d

d

Y F
C F F F θ

=

=
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
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(25) 
 
So far, we have predicted the multi-parametric 

yield under parameter variations following the pro-
cedures mentioned above. Fig. 2 shows a flowchart 
summarizing the elementary flows of the proposed 
yield prediction framework, which is built step by 
step from circuit to parametric yield. 

Table 1  Main Archimedean and Plackett copula families 
Family Copula function Parameter θ 

Archimedean copulas 
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Plackett copulas (2-dimensional) 

 

FGM 1 2 1 2 1 2(1 )(1 )C u u u u u uθ= + − −  [−1, 1] 
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5  Experimental results 
 

This section presents the experimental results of 
the proposed multi-parameter yield prediction 
framework implemented by MATLAB programming. 
The gate model is a linear model, and the technology 
node is 65 nm. The variations in the following key 
PVT parameters are taken into consideration: effec-
tive channel length variation (∆Leff), threshold voltage 
variation (∆Vth), oxide thickness variation (∆Tox), 
power-supply voltage variation (∆Vdd), and on-chip 
temperature variation (∆T). Here, according to the 
empirical data in Visweswariah (2003), all parameter 
variations are modeled as truncated Gaussian distri-
butions. The 3σ values of ∆Leff, ∆Vth, and ∆Tox are 
20%, 10%, and 8% of their nominal values, respec-
tively. The global and local variations of the process 
parameters are assumed to account for half of the total 
variation, respectively (Mande et al., 2013). Besides, 
with regard to environmental parameters, the maxi-
mum deviations on voltage drop and on-chip tem-
perature are 10% and 40% of their nominal value, 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

respectively. In this study, the nominal values for 
power-supply voltage and on-chip temperature are set 
as 1.1 V and 25 °C, respectively. 

The effectiveness of the proposed framework is 
demonstrated with ISCAS benchmark circuits. As 
mentioned above, the proposed framework is capable 
of representing performance metrics sparsely. Just for 
the convenience of comparative analysis, in this ex-
periment, we aim to model two performance metrics, 
leakage current and gate delay, which both have ex-
plicit empirical expressions. It is worth emphasizing 
that the proposed prediction framework is not limited 
to modeling the performance metrics with empirical 
expressions. It is also suitable for modeling any other 
performance metrics such as gain, bandwidth, and 
offset.  

According to Sun et al. (2008), the leakage cur-
rent can be described as a sum of the subthreshold 
current and the gate leakage current. In addition, the 
subthreshold current and the gate leakage current can 
be approximated by a linear exponential function of 
PVT parameters. On the other hand, the gate delay 
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variations

SPICE 
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Sample values of  
performance 
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Basic functions 
of f1 

...

Sample matrix for 
basis functions: B1
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Fig. 2  Flowchart of our multi-parametric yield analysis framework 
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can be approximated by a linear function. Without 
loss of generality, we randomly select the basis  
functions (log form) for subthreshold current as  
{∆Leff

2, ∆Leff, ∆Vth, ∆Vth∆Leff, ∆Vdd, ∆Vdd∆Vth, ∆T, 
∆T∆Leff∆Vth} (the basis functions can include, as 
much as possible, the basis functions of interest). The 
corresponding coefficients are denoted by ki (i=1, 
2, …, 8). Similarly, the basis functions (log form) for 
gate leakage current are selected as {∆Vdd

3, ∆Vdd
2, 

∆Vdd, ∆Tox
3, ∆Tox

2, ∆Tox, ∆Vdd∆Tox}, and the basis 
functions of gate delay are {∆Leff

3, ∆Leff
2, ∆Leff, ∆Vth

2, 
∆Vth, ∆Tox, ∆Tox∆Leff, ∆Vdd, ∆Vdd∆Tox, ∆T}. 

To verify the sparsity of the proposed perfor-
mance metric modeling, we take the subthreshold 
current as an instance and apply circuit C432 to model 
it under different regularization coefficients. Gate 
leakage current, total leakage current, and gate delay 
are similar. In this step, different regularization coef-
ficients λ1 are used to select the sensitivity coeffi-
cients of basis functions. The AIC criterion is neces-
sary here to optimize the model of subthreshold cur-
rent. Fig. 3 demonstrates the coefficient selection 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

path of basis functions for the subthreshold current 
under a few of different regularization coefficients. 
As illustrated in Fig. 3, the dashed part is the optimal 
sensitivity coefficients obtained based on the AIC 
criterion. Besides, it is clear that under a fixed regu-
larization coefficient λ1, different L1-penalty con-
straints lead to a different compression of the coeffi-
cients of basis functions. When the value of AIC is 
very large, the selected coefficients will lead to the 
decrease of the accuracy of the model. 

To further demonstrate the sparsity of our mod-
eling method, the sensitivity coefficients of basis 
functions are optimized under a specific regulariza-
tion coefficient, λ1=1e-13. The coefficient selection 
results under different L1-penalty constraints are 
listed in Table 2. It is easy to know that if the 
L1-penalty constraint is very loose, the model is  
under-fitting. All the coefficients are compressed to 
zero. Otherwise, if the L1-penalty constraint is very 
strict, all the coefficients are selected, and the model 
is not sparse. In addition, by comparing the values of 
AIC, Table 2 demonstrates the optimal sensitivity 
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Fig. 3  The coefficient selection paths of the subthreshold current under different conditions: (a) λ1=1e-13, 
min(AIC)=63.0989; (b) λ1=1e-5, min(AIC)=63.0994; (c) λ1=1e-2, min(AIC)=63.6353; (d) λ1=0.5, min(AIC)=84.1606 
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coefficients obtained based on the AIC criterion. 
From the optimal coefficients, some of them are 
compressed to zero. Thus, the model is sparse. 

Having verified the sparsity of the performance 
metric modeling method, we can perform parametric 
yield analysis for one single performance metric. To 
verify the reliability of our method, we present the 
comparison results on a C432 circuit between the 
CDFs of subthreshold current obtained by our method 
and a Monte Carlo (MC) analysis (Fig. 4a). Similar 
results are obtained for the gate leakage current, total 
leakage current, and gate delay (Figs. 4b−4d). Fig. 4 
shows that the results of our method fit well with 
those of MC analysis. From this we know that our 
method can predict the parametric yield of one single 
performance metric effectively. 

As mentioned above, in this experiment, an 
important reason for choosing leakage current and 
gate delay as example performance metrics is that 
they have explicit empirical expressions. By these 
empirical expressions, we can better verify the effec-
tiveness of our method. Fig. 5 demonstrates the CDFs 
of subthreshold current, gate leakage current, total 
leakage current, and gate delay obtained by our pre-
diction method and the explicit empirical expressions 
(EE). As illustrated in Fig. 5, the results obtained by 
our method and the explicit EE analysis are basically 
consistent. This further verifies the effectiveness of 
our method. 

In addition, to further demonstrate the effec-
tiveness of our single-parametric yield prediction 
method, the relative errors of the aforementioned four 
performance metrics among our method, EE analysis,  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
and MC analysis are listed in Table 3. We have eval-
uated the relative errors at the 95th, 50th, and 20th 
percentiles, respectively. All performance metrics 
have been normalized. It is obvious that the relative 
errors are relatively small, around 2%, verifying that 
the results obtained by our method fit those of EE and 
MC analysis very well. 

After verifying the effectiveness of our single- 
parametric yield prediction method, we present the 
final results in the proposed multi-parametric yield 
prediction framework. In this set of experiments, we 
still take the C432 circuit as an instance to select the 
optimal copula from those in Table 1. The optimal 
parameter estimations and the values of goodness of 
fit evaluations (AIC and OLS) are listed in Table 4. In 
addition, by comparing the values of AIC and OLS, 
Table 4 lists the optimal copula as well, which will be 
applied to predict the multi-parametric yield in sub-
sequent experiments. 

In the next step, we perform the multi-parametric 
yield prediction framework using the copula selected 
in the previous experiment. The total leakage current 
and gate delay limits are set as some random multi-
ples of the nominal total leakage current and gate 
delay, respectively. In such a case, the multi- 
parametric yields of the total leakage current and gate 
delay obtained by our framework and MC analysis are 
listed in Table 5. Table 5 also presents the relative 
errors between our framework and MC analysis. As 
illustrated, the relative errors are acceptable and the 
absolute deviations are all less than 0.05. The results 
justify that our framework could effectively predict 
the multi-parametric yield of performance metrics. 

Table 2  The coefficients obtained under different L1-penalty constraints 
L1-penalty 
constraint k1 k2 k3 k4 k5 k6 k7 k8 AIC 

0 0 0 0 0 0 0 0 0 408.3657 
0.0251 0 −3.0511 0 0 0 0 0 0 221.0552 
0.0647 0 −4.1958 −4.0653 0 0 0 0 0 144.1919 
0.0815 0 −4.2087 −4.1012 0 0 0 0.0334 0 136.7368 
0.4119 0 −4.3990 −4.6220 0 2.1919 0 0.5534 0   63.4891 
0.4718 −2.9716 −4.4078 −4.6363 0 2.2575 0 0.5688 0   63.0989 
0.4937 −3.0216 −4.4079 −4.6368 0 2.2583 1.6367 0.5691 0   63.1038 
0.5419 −3.0807 −4.4080 −4.6380 0 2.2594 3.5244 0.5695 6.8400   63.1104 

1 −3.0817 −4.4080 −4.6384 0.3493 2.2594 3.5350 0.5695 6.9185   63.1226 
Optimal coefficients (the minimum value of AIC) are in boldface 
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 Fig. 5  The CDF obtained by our method and EE analysis: (a) subthreshold current; (b) gate leakage current; (c) total 

leakage current; (d) gate delay 
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Fig. 4  The CDF obtained by our method and MC analysis: (a) subthreshold current; (b) gate leakage current; (c) total 
leakage current; (d) gate delay 
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We further chose the C432 circuit to provide the 
multi-parametric yield surface. Fig. 6 illustrates the 
multi-parametric yields generated by the proposed 
prediction framework for various limits of leakage 
current and gate delay. The multi-parametric yield 
surface obtained by MC analysis is provided in Fig. 7 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

for comparison. Each point in the surface represents a 
multi-parametric yield under specific leakage current 
and gate delay limits. All these points compose a 
smooth multi-parametric yield surface and provide 
the designers with useful and flexible yield infor-
mation considering multiple performance metrics. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 4  The optimal copula selection from different 
copula families 

Copula family Parameter θ AIC OLS 
Gumbel 1.0443 −2.7226e4 0.0109 
Clayton 0.0124 −2.8359e4 0.0089 
Frank 0.2052 −2.7854e4 0.0096 
AMH 0.0258 −2.8381e4 0.0088 
Joe 1 −2.8617e4 0.0087 
FGM 0.0644 −2.8115e4 0.0092 
Plackett 1.1603 −2.7361e4 0.0104 

Optimal copula is in boldface 

Table 5  The multi-parametric yields and relative er-
rors under the selected copula 

No. 
Total 

leakage 
current 

Gate 
delay 

Yield Relative 
error Our 

method 
MC 

analysis 
1 0.943 1.025 0.2753 0.3020 8.84% 
2 1.057 1.031 0.5081 0.5460 6.94% 
3 1.143 1.055 0.7443 0.7775 4.27% 
4 1.257 1.062 0.8804 0.9020 2.39% 
5 1.323 1.069 0.9334 0.9430 1.02% 
6 1.446 1.075 0.9773 0.9770 0.03% 
7 1.625 1.092 0.9935 0.9950 0.15% 
8 1.713 1.112 0.9987 0.9995 0.08% 

 

Fig. 6  The multi-parametric yield surface for the C432 
circuit obtained by our framework 
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Fig. 7  The multi-parametric yield surface for the C432 
circuit obtained by MC analysis 
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Table 3  Relative errors of different performance metrics 

Performance metric Method 
95th percentile 50th percentile 20th percentile 

Value Error Value Error Value Error 

Subthreshold current 
Our method 1.3572  0.9993  0.8413  
EE analysis 1.3548 0.18% 0.9985 0.08% 0.8496 0.99% 
MC analysis 1.3662 0.66% 0.9779 2.19% 0.8258 1.55% 

Gate leakage current 
Our method 1.3206  0.9964  0.8555  
EE analysis 1.3464 1.92% 0.9998 0.34% 0.8606 0.59% 
MC analysis 1.3286 0.60% 0.9851 115% 0.8538 0.20% 

Total leakage current 
Our method 1.3049  1.0013  0.8708  
EE analysis 1.3077 0.21% 1.0009 0.04% 0.8717 0.10% 
MC analysis 1.3267 1.64% 0.9821 1.95% 0.8436 3.21% 

Gate delay 
Our method 1.0587  1.0005  0.9713  
EE analysis 1.0663 0.71% 0.9989 0.16% 0.9658 0.57% 
MC analysis 1.0612 0.25% 1.0016 0.11% 0.9664 0.51% 
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At the last step, we perform the proposed multi- 

parametric yield prediction framework on various 
benchmark circuits. The optimal copula for each 
circuit, the corresponding parameter estimation, and 
the values for AIC and OLS are listed in Table 6. A 
few example yields selected from the multi- 
parametric yield surface randomly, and the corre-
sponding yields obtained by MC analysis, are also 
listed. The example yields are described as Ymulti,1= 
Prob(ILeak(Δp)<1.12Inom, DDelay(Δp)<1.03Dnom) and 
Ymulti,2=Prob(ILeak(Δp)<1.45Inom, DDelay(Δp)<1.08Dnom). 
In addition, the relative errors between these two 
methods and the running time are calculated. Ac-
cording to the data in Table 6, different copulas will 
be selected for different benchmark circuits. However, 
our method can predict the multi-parametric yield 
effectively for all benchmark circuits. Moreover, the 
data in the table shows that the running time for our 
method does not increase with the increase of the 
scale of the benchmark circuits. It changes with the 
type of copula function, and the running times of the 
same copula function are close. Finally, it is worth 
emphasizing that the running time in Table 6 is the 
execution time of our prediction framework—it does 
not include the time for SPICE simulation. The time 
for SPICE simulation increases with the increase of 
the scale of the benchmark circuits. 
 
 
6  Conclusions 
 

We have proposed an effective multi-parametric 
yield prediction framework that integrates the AEN 
method, multiplication theorem, MCMC method, and 
copula theory. Considering multiple performance 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
metrics simultaneously, the proposed strategy can be 
used to predict the multi-parameter yield by estimat-
ing the joint CDF of the performance fluctuations 
propagated from parameter variations. The efficiency 
of this new method has been verified with various 
ISCAS benchmark circuits. 
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