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Abstract:    Due to its simplicity and ease of use, the standard grey wolf optimizer (GWO) is attracting much attention. However, 
due to its imperfect search structure and possible risk of being trapped in local optima, its application has been limited. To perfect 
the performance of the algorithm, an optimized GWO is proposed based on a mutation operator and eliminating-reconstructing 
mechanism (MR-GWO). By analyzing GWO, it is found that it conducts search with only three leading wolves at the core, and 
balances the exploration and exploitation abilities by adjusting only the parameter a, which means the wolves lose some diversity 
to some extent. Therefore, a mutation operator is introduced to facilitate better searching wolves, and an eliminating- 
reconstructing mechanism is used for the poor search wolves, which not only effectively expands the stochastic search, but also 
accelerates its convergence, and these two operations complement each other well. To verify its validity, MR-GWO is applied to 
the global optimization experiment of 13 standard continuous functions and a radial basis function (RBF) network approximation 
experiment. Through a comparison with other algorithms, it is proven that MR-GWO has a strong advantage. 
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1  Introduction 
 

Optimal control is an important branch of con-
trol theory, the key to which is the optimization algo-
rithm design. Given social and economic  
developments, traditional optimization algorithms 
cannot realistically provide the optimal control 
needed for many complex practical problems, which 
is the motivation behind the development of advanced 

intelligent optimization algorithms (Oftadeh et al., 
2010). A popular research direction is biological 
swarm intelligence optimization algorithms 
(Karaboga, 2005; Li and Huang, 2016). Classical 
biological swarm intelligence algorithms include 
mainly genetic algorithms (GAs), evolutionary algo-
rithms (EAs), particle swarm optimization (PSO), ant 
colony optimization (ACO), and so on (Gao et al., 
2012). In recent years, some new algorithms have 
been proposed (Nabil, 2016; Thamaraiselvi and 
Santhi, 2016), such as the dolphin swarm algorithm 
(DSA) (Wu et al., 2016) and the grey wolf optimizer 
(GWO) (Mirjalili et al., 2014). The GWO algorithm 
can be applied to all walks of life immediately be-
cause it is easy to understand (Chaman-Motlagh, 
2015; Komaki and Kayvanfar, 2015; Korayem et al., 
2015; Mahdad and Srairi, 2015; Mirjalili, 2015; 
Zhang and Zhou, 2015; Kamboj et al., 2016; Me-
djahed et al., 2016; Mirjalili et al., 2016; Zhang et al., 
2016), especially in solving problems in electric 
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power systems (Sharma and Saikia, 2015; Hadidian- 
Moghaddam et al., 2016). These problems include 
maximum power point tracking (Mohanty et al., 
2016), reactive power optimization scheduling 
(Sulaiman et al., 2015), and a wide range of power 
system stabilizers when considering a time delay 
(Shakarami and Davoudkhani, 2016). 

In the GWO algorithm, the hunting behavior of a 
grey wolf is simulated in the optimization process, 
and the so-called prey is the best optimization result. 

 
 

2  GWO and literature review 

2.1  GWO algorithm 

The grey wolf, also called a ‘timber wolf’ or a 
‘western wolf’, belongs to the Canidae family, living 
in the desolate places of Europe and North America. 
A grey wolf pack generally consists of 5–11 wolves 
forming a family, which usually involves one or two 
adult wolves, three to six teen wolves, and one to 
three young wolves. In special cases, a large pack is 
composed of two or three wolf families. The grey 
wolf is the upper member of the food chain. They are 
excellent hunters, and have a very strict social hier-
archy. Moreover, they attach great importance to their 
pack organization and management, which can be 
seen from their manager, who is picked out usually 
not for its strongest fighting capacity, but for its best 
management and organizational ability. Grey wolves 
often like to hunt in groups under the leadership of 
their manager. GWO was proposed to imitate their 
hunting behavior in groups. 

In the standard GWO algorithm, the grey wolves 
are divided into four levels: the highest are the alpha 
(α) wolves, the second are beta (β) wolves, the third 
are delta (δ) wolves, and the last are omega (ω) 
wolves. The α, β, and δ wolves can be regarded as the 
leaders, and there is always only one wolf in each 
category. The ω wolves, a dozen or more, undertake 
the major search tasks. Here, the optimization pro-
cedure means the process of capturing prey, and when 
the prey is captured, the optimal value is found. The 
prey is presumed to stay at the position of the α wolf. 
Thus, it is seen that finding the best position of the α 
wolf means the optimal value is found. The specific 
steps are as follows: 

Step 1: initialization. Establish the initial  

positions of α, β, δ, and ω wolves, and calculate the 
initial solution α_score, β_score, and δ_score for the α, 
β, and δ wolves, respectively. 

Step 2: social hierarchy. Calculate the solution 
for every ω wolf, and then compare the results with 
the α_score, β_score, and δ_score, respectively. If it is 
superior, update the corresponding α, β, or δ wolf with 
this ω wolf. 

Step 3: encircling and hunting. Perform encir-
cling and hunting under the leader of the α, β, and δ 
wolves by all ω wolves. All ω wolves move around 
the α, β, and δ wolves. The specific calculation can be 
represented as 

 

1 ( ) ,t= ⋅ −D C X Xα α                       (1) 

2 ( ) ,t= ⋅ −D C X Xβ β                      (2) 

3 ( ) ,t= ⋅ −D C X Xδ δ                      (3) 

1 1( 1) ,t + = − ⋅X X A Dα α                   (4) 

2 2( 1) ,t + = − ⋅X X A Dβ β                   (5) 

3 3( 1) ,t + = − ⋅X X A Dδ δ                    (6) 

1 2 3( 1) ( 1) ( 1)
( 1) ,

3
t t tt + + + + +

+ =
X X XX     (7) 

 
where t indicates the current number of iterations, X is 
the current position vector of the ω wolf, Xα, Xβ, and 
Xδ are the position vectors of the α, β, and δ wolves, 
respectively. D is the distance between the ω wolf and 
the α, β, or δ wolf. The computation formulas of co-
efficient matrices A and C are A=2a⋅r1−a and C=2r2, 
respectively, where r1 and r2 are two random vectors 
in [0, 1], a is a variable to make the calculation of A 
convenient, and it can be thought as the weight value 
of the distance D. The element of a decreases from 2 
to 0 with the increase of the number of iterations, and 
thus the variable range of A is obtained as [−1, 1]. 

Step 4: determining whether to complete the 
calculation. If the search accuracy meets the re-
quirements, or the number of iterations reaches the 
maximum, the calculation ends. Otherwise, return to 
the second step until the ending condition is met. 

2.2  Literature review 

GWO is a meta-heuristic algorithm, and as such, 
it is usually important to balance the abilities of ex-
ploration and exploitation (Gao, 2013). GWO is also a 
swarm intelligence algorithm to imitate the grey 
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wolves’ hunting behavior by parallel iteration (Han 
et al., 2015), which would accelerate the convergence. 
From the above section, the α wolf is used to memo-
rize the best solution until the end of the iteration, and 
the search information of the previous iteration has 
been retained in the process of optimization. 

There is only one parameter to be adjusted in the 
iterative process for GWO, that is, a. The exploration 
ability and exploitation ability are balanced mainly by 
adjusting the parameter a, which makes the algorithm 
structure simple and easy to implement, but mean-
while brings some challenges. In early iterations, 
when the value of a is larger, the exploration ability of 
GWO is stronger. In later iterations, with a gradually 
decreasing, the exploitation ability is strengthened 
and the exploration ability is weakened. Thus, for the 
whole iteration process, both of the two phases have 
been developed. However, since exploration is re-
duced in later iterations, the risk of being trapped in 
local optima will be increased. 

Moreover, in GWO, the search behavior occurs 
mainly around the three leader grey wolves α, β, and δ, 
and if the three leader grey wolves are all in local 
optima area, it will be hard for the algorithm to jump 
out of the local optimum, and actually this problem 
has been exposed in the optimization results (Mirjalili 
et al., 2014). Therefore, many excellent variations of 
GWO have been developed (Saremi et al., 2015; 
Emary et al., 2016; Emary and Zawbaa, 2016; 
Kamboj, 2016; Lu et al., 2016; Yao et al., 2016). 

Evolutionary population dynamics (EPD) has 
been applied to improve GWO (GWO-EPD) (Saremi 
et al., 2015), in which the searching wolves with 
poorer performances are found first, and then the 
algorithm reinitializes them around the α, β, and δ 
wolves or in the whole feasible scope. Here, GWO is 
improved to some extent, whereas with careful anal-
ysis it could be found that the step size of the rei-
nitialized operator around α, β, and δ wolves is too 
large, which would be of little help to the exploration 
ability. The step sizes of other reinitialized operators 
in the whole feasible scope are also large, which may 
limit the diversity of the reinitialization and bring in 
an excessively strong exploration ability, thus easily 
plunging the system into local optima. 

Emary et al. (2016) have been proposed two 
kinds of chaos GWOs. The idea is to apply a chaotic 
function to replace the parameter a. Great care is 

taken with the exploration ability of GWO in later 
iterations with decreasing a, and thus they planned to 
apply the chaos to replace the change in a, and the 
algorithm was denoted as a CGWO. The exploration 
ability in later iterations is improved to a certain ex-
tent since chaos is stochastic and ergodic. However, 
irregularity and sensitivity to the initial chaos condi-
tion would make the algorithm oscillating and even 
unstable over the entire iteration cycle (including 
early and later iterations), thus leading to failure in 
finding the optimal result. 

Two binary GWO algorithms (bGWO1 and 
bGWO2) have been proposed mainly for feature se-
lection in the literature (Emary et al., 2016). In 
bGWO1, the special bitwise operators are given to 
Eqs. (4)–(6) to transfer the state value of each di-
mension to a binary 0 or 1, and then the updated value 
of Eq. (7) is bitwise determined by a simple stochastic 
crossover strategy. In bGWO2, the special bitwise 
operator is only given to Eq. (7), which is simpler 
than bGWO1. For both, since the result of each bit, 0 
or 1, is determined according to a random probability, 
the variation is implied in the calculation process, 
which could increase the diversity of the wolves and 
is reflected more obviously and simply in bGWO2. 
The binary GWO algorithms are very convenient for 
the optimization of some specific problems, which 
can be described clearly only with a binary 0 or 1. 
However, for the design of the two algorithms, only 
the conditions for converting the state value of each 
dimension into a simple integer value of 0 or 1 are 
considered. When the situation becomes complicated 
where the decimal would be needed to describe the 
problem, the binary GWO algorithms offer little help. 

An improved GWO algorithm (IGWO) has also 
been proposed (Yao et al., 2016), inspired by the PSO 
algorithm, where Eq. (7) is first multiplied by a 
learning factor, and then an addend is added that 
could reflect the distance between the grey wolf and 
the current best α wolf. In fact, it can be seen from  
Eq. (1) that the distance is considered in GWO to a 
certain extent; therefore, IGWO is not sufficient for 
improving GWO completely. The hybrid PSO-GWO 
algorithm (Kamboj, 2016) is another improved GWO 
affected by PSO, which takes the best position as the 
search agent’s current position by imitating the PSO. 
Since position movement is always influenced by the 
two best values, its performance with respect to  
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diversity is limited. 
Although there is another discrete variant of 

GWO (Lu et al., 2016), it still does not generate the 
best optimization effect. 

Therefore, for better applications of GWO and a 
comprehensive improvement of its exploration and 
exploitation abilities, an improved GWO algorithm is 
proposed based on the mutation operator and elimi-
nating-restructuring mechanism (MR-GWO). All the 
ideas for mutation and eliminating-reconstructing 
come from the concepts of biological evolution. 
Therefore, MR-GWO can also be considered as a 
hybrid GWO based on biological evolution. Note that 
the idea of biological evolution is related to concepts 
similar to, but different from, evolutionary pro-
gramming (EP), evolution strategies (ES), and dif-
ferential evolution (DE). 

To verify the effectiveness of MR-GWO, GWO 
variants (chaos GWO and the binary GWO) and 
MR-GWO are compared in the experiments. 

 
 

3  Improved GWO (MR-GWO) 
 

This section introduces the mutation operator 
and eliminating-reconstructing mechanism to GWO 
to obtain MR-GWO, to enhance the exploration and 
exploitation abilities. 

3.1  Eliminating-restructuring mechanism 

The first step is to sort the ω wolves, keep the 
better R_num ones, and then eliminate the inferior 
ones, which will be reconstructed following Eq. (8) or 
(9). Eq. (8) denotes the new ω wolves, which will be 
produced randomly in the whole feasible domain, and 
Eq. (9) means the new ones, which will be produced 
around the α wolf. 

 

min 2 max min( 1) ( ),k
ix t x r x x+ = + −             (8) 

1 max min( 1) ( ) ( ).k k
ix t x t r x xa η+ = + −          (9) 

 

( 1)k
ix t +  is the kth status value of the ith ω wolf 

in the next iteration, and ( )kx tα  is the kth status value 
of the α wolf. The parameters r1 and r2 are random 
numbers in (0, 1), and η is a closing factor to reflect 
the degree to which the ω wolf is close to the α wolf. 
Parameter η affects the exploitation of the system, 
especially exploitation of the problem with unimodal 
characteristics. 

3.2  Mutation operator for excellent search wolves 

The differential mutation operator is introduced 
to accelerate the algorithm to find the global optimum. 
The mutation probability means that the mutation will 
occur only for some excellent ω wolves. Some other 
excellent ω wolves will keep their original statuses, 
which will be helpful for the whole team to maintain 
its basic exploration ability. The specific mutation 
algorithm is given as follows: 

 

m

m

( ) ( ( ) ( ) ( ) ( )),
( 1)             rand > ,  ,

( ),    rand .

k k k k k
i j l n

k
i i

k
i i

x t F x t x t x t x t
x t P j l n i

x t P

a + ⋅ − + −


+ = ≠ ≠ ≠
 ≤

 

(10) 
 
 

( )k
ix t  and ( 1)k

ix t +  are the kth status values of 
the ith ω wolf in the current iteration and the next 
iteration, respectively. ( ),kx tα  ( ),k

jx t  ( ),k
lx t  and 

( )k
nx t  are the kth status values of the α wolf, the jth, 

lth, and nth ω wolves, respectively. F is the amplifi-
cation factor, which is generally varying in the scope 
(0, 2), randi is a random number in (0, 1), and Pm is the 
mutation probability. 

The second step is to use a greedy selection op-
erator (Storn and Price, 1997) to compare the mutated 
offspring with its parent. If better-mutated, the off-
spring will be preserved; otherwise, the parent is kept 
unchanged. 

3.3  Improved GWO algorithms 

Definition 1    MR-GWO is defined as an optimized 
GWO algorithm based on an eliminating-recon- 
structing mechanism and the mutation operator. 

To illustrate how the eliminating-reconstructing 
mechanism and the mutation operator complement 
each other in function, a derivative algorithm is  
defined. 
Definition 2    R-GWO is another improved GWO 
algorithm based on only the eliminating-recon- 
structing mechanism, which is a derivative algorithm 
of MR-GWO. 

The detailed frame structure of the MR-GWO 
algorithm is shown in Algorithm 1, and it is necessary 
to remove the mutation step (step 14) to obtain the 
frame structure of R-GWO. 

The out-of-bound process is performed as  
follows: 
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max max

min min

,     ( ) ,
( )

,     ( ) .

k
ik

i k
i

x x t x
x t

x x t x

 >= 
<

               (11) 

 

( )k
ix t is the kth status value of the ith ω wolf in 

the current iteration, xmax is the upper limit of the 
status variable, and xmin is the lower limit of the status 
variable. 

 
Algorithm 1  Frame structure of MR-GWO 

1   Initialize the positions of all wolves, parameters η, F, 
Pm, and so on, set iteration=l (the number of iterations), 
and calculate the solutions of α, β, and δ wolves; 

2    Check the positions of all wolves one by one; 
3    if the position is out of the bound 
4     Execute the process as given in Eq. (11); 
5    else 
6     Calculate the solutions of ω wolves; 
7     if the solution of ω wolf is better than that of α, β, or δ 

      wolf 
8      Update the position of α, β, or δ wolf with the    

       better ω wolf; 
9     else 
10    Keep the position of α, β, or δ wolf unchanged; 
11   end if 
12  end if 
13  Update the positions of ω wolves following  
   Eqs. (1)–(7); 
14  Calculate and sort the solutions of ω wolves, and do  

     mutation for the better R_num ω wolves following  
   Eq. (10); 
15  Eliminate the worse ω wolves and reconstruct them  

     following Eq. (8) or (9); 
16  if iteration≥Max_iteration or the ending condition is  

     met 
17   Finish the calculation; 
18  else 
19   Return to step 2; 
20  end if 
 
 

4  Global optimization experiments 
 

Thirteen benchmark functions are shown in Ta-
bles 1 and 2 as the models of the global optimization 
experiments. Seven functions in Table 1 are unimodal 
problems, and the other six functions in Table 2 are 
multimodal problems. Expressions of benchmark 
functions are given in Table S1, and graphs of 
benchmark functions in Fig. S1 in the supplementary 
materials. 

During these experiments we have compared 
MR-GWO, R-GWO, GWO, PSO, EA, and several 

GWO variants (CGWO1, CGWO2, bGWO1, 
bGWO2). DE is selected for EA, whose mutation 
operator is obtained using the random vector differ-
ence method (Venske et al., 2016) as follows: 

 
( 1) ( ) ( ( ) ( )),k k k k

i i j mx t x t f x t x t+ = + ⋅ −         (12) 
 
where j and m are two randomly selected individuals 
different from each other and different from the cur-
rent one. The amplification factor f generally has its 
value from [0, 2]. 

In the experiments, the maximum number of it-
erations is 500 for each algorithm, and each experi-
ment is repeated 30 times. All the parameters are 
listed in Table 3. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.1  Experimental results 

4.1.1  Results of unimodal problems 

The unimodal function optimization results are 
shown in Table 4. If the absolute error is less than or 
equal to 1, the optimization procedure is deemed 
successful; otherwise, it is unsuccessful. 

From Table 4, we can see that MR-GWO can 
find the theoretical optimal value of 0 for functions 1, 
2, 3, and 4 with no failure. Five out of seven functions 
for MR-GWO give the best results, showing that its  

Table 1  Unimodal benchmark functions 

No. Name Dim Range fmin 
1 Sphere 30 [−100, 100] 0 
2 Schwefel 2.22 30 [−100, 100] 0 
3 Schwefel 1.2 30 [−100, 100] 0 
4 Schwefel 2.21 30 [−100, 100] 0 
5 Rosebrock 30 [−30, 30] 0 
6 Step 30 [−100, 100] 0 
7 Quartic 30 [−1.28, 1.28] 0 

Dim: dimensionality 

Table 2  Multimodal benchmark functions 

No. Name Dim Range fmin 
8 Schwefel 2.26 30 [−500, 500] −418.9829×Dim 
9 Rastrigin 30 [−5.12, 5.12] 0 

10 Shifted Ackley 30 [−32, 32] 0 
11 Griewank 30 [−600, 600] 0 
12 Penalized1 30 [−50, 50] 0 
13 Penalized2 30 [−50, 50] 0 

Dim: dimensionality 
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optimization ability is better than the others. The 
second score should be given to bGWO2. Comparing 
MR-GWO with GWO, we can clearly see that 
MR-GWO has better results. In addition, although the 
results of R-GWO are not as good as those of 
MR-GWO, its results are better than those of PSO and 
EA for six functions, and superior to those of GWO 
for functions 3, 5, 6, and 7. R-GWO has a relatively 
good stability for all the seven functions. R-GWO is 
not the best in the group experiments, but it can prove 
that the improved design is reasonable. The results of 
R-GWO are inferior to those of MR-GWO, showing 
that the eliminating-reconstructing operator and the 
differential mutation operator are dissimilar, and they 
complement each other in function. 

Fig. 1 shows the iterative trajectories of each 
optimization algorithm for the seven unimodal func-
tions. MR-GWO trajectories can be hardly seen for 
functions 1 to 4, since its optimal value is obtained at 
a high convergence speed. This means MR-GWO can 
converge to the vicinity of the best theoretical value 
of 0 under a few iterations. The iterative trajectories 
of bGWO2 show the same results as those of 
MR-GWO for functions 1, 2, and 3. 

4.1.2  Results of multimodal problems 

Table 5 shows the results for the multimodal 
functions. For functions 8, 9, and 11, MR-GWO 
performs very well, as its results are the best. The 
very competitive GWO variant, bGWO2, achieves 
the best score for functions 9, 10, 11, and 13. The 
optimization success rates of MR-GWO for all func-
tions are 100%, the same as R-GWO, but for other 
algorithms, including bGWO2, the success rates are 
not always 100%. Although there are so many local 
minima in the high dimensional (30 dimensions)  

 
 
 
 
 
 
 
 
 
 
 

 
experiments, the results for MR-GWO and R-GWO 
are still close to the ideal value. These good results 
show the effectiveness of the two improved GWOs. 

Fig. 2 shows the iterative optimization trajecto-
ries of six multimodal functions. For functions 9 and 
11, it is difficult to find MR-GWO’s trajectories 
curves, meaning that MR-GWO has a better conver-
gence performance, similar to bGWO2. From the 
curves of functions 9, 10, 11, and 13, bGWO2 could 
be regarded as a very strong competitor to MR-GWO. 
Whatsoever, almost all the results of MR-GWO and 
R-GWO are better than those of GWO, in terms of the 
convergence speed and the final results. Thus, it is 
proved that the direction of the improved algorithm is 
correct. 

4.1.3  Average error analysis 

The average MAE of each algorithm for two 
groups of functions is shown in Tables 6 and 7. Ac-
cording to the average MAE, MR-GWO ranks first in 
the two groups of experiments. 

Considering whether the average MAE from 
Tables 6 and 7 can fully describe the advantages and 
disadvantages of each algorithm, the Wilcoxon test is 
conducted to statistically analyze all the function 
errors of the algorithms. 

4.1.4  Wilcoxon test 

In this section, the Wilcoxon test is performed. 
Specifically, in the Wilcoxon test, we match each 
vector involving 30 errors obtained from each 
algorithm in 30 repeated experiments for each func-
tion with the zero vector. In the test, first the algo-
rithm error vector is assumed to be equal to the zero 
vector. The h results are shown in Table 8, and the 
average p results are shown in Fig. 3. 

Table 3  Parameters and functions of five algorithms 

Algorithm Parameter Value 
MR-GWO 
 

Mutation probability 0.9 
Closing factor 10−5 

CGWO1 Chaos function yk=ayk
2sin(πyk), yk∈(0, 1) 

CGWO2 Chaos function yk=μ(7.86yk−23.31yk
2+28.75yk

3−13.3yk
4), yk∈(0, 1), μ=0.9+0.18rand 

PSO 
 

Maximum velocity 6 m/s 
Inertia weight ω∈[0.2, 0.9] gradually decreased with the increase of the iteration number  
Acceleration coefficient η1=η2=2 

EA Crossover probability 0.9 
Amplification factor f=0.5 
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Table 4  Results of seven unimodal benchmark functions 
No. Algorithm Average Best Worst std MAE s-rate  

1 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

3.57×10−33 
2.05×10−29 

0 
1.04×10−5 

4.94 
11 120.07 
0.119 317 
6.566 667 

0 

3.98×10−35 
1.41×10−31 

0 
4.42×10−7 
1.432 94 

2.30×10−19 
2.94×10−18 

2 
0 

4.74×10−32 
1.18×10−28 

0 
8.18×10−5 
9.769 393 
25 972.33 
3.579 520 

12 
0 

8.84×10−33 
2.90×10−29 

0 
1.68×10−5 
2.061 803 
10 347.68 
0.653 528 
2.144 493 

0 

6.31×10−33 
2.05×10−29 

0 
1.04×10−5 

4.94 
11 120.07 
0.119 317 
6.566 667 

0 

100% 
100% 
100% 
100% 

0 
43.33% 
96.67% 

0 
100% 

 
 

+ 
 
 
 
 
 

+ 

2 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

5.73×10−20 
1.94×10−17 

0 
0.005 51 

2.70 
4.90×109 
31.151 28 
5.733 333 

0 

6.09×10−21 
3.13×10−18 

0 
0.000 772 
1.305 983 
8.96×10−11 
2.74×10−10 

2 
0 

1.62×10−19 
6.24×10−17 

0 
0.027 696 
5.947 446 
1.41×1011 
934.4760 

9 
0 

3.75×10−20 
1.41×10−17 

0 
0.005 740 
1.123 394 
2 574 953 
170.6108 
1.595 971 

0 

9.41×10−20 
1.94×10−17 

0 
0.005 51 

2.70 
4.90×109 
31.151 28 
5.733 333 

0 

100% 
100% 
100% 
100% 

0 
33.33% 
96.67% 

0 
100% 

 
 

+ 
 
 
 
 
 

+ 

3 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

6.99×10−8 
1.52×10−10 

0 
45.177 35 
3 277.105 
18 633.62 
0.015 793 
432.6667 

0 

9.14×10−11 
8.58×10−15 

0 
14.877 41 
5652.626 
2.38×10−7 
2.37×10−9 

76 
0 

7.94×10−7 
2.31×10−9 

0 
93.839 77 
1885.093 
77 393.01 
0.471 593 

986 
0 

1.95×10−7 
4.71×10−10 

0 
19.326 17 
938.7532 
26 339.98 
0.086 088 
196.5464 

0 

6.99×10−8 
1.52×10−10 

0 
45.2 

3.28×103 
18 633.622 
0.015 793 5 
432.666 67 

0 

100% 
100% 
100% 

0 
0 

60% 
100% 

0 
100% 

 
 

+ 
 
 
 
 
 

+ 

4 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

1.97×10−8 
0.009 871 

0 
0.864 623 
11.450 50 
37.769 29 
0.0147 65 

1 
1 

2.87×10−9 
0.000 624 

0 
0.545 123 
7.043 886 
0.001 527 
0.000 867 

1 
1 

6.26×10−8 
0.052 086 

0 
1.157 536 
16.730 55 
88.112 54 
0.096 083 

1 
1 

1.68×10−8 
0.010 705 

0 
0.160 402 
2.429 164 
30.763 96 
0.0242 46 

0 
0 

1.97×10−8 
0.009 87 

0 
0.865 
11.5 

37.769 29 
0.014 765 

1 
1 

100% 
100% 
100% 
76.7% 

0 
36.67% 
100% 
100% 
100% 

 
+ 
 
 
 
 
 

5 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

26.618 69 
0.120 767 
0.029 322 
59.507 65 
394.0020 
1.21×107 
28.608 29 

0 
17.833 33 

25.413 39 
2.04×10−5 
6.65×10−6 
17.840 74 
158.4372 
26.505 32 
26.065 97 

0 
0 

28.540 41 
0.547 932 
0.139 783 
160.0221 
832.6271 
7.67×107 
29.677 66 

0 
103 

0.666 911 
0.154 256 
0.037 445 
41.197 85 
162.0948 
1.91×107 
0.767 756 

0 
38.287 55 

26.6 
0.121 
0.0293 

59.5 
394 

1.21×107 
28.608 29 

0 
17.833 33 

0 
100% 
100% 

0 
0 
0 
0 

100% 
80% 

 
 
 
 
 
 
 

+ 
 

6 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

0.377 588 
0.000 118 
0.000 118 
1.21×10−5 
4.803 558 
13 023.97 
3.678 516 

21.9 
7.5 

3.46×10−5 
1.79×10−6 
5.64×10−5 
4.43×10−7 
1.706 722 
2.833 594 
2.616 965 

15.5 
7.5 

0.754 195 
0.000 276 
0.000 315 
0.000 120 
10.692 74 
31 023.06 
4.799 469 

29.5 
7.5 

1.236 827 
6.38×10−5 
5.61×10−5 
2.27×10−5 
2.111 010 
12 099.49 
0.582 690 
4.148 950 

0 

0.378 
0.000 118 
0.000 118 
1.21×10−5 

4.80 
13 023.97 
3.678 516 

21.9 
7.5 

100% 
100% 
100% 
100% 

0 
0 
0 
0 
0 

 
 
 

+ 
 
 
 
 
 

7 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

0.001 122 
0.001 087 
0.000 163 
0.124 744 
0.074 642 
7.347 431 
0.023 778 
2.000 055 
6.20×10−5 

0.000 324 
2.05×10−5 
5.98×10−6 
0.045 526 
0.040 863 
0.003 713 
0.004 268 
1.07×10−6 
6.82×10−7 

0.002 303 
0.003 223 
0.000 522 
0.330 937 
0.116 465 
40.361 47 
0.470 359 
20.000 05 
0.000 194 

0.000 552 
0.001 060 
0.000 162 
0.053 441 
0.017 930 
11.249 28 
0.084 420 
4.510 526 
5.40×10−5 

0.001 12 
0.001 09 

0.000 163 
0.125 
0.0746 

7.347 431 
0.023 778 
2.000 055 
6.20×10−5 

100% 
100% 
100% 
100% 
100% 

53.33% 
100% 

63.33% 
100% 

 
 
 
 
 
 
 
 

+ 
Average: average values; Best: best values; Worst: worst values; std: standard error; MAE: mean absolute error; s-rate: success rate; +: the best algorithm 
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In Table 8, h=0 means the total difference be-

tween the experimental error and the zero vector is 
not significant, and h=1 means that the total differ-
ence is significant. MR-GWO has the most 0 values, 
indicating a greater likelihood that its error result is 
close to 0, and thus is the best algorithm. bGWO2 
comes in the second, and GWO takes the third place. 
The same conclusion can be obtained from Fig. 3. 

The p value returns the probability that the error 
vector is the same as a zero vector, p∈[0, 1]. When p 
is close to 0, the original hypothesis will be chal-
lenged; when p is close to 1, there is a higher proba-
bility that the original hypothesis is right. From Fig. 3, 
the average p value of MR-GWO is the largest, 
showing that the probability of its error vector being 
equal to a zero vector is the greatest, and its optimi-
zation effect is the best. bGWO2 still comes in the 
second, and GWO the third. 

4.2  Discussion 

GWO has many advantages, which has been 
proven by many researchers, but it also has some 
shortcomings. GWO uses only parameter a to balance 
the exploration and exploitation abilities, and it is 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

hard to ensure that the two abilities remain superb 
throughout the optimization process. Specifically, 
originally a=2, |A|>1, and GWO has a great explora-
tion ability. Then with the number of iterations in-
creasing, a gradually decreases to zero, accompanied 
by |A|<1, and the exploitation ability is enhanced. 
Meanwhile, its exploration ability is greatly weak-
ened, which makes it hard for GWO to escape from 
local optima. 

Why can MR-GWO achieve a greater perfor-
mance than GWO by adding the eliminating- 
restructuring mechanism for search wolves with poor 
performances and the mutation operator for search 
wolves with excellent performances? A detailed 
analysis is given in the following. 

Note that GWO has a better exploration ability in 
early iterations, and MR-GWO does not change the 
structure or any element of GWO with the exception 
of the addition of two operators. Therefore, 
MR-GWO has a better exploration ability in early 
iterations, which ensures that MR-GWO reaches one 
of two good situations in later iterations, the neigh-
borhood of the global optimal value or local optima. 
Two later iteration situations are analyzed in detail: 

Fig. 1  Iterative trajectories in the unimodal benchmark function experiments with functions 1 (a), 2 (b), 3 (c), 4 (d), 5 (e), 
6 (f), and 7 (g) 



Zhang and Ming / Front Inform Technol Electron Eng   2017 18(11):1705-1719 1713 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 5  Results of six multimodal benchmark functions 
No. Algorithm Average Best Worst std MAE s-rate  

8 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

−6221.62 
−12 569.4 
−12 569.5 
−5627.79 
−4707.81 
−3888.89 
−5159.59 
−2332.29 
−2370.36 

−8005.14 
−12 569.5 
−12 569.5 
−7515.18 
−5470.14 
−6703.10 
−7038.17 
−3688.89 
−3227.82 

−3110.76 
−12 569.3 
−12 569.4 
−3055.65 
−4201.57 
−1861.52 
−3879.39 
−1659.02 
−1310.34 

888.0604 
0.055 172 
0.020 994 
1293.242 
286.7858 
1698.756 
773.0654 
452.6846 
465.8631 

6347.864 
0.0375 

0.016 851 
6941.695 
7861.678 
8680.601 
7409.899 
10 237.20 
10 199.13 

0 
100% 
100% 

0 
0 
0 
0 
0 
0 

 
 

+ 
 
 
 
 
 
 

9 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

1.885 759 
1.14×10−14 

0 
51.003 94 
229.8300 
179.8396 
95.361 80 

4.4 
0 

0 
0 
0 

29.8617 
195.3829 
73.182 53 
60.352 12 

2 
0 

9.822 066 
5.68×10−14 

0 
72.644 90 
257.8129 
389.4503 
188.1213 

8 
0 

2.872 974 
2.31×10−14 

0 
13.060 56 
11.590 54 
109.7950 
30.108 43 
1.631 585 

0 

1.885 759 
1.14×10−14 

0 
51.003 94 

229.83 
179.8396 
95.361 80 

4.4 
0 

63.3% 
100% 
100% 

0 
0 
0 
0 
0 

100% 

 
 

+ 
 
 
 
 
 

+ 

10 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

4.39×10−14 
6.32×10−14 
8.88×10−16 
0.025 019 
1.560 736 
10.308 14 
3.618 457 
1.784 382 
8.88×10−16 

3.64×10−14 
4.35×10−14 
8.88×10−16 
0.000 361 
0.799 847 
3.611 600 
3.461 055 
1.225 741 
8.88×10−16 

5.77×10−14 
8.97×10−14 
2.66×10−14 
0.645 844 
2.461 708 
19.035 68 
3.774 014 
2.281 199 
8.88×10−16 

4.50×10−15 
1.15×10−14 
1.0×10−31 
0.117 298 
0.422 073 
7.196 844 
0.067 593 
0.277 313 

0 

4.39×10−14 
6.32×10−14 
8.88×10−16 
0.025 019 
1.560 736 
10.308 14 
3.618 457 
1.784 382 
8.88×10−16 

100% 
100% 
100% 
100% 
10% 

0 
0 
0 

100% 

 
 
 
 
 
 
 
 

+ 

11 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

0.002 748 
0.000 330 

0 
0.007 220 
1.040 429 
74.783 96 
1.858 030 
0.323 426 

0 

0 
0 
0 

2.77×10−8 
0.951 632 

0 
0 

0.129 898 
0 

0.014 104 
0.009 911 

0 
0.039 300 
1.114 229 
263.6219 
55.554 48 
0.658 175 

0 

0.005 109 
0.001 809 

0 
0.009 596 2 
0.030 278 6 
97.643 635 
10.141 644 
0.152 413 0 

0 

0.002 748 
0.000 33 

0 
0.007 22 

1.040 429 
74.783 96 
1.858 030 
0.323 426 

0 

100% 
100% 
100% 
100% 
10% 
60% 

96.67% 
100% 
100% 

 
 

+ 
 
 
 
 
 

+ 

12 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

0.028 439 
6.50×10−6 
7.81×10−6 
0.003 455 
0.809 538 
9.04×106 
6.872 274 
2.796 256 
1.668 971 

7.33×10−6 
2.22×10−18 
2.16×10−8 
7.09×10−9 
0.118 142 
3.232 734 
3.425 248 
2.172 935 
1.668 971 

0.071 211 
2.74×10−5 
0.000 234 
0.103 671 
2.072 280 
7.58×107 
12.498 60 
3.717 551 
1.668 971 

0.016 955 4 
7.507×10−6 
6.09×10−6 
0.018 927 7 
0.515 1333 
1.800×107 
2.535 725 
0.434729 

0 

0.028 439 
6.5×10−6 

7.81×10−6 
0.003 456 
0.809 539 
9.04×106 
6.872 274 
2.796 256 
1.668 971 

100% 
100% 
100% 
100% 
66.7% 

0 
0 
0 
0 

 
+ 
 
 
 

13 

GWO 
R-GWO 
MR-GWO 
PSO 
EA 
CGWO1 
CGWO2 
bGWO1 
bGWO2 

0.430 387 
9.75×10−5 
0.000 159 
0.002 567 
3.879 96 
7.52×107 
2.903 902 
1.35×10−32 
1.35×10−32 

6.35×10−6 
7.32×10−7 
2.3×10−21 
1.69×10−7 
1.035 73 
1.695 07 
1.564 47 

1.35×10−32 
1.35×10−32 

0.851 413 
0.000 579 
0.000 357 
0.010 99 
11.249 15 
3.04E×108 
4.026 368 
1.35×10−32 
1.35×10−32 

0.209 407 
0.000 125 
0.000 121 
0.004 725 
2.639 906 
8.17×107 
0.656 289 

0 
0 

0.440 036 
0.000 143 
0.000 125 
0.001 497 
3.834 828 
7.52×107 
2.903 902 
1.35×10−32 
1.35×10−32 

100% 
100% 
100% 
100% 
16.7% 

0 
0 

100% 
100% 

 
 
 
 
 
 
 

+ 
+ 

Average: average values; Best: best values; Worst: worst values; std: standard error; MAE: mean absolute error; s-rate: success rate; +: the best 
algorithm 
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1. The α wolf is located in the neighborhood of 

the global optimal value. If the optimal procedure has 
reached the neighborhood of the global optimal value, 
signifying that the α wolf is in this neighborhood, it is 
needed to strengthen the neighborhood search for the 
α wolf, which implies that more wolves moving 
closer to the neighborhood of the α wolf is better. For 
GWO, the search can be done only in a circular field 
(Fig. 4) noted with the R radius. It cannot be ensured 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
that an α wolf is included. Thus, the task of moving as 
close as possible to the global optimal value appears 
to be a bit difficult. However, if Eq. (9) is applied to 
restructure the new wolves, the case for MR-GWO 
will be significantly different, where the value of 
parameter η could be designed to obtain the new 
wolves very close to the α wolf. The smaller η is, the 
closer it is to the α wolf. In Eq. (9), r2 is a random 
variable, which makes the restructured wolves (black 

Table 6  Error results of the unimodal group of  
functions 

Algorithm Average mean absolute error Rank 
GWO 3.856 772 4 
R-GWO 0.018 835 2 
MR-GWO 0.004 229 1 
PSO 15.097 13 6 
EA 527.8688 8 
CGWO1 7.02×108 9 
CGWO2 9.087 390 5 
bGWO1 67.123 82 7 
bGWO2 3.761 914 3 

 

Table 7  Error results of the multimodal group of 
functions 

Algorithm Average mean absolute error Rank 
GWO 1058.37 3 
R-GWO 0.006 33 2 
MR-GWO 0.002 83 1 
PSO 1165.456 4 
EA 1349.792 6 
CGWO1 1.40×107 9 
CGWO2 1253.419 5 
bGWO1 1707.751 8 
bGWO2 1700.133 7 

 

Fig. 2  Iterative trajectories in the multimodal benchmark function experiments with functions 8 (a), 9 (b), 10 (c), 11 
(d), 12 (e), and 13 (f) 
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dots in Fig. 4) uniformly distributed around the 
neighborhood of the α wolf (the blue dot in Fig. 4). 
Therefore, the neighborhood search for the α wolf is 
strengthened, and thus not only the search speed is 
increased, but the exploitation ability is promoted. 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Moreover, according to Storn and Price (1997), 
the variation behavior of excellent search wolves in 
Eq. (10) involves the optimal information from the 
best wolf (the α wolf) in the current iteration, which 
will accelerate the search in the neighborhood of the α 
wolf. In this sense, the mutation operator can help 
improve the neighborhood search performance of the 
α wolf. Moreover, Eq. (10) takes advantage of the 

information of two random individual grey wolves, 
and therefore the risk of being trapped in local optima 
is reduced. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Here, notice that η may bring some difficulties if 

it is too large or too small. For example, when the α 
wolf is in a relatively large neighborhood of the 
global optimal value, the exploitation ability of the α 
wolf’s neighborhood could be strengthened, and it 
may reduce the speed of the ω wolf to get close to the 
α wolf. If it is too small, it would not help quickly find 
the optimal value, and would even reduce the con-
vergence speed. Therefore, a good η value is very 
important for some practical problems. 

2. The α wolf is located in the neighborhood of 
local optima. When the α wolf is located in the 
neighborhood of local optima, the local optima cannot 
be mistaken for the prey, or it will be trapped. To 
avoid being trapped in local optima, the method usu-
ally adopted is to increase the diversity of individuals 
in swarm intelligence algorithms. If the α wolf has 
reached the neighborhood of one of the local optima, 
GWO increases the diversity of wolves mainly by 
adjusting the value of a to change A to avoid falling 
into local optima. Its prey-attacking behavior is 
shown in Fig. 5. When |A|<1 (Fig. 5a), the wolf will 
attack the prey, which will not occur if the α wolf is 
located in the neighborhood of local optima, or it will 

Table 8  The h results in the Wilcoxon test 

Function 
No. 

h 

GWO R MR C1 C2 b1 b2 PSO EA 
1 1 1 0 1 1 1 0 1 1 
2 1 1 0 1 1 1 0 1 1 
3 1 1 0 1 1 1 0 1 1 
4 1 1 0 1 1 1 1 1 1 
5 1 1 1 1 1 0 1 1 1 
6 0 1 1 1 1 1 1 1 1 
7 1 1 1 1 1 1 1 1 1 
8 1 1 1 1 1 1 1 1 1 
9 1 0 0 1 1 1 0 1 1 
10 1 1 1 1 1 1 1 1 1 
11 1 1 0 1 1 1 0 1 1 
12 1 1 1 1 1 1 1 1 1 
13 0 1 1 1 1 1 1 1 1 

R: R-GWO; MR: MR-GWO; C1: CGWO1; C2: CGWO2; b1: 
bGWO1; b2: bGWO2 

Fig. 3  The average p values of each algorithm 
R: R-GWO; MR: MR-GWO; C1: CGWO1; C2: CGWO2; 
b1: bGWO1; b2: bGWO2 

Fig. 4  Position updating in gray wolf optimizer 
c1, c2, c3: weights of the α, β, and δ wolves, respectively; Dα, 
Dβ, Dδ: distances between the ω wolf and the α, β, and δ 
wolves, respectively; a1, a2, a3: weights of Dα, Dβ, and Dδ, 
respectively. References to color refer to the online version 
of this paper 
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jump into local optima. When |A|>1 (Fig. 5b), the 
wolf will be forced to get away from the prey to in-
crease the diversity of wolves to avoid falling into 
local optima. However, there is a circular boundary, 
which is not good for the diversity of the wolves 
across the entire feasible scope, meaning that the 
diversity is not comprehensive. 

 
 
 
 
 
 
 
 
 

 

As for MR-GWO, the operator in Eq. (8) guar-
antees that the reconstructed wolves are distributed 
across the entire feasible region to greatly improve the 
diversity, and Eq. (9) increases the diversity around 
the α wolf, greatly enhancing the exploration ability. 
Therefore, no matter whether the α wolf is far from 
the actual optimal value or not, it will have a high 
chance of avoiding falling into local optima, offering 
a higher probability of achieving the global optimum. 
In addition, Eq. (10) can introduce some diverse in-
dividuals. Therefore, it is easier for MR-GWO to 
jump out of local optimization than GWO.  

Although both the eliminating-restructuring 
mechanism and mutation operator can improve the 
diversity of wolves to change the performance of 
MR-GWO, the functions of the two operators are not 
identical. The restructuring mechanism (Eq. (8)) 
produces mainly the wolves close to the α wolf, being 
more conducive to its exploitation phase. Eq. (9) is 
used mainly to produce wolves within the whole fea-
sible region. However, the wolves produced from the 
mutation operator (Eq. (10)) are not as good as those 
from the restructuring operator (Eq. (8)) close to the α 
wolf, nor are they the same as those from the re-
structuring operator (Eq. (9)) distributed in the whole 
feasible region. They mainly ensure that the algorithm 
maintains a strong search ability. Therefore, the re-
structuring mechanism and mutation operator are not 
the same, but they complement each other. 

The performances of MR-GWO are summarized 
as follows:  

 

1. It has a quick convergence and stable  
property. 

2. It has a good capability for resisting local  
optima. 

3. It has strong exploration and exploitation 
abilities throughout the iterations. 

4.3  Analysis of parameter influence 

4.3.1  Mutation probability Pm 

In MR-GWO, Pm plays an important role in 
balancing exploration and exploitation abilities. In 
this section, three functions are adopted to study the 
effect of Pm (Fig. 6). 

In Fig. 6, for functions 10 and 13, the best score 
can be given to Pm=0.95. For function 6, the best is 
Pm=1 and the second is Pm=0.95. Therefore, Pm=0.95 
can be a good choice. For different problems, the 
influences of Pm are not always the same. From the 
overall statistical estimate of the experiments, a Pm in 
the range of 0.7 to 1 is a good choice in general. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6  The effect of mutation probability Pm on functions 
6 (a), 10 (b), and 13 (c) (MAE: mean absolute error) 

Fig. 5  Attacking prey (a) and searching for prey (b) 
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4.3.2  Closing factor η 

The closing factor η reflects the distance be-
tween a new ω wolf and the α wolf. The smaller η is, 
the closer the wolf is to the α wolf, and the stronger 
the MR-GWO exploitation ability is. A greater η 
means a stronger exploration ability. The research 
results are shown in Fig. 7. The best value seems to be 
η=10−3 for functions 5 and 13. Usually η=10−3 is a 
good alternative, but it is not always the best. When a 
high accuracy is required, a better and different η is 
required for each problem. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

5  MR-GWO application in an RBF network 
approximation 

 
The radial basic function (RBF) neural network, 

a kind of three-layer forward network, has the ad-
vantage of fast learning speed and the ability to avoid 
local minima. Therefore, it is often used in real-time 
control systems. If the RBF network is used for an 
approximation experiment, the training of the pa-
rameters for the Gaussian basis function and the 
weights of the network is the key, because these pa-
rameters have a great influence on the performance of 
the system. In this experiment, the MR-GWO algo-
rithm is adopted to optimize the parameters of the 
Gaussian basis function and the weights of the net-
work. A discrete system is selected as the object: 

3
2

( 1)( ) ( ) .
1 ( 1)

y ky k u k
y k

−
= +

+ −
              (13) 

 
y(k) is the output of the system, u(k) is the input 

of the system, k and k–1 mean the current sampling 
time and the last sampling time, respectively. The 
optimization structure of RBF network approxima-
tion based on MR-GWO is shown in Fig. 8. 

 
 
 
 
 
 
 
 
 
 
 
The error in network approximation is 

 
2

m( ) ( ( ) ( )) / 2,   = ,E t y t y t t kT= −            (14) 
 

where T is the sampling time, E(t) is the approaching 
error, and ym(t) is the output of RBF neural network. 

The network structure (Liu, 2014) is 2-5-1, and 
two inputs are u(k) and y(k) (Fig. 8), u(k)=sin(kT), 
T=0.001 s. The weights will be adjusted according to 
the gradient descent method: 

 

( ) ( 1) ( ) ( ( 1) ( 2))

( 1) ( ( 1) ( 2)).

j j j j j

j j j
j

t t t t t
Et t t

ω ω ω α ω ω

ω ρ α ω ω
ω

= − + ∆ + − − −

∂
= − − + − − −

∂
  

(15) 
 

α=0.05, ρ=0.15, and the initial network weights 
are random values from (0, 1). The simulation results 
are shown in Figs. 9 and 10. The results of output y  
 

 
 
 
 
 
 
 
 
 

Object

RBF neural network

MR-GWO

Parameter  optimization

+

−

y(k)u(k)

ym(k)

e(k)

Fig. 8  Structure of RBF network approximation based on 
MR-GWO 

Fig. 9  Results of RBF network approximation based on 
MR-GWO 

Fig. 7  The effect of closing factor η on functions 5 (a) and 
13 (b) (MAE: mean absolute error) 
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and optimal approximation output ym for MR-GWO 
are shown in Fig. 9, and ym is essentially coincident 
with y. The error for each algorithm is shown in Fig. 
10. The approximation errors of seven optimization 
algorithms, namely GWO, GA, bGWO1, bGWO2, 
CGWO1, CGWO2, and MR-GWO, are given (Fig. 
10a), and it is obvious that the performances of GWO 
and CGWO2 are poorer than those of the other algo-
rithms. Apart from these two algorithms, the enlarged 
error curves of the others are shown in Fig. 10b, and it 
can be seen that the error of MR-GWO is relatively 
small. 

 
 

6  Conclusions 
 

MR-GWO is put forward for the standard GWO, 
and the eliminating-reconstructing mechanism and 
differential mutation operator are introduced to im-
prove the optimization capability. The entire study 
can be considered mainly from four aspects:  

1. The eliminating-reconstructing operator and 
differential mutation operator are designed according 
to an analysis of the GWO structure. 

2. The MR-GWO algorithm is designed and its 
frame structure is given. 

3. MR-GWO is applied in a global optimization 
experiment and the RBF network approximation ex-
periment is conducted to verify its effectiveness. 

4. A detailed analysis of the performance of 
MR-GWO is conducted. 

In addition, the influences of the mutation 
probability and closing factor are analyzed, and their 
general scopes are clarified. 

According to the analysis of the entire research, 
it is found that not only in the global optimization 
experiment, but also in the RBF network approxima-
tion experiment, all results of the improved algorithm, 
MR-GWO, are better, and the improved algorithm is 
not easily trapped in local optima. This fully confirms 
that MR-GWO has stronger abilities in dealing with 
not only unimodal problems but also multimodal 
problems, and even some parameter optimization 
problems. 
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