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Abstract: We propose a new framework for image-based three-dimensional (3D) model retrieval. We first model the query image 
as a Euclidean point. Then we model all projected views of a 3D model as a symmetric positive definite (SPD) matrix, which is a 
point on a Riemannian manifold. Thus, the image-based 3D model retrieval is reduced to a problem of Euclid-to-Riemann metric 
learning. To solve this heterogeneous matching problem, we map the Euclidean space and SPD Riemannian manifold to the same 
high-dimensional Hilbert space, thus shrinking the great gap between them. Finally, we design an optimization algorithm to learn 
a metric in this Hilbert space using a kernel trick. Any new image descriptors, such as the features from deep learning, can be easily 
embedded in our framework. Experimental results show the advantages of our approach over the state-of-the-art methods for 
image-based 3D model retrieval. 
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1  Introduction 
 

Distinct from traditional text retrieval, three- 
dimensional (3D) shapes lack semantic labels, but 
contain rich semantics. The text-based retrieval ap-
proach is unsuitable for 3D model retrieval. In the 
past decades, there has been a lot of research about 
instance-based 3D model retrieval. However, users 
must possess a 3D model before the retrieval, which is 
impractical. Many new studies have tried to use 
sketches as a search interface, on which users draw 
raw sketches using a simple sketchpad, and then re-
trieve the required 3D models. However, this method 

does not make full use of existing massive images and 
videos. In contrast, the image as a 3D model retrieval 
interface is very simple to use, and new algorithms in 
the field of computer vision can be easily applied. 

In this study, we propose a new framework for 
image-based 3D model retrieval. First, we choose the 
image descriptors for images and rendered views. 
Then we can describe a query image as a point in the 
Euclidean space, and all projected views as a point set. 
To improve the matching efficiency and take ad-
vantage of the geometry of rendered views, we model 
the point set of one 3D shape as a symmetric positive 
definite (SPD) matrix. As known, all SPDs of 3D 
shapes reside on a Riemannian manifold. However, 
there is a great gap between the query image as a 
Euclidean point and SPDs on a Riemannian manifold. 
We can map the Euclidean space and Riemannian 
manifold to the same high-dimensional Hilbert space 
to facilitate the matching between these two hetero-
geneous spaces. This SPD Riemannian manifold has 
been well studied recently, and with kernel methods, 
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we can encode the geometry of the manifold in  
Riemannian-to-Hilbert space mapping. 

The main contributions of this study are as fol-
lows: (1) We treat all rendered views of a shape as a 
whole, and model the whole as an SPD matrix that 
resides on a Riemannian manifold. Thus, the query 
image becomes a point in the Euclidean space, and all 
project views constitute a point set. In this way, the 
point-to-set matching problem is reduced to point-to- 
point matching. (2) We map the query points in the 
Euclidean space and SPD matrices on the manifold to 
the same high-dimensional Hilbert space, which 
greatly shrinks the semantic gap between the Eu-
clidean and SPD manifold. During mapping, we en-
code the geometry in the SPD Riemannian manifold, 
thus avoiding the mismatching problems in previous 
studies to some extent. (3) We introduce a new image- 
based 3D model retrieval framework that is very dif-
ferent from the traditional bag-of-features framework. 
This framework is flexible enough in allowing the 
image descriptors given in previous studies to be 
imported without modification. 
 
 
2  Related work 
 

Our work concerns how to combine the rendered 
views of 3D shapes to produce a compact represen-
tation of these shapes (Mu et al., 2017). With rapid 
progress in computer vision in recent years, many 
researchers have tried to import the new techniques of 
image processing, such as deep learning, into 3D 
shape retrieval. Our work is also inspired by 
point-to-set matching in the computer vision field. In 
this section, we first review the related studies on 
point-to-set matching. Then we show the recent pro-
gress in multiview-based shape retrieval. 

2.1  Point-to-set matching 

In many metric learning methods, such as large 
margin nearest neighbor (LMNN), the distance be-
tween two points needs to be computed. However, in 
many computer vision tasks, such as video-based face 
recognition, pedestrian detection, and object catego-
rization, the distance between an image (point) and an 
image set (point set) is required. 

Many studies model the point set as a linear 
subspace of the Euclidean space. In Yamaguchi et al. 

(1998), an input face was represented by a sequence 
of input images, and a subspace was formed from the 
temporal image sequences. Then the mutual subspace 
method (MSM) was applied, in which the similarity 
was defined by the angle between the input and the 
reference subspaces. In Chien and Wu (2002), the 
novel nearest feature plane (NFP) and nearest feature 
space (NFS) classifiers were presented to detect the 
most likely identity of the query image. They 
achieved this by searching the nearest distance to 
feature planes and feature spaces spanned by proto-
type feature points. In Kim et al. (2007), discrimina-
tive canonical correlation (DCC), which could be 
considered the angles between two linear subspaces, 
was proposed, and the benefits of canonical  
correlations of linear subspaces were explained and 
evaluated. 

There are several studies that model the point set 
as an affine hull. In Vincent and Bengio (2001), a 
K-local hyperplane distance nearest neighbor (HKNN) 
algorithm was proposed, in which every hyperplane 
was formed by the hull of K points of the K-c neigh-
borhood of the test point. In Cevikalp and Triggs 
(2010), every test and training example of an indi-
vidual face was a set of images. They represented 
images as points in a linear or affine feature space, 
and characterized each image set by a convex geo-
metric region (the affine or convex hull) spanned by 
its feature points. In Zhu et al. (2013), an image set 
could be modeled as an affine hull, a reduced affine 
hull, a convex hull, or a reduced convex hull, which 
was a subspace spanned by all the available samples 
in the set. 

In recent years, many studies have tried to model 
the point set as a covariance matrix. In Wang et al. 
(2012) and Huang et al. (2014), each image set was 
represented by its natural second-order statistics, i.e., 
covariance matrix, and the image set classification 
problem was formulated as classifying points lying on 
a Riemannian manifold spanned by SPD matrices. 
Vemulapalli et al. (2013) proposed a general frame-
work for developing extrinsic classifiers for features 
such as linear subspace and covariance features, 
which follows the multiple kernel learning (MKL) 
approach and parameterizes the kernel as a linear 
combination of known base kernels. 

After modeling the image set as a point on some 
Riemannian manifold, the point-to-set matching 
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problem is reduced to computation of the distance 
between the point in the Euclidean space and the point 
on the Riemannian manifold. Recently, there has been 
much progress in kernel-based metric learning 
methods (Vemulapalli et al., 2013) on the Riemannian 
manifold, specifically, in the mapping approach for 
point-to-set matching. 

2.2  Three-dimensional model retrieval 

We are concerned about how to combine the 
descriptors of rendered views of 3D shapes to produce 
a compact representation of these 3D shapes. There is 
extensive research on view-based 3D shape retrieval. 

Princeton University has a long research history 
in 3D shape analysis, including 3D shape retrieval. 
The early publicly available benchmark (Shilane et al., 
2004) greatly advanced the progress in 3D shape 
retrieval. Wu et al. (2015) recently released a com-
prehensive clean collection of 3D CAD models. 
Many recent studies on view-based shape retrieval 
have involved comparisons on this dataset. 

One of the early studies on view-based shape 
retrieval is the ‘LightField descriptor’ (Chen et al., 
2003). The authors first extracted Zernike moments 
and Fourier descriptors from the view images. Then 
they constructed a set of LightField descriptors to 
represent a 3D model, and these descriptors were 
robust to rotation of 3D models. However, the pro-
cedure for constructing the LightField descriptors was 
complex, and the image descriptors were not very 
expressive. 

Inspired by the success of the SIFT descriptor in 
image processing, Ohbuchi et al. (2008) computed a 
set of two-dimensional (2D) multi-scale local visual 
features for each rendered view image. Finally, they 
used the bag-of-features architecture to compute the 
distances between 3D models. 

Lian et al. (2013) also extracted SIFT descriptors 
from each rendered view image and used the 
bag-of-features architecture. However, they em-
ployed clock matching to measure the dissimilarity 
between two models, which was very similar to the 
LightField descriptor. 

In the early days, researchers designed image 
descriptors manually, but they encountered problems 
in view-based shape retrieval. However, the recent 
success in deep learning has revived this field. 

Su et al. (2015) first demonstrated the effec-
tiveness of view-based 3D shape retrieval in the 
multiview convolutional neural network. When the 
recently developed deep learning architecture was 
adopted, the related 3D shapes can be recognized, 
even in a single rendered view, with an accuracy far 
higher than that achieved using conventional 3D 
shape descriptors. Then Su et al. (2015) designed a 
novel deep learning architecture in which the infor-
mation from multiple views of a 3D shape is com-
bined into a single and compact shape descriptor, 
offering even better recognition performance. Simi-
larly, our work can produce a compact shape de-
scriptor for each 3D shape. 

Bai et al. (2016) proposed a real-time and scal-
able 3D shape search engine. They first used graphic 
processing unit (GPU) acceleration to render 3D 
shapes and extract view descriptors. Then they used 
two inverted files to speed up multiview matching and 
conduct efficient context-based reranking. 

Bai et al. (2015) proposed a two-layer coding 
framework to conduct shape matching. The spatial 
relationship of each view pair was captured at the first 
layer; different codewords were encoded according to 
this relationship at the second layer. 

In Tabia et al. (2014), a novel method for 3D 
shape analysis was proposed using the covariance 
matrices of the descriptors rather than the descriptors 
themselves. They studied covariance matrices in their 
native space and used geodesic distances on the 
manifold as a dissimilarity measure. In this study, we 
apply the covariance matrices of image descriptors 
using a very different approach. We map the Euclid-
ean space and the Riemannian manifold to the same 
high-dimensional Hilbert space, to facilitate the 
matching between these two heterogeneous spaces. 

In other words, by using metric learning from the 
Riemannian manifold to the Euclidean space, our 
work can produce a compact vector for each 3D shape. 
The recently proposed deep learning algorithms can 
also be embedded into our framework. 
 
 
3  Background 
 

In this section, we introduce some Riemannian 
manifolds that are frequently used in the computer 
vision field, and then show the fundamentals of 
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mapping Riemannian manifolds to the reproducing 
kernel Hilbert space. 

3.1  Riemannian manifolds 

As mentioned above, we need to model the im-
age sets as points on a manifold. The image sets can 
be represented as linear subspaces, affine linear sub-
spaces, and symmetric positive matrices, lying on a 
Grassmann manifold, an affine Grassmann manifold, 
and a Symd

+  manifold, respectively. These manifolds 
have their respective metrics, which can be used to 
measure the distance between two points. 

The Grassmann manifold (Hamm and Lee, 2008) 
is composed of linear subspaces of fixed dimension-
ality in some Euclidean space, such as g(n, d). The 
Grassmann manifold represents all n-dimensional 
linear subspaces in d. As known, each n-dimensional 
linear subspace in d can be represented by an or-
thogonal matrix .d n×∈U   For two points Ui and Uj, 
there is a famous projection metric to measure their 
distance: 

 
T T

F
( , ) 2 .i j i i j jd = −U U U U U U           (1) 

 
The affine Grassmann manifold is an extension 

of the Grassmann manifold; in other words, it is 
composed of affine subspaces. Thus, each point A on 
the affine Grassmann manifold can be represented by 
an affine span, which is defined from the d×n or-
thogonal matrix d n×∈U  and an offset .n∈μ  
Using the metric in Hamm and Lee (2009), the dis-
tance between every two points Ai and Aj is 

 

(
)

T T

F

T T

F

( , ) = 2

( ) ( ) ,

i j i i j j

i i i j j j

d −

+ − − −

A A U U U U

                   I U U μ I U U μ
 (2) 

 
where I is an identity matrix. 

An SPD matrix of dimension d×d, when en-
dowed with an appropriate metric (Jayasumana et al., 
2013), can form a Riemannian manifold Sym .d

+  For 
every two points Si and Sj, when choosing a 
log-Euclidean metric, the distance between them is 

 

F
( , ) = log log .i j i jd −S S S S              (3) 

3.2 Mapping the Riemannian manifold to the 
Hilbert space 

The kernel method is very effective and can be 
combined with many traditional methods to explore 
nonlinear patterns, such as support vector machine 
(SVM). It intrinsically maps data to a high- 
dimensional feature space that is linearly separable. 

From the Moore-Aronszajn theorem, we can 
extend the kernel method to any set. For every SPD 
kernel : ( )k M M× →   on manifold M, there is a 
reproducing kernel Hilbert space (RKHS), H, whose 
inner product is defined by this kernel. Although there 
are infinitely many associated feature maps ψ: M→H 
that satisfy k(x, y)=(ψ(x), ψ(y)), we choose the one 
that maintains optimization constraints and geometric 
structure on the manifold. 
 
 
4  Framework overview 
 

The framework of our method includes two 
stages: offline and online (Fig. 1). In the offline stage, 
we render every model in the 3D model database from 
several directions to obtain its views. We extract 
features for every view. All the features of one 3D 
model can be constructed as one SPD. All the SPDs  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1  Framework of our method 
At the offline stage, for every 3D model, we obtain project 
views, extract features, and construct SPDs. For every image, 
we extract features as points. Using a kernel trick, we first 
map them to their own RKHS, then to the same Hilbert space. 
At the online stage, we first extract the features of the query 
image, and then retrieve 3D models in the above Hilbert space 
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lie on a Riemannian manifold. We extract features for 
every image in the image database and all the features 
lie naturally in the Euclidean space. Because all the 
3D models and images are labeled, using kernel 
methods, we can project the Riemannian manifold 
and the Euclidean space into the same RKHS. In the 
online stage, we first extract features for every query 
image. Then we compare the mapped point in the 
RKHS with Euclidean-to-RKHS mapping. Finally, 
we rank the related 3D models. 
 
 
5  Descriptor generation 
 

Let S=[s1, s2, …, sn] be the view matrix of a 3D 
model, where d

i ∈s  denotes the ith view image with 
a d-dimensional feature descriptor, such as the raw 
intensity of the image. The SPD can be represented as 
a d×d covariance matrix (Wang et al., 2012): 

 
T

=1

1= ( )( ) ,
1

n

i i
in

− −
− ∑y s s s s               (4) 

 
where s  is the mean of all view image descriptors. In 
this covariance matrix, the diagonal entries represent 
the variance of image features, and other entries re-
flect the correlations of different features. 

Representing the view images of a 3D model as 
an SPD has many advantages: (1) The form is simple 
enough, and thus it can be computed very quickly.  
(2) The covariance matrix, as a second-order statistic, 
places no constraints on the distribution of features, 
the number of features, or the types of features.  
(3) SPD encodes correlation information for all the 
features, so it is very effective in discriminating the 
image sets of different classes. In contrast, previous 
methods such as the linear subspace have discarded 
the correlation information. (4) In the computation of 
the SPD, the noise samples are filtered, and thus this 
method becomes very robust by accumulating in-
formation from all the samples. 
 
 
6  Problem formulation 
 

This section follows the work by Huang et al. 
(2014). In Fig. 1, the image-based 3D model retrieval 

problem is reduced to matching Euclidean points with 
Riemannian points. In this section, we denote Eu-
clidean points by 1 2= { , , , } ,d

m ⊂X x x x   and 

Riemannian points by 1 2= { , , , } ,n ⊂ Y y y y  
where yi is as given in Eq. (4). The Euclidean points 
and Riemannian points are all labeled, denoted as 

1 2{ ,  ,  ,  }x x x
ml l l  and 1 2{ ,  ,  ,  },y y y

nl l l  respectively. 
Because there is a huge semantic gap between 

the Euclidean and Riemannian spaces, we need to 
map them to the same Hilbert space by transfor-
mations f and φ, respectively. We thus obtain two 
maps by training the labeled Euclidean and Rie-
mannian points. Finally, given xi from the Euclidean 
space and yj on the Riemannian manifold, their dis-
tance d(xi, yj) is reduced to an inner product in the 
Hilbert space: 

 
T( , ) = ( ( ) ( )) ( ( ) ( )).i j i j i jd f fj j− −x y x y x y   (5) 

 
The huge gap between the Euclidean and Rie-

mannian spaces cannot be resolved by simply em-
bedding them in some space. Inspired by the RKHS of 
differential geometry, we first embed the Riemannian 
manifold in its RKHS using the kernel trick. There is 
much research on the Riemannian kernel (Wang et al., 
2012), and by choosing the kernel wisely, we can 
preserve the Riemannian geometry in this RKHS. By 
mapping the Euclidean space and the Riemannian 
manifold to their own RKHS, we greatly shrink the 
gap, and the computation of the distance becomes 
very simple and fast. Finally, we further map the two 
RKHSs to the same Hilbert space. 

In Fig. 2, the features extracted from the image 
set as points reside in d, and the SPDs as points 
reside on manifold . The transformation φx: d→ 

x facilitates richer representations for the original 

Euclidean points, and the mapping φy: →y 
maintains the geometric metric of the Riemannian 
manifold in the RKHS. Additionally, the two linear 
maps fx: x→ and fy: y→ transform RKHS to 

the common Hilbert space. So, the two composite 
mappings f=fx◦x and φ=fy◦y are the required 
transformations. 
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6.1  Objective function 

For the manifold learning problem, we formulate 
an optimization algorithm to resolve the two trans-
formations. The objective function is as follows: 

 

1 2
,

 ( , ) ( , ) ( , ),min
f

D f G f T f
ϕ

ϕ λ ϕ λ ϕ+ +         (6) 

 
where D(f, φ) is a distance constraint, which charac-
terizes the similarities and dissimilarities among the 
mapped points from the same or different classes.  
G(f, φ) is a geometric constraint, which means that the 
mapped points should constrain the geometric metric 
from the original space. T(f, φ) is a transformation 
constraint, which means that a different axis of the 
mapped points should be unified. 

1. Distance constraint 
The mapped points from the same class should 

be close to each other, while points from different 
classes should be away from each other. So, we define 
this item as 

 
2

=1 =1

1( , ) ( , ) ( ) ( ) ,
2

m n

i j
i j

D f Z i j fj j= −∑∑ x y      (7) 

where 
1, = ,

( , )
1, ,

x y
i j
x y
i j

l l
Z i j

l l
= − ≠

 

and x
il  and y

jl  denote the labels of Euclidean points 

and Riemannian points, respectively. To facilitate 
computing, we use the sum of squared distances, 
which is also convex. 

2. Geometric constraint  
When mapping Euclidean points and manifold 

points to the same high-dimensional Hilbert space, we 
need the two transformations (f and φ) to preserve the 
geometric metric of the original data separately, 
which means G(f, φ)=Gx(f)+Gy(φ). Gx(f) and Gy(φ) are 
formulated as 

 
2

=1 =1

1( ) ( , ) ( ) ( ) ,
2

m m

x x i j
i j

G f Z i j f f= −∑∑ x x    (8) 

2

=1 =1

1( ) ( , ) ( ) ( ) ,
2

n n

y y i j
i j

G Z i jj j j= −∑∑ y y     (9) 

 
where 

1

2

,      if =  and ( , ),

( , ) ,    if  and ( , ),

0,        otherwise,

x x
ij i j

x x
x ij i j

d l l k i j

Z i j d l l k i j


= − ≠



 

1

2

,       if =  and ( , ),

( , ) ,     if  and ( , ),

0,         otherwise,

y y
ij i j

y y
y ij i j

d l l k i j

Z i j d l l k i j


= − ≠



 

 

( )2 2exp ,ij i jd σ= − −p p  and p should be replaced 

by x or y. These are the so-called Gaussian kernels, 
which preserve the geometry of the original spaces. 
Note that k1(i, j) and k2(i, j) represent that i is in the k1 
and k2 neighborhood of point j, respectively. The 
neighboring points of the same class should also be 
near each other after mapping. 

3. Transformation constraint 
For stability of comparison in the final Hilbert 

space, the mapped points should be uniform in every 
dimension, which means 

 

( )2 21( , ) = ( ) ( ) ,
2

T f fϕϕ +X Y           (10) 

 
because the unit covariance should maintain a small 
value. 

Fig. 2  Mapping hierarchy 


d is the Euclidean space, and  is the Riemannian mani-
fold. x and y are RKHSs, and  is the final Hilbert space. 
φx/φy and fx/fy are nonlinear and linear transformations, re-
spectively. The wired shapes originate from the Euclidean 
space and the solid shapes originate from the Riemannian 
manifold. Different shapes represent different classes 

x

fx



fy

y

d

φx
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6.2  Problem solving 

To solve this optimization problem, we use an 
iterative strategy. First, we transform this problem 
into its matrix-vector form. The outer mappings of 
composite functions f=fx◦φx and φ=fy◦φy are linear, 
which means T( ) = ( )x i x x if ϕx V x  and ( ) =y jf y  

T ( ).y y jjV y  The matrices Vx and Vy can be described 

as a linear combination of the coordinate basis, which 
means T T= ( )x j x x jjΣV W x  and T =yV T ( ).i y y iϕΣW y  

Finally, T T
,( ) = ( ) ( ) = ,x i j x x j x i x x jf j jΣx W x x W K  where 

,x jK (xi, xj)=<φx(xi), φx(xj)>. We rewrite Eqs. (7)−(9) 
as follows: 

 

T T

T T T T

1( , ) = (
2

                 2 ),

x y x x x x x

y y y y y x x y y

D ′

′+ −

W W W K B K W

W K B K W W K ZK W
(11) 

T T T T

T T
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          ,

W W K B K W W K Z K W

W K L K W
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x x x x x

G = −

=
    (12) 

T T T T

T T
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           ,

W W K B K W W K Z K W
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y y y y y y y y y y y y

y y y y y

G = −

=
   (13) 

 
where , ,x y′ ′B B  Bx, and By are diagonal matrices  

with 
=1

( , ) = ( , ),n
x j

B i i Z i j′ ∑  
1

( , ) ( , ),m
y i

B j j Z i j
=
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1
( , ) ( , ),m

x xj
B i i Z i j

=
= ∑  and 

1
( , ) ( , ).n

y yj
B i i Z i j

=
= ∑  

1. Initialization 
We define the within- and between-class tem-

plates for Z, Zx, and Zy. Without loss of generality, the 
within- and between-class templates for Z can be 
represented as 

 

w

b

1, = ,
( , ) =

0, ,

0, = ,
( , ) =

1, .

x y
i j
x y
i j

x y
i j
x y
i j

l l
Z i j

l l
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Z i j

l l

 
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
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                (14) 

 
By replacing Z with Zw and Zb in Eq. (11), we obtain 
the within- and between-class templates for D(Wx, 
Wy), i.e., Dw(Wx, Wy) and Db(Wx, Wy). 

Similarly, by replacing Z with Zw and Zb in 
Eqs. (12) and (13), respectively, we obtain the within- 

and between-class templates for Gx and Gy, i.e., w ,xG  
b ,xG  w ,yG  and b .yG  Now, we can use the optimization 

algorithm to initialize Wx and Wy: 
 

b b
1

,

w w
1

 ( , ) ( , )max

s.t. ( , ) ( , ) = 1,
y

x y x y

x y x y

D G

D G

λ

λ

+

+
xW W

W W W W

W W W W
      (15) 

 
where b b b= x yG G G+  and w w w= .x yG G G+  This op-

timization algorithm maximizes the sum of between- 
class templates, and at the same time minimizes the 
sum of within-class templates. 

2. Fixing Wy to update Wx  
We denote objective function (6) by Q(Wx, Wy). 

Taking the partial derivatives of Q(Wx, Wy) with re-
spect to Wx, we set the result to zero to obtain the 
following equation: 
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    (16) 

 
Simplifying the above equation, we have 
 

1T T
1 2= ( 2 2 ) .x x x x x x y yλ λ

−
′ + + W K B L I K K ZK W  (17) 

 
3. Fixing Wx to update Wy 
Likewise, we can obtain the analytical solution 

of Wy as follows: 
 

1T T
1 2= ( 2 2 ) .y y y y y y x xλ λ

−
′ + + W K B L I K K ZK W  (18) 

 
After initialization of Wx and Wy, we can alternatively 
update Wx and Wy by Eqs. (17) and (18). After tens of 
iterations, they will converge to a stable solution. 
 
 
7  Experiments 
 

In Fig. 2, our framework consists of two 
branches: one branch maps the descriptors of 3D 
shapes to a Euclidean space; the other branch maps 
the descriptors of images to the same Euclidean space. 
Thus, after proper model sets and image sets are 
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chosen, with fine training, our framework can be used 
in the following two scenarios: (1) Through the first 
branch, we can retrieve similar shapes using a shape 
as the query; (2) Through the two branches, we can 
retrieve similar shapes using a sketch image as the 
query. 

To create a multiview representation, we render 
each 3D shape from viewpoints spaced equally over 
the upper viewing hemisphere, and obtain 12 ren-
dered depth views for each 3D shape. This virtual 
camera configuration is reasonable, because we often 
take photos in this way. 

7.1  Using a shape as the query 

In this scenario, we choose the Princeton Model- 
Net dataset, as most state-of-the-art shape retrieval 
methods make comparisons on this dataset. 

There are 127 915 3D CAD models from 662 
categories in the Princeton ModelNet dataset. The 
authors of ModelNet have released the ModelNet40 
dataset on their website, which contains 12 311 shapes 
from 40 common categories and all the shapes are 
well annotated. In addition, all the shapes are upright 
oriented along a consistent axis. For our experiments, 
we use the same training and testing split of Mod-
elNet40 as in Wu et al. (2015), which means that we 
use 80% for training and 20% for testing. We con-
struct the image set by sampling rendered views from 
the above model set. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We compare the performance of our method with 
those of Spherical Harmonic (Kazhdan et al., 2003), 
LightField descriptor (Chen et al., 2003), PANO-
RAMA (Papadakis et al., 2010), 3D ShapeNet (Wu et 
al., 2015), multi-view convolutional neural network 
(MVCNN) (Su et al., 2015), and GIFT (Bai et al., 
2016). 

To demonstrate the flexibility of our method, we 
adopt three types of image descriptors for the SPDs of 
3D shapes. The first is the raw gray intensities of the 
12 rendered depth images. The second is very delicate: 
(1) We train the deep learning architecture of VGG-M 
(Chatfield et al., 2014) on ImageNet, which contains 
1000 image categories; (2) We use all the rendered 
depth views of 3D shapes to fine-tune the trained 
convolutional neural network (CNN); (3) We use the 
vector of 4096 dimensions in the first full-connect 
layer (FC6) as the image descriptor (FC6+machine 
learning (ML)). The third deep descriptor is con-
structed as follows: (1) We adopt the deep learning 
architecture of DeepFace (Wen et al., 2016), which is 
pre-trained on CASIA-Webface; (2) We fine-tune this 
model with all rendered depth views of 3D shapes;  
(3) We use the vector of 128 dimensions in the last but 
one full-connect layer as the image descriptor (DF+ 
ML). The performances of the three produced 3D 
shape descriptors corresponding to the three image 
descriptors are summarized in Table 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1  Retrieval results on the ModelNet40 dataset 

Method 
Training configuration Test configuration 

mAP 
Pre-training Fine-tuning #Views #Views 

SPH – – – – 33.3% 
LFD – – – – 40.9% 
3D ShapeNet ModelNet40 ModelNet40 – – 49.2% 
FV – ModelNet40 12 1 37.5% 
FV, 12× – ModelNet40 12 12 43.9% 
CNN ImageNet1K – – 1 44.1% 
CNN, f.t. ImageNet1K ModelNet40 12 1 61.7% 
CNN, 12× ImageNet1K – – 12 49.6% 
CNN, f.t., 12× ImageNet1K ModelNet40 12 12 62.8% 
MVCNN, f.t.+metric, 12× ImageNet1K ModelNet40 12 12 80.2% 
GIFT ImageNet1K ModelNet40 64 64 81.9% 
RAW+ML, 12× – – 12 12 57.8% 
FC6+ML, f.t., 12× ImageNet1K ModelNet40 12 12 77.1% 
DF+ML, f.t., 12× CASIA-Webface ModelNet40 12 12 87.5% 

f.t.=fine-tune; ML=machine learning; metric=low-rank Mahalanobis metric learning (Su et al., 2015). mAP: mean average precision 
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In Table 1, the performance of the first type of 
shape descriptor is comparable only to the fine-tuned 
VGG-M. In contrast, the second type of image de-
scriptor is comparable to MVCNN and GIFT, which 
are the two best 3D shape retrieval algorithms cur-
rently. By replacing the raw image descriptor with 
deep image features, the performance of our frame-
work improves by nearly 20%. The results of this 
experiment are in line with our intuition. It proves that 
our framework is flexible and effective enough. This 
also shows one advantage of our framework: for 
every new type of image descriptor, our framework 
can produce the corresponding type of shape de-
scriptor for 3D shapes. These descriptor types are 
compact representations of 3D shapes, and can speed 
up the computation of the distance between 3D 
shapes. 

To further compare the performance of our 
framework with those of other algorithms, we offer 
the precision-recall curve. In Fig. 3, the performance 
of our algorithm is comparable to those of the 
state-of-the-art methods, because we adopt a very 
good image feature and our framework is very flexi-
ble. However, this is not the upper bound of our al-
gorithm. By embedding better image descriptors, our 
framework can achieve even better performance. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

7.2  Using a sketch as the query 

The number of available 3D models on the  
Internet is growing rapidly and new techniques for 

acquiring 3D shapes are emerging. The users of the 
3D engine often do not have a 3D query shape before 
using the engine. Thus, most online repositories (e.g., 
3D Warehouse, TurboSquid, and Shapeways) provide 
only text-based search engines or hierarchical cata-
logs for 3D shapes. Text-based methods are deficient 
in describing 3D shapes, because 3D shapes contain 
rich semantic information. In contrast, 2D sketches 
also contain rich semantic information and they can 
be drawn easily by ordinary users. In this subsection, 
we investigate the performance of our method using 
sketches as queries. 

We adopt the sketch-based 3D shape retrieval 
benchmark SHREC’13 provided by Li et al. (2014). 
The benchmark is reorganized from the datasets PSB 
and SBSR (Eitz et al., 2012), containing 1258 target 
models from 90 categories and 80 sketch images for 
each category. For the 80 sketches in each category, 
50 are used for training and the rest for testing. 

Because sketch images are abstract and contain 
rich semantic information, we need an abstract 
line-rendering method to shrink the semantic gap 
between sketches and rendered view images. We 
employ the line-rendering method of Fig. 4d to render 
all target models in this experiment (Fig. 4). 

As in the last experiment, we adopt the two deep 
image descriptors to represent each rendered view 
and sketch. We pass all the rendered depth images  
and sketches to the fine-tuned VGG-M (or DeepFace)  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3  Precision-recall curves on the ModelNet40 dataset 
Our method is comparable to the state-of-the-art methods. 
References to color refer to the online version of this  
figure 
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Fig. 4  Line-rendering of 3D models: (a) a dog model;  
(b) apparent ridges; (c) contours and suggestive contours; 
(d) contours and suggestive contours combined with ap-
parent ridges 
We employ (d) in our experiment 
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and obtain the image descriptors of 4096 (or 128) 
dimensions. Then we feed the model set and image set 
into our framework, and obtain the compact vectors 
for 3D shapes and query sketches. We rank 3D shapes 
by simply computing the Euclidean distance between 
these vectors. 

In this experiment, we compare our method with 
the sketch-based 3D shape retrieval methods (Sousa 
and Fonseca, 2010; Saavedra et al., 2012; Furuya and 
Ohbuchi, 2013; Li et al., 2014; Wang et al., 2015). 
Table 2 shows the results of a comprehensive com-
parison among these methods, in terms of nearest 
neighbor (NN), first tier (FT), second tier (ST), 
E-measure (E), discounted cumulative gain (DCG), 
and mean average precision (mAP). Sketch-based 
shape retrieval is still a very difficult problem. In the 
future, we need to pre-train the CNNs on large da-
tasets of sketches, which can greatly improve the 
performance of our method. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

7.3  Parameter analysis 

There are two parameters λ1 and λ2 in objective 
function (6), and we tune them by a simple grid search. 
Specifically, we first randomly divide the training set 
of each dataset into two equal parts, one for training 
and the other for validation. Then we conduct a grid 
search over [0.001, 0.01, 0.1, 1, 10, 100, 1000] for 
both parameters. In this experiment, we set λ1=0.01 
and λ2=0.1. 

All the kernel widths σ’s are specified from the 
mean of distances, and the neighborhood numbers are 
set as k1=1 and k2=20. 

7.4  Execution time 

In Section 7.1, we offer the time cost analysis of 
our methods and MVCNN in Table 3. The offline 
operations include rendering all the 3D models in the 
training dataset, training the CNN (MVCNN, 
VGG-M, or DeepFace), extracting image descriptors 
from all rendered view images, and training the 
manifold learning algorithm. Note that MVCNN does 
not need extraction of image descriptors or training of 
the manifold learning algorithm. The most time- 
consuming part is training the CNN, which varies 
significantly with different methods. Training of the 
manifold learning algorithm (≈0.3 h) is the second 
most time-consuming operation. 

For every query, the online operations include 
rendering the query model, extracting deep image 
descriptors for every rendered view of the query 
model, constructing the SPD, mapping the SPD using 
the manifold learning algorithm, and comparison with 
the vectors in the dataset. In practice, there are a lot of 
techniques to speed up this process. 

The above analysis also applies to the online 
operation in Section 7.2. The approximate time cost is 
given in Table 3. 

 
 
 
 
 
 

 
 
The configuration of our computational platform 

is as follows: CPU Intel Core i7-2600, 16-GB 
memory, and GPU GTX TITAN X 12 GB. The code 
is implemented using C++ and MATLAB. 
 
 
8  Conclusions 
 

In this paper, we have proposed a point-to-set 
matching method for image-based 3D model retrieval, 
which shrinks the great semantic gap between the 
Euclidean space and the Riemannian manifold. In the 
mapping of the Euclidean space and the Riemannian 
manifold to the same high-dimensional Hilbert space, 
we have preserved the constraints of distance, geom-
etry, and transformation. In this way, our method 

Table 2  Comparison on the SHREC’13 dataset 

Method NN FT ST E DCG mAP 
Saavedra et al. 

(2012) 
0.110 0.069 0.107 0.061 0.307 0.086 

Sousa and Fonseca 
(2010) 

0.017 0.016 0.031 0.018 0.240 0.026 

Li et al. (2014) 0.164 0.097 0.149 0.085 0.348 0.116 
Furuya and 

Ohbuchi (2013) 
0.279 0.203 0.296 0.166 0.458 0.250 

Wang et al. (2015) 0.405 0.403 0.548 0.287 0.607 0.469 
FC6+ML 0.357 0.332 0.484 0.241 0.556 0.402 
DF+ML 0.426 0.401 0.553 0.310 0.625 0.471 

NN: nearest neighbor; FT: first tier; ST: second tier; E: E-measure; 
DCG: discounted cumulative gain; mAP: mean average precision 

 

Table 3  Time cost analysis on the Model40 dataset 

Method Offline (h) Online (s) 
MVCNN ≈10.8 ≈0.01 
RAW+ML ≈0.31 ≈0.11 
FC6+ML ≈9.10 ≈0.21 
DF+ML ≈13.5 ≈0.13 
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ensures the similarities and dissimilarities between 
the mapped points of the same class and different 
classes, and accomplishes high-precision retrieval. In 
addition, by modeling image sets as SPDs, point-to- 
set matching has been greatly accelerated. 

Our framework is so flexible that it can benefit 
from the recent progress in deep learning. By feeding 
the deep representations of each rendered view into 
our framework, we can output the corresponding 
compact representations for the 3D shape. 

Despite the above achievements, we realize that 
set-to-set matching could further improve the stability 
and accuracy of our method. In the future, we will 
extend our framework to multi-image-based shape 
matching. 
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