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Abstract: We propose a thoroughly optimal signal design strategy to achieve the Pareto boundary (boundary
of the achievable rate region) with improper Gaussian signaling (IGS) on the Z-interference channel (Z-IC) under
the assumption that the interference is treated as additive Gaussian noise. Specifically, we show that the Pareto
boundary has two different schemes determined by the two paths manifesting the characteristic of improperly
transmitted signals. In each scheme, we derive several concise closed-form expressions to calculate each user’s
optimally transmitted power, covariance, and pseudo-covariance of improperly transmitted signals. The effectiveness
of the proposed optimal signal design strategy is supported by simulations, and the results clearly show the superiority
of IGS. The proposed optimal signal design strategy also provides a simple way to achieve the required rate region,
with which we also derive a closed-form solution to quickly find the circularity coefficient that maximizes the sum
rate. Finally, we provide an in-depth discussion of the structure of the Pareto boundary, characterized by the channel
coefficient, the degree of impropriety measured by the covariance, and the pseudo-covariance of signals transmitted
by two users.
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https://doi.org/10.1631/FITEE.1700030 CLC number: TN92

1 Introduction

It is universally known that proper Gaussian
signals are entropy-maximizing (Neeser and Massey,
1993), and consequently they have been widely used
in analyzing the capacity of channels with differ-
ent characteristics, such as the Gaussian multiple-
input multiple-output (MIMO) point-to-point chan-
nel (P2P) (Telatar, 1999) and the Gaussian MIMO
broadcast channel (BC). Proper conventional signals
with independent and equal variance on the real and
imaginary components seem very convenient, but
this does not necessarily hold in practice, especially
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when the system is widely linear (Hellings et al.,
2013). Recently, improper Gaussian signals, which
are also known as asymmetric complex signals, have
attracted increasing research interest because they
can provide larger degrees of freedom and outper-
form proper Gaussian signals in different interference
channels (ICs) (Cadambe et al., 2010). The IC is a
fundamental model where each user intends to send
messages to its corresponding receiver while causing
interference to other receivers. Particularly, in the
upcoming 5G cellular system, diverse nodes, such as
small, micro, pico, and femto cells, are expected to
be connected in different proximities. Nevertheless,
the cell association that forms these dense 5G net-
works will cause high co-channel interference, which
presents a sophisticated challenge to the manage-
ment (Agiwal et al., 2016). Thus, an attractive re-
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search topic is the achievable rate region description
of an IC with improper Gaussian signals. Despite
there have been extensive studies on the capacity
of the K-user MIMO IC, work on the transmission
of improper Gaussian signals to handle interference
more effectively is still proceeding.

Numerous studies regarding the elimination of
interference caused by improper Gaussian signal-
ing (IGS) have been implemented. The advantages
of IGS for interference management have been ex-
tensively investigated in the three-user IC model
(Cadambe et al., 2010), showing that each user
employing IGS can obtain 1.2 degrees of freedom
(DoF, also referred to as capacity pre-log, multiplex-
ing gain, and effective bandwidth), which measures
the number of independent signaling dimensions that
are accessible in the network and approximates net-
work capacity. The DoF with a user employing
proper Gaussian signaling (PGS) is limited to less
than one (Host-Madsen and Nosratinia, 2005) and
the superiority of IGS is due to its ability to align
interference, that is, to control the interference sig-
nal (Cadambe and Jafar, 2008). The superiority of
IGS is due not only to the improvement in DoF, but
also to an improvement of the achievable rate re-
gion in interference-limited channels. For instance,
by separating the real and imaginary components
of the channel coefficients, Ho and Jorswieck (2012)
derived the achievable rate region for the two-user
simple input, simple output (SISO)-IC with IGS,
leading to a larger result than PGS with the same
region. Furthermore, to achieve the rate bound-
ary, a suboptimal scheme was proposed to derive
the improperly transmitted parameters, i.e., covari-
ance and pseudo-covariance of signals (Zeng et al.,
2013a). The same researchers extended the method
to address a more complicatedK-user multiple-input
single-output (MISO)-IC, and obtained some inter-
esting results (Zeng et al., 2013b). IGS is also used to
reduce the symbol error rate in the IC (Lagen et al.,
2016) and acts as an optimal approach along with
the PGS applied in the MIMO-IC (Kurniawan and
Sun, 2015). Except for interference mitigation in the
IC, the application of IGS can create benefits in some
other multiuser scenarios, such as relay-assisted com-
munications and the BC with linear precoding (Kim
et al., 2012; Hellings et al., 2013).

A particular IC case is Z-IC (Costa, 1985),
where only one of the two receivers is disturbed by

the transmitting signal related to the other receiver.
As depicted in Fig. 1, it can approximate several
real-world wireless communication scenarios, for ex-
ample, in cellular networks where one user is located
at the border of the cell and the other is located near
the cell center of the neighboring cell and therefore
not affected by the interference of the base station.
In addition, there are many instances in city environ-
ments, such as large buildings and thick walls, which
may keep one of the receivers out of the interference,
while the other one is exposed, which is another Z-IC
case.

Interfering signal

Desired signal

Fig. 1 Example of cell-edge users

There are several notable studies on Z-IC. The
capacity region of Z-IC, which is achievable by a
nonlinear processing at the receiver, is known only
in strong and very strong interference regimes (Sato,
1981; Costa, 1985). Nevertheless, from a practical
standpoint, adopting linear (or widely linear) pro-
cessing while treating the interference as additive
white Gaussian noise (AWGN) (Motahari and Khan-
dani, 2009) brings more convenience and less com-
plexity. Under this assumption, an optimal transmis-
sion strategy was proposed to achieve the maximum
sum-rate in a SISO Z-IC (Kurniawan and Sun, 2015),
which consists of five possible solutions depending
on the channel characteristics, including both PGS
and IGS. Furthermore, a sum-rate maximizing strat-
egy is derived in closed form by considering the real
composite model, where complex signals are denoted
as real signals with double dimension. Although
some limitation is involved in this kind of model,
it is quite necessary to develop a more intelligent
model to obtain more insightful views. Recently,
a similar strategy was proposed to characterize the
rate region of Z-IC by employing an augmented com-
plex model (Lameiro et al., 2017), which works with
both the signal and its complex conjugate. The main
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factor involved in the strategy is the circularity co-
efficient, which indicates the degree of impropriety.
Despite some remarkable efforts of these researchers,
the complexity of deriving an optimal strategy to
characterize the rate region of Z-IC is still hardly af-
fordable, and hence a more insightful and intuitive
derivation of both the optimal signal design strat-
egy and the analysis of the sum-rate is necessary
and meaningful. In this study, we focus on gaining
more insight into the use of IGS in Z-IC. To this
end, we propose a thoroughly optimal signal design
strategy to achieve the Pareto boundary, which not
only proves the superiority of the use of IGS ver-
sus PGS, but also provides a quite easy way to find
the optimal improperly transmitted parameters, i.e.,
covariance and pseudo-covariance, to fit the specific
range requirement of the rate in practical applica-
tions. Furthermore, we analyze the sum-rate region
on the basis of the analysis of the Pareto boundary,
whereby little calculation is needed to find the vari-
able pair that maximizes the sum-rate, which brings
an intuitive view of the design of the covariance and
pseudo-covariance of the signals. Nevertheless, the
obtained variable pair that maximizes the sum-rate
is not always optimal, and it occurs when the rate
of one of the users is too low to fit the requirement
in practice. To deal with this situation, an active
solution is given to reduce the search space that is
required to find the optimal parameters.

2 System model for Z-IC

Consider a two-user Z-IC with no symbol ex-
tensions, where each user Sr with a single antenna
is intended to send a message to the corresponding
receiver Dr. The process of signal transmission can
be expressed as

y1 = h11x1 + h12x2 + n1, (1)

y2 = h22x2 + n2, (2)

where yr and xr are the received signal and transmit-
ted signal at sender Sr and receiver Dr, respectively,
with xr assumed to be the improper/proper Gaus-
sian signal. Additionally, nr is AWGN with variance;
the coefficient of channel between Sr and Dr is de-
picted as hrk = |hrk| ejφrk , r, k = 1, 2 (Fig. 2).

x1

x2

h11

h12

h22

y1

n2

n1

y2

Fig. 2 The Z-IC model

2.1 Preliminary: improper random variables

The covariance of a zero-mean IRV z is de-
scribed as Cz = E[|z|2]. Analogously, we define the
pseudo-covariance as C̃z = E[z2]. Then variable z is
called proper if and only if C̃z = 0; otherwise, it is
called improper. Particularly, Lameiro (2017) illus-
trated thatCz and C̃z are a fixed pair of variance only
if the condition 0 ≤ |C̃z| ≤ Cz holds. So, the pseudo-
covariance of z can be described as C̃z = |C̃z|ejθ .

2.2 Description of capacity with improper
signaling

According to the definition of information en-
tropy and channel capacity, with the assumption
that interference is treated as AWGN, the achievable
rate of each user can be viewed as the mutual infor-
mation of the transmitted signal and received signal,
which can be formulated as (Zeng et al., 2013a)

Ri = I(xi; yi) = h(yi)− h(yi |xi ) = h(yi)− h(wi)

= log2
|Cyi |
|Cwi |

︸ ︷︷ ︸

Rproper

+
1

2
log2

1− C−2
yi

∣

∣

∣C̃yi

∣

∣

∣

2

1− C−2
wi

∣

∣

∣C̃wi

∣

∣

∣

2 ,

(3)

where Cyi and C̃yi are the covariance and pseudo-
covariance of the received signals, respectively. They
are formulated as

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

Cy1 = Cx1 |h11|2 + Cx2 |h12|2 + σ2,

Cy2 = Cx2 |h22|2 + σ2,

C̃y1 = C̃x1 |h11|2 + C̃x2 |h12|2,
C̃y2 = C̃x2 |h22|2.

(4)

On the other hand, Cwi and C̃wi , with wi

defined as the term of the interference plus noise,
are the covariance and pseudo-covariance of wi, re-
spectively, which can be obtained as

{

Cw1 = Cx2 |h12|2 + σ2, Cw2 = σ2,

C̃w1 = C̃x2 |h12|2, C̃w2 = 0.
(5)
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Then, the achievable rate region for Z-IC can be
defined to be the union of all achievable rate-pairs
for both channels, i.e.,

R = ∪
0≤|C̃xi |≤Cxi

≤Pi

(R1(Cx1 , C̃x1 , Cx2 , C̃x2),

R2(Cx2 , C̃x2)),

(6)

where Pi is the power budget of the signal transmit-
ted at the ith channel.

3 Achievable rate region analysis and
superiority with IGS at Z-IC

Suppose a rate-pair (R1, R2), which is the so-
called Pareto boundary when a rate-pair (R1, R

′
2) or

(R′
1, R2) does not exist with R′

1 > R1, R′
2 > R2. In

this section, we focus on comparing the achievable
rate region when the signal is either improper or
proper, by analyzing the optimal transmit strategy
to achieve the Pareto boundary in both situations.
Furthermore, in our model, this boundary can be
characterized by the derivation of optimal transmis-
sion parameters, i.e., Cxi and C̃xi .

First of all, substituting Eqs. (4)–(6) into
Eq. (3), and after several simple manipulations, the
achievable rate region for each user can be expressed
as
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log2
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−

∣

∣

∣C̃x2h
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3.1 Preliminary assumption of parameters

According to Fig. 2 and Eqs. (7) and (8), it is
clear that user 1 has no impact on user 2, and thus
the maximized transmit power of signal x1 fills the
optimal transmit scheme, which reflects Cx1 = P1.
In addition, the achievable rate of user 2 has no rel-
evance to the phase of C̃x2 . So, we can safely take

arg(C̃x2) = 0, and then have C̃x2 = |C̃x2 |. Fur-
thermore, considering the expression of R1, it is not
difficult to find that we can achieve the maximum R1

by minimizing
∣

∣

∣1 +
C̃x1h

2
11

C̃x2h
2
12

∣
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∣

2

, which yields

arg

(
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C̃x2

)

= arg(C̃x1) = π+ arg

(

h2
12

h2
11

)

, (9)

∣

∣

∣C̃x1

∣

∣
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(

∣

∣

∣C̃x2

∣

∣

∣ · |h12|2
|h11|2

, P1

)

. (10)

Combining the previous analysis and the defini-
tion of the achievable rate region R in Eq. (6), we
can come to a conclusion that R is now a function
of two parameters, i.e., Cx2 and |C̃x2 |, because the
others either are valid or can be expressed by these
two parameters.

To simplify, we can denote Cx2 and |C̃x2 | as
x and x′, respectively. We already know that the
relationship between the two parameters is 0 ≤ x′ ≤
x, which is distinctly shown as the shadow in Fig. 3.

A B

C

x

x′

P2

P2

(B′)

 

Fig. 3 Achievable domain for two parameters

3.2 Covariance optimization

When the signal is proper, we have x′ = 0, which
corresponds to vector AC. From Eq. (10) we observe
that the signal x1 must be proper with C̃x1 = 0 if
signal x2 is proper, i.e., C̃x2 = 0. Similarly, if signal
x2 is improper, i.e., C̃x2 �= 0, then the signal x1 must
also be improper with C̃x1 �= 0.

3.3 Pseudo-covariance optimization

According to the definition of the Pareto
boundary, the boundary of the rate-pair (R1, R2)

is composed of the set of the elements where each
value of R2, corresponding to all values of R1 vary-
ing from the minimum to the maximum, achieves the
maximum.
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With all the assumptions in Section 3.1, R1 and
R2 can be rewritten as

R1(x, x
′) =
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⎪
⎪
⎪
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log2
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)2
⎤

⎦.

(11)
From Eq. (11), R1 is strictly increasing with x

and strictly decreasing with x′, while R2 is strictly
decreasing with x and strictly increasing with x′.
Consequently, it is obvious in Fig. 3 that point A

corresponds to the rate-pair (R1min, R2max), while
point C corresponds to (R1max, R2min). For the
deeper study, we denote the two paths from A

to C as: (1) path 1 which is the vector from
A to B, then to C in the condition P2|h12|2 ≤
P1|h11|2 or the vector from A to B, then from
B′(P1|h11|2/|h12|2, P1|h11|2/|h12|2) to C in the con-
dition P2|h12|2 > P1|h11|2; (2) path 2 which is the
direct vector from A to C.
Theorem 1 The value of function R1(x, x

′) in-
creases along both path 1 and path 2, while the value
of function R2(x, x

′) is strictly decreasing along both
path 1 and path 2.
Proof Refer to Appendix A.
Theorem 2 According to Theorem 1, we can
obtain two lines, L1 and L2, which include all
the rate-pairs with two variables that change along
the two paths, respectively. Consider a rate-pair
(m,n0) on L2, corresponding to the rate-pair (m,n1)

on L1 (Fig. 4). Then the Pareto boundary can
be denoted as the union of rate-pairs (m,n) and
n = max(n0, n1).
Proof Refer to Appendix B.

Notice: We would like to stress that the achiev-
able rate region when the signal is improper always
contains the achievable rate region when the signal
is proper. This means that proper signaling is a
special case of improper signaling and exactly in-
dicates the superiority of IGS. Particularly, taking
Eq. (C2) into account when |h12|2/|h22|2 ≥ 1 holds,

R2

R1

L1

L2

(m, n0)

(m, n1)

m

Fig. 4 Rate-pairs with variables changing along path 1
and path 2

the Pareto boundary can be achieved by changing
variables along path 1, which indicates the uncondi-
tional superiority of IGS.

3.4 Optimal parameter strategy

Defining R1(x, x
′) = m, R2(x, x

′) = n,
R1(0, P2) = a1, R2(0, P2) = a2, R1(P2, P2) = b1,
R2(P2, P2) = b2, R1(0, 0) = c1, and R2(0, 0) = c2,
and using Theorem 1 and Theorem 2, the opti-
mal variable pair, (x′, x), which maximizes R2 (x

′, x)
when R1 (x

′, x) takes a valid value of m, can be char-
acterized by the following schemes:

Power-limited region: a1 ≤ m ≤ b1 ⇔ b2 ≤ n ≤
a2:

Condition Optimal variable pair (x, x′)

R2 (0, x2) ≤ R2 (x
′
0, x2) (x′

0, P2)

R2 (0, x0) > R (x′
0, x

′
0) (0, x0)

where x′
0 satisfies R1 (x

′
0, P2) = m.

Interference-limited region: b1 < m ≤ c1 ⇔
c2 ≤ n < b2:

Condition Optimal variable pair (x, x′)

R2 (0, x0) ≤ R2 (x
′
0, x

′
0) (x′

0, x
′
0)

R2 (0, x0) > R (x′
0, x

′
0) (0, x0)

where x′
0 satisfies R1(x

′
0, x

′
0) = m.

Notice: We would like to indicate that when
a1 ≤ m ≤ b1, we have

lim
P2→∞

max
0≤|C̃x2 |≤P2

R2(|C̃x2 |) = ∞, (12)

which demonstrates that R2 is asymptotically lim-
ited by its power budget. The rate region of user 1,
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a1 < m ≤ b1, is called the power-limited region;
when b1 < m ≤ c1, we have

lim
P2→∞

max
0≤|C̃x2 |≤P2

R2(|C̃x2 |) < ∞, (13)

which demonstrates that R2 is asymptotically
limited by interference. The rate region of user 1,
b1 < m ≤ c1, is called the interference-limited re-
gion in Eq. (13). Note that with a fixed interference
power, the lower the signal-to-noise ratio (SNR) is,
the lower the achievable rate will be. In other words,
when R1 is low, and therefore R2 is high, the inter-
ference plays a more significant role, which will be
shown in detail in the next section.

In summary, this strategy provides a quick
approach to find the optimal parameter with the spe-
cific requirement of rate pair (R1, R2), which will be
discussed thoroughly in the next section.

4 Analysis and numerical results

In this section, we offer a series of discussions
on the derived characterization together with some
numerical results from several representative exam-
ples, to illustrate most of the features of IGS at Z-IC.
The sum-rate is also analyzed and some remarkable
conclusions are derived.

4.1 Sum-rate analysis

4.1.1 Sum-rate with proper signaling

As mentioned in the previous section, proper
signaling corresponds to path 2. Hence, the sum-
rate is characterized only by x, and can be expressed
as

Rsum(x) =R1 (0, x) +R2 (0, x)

= log2
(P1|h11|2+x|h12|2+σ2)(x|h22|2+σ2)

σ2(x|h12|2+σ2)
.

(14)
We thus obtain

∂Rsum

∂x
=

1

2Rsumσ2 ln 2
· |h22|2
(

x|h12|2 + σ2
)2

·
[

(

x|h12|2 + σ2
)2

+

(

1− |h12|2
|h22|2

)

σ2P1|h11|2
]

.

(15)

Obviously, ∂Rsum/∂x > 0 holds in the case of
|h12|2/|h22|2 ≤ 1 + σ2/P1|h11|2; i.e., Rsum decreases

as the variable changes along path 2. Thus, Rsum

should achieve the maximum at point Rsum (P2). On
the other hand, when

|h12|2
|h22|2

≥ 1 +

(

P2|h12|2 + σ2
)2

(

P1|h11|2σ2
) , (16)

it can be similarly derived that Rsum can achieve the
maximum at point Rsum (0). Finally, when

1+
σ2

P1|h11|2
<

|h12|2
|h22|2

< 1+

(

P2|h12|2 + σ2
)2

(

P1|h11|2σ2
) , (17)

Rsum should achieve the maximum at point Rsum (0)

or Rsum (P2).
In summary, the maximum sum-rate can be eas-

ily obtained with proper signaling, and we can denote
the maximum value of the sum-rate in this situation
as max(Rsum (P2) , Rsum (0)).

4.1.2 Sum-rate with improper signaling

When IGS is employed, variation of the sum-
rate results in more complex parameters. As pre-
sented in the previous section, proper signaling cor-
responds to path 2. Nevertheless, by several similar
derivations, the conclusion is presented concisely:
Theorem 3 The distribution of the maximum
sum-rate is as follows:

Case I: |h12|2 < |h22|2.
The point at which the maximum sum-rate is

achieved is (0, P2).
Case II: |h12|2 = |h22|2.
The point at which the maximum sum-rate

is achieved is (x′
0, P2), where x′

0 ∈ [0, X ], X =

min(P2, P1|h12|2/|h12|2).
Case III: |h12|2 > |h22|2.
1. P2|h12|2 ≤ P1|h11|2.
The point at which the maximum sum-rate is

achieved is (0, 0) or (P2, P2).
2. P2|h12|2 > P1|h11|2.
The point at which the maximum rate is

achieved is among (0, 0), (x′
0, P2), and (P2, P2),

where x′
0 is the minimum root of f (x′) = 0, and

satisfies P1|h12|2/|h12|2 < x′
0 ≤ P2.

Proof Refer to Appendix C.
Notice that Theorem 3 provides a quick way to

find the optimal covariance and pseudo-covariance
that maximize the sum-rate; a little effort provides
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some comparison. It is satisfying when the obtained
variable pair fits the conditions in practice, which
means that it takes few steps to obtain the optimal
signal design by Theorem 3. However, the obtained
variable pair is not always optimal; for example, the
maximum sum-rate may be achieved at point (0, 0)

or (0, P2), which is obviously impractical due to the
low rate of user 1 or user 2. In this case, note that
Theorems 1 and 2 will work and there is less com-
putational complexity to obtain the optimal signal
design, which will be discussed thoroughly in the
next section.

4.2 Numerical analysis

To investigate the properties in depth, sev-
eral discussions and some examples are provided as
follows.

4.2.1 Optimal strategies

Optimality of proper signaling: As pointed out
in Section 3, if PGS is the optimal strategy for one
user, then it is also optimal for another, which means
that each point on the Pareto boundary is achieved
by both users employing either PGS or IGS.

Properties of the Pareto boundary: the point
on the Pareto boundary where both users can em-
ploy IGS whose impropriety is up to one (which in-
dicates that the pseudo-covariance is equal to the
covariance of the transmit signal). In Fig. 3, for
user 2, the vector B(B′)C contains all the variable
pairs where a maximally improper signal is trans-
mitted. For user 1, with the analysis in Section 3, if
P2|h12|2 ≥ P1|h11|2, then the points at which a max-
imally improper signal is transmitted occur on vector
B′′B with B′′ (P1|h12|2/|h12|2, P2), and hence B is
the only point where both users employ the maxi-
mal IGS; otherwise, such a point does not exist. In
summary, both users employ the maximal IGS at the
boundary point B only if P2|h12|2 ≥ P1|h11|2.

To illustrate the properties mentioned above, we
introduce the following simulation examples. First,
we consider the channel coefficients h11 = 2 − j,
h12 = 1.5 − 1.5j, and h22 = 1 − 2j, so |h11|2 = 5,
|h12|2 = 4.5, and |h22|2 = 5. We take the power
budgets and noise variance as P1 = P2 = 15 and
σ2 = 1. The optimal covariance and pseudo-
covariance of two users are shown in Fig. 5; the
Pareto boundary and the sum-rate are illustrated

in Fig. 6. Notice that P2|h12|2 < P1|h11|2 holds be-
cause user 1 cannot transmit maximally improper
signals on the Pareto boundary. At point B, user
2 transmits the maximally improper signal, but the
pseudo-covariance of user 1 is less than the covari-
ance. Furthermore, with |h12|2<|h22|2, the sum-rate
is decreasing along both paths and hence achieves
the maximum at point A (0, P2) (Fig. 6), which
is in agreement with Theorem 3. Secondly, we
consider |h11|2 = |h22|2 = 3.25, |h12|2 = 4.5 and
|h11|2 = 3.25, |h12|2 = |h22|2 = 4.5. In these two
cases, P2|h12|2 ≥ P1|h11|2 holds, and hence both
users transmit a maximally improper signal at point
B. This can be observed in Figs. 7 and 9. Fur-
thermore, since |h12|2 ≥ |h22|2 holds, the maximum
sum-rate is achieved at point B in case 1 (Fig. 8)
and at any points on vector AB in case 2 (Fig. 10),
which agrees with Theorem 3.

·

Fig. 5 Dependency of the optimal covariance and
pseudo-covariance on the capacity of user 1 for
|h11|2 = 5, |h12|2 = 4.5, and |h22|2 = 5
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Fig. 6 Optimal rate region boundary and sum-rate
with IGS and PGS for |h11|2 = 5, |h12|2 = 4.5, and
|h22|2 = 5
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4.2.2 Optimal signal design in practice

We would like to point out that the obtained
variable pair that maximizes the sum-rate is not
always optimal; for example, the optimal parameters
occur at point (0, 0) or (0, P2). We introduce a
quick solution to deal with this situation in the
previous section, which will be investigated in
Fig. 6. Consider the first case where channel
coefficients are taken as |h11|2 = 5, |h12|2 = 4.5,
and |h22|2 = 5. Notice that |h11|2 < |h12|2 holds,
and we can quickly obtain the variable pair (0, P2),
which maximizes the sum-rate, by Theorem 3.
This is absolutely not the optimal signal design,
because the rate of user 1 is too small with the
value of 0.77 bits/(s·Hz). If we assume that the
rate of both users is not less than 3 bits/(s·Hz),
then with Theorems 1 and 2, the possible region
of variables of the optimal design are described
as vectors PB and BQ (Fig. 11), where P (u, P2)

·

Fig. 7 Dependency of the optimal covariance and
pseudo-covariance on the capacity of user 1 for
|h11|2 = 3.25, |h12|2 = 4.5, and |h22|2 = 3.25
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Fig. 8 Optimal rate region boundary and sum-rate
with IGS and PGS for |h11|2 = 3.25, |h12|2 = 4.5,
and |h22|2 = 3.25

and Q(v, v) satisfy R1(u, P2) = 3 bits/(s·Hz) and
R2(v, v) = 3 bits/(s·Hz), respectively. Finally, with
Theorem 3, we find that the sum-rate is decreas-
ing along path 1; consequently, we can quickly find
the optimal covariance and pseudo-covariance, i.e.,
(u, P2). All of the analysis can be proved by the em-
ulation in Figs. 5 and 6. Hence, in a specific, very
complicated case, the possible region of variables of
the optimal design can be easily achieved by Theo-
rem 3 or it can be described as the definite vector,
which takes less calculation or analysis to find the
terminal covariance and pseudo-covariance in Z-IC.

All in all, it is obvious that the achievable
rate region of improper signaling contains the entire
achievable rate region of proper signaling. This can
be observed in Figs. 6, 8, and 10, which show the su-
periority of IGS. Furthermore, the simplicity of the
optimal signal design strategy proposed in Section
3 is proved adequately in this section, based on the
reduction of the search space.

Fig. 9 Dependency of the optimal covariance and
pseudo-covariance on the capacity of user 1 for
|h11|2 = 3.25, |h12|2 = 4.5, and |h22|2 = 4.5
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Fig. 10 Optimal rate region boundary and sum-rate
with IGS and PGS for |h11|2 = 3.25, |h12|2 = 4.5,
and |h22|2 = 4.5
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Q(v, v)

x

x′

P(u, P2)
P2

P2
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C

B

Fig. 11 The possible region of variables of the optimal
design

5 Conclusions

We propose a thoroughly optimal signal design
strategy to achieve the Pareto boundary with IGS
in Z-IC. It is proved that the achievable rate region
with IGS always contains the achievable rate region
when the signal is proper, which shows the great
superiority of IGS. An easy solution to achieve the
required rate region is proposed through an optimal
strategy, which is designed to optimize the covari-
ance and pseudo-covariance with IGS. Furthermore,
we derived a closed-form solution to achieve the max-
imal sum-rate, which requires less calculation to find
the corresponding variable pair, i.e., covariance and
pseudo-covariance.
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Appendix A: Proof of Theorem 1

For path 1, from A to B, where x = P2, R1

and R2 are functions of x′, and it is obvious that
∂R1/∂x

′ > 0 and ∂R2/∂x
′ < 0; from B to C, where

using Eqs. (7) and (8), it is straightforward to derive
Eq. (A1).

Notice that if P2|h12|2 > P1|h11|2, we can find a
point B′ (P1 |h11|2 / |h12|2 , P1 |h11|2 / |h12|2), where
R1 is a constant b1 from B to B′. On the other
hand, notice that ∂R2/∂x > 0 when the argument
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changes along vector BB′; hence R1 = b1, and
R2 achieves the maximum at B. According to the
above analysis, path 1 is from A to B, then from
B′ (P1 |h11|2 / |h12|2 , P1 |h11|2 / |h12|2) to C, which
is denoted in Section 3. From Eq. (A1), we can
observe that the argument x′ changing from B′ to
C will lead to an increase in R1 and a decrease in
R2. Similarly, for path 2, we can obtain that R1 is
increasing and R2 is decreasing. Consequently, we
have obtained the entire trend of these two functions
along two paths, which completes the proof.

Appendix B: Proof of Theorem 2

First of all, in analysis parallel to the proof of
Theorem 1, we split path 1 into two parts, i.e., AB

and BC. Consider the function R1 in Eq. (11),
which can be denoted as a curved surface in a three-
dimensional system of coordinates. Then, the pro-
jection of a contour on the x′-x plane when R1 takes
a valid value m is the curve depicted as a dotted line
in Fig. B1. The shape of the projection has some
properties. The derivations are as follows: taking
R1(x, x

′) = m, then with some simplification, the
mathematical expression of the projection of contour
can be denoted as
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(B1)

and we obtain

∂x
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(B2)

When x′ < P1 |h11|2 / |h12|2, Eq. (B3) holds,
and we obtain 0 < ∂x/∂x′ < 1. Therefore, the
projection of contour can be shaped as depicted in
Fig. B1. Furthermore, if we substitute R1(x, x

′) = m

into Eq. (11), we obtain Eq. (B4), and if we then
substitute Eq. (15) into the expression of R2, it can
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be rewritten as Eq. (B5). Finally, we obtain the
derivation of R2 as Eq. (B6).

When x′ ≥ P1 |h11|2 / |h12|2, ∂R2/∂x is decreas-
ing in m. We obtain

∂R2

∂x
≥ ∂R2

∂x

∣

∣

∣

∣

mmax=R1(P2,P2)

⇔∂R2

∂x
≥ 2|h22|2

22R2σ2 ln 2
> 0. (B7)

When x′ < P1 |h11|2 / |h12|2, we obtain

∂R2

∂x
≥ 0 ⇔ x ≥ 1

|h22|2
{

|h22|2
|h12|2

[

σ2
(

1− 2−2m
)

−2−2mP1|h11|2
]

− σ2

}

.

(B8)
Notice that if we let x0 be such that Eq. (B8) holds
with equality, then it holds with inequality strictly
when x > x0. Consequently, when R1 takes value of
m, the variable pair where R2 achieves the maximum
must be at M or N (Fig. B1). Similarly, we can
derive the conclusion of the situation when variables
change along vector AB, which concludes the proof.

Appendix C: Proof of Theorem 3

When the improperly transmitted signal is con-
sidered, we want to discuss the relevant problems
under two conditions:

A

C

B

M
N

x

x

P2

P2

(B )

Fig. B1 Achievable domain and the projection of
contour when R1(x, x′) = m

1. P2|h12|2 ≤ P1|h11|2.
Under this condition, it is straightforward to ob-

tain some useful results by some simple derivations.
Specifically, the expression of the sum-rate when the
arguments change along path 1 can be formulated as

Rsum = R1 (x
′, x) +R2 (x

′, x)

=

{

R1 (x
′, P2) +R2 (x

′, P2) , if a1 ≤ m ≤ b1,

R1 (x, x) +R2 (x, x) , if b1< m ≤ c1.

(C1)

Case I: a1 ≤ m ≤ b1 ⇔ b2 ≤ n ≤ a2.
After a series of derivations, we can obtain

Eq. (C2). Based on Eq. (C2), we can further
derive
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To be more specific, since the arguments are
changing along vector AB in this case, the mono-
tonicity of Rsum is determined by |h12|2 / |h22|2.
Hence, Rsum either is a constant or it can achieve
the maximum only at point A or B, which is deter-
mined by the range of |h12|2 / |h22|2.

Case II: b1< m ≤ c1 ⇔ c2 ≤ n <b2.

∂Rsum

∂x
=
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Let us pay attention to |h12|2 / |h22|2. It is not

hard to find that ∂Rsum/∂x > 0 holds under the
condition |h12|2 / |h22|2. It means that Rsum de-
crease when the variables change along vector BC,
which is the second part of path 1. As for the
case of |h12|2 / |h22|2 > 1, we obtain that Rsum can
achieve the maximum only at point Rsum (P2, P2) or
Rsum (P2, P2).

2. P2|h12|2 > P1|h11|2.
Notice that if P2|h12|2 > P1|h11|2, path 1

can be denoted as from A to B, then from B′

(P1 |h11|2 / |h12|2 , P1 |h11|2 / |h12|2) to A (refer
to Appendix A). In this case, there exists
a point M (P1 |h11|2 / |h12|2 , P2). Defin-
ing R1(P1 |h11|2 / |h12|2 , P2) = b′1 and
R2(P1 |h11|2 / |h12|2 , P2) = b′2, we discuss the
maximum Rsum in three different cases:

Case I: a1 ≤ m ≤ b′1 ⇔ b′2 ≤ n ≤ a2.
Similar to Case I in Condition 1, the monotonic-

ity of Rsum with regard to the arguments x or x′ is
characterized by |h12|2 / |h22|2. Hence, Rsum either
is a constant or can achieve the maximum only at
point A or B, which is determined by the value of
|h12|2 / |h22|2.

Case II: b′1 < m ≤ b1 ⇔ b2 ≤ n < b′2.
In this situation, Rsum can be expressed as

Eq. (C5), and the derivation can be expressed as
Eq. (C6).
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P2|h12|2 + σ2 − x′|h12|2
]
⎡

⎣

(

P2|h22|2
σ2

+ 1

)2

−
(

x′|h22|2
σ2

)2
⎤

⎦

⎫

⎬

⎭

. (C5)

∂Rsum

∂x′2 =
P1|h11|2|h12|2|h22|4

22Rsumσ4 ln 2
(

P2|h12|2 + σ2 − x′|h12|2
)2

·
[
(

x′ − P2 − σ2

|h12|2
)2(

1− |h12|2
P1|h11|2x

′
)

+ σ2

(

2P2 +
σ2

|h22|2 +
σ2

|h12|2
)(

1

|h22|2 − 1

|h12|2
)
]

.

(C6)
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Then we have Eq. (C8). In this case, due to Eq. (C9),
we find that ∂Rsum/∂x′2 decreases during the
interval [P1 |h11|2 / |h12|2 , (2P1 |h11|2 + |h12|2 P2 +

σ2)/(3 |h12|2)], and increases during the interval
[(2P1 |h11|2 + |h12|2 P2 + σ2)/(3 |h12|2), P2]. On this
basis, if |h12|2 / |h22|2 ≤ 1, we have Eqs. (C10)
and (C11), which indicate that Rsum is decreasing
with x′ in this case; if P1 |h11|2 / |h12|2, we have
Eq. (C12). Then, Rsum may achieve the maximum at
P1|h11|2/|h12|2, P2, or x′

0 (which is the minimum root
of f (x′) = 0, satisfying P1 |h11|2 / |h12|2 < x′

0 ≤ P2).
Case III: b1< m ≤ c1 ⇔ c2 ≤ n <b2.
Similar to Case II in Condition 1, if

|h12|2 / |h22|2 ≤ 1, it is easy to find that Rsum

decreases when variables change along vec-
tor B′C, which is the second part of path 1.
Conversely, if |h12|2 / |h22|2 > 1, we find that
the maximum can be achieved only at point B′

(P1 |h11|2 / |h12|2 , P1 |h11|2 / |h12|2) or point C (0, 0).
Hence, Rsum(P2, P2) > Rsum(P1 |h11|2 / |h12|2 ,

P1 |h11|2 / |h12|2) holds strictly because when vari-
ables change along vector BB′, R1 = b1 and R2

decreases.
In summary, by separating the situation into

three cases, |h12|2 / |h22|2 < 1, |h12|2 / |h22|2 = 1,
and |h12|2 / |h22|2 > 1, we can draw a concise con-
clusion:

In Case I, Rsum achieves the maximum at
Rsum (0, P2).

In Case II, Rsum achieves the maximum
at Rsum (x′

0, P2), where x′
0 ∈ [0, X ], X =

min(P2, P1 |h11|2 / |h12|2 ).
In Case III, when the precondition is P2|h12|2 ≤

P1|h11|2, Rsum may achieve the maximum at B

(P2, P2) or C (0, 0); otherwise, when P2|h12|2 >

P1|h11|2, Rsum may achieve the maximum at B

(P2, P2), C (0, 0), or (x′
0, P2), where x′

0 is the mini-
mum root of f (x′) = 0, satisfying P1 |h11|2 / |h12|2 <

x′
0 ≤ P2, which completes the proof.

∂f (x′)
∂x′ =

(

x′ − P2 − σ2

|h12|2
)
⎡

⎣2 +

(

|h12|2P2 + σ2
)

P1|h11|2
− 3

|h12|2
P1|h11|2

x′
]

≥ 0

⇔ 2P1|h11|2 + |h12|2P2 + σ2

3|h12|2
≤ x′ ≤ P2 +

σ2

|h12|2
. (C8)

P1|h11|2
|h12|2

<
2P1|h11|2 + |h12|2P2 + σ2

3|h12|2
≤ x′ ≤ P2 < P2 +

σ2

|h12|2
. (C9)

f

(

P1|h11|2
|h12|2

)

=

P1|h11|2|h12|2|h22|4σ2

(

2P2 +
σ2

|h22|2
+

σ2

|h12|2
)

22Rsumσ4 ln 2
(

P2|h12|2 + σ2 − x′|h12|2
)2

(

1

|h22|2
− 1

|h12|2
)

≤ 0.
(C10)

f (P2) =
σ4

|h12|4
(

1− P2|h12|2
P1|h11|2

)

+ σ2

(

2P2 +
σ2

|h22|2
+

σ2

|h12|2
)(

1

|h22|2
− 1

|h12|2
)

< 0. (C11)

f

(

P1|h11|2
|h12|2

)

=

P1|h11|2|h12|2|h22|4σ2

(

2P2 +
σ2

|h22|2
+

σ2

|h12|2
)

22Rsumσ4 ln 2
(

P2|h12|2 + σ2 − x′|h12|2
)2

(

1

|h22|2
− 1

|h12|2
)

> 0.
(C12)


