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Abstract: Control charts are commonly used tools in statistical process control for the detection of shifts in process parameters.
Shewhart-type charts are efficient for large shift values, whereas cumulative sum (CUSUM) charts are effective in detecting
medium and small shifts. Control chart use commonly assumes that data are free of outliers and parameters are known or correctly
estimated based on an in-control process. In practice, these assumptions are not often true because some processes occasionally
have outliers. Monitoring the location parameter is usually based on mean charts, which are seriously affected by violations of
these assumptions. In this paper we propose several CUSUM median control charts based on auxiliary variables, and offer com-
parisons with their corresponding mean control charts. To monitor the location parameter, we examined the performance of mean
and median control charts in the presence and absence of outliers. Both symmetric and non-symmetric processes were studied to
examine the properties of the proposed control charts to monitor the location parameter using CUSUM control charts. We used
different run length measures to study in-control and out-of-control performances of CUSUM charts. Results revealed that our
proposed control charts perform much better than the traditional charts in the presence of outliers. A real application of our study
was provided using data on concrete compressive strength as it relates to the quality of cement manufacturing.
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1 Introduction special causes are the main reason for the variation in

processes (Oakland, 2007). Control charts are well-

Statistical process control (SPC) is commonly
used to monitor manufacturing and non-manufacturing
process parameters. Variations in the manufacturing
production process always exist. Common and/or
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known and commonly used tools for identifying un-
usual variations in such parameters (mainly location
and dispersion). In the response of any process that
deals with quality characteristics, control charts are
the most important tools that help differentiate be-
tween special (also known as assignable or non-
random) cause and common (also known as random)
cause variations. Control charts can be categorized as
memory and memoryless control charts. The
Shewhart control chart is a well-known and com-
monly used control chart proposed by Shewhart
(1924) and is categorized as a memoryless control
chart. Memoryless control charts are famous for effi-
cient detection of large shift values, but these charts
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are less effective in identifying moderate and small
shift values of the shift, so memory control charts are
the best answer to address this issue. Roberts (1959)
and Page (1954) suggested exponentially weighted
moving average (EWMA) and cumulative sum
(CUSUM) charts, respectively, which are considered
more capable than traditional Shewhart charts in de-
tecting moderate and small shifts.

The CUSUM scheme is frequently used in in-
dustrial production as the best alternative to the
Shewhart scheme. The CUSUM chart has been
helpful in SPC for process monitoring (Qiu and
Hawkins, 2001; Rao, 2013; Abujiya et al., 2015a;
Shafae et al., 2015; Huang et al., 2016). The design
strategies and properties of CUSUM control charts
can be meticulously explored in the literature (Qiu
and Hawkins, 2001; Nazir et al., 2013, 2015; Hawkins
and Wu, 2014; Rakitzis et al., 2018). Many research-
ers proposed other methods to monitor the location
parameter (Haridy and Elshabrawy, 1996; Umble,
2001; Ryu et al., 2010; Riaz et al., 2011; Mukherjee et
al., 2013; Abujiya et al., 2015a), but less considera-
tion has been given to monitoring by median control
charts.

Additional information associated with the var-
iable of interest can be used to improve the execution
of a control chart. For example, in the process moni-
toring of missile testing, some extra information like
momentum or the weight of the carrier can enhance
the efficiency of the projectile. In general, precision
can be increased using auxiliary characteristics. To
enhance the monitoring of quality characteristics,
auxiliary information is used in various charting
procedures as in regression adjustments and cause-
selecting charts suggested by Hawkins (1993) and
Shu et al. (2005). Some control charts studies are
based on auxiliary information used for estimation of
parameters (Riaz, 2008a, 2008b; Riaz and Does, 2009;
Abbasi and Riaz, 2013; Abbas et al., 2014). Some
studies are based on auxiliary information for ranking
purposes (Riaz et al., 2013; Mehmood et al., 2013;
Abujiya et al., 2015a, 2015b). The information about
auxiliary variables may be extended to more variables.
For example, if we consider a bearing manufacturing
process and our study variable is the inner diameter,
then the weight of the bearing and its outer diameter
may be considered auxiliary characteristics. A variety
of literature can be seen in this direction (Ahmad et al.,

2013, 2014a, 2014b; Riaz et al., 2013; Riaz, 2015).
Recently, Sanusi et al. (2017, 2018) proposed
CUSUM charts using auxiliary information to moni-
tor the location parameter.

The literature addresses monitoring of the loca-
tion parameter with mean charts and their modifica-
tions, but rarely addresses the use of median control
charts for location monitoring. There are many tech-
niques for estimating population parameters in survey
sampling literature. Detailed literature is available in
which authors developed different estimators (or class
of estimators) based on auxiliary information to es-
timate the population mean (Kadilar and Cingi, 2003,
2005a, 2005b; Singh HP et al., 2004; 2008; Singh R et
al., 2007, 2009; Tailor and Sharma, 2009; Singh R
and Kumar, 2011; Singh HP and Solanki, 2012;
Solanki et al., 2012; Tailor et al., 2012). Adebola et al.
(2015) suggested a class of regression-type estimators
based on auxiliary information to estimate the popu-
lation mean. However, in the real world, some of the
variables show highly skewed distribution, where the
median is the most suitable measure for estimating the
location parameter as compared to the mean. In the
quality control literature, location parameters are

usually monitored with mean charts (e.g., the X
chart). Although the sample median is used in statis-
tical process control applications, less attention has
been paid to using this statistic as a tool for monitor-
ing process parameters in quality control. In process
monitoring, some researchers have suggested
median-based EWMA control charts, for example,
median Rankit control charts (Kanji and Arif, 2000,
2001; Chen and Chiou, 2008) and CUSUM median
charts (Yang et al., 2010). Sheu and Yang (2006a,
2006b) and Sheu et al. (2009) proposed generally
weighted moving average (GWMA) median control
charts; Castagliola (2001) suggested mixed EWMA
median and range control charts, and Castagliola et al.
(2015) proposed EWMA median control charts based
on estimated parameters. Yang et al. (2010) compared
the usual median chart with Shewhart, EWMA, and
CUSUM structures. However, to the best of our
knowledge, the quality control literature has not ad-
dressed CUSUM techniques with the design of aux-
iliary information based median control charts.

Khoo (2005) presented a sample median
Shewhart control structure based on a normally dis-
tributed process. Ahmad et al. (2014a) added some
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more median estimators under the normal distribution,
which are based on two auxiliary variables, but fo-
cused only on processes that follow a normal distri-
bution without any comparison with corresponding
mean control charts. Because the CUSUM control
charting structure is more efficient than the Shewhart
control chart, we took inspiration from this work and
proposed the study on CUSUM control charts for
these estimators for symmetric and non-symmetric
processes and compared the performance with that of
mean control charts. For these charting structures, we
consider the properties of understudy estimators using
simple random sampling. We have also studied the
run length properties of understudy CUSUM median
and mean charts to compare their performances and
carried out a contamination study for comparison.

2 Median estimators and CUSUM control
charting structure

Let Y denote the quality characteristic of interest
(for example, inner diameter, the amount of total
power generated, and tensile strength) and auxiliary
characteristics be denoted by X and Z (for example,
pressure air temperature, the amount of fuel, and outer
diameter). The population quantities are defined as
follows: u,, iy, and p. are the means of Y, X, and Z,
respectively; ayz, axz, and 022 are the variances of Y, X,
and Z, respectively; M,, M., and M. are the medians of
Y, X, and Z, respectively; oy, 0y, and o., are the
co-variances between X and Y, Yand Z, and Z and X,
respectively; pyy, p,-, and p., are the correlations be-
tween X and ¥, Yand Z, and Z and X, respectively; C,,
C,, and C; are the coefficient of variations of Y, X, and
Z, respectively; fa(y), f2(x), and fa(z) are the coeffi-
cient of kurtosis of Y, X, and Z, respectively. Similarly,
let (v;, x;, z;) (i=1, 2, ..., n) be a trivariate sample of size
n. The sample quantities are defined as follows: y,

2

- - 2 2
X ,and z are the means; s,’, s, , and s, are the var-

iances; M, M, and M are the medians of y, x,

and z, respectively. Considering these preliminaries,
we used a set of mean estimators (Gupta and Shabbir,
2007) to estimate u,, and median estimators (Ahmad
et al., 2014a) to estimate M, based on auxiliary
characteristics (Table 1).

In Table 1, £,(M,), f(M,), and f.(M.) are the or-

dinates of the distributions of ¥, X, and Z at M,, M,,
and M., respectively. Also, ¢,=& ]\;[y, ]l;[x =4P1(y,
x)—1, where P;(y, x) is the proportion of units in the
population with Y<M, and X<M,. Similarly, ¢.=
@M, , M, )=4Pu(y, z)-1 and g=f M., M, )=
4Pyi(z, x)—1 where Py (y, z) and Py(z, x) are the

proportions of units in the population with (Y<M,,
Z<M,) and (Z=<M,, X<M,), respectively. Also, we have

M M
4): = . b AZX = p >
Mx+c‘c Mx+ﬂ2(x)
4 - M B, (x) B M C.
: M.xﬂz(x)+c,r ’ " chx +ﬂ2(x)’
M. M.
42 = - ’ AZZ = p ’
M_+C,. M_+B,(2)
A - M _p,(z) B M_C.
POMB()+C T M.Co+B(2)
Similarly, we have
M, _ H,
i w+C, - o o+ By (x)’
_ /leﬂz (x) _ /lecx
§3x - . A §4x YR
1B, (x)+C, w1,C, + B, (x)
— ﬂz = ILIZ
i p+C.’ v i+ B(2)’
w2 _ uC
§3z P ) 542 YN
w.p(2)+C, w.C.+ p,(2)

The means and standard deviations (up to first-
order approximation) of median estimators are given
in Table S1, which is available in the supplementary
materials.

Page (1954) was the first to introduce the con-
cept of the CUSUM control chart to address small
parameter shifts. The CUSUM procedure works by
accumulating the up and down deviations from the

target value, denoted by upper CUSUM (S ) and
lower CUSUM (S;), respectively. For monitoring of

the location parameter, a traditional two-sided
CUSUM charting structure can be described as fol-
lows: suppose that for the normally distributed pro-
cess ¥; denotes the i™ observation of the study varia-
ble, with known parameters o and op. The two-sided
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Table 1 Median and mean estimators used in this study

Usual estimators

M=M, L=y
Estimators based on one auxiliary variable
M, =M, (M, /M,) T,y (4, /%)
M, =M (M, +C)[(M,+C,) T=5,4u +CH/E+C)}
M= MM+ 3,00)) (M, + .0} T, =¥ {(u+ B,() /(X + B, (x)}
My =0, {(M B0+ C) /(M .0+ C. )| T =3 {(4f,(x) + C) (R (0 + C, )}
M, =0 {(M.C.+ f(0)/(M.C.+ pr()) T =7{(.C. + A.(0)/(FC,+ fo()}
Estimators based on two auxiliary variables
M,=M A{x ‘ A{z Z where 1"7:*[%) (%j z where Rl:M
M)\ M x z C.(-py)
_G b IM S M) o B bSIMSL M) R O )
L a-gM,f, (M ) CA-gM, f,(M) Tooca- 2»>
M&=M, ZE/["JrC" A{2+C: 2 where 1=V ,ispy =Y et C :+CZ 2 where
"M, +C, ) \ M. +C, "I v+ Z+C,
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L A(-M, [, (M) TA(-gM, [, (M) L &C-p0) TgC-p0)
MM[ M, +,(x) j (M +ﬂz<z)J” where o y( “, +ﬂz(x)j [ 2 +ﬁ2(z)]'/2 where
M +B(x)) \ M. +p,(2) + 5, () Z+f,(2)
oG —OIIMAOL) (b IM L) C(oy—ppe) _C(py—p.p)
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Mlo:M, lt/["ﬂz(x)-kc" A{Z’BZ(Z)+C’ 72 where LY mwsy™y Y ADRAS €Zﬂ2(z)+cx Jz
M p(x)+C, ) \ M.py(2)+C. xB,x)+C, zp,(z)+C,
_@ b IIM M) GG IM. L) _Clpy—p.p.)
= = 5 where J =—————— an
A(=gIM [, (M) A (A=g M, f,(M) &.C.(-p)
_Cpy—p.p.)
TsC-p))
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T5.C(0-p)

CUSUM statistics for a particular location estimator
(M) from Table 1 are defined as follows:

ax(O,M,. — (14 +K)+Sitl)’

(1)
ax(O,(/,t0 -K)-M, +S,-+,1),

where the initial values of S, and S, are equal to
zero in a standard CUSUM chart. The statistics S,
and S are plotted against the control limit Hy. A
process is considered out of control if either S, or

S; exceeds the control limit. The parameters of the
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CUSUM chart (Hy, and K},) are defined as
K, =kxo,,H,=hxo,, )

where K, is the slack or reference value of the
CUSUM structure, usually chosen as half of the
magnitude of shift (z) at the mean level of the quality
characteristic, i.e., K)~t/2=|u1—uo|/2. Here, p, is the
mean value of the out-of-control process. The values

S’ and S are used to detect positive and negative

shifts, respectively, in the process mean. The term oy,
is the standard deviation of a particular estimator M,
whereas k and & are constants, and their values are
chosen with the end goal that the in-control ARL of
the CUSUM structure comes to the pre-specified
ARL,. Modifications in the CUSUM structure have
been suggested by several researchers to enhance its
performance (Montgomery, 2007). In the CUSUM
structure, the decision is based on the cumulative sum
of a number of observations by considering the pro-
cess history in an implicit way. The ARL values for
the CUSUM structures are calculated at different shift
values, using £=0.5, 4, and correlation combinations.

3 Performance measures and simulation
procedure

To evaluate the performance of CUSUM mean
and median charts, we used the average run length
(ARL) at each single shift point, the relative average
run length (RARL), extra quadratic loss (EQL), and
performance comparison index (PCI) for overall
performance over the whole range of shifts. For per-
formance evaluation, there are two ARL wvalues:
(1) ARLy is defined as the average number of sub-
groups to obtain an out-of-control signal from the
in-control process; (2) ARL, is defined as the average
number of subgroups to obtain an out-of-control
signal from the shifted state of the process. In the
control chart setting, the large values of ARL, and
small values of ARL are preferred. A chart is said to
be more efficient than others if it has a smaller ARL;
at fixed choices of ARL,. The decision intervals % are
chosen to fix the in-control ARL (ARL,) at the de-
sired level for all charts (in our study we fix ARL, at
200).

Similarly, measures EQL, RARL, and PCI are

considered to examine the detection ability of a con-
trol chart over a range of 7 values, and any chart is
considered a better choice if it has smaller values of
these measures. Symbolically, these measures can be
defined as

EQL=—— j " r?ARL(7)d7, 3)

T,
— . min
Tmax Tmm

e ARL(7)

RARL = — | dr, (4
z-max - Tmin Fmin ARLbasechan (T)
PCI:E—QL, 5)
EQLbasechan

where 7. and 7y, are the maximum and minimum
values of shift (z), respectively. EQL measures the
overall performance of a control chart over the whole
range of shifts (Wu et al., 2009) and explains the
overall detection ability of a control structure. Some
reforms of EQL may be seen in Ou et al. (2012b), Ryu
et al. (2010), Sanusi et al. (2018), Wu et al. (2009),
and Zhang and Wu (2006). Similarly, RARL de-
scribes how close the efficiency of a given chart is to
that of the base chart (Wu et al., 2009; Ryu et al., 2010;
Sanusi et al., 2018). A chart having a minimum EQL
value is used as a base chart. PCI is a ratio between
the EQL of a particular control chart and the EQL of
the base control chart. The PCI value will be equal to
1 for the control chart having minimum EQL results
and for other control charts, PCI>1.

In our study, the median and mean charts in a
CUSUM setup are compared under normal and
non-normal distributed processes in terms of the
above performance measures. We consider a trivariate
setup that can be described as follows: (¥, X, Z) fol-

lows a trivariate distribution with g=(u, u, p.) and

2
Oy Oun O

_ 2
2_ O-x’ Gx ze >
O (o} 0'2

zy zx z

which can be replaced by a

correlation matrix in case of standardized variables

1 py).‘ pyz
p=|p, 1 p.| We have considered both
pZy pZX 1

normal and non-normal distributions, namely, normal,
Student’s ¢, and log-normal distributions. Generally,
the p-dimensional multivariate PDFs are given
below:
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Multivariate normal distribution:

exp[—;(r—ufz-l(r—m}

@my |2

NAGPCSNY . (6)

where r=(r, 1y, ..., rp)T, —00<FY, 12, ..., Fp<o0, u=[E[r]=

E[n], Elra), ..., E[r,]]'€R?, Z=E[(r—p)(r-p)']eR"”

(non-negative and definite matrix), —1<p,;, p,<l1.
Symbolically we may write this as r~N,(u, X).
Multivariate ¢ distribution:

v+p

2

f(r)={1+%(r—ﬂ)T21(r—ﬂ)} NG

where ¢ = (vm) > M”Z

I'(v/2)
1), ueR?, ZeR”? (non-negative and definite ma-
trix), —o<ry, 1y, ..., 1,<0, —=1<py;, p,<1. Symbolically
we may write this as r~t,(u, 2).
Multivariate log-normal distribution:

-1/2
|| ’r:(rlar25"'7

exp [—;(m s—pu) X' (Ins - ,u)}
f(s)= 72 , (8
[0 | Z]] (51850-008,)

where s=exp(r), and r~N,(u, X). ueR?, ZeR”? (non-
negative and definite matrix), 0<si, o, ...
—1<p, pxjil.
Different approaches can be used to calculate the
run length (RL) values, for example, the integral
equations approach (Page, 1954), Markov chain ap-
proximations (Brook and Evans, 1972), and Monte
Carlo simulations (Hawkins, 1981; Mehmood et al.,
2013; Abujiya et al., 2015b; Sanusi et al., 2017).
Advancements in computer technology allow us to
use simulation techniques to estimate run length
properties (Woodall and Montgomery, 1999).

In our study, the values of all estimators are ob-
tained by applying a simple random sampling tech-
nique using the Monte Carlo simulation approach
(Sepulveda and Nachlas, 1997; Mundform et al., 2011)
using R software (Team, 2015). We obtain an RL
value by simulating 100 000 values of a particular
estimator through Monte Carlo simulation. We obtain
5000 RL values repeatedly to obtain an ARL for a

, Sp<eo,

particular estimator. For the appropriate number of
Monte Carlo simulations in quality control, the reader
is referred to Schaffer and Kim (2007) and Hawkins
and Olwell (2012). We consider three probability
distributions for evaluation and comparison of our
proposed median control charts with their corre-
sponding mean control charts.

4 Comparative analysis

To analyze the run length characteristics of our
charts, simple random samples were generated from a
trivariate normal distribution of size »n using different
high, moderate, and weak correlation combinations
Py Pyz and p... We determined the CUSUM control
structures defined in Eq. (1) for both median (M,—M;)
and mean (77—7};) control charts using ARL(=200,
n=5, 10, 15, and £=0.5. We calculated the value of %
for each chart that fixes the control limits (2) to obtain
in-control ARL (ARL;=200) and out-of-control ARL
(ARL,) values at discrete points of shift as 7=0.05,
0.10,0.15, ..., 3.0.

4.1 Comparison of control charts in an uncon-
taminated scenario

The uncontaminated scenario is the basic as-
sumption for the comparison of control charts. Here,
we considered a perfectly normal scenario with z and
o0y to evaluate the performance of control charts. We
used =5 and op=1 for the normal distribution,
whereas both symmetric and non-symmetric pro-
cesses were considered for comparison. The results of
our study in the uncontaminated scenario are pre-
sented in Tables 2—4 and Figs. 1 and 2. For some other
combinations, see Tables S2—S5. The ARL results for
a randomly selected correlation combination of both
median and mean control charts for the process fol-
lowing a normal distribution are presented in Table 2.
Similarly, the ARL results for the process following
Student’s ¢ and log-normal distributions are presented
in Tables 3 and 4, respectively.

The performance measures EQL, RARL, and
PCI of median charts for normal, ¢, and log-normal
distributions are presented in Tables S2, S3, and S4,
respectively. Table S5 represents the analysis median
and mean charts for all symmetric and non-symmetric
processes for some selective correlation combinations.
For some selective charts, the ARL curves for
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Table 2 Average run length values of CUSUM median and mean charts for the process following the normal distri-
bution for p,,=0.30, p,.=0.30, p.=0.30, and n=5

Average run length

=0 0.05 0.10 0.15 0.20 0.25 0.40 0.50 0.60 0.75 1.00 1.25 1.50 2.00 3.00
M; 200.19 12049 74.68 49.24 3387 2490 11.59 810 6.41 468 324 255 212 1.63 1.06
T, 200.17 109.29 62.32 3891 26.08 18.55 8.86 6.33 494 371 266 212 1.80 133 1.00
M, 200.19 136.62 97.68 68.55 50.29 3737 1848 1320 10.08 7.34 502 390 3.18 236 1.67
T, 200.05 11637 7543 5131 35.18 25.52 1231 8.88 691 5.14 3.64 285 238 1.84 1.23
M; 200.05 135.11 9532 67.00 4894 36.09 1824 12.92 9.78 7.05 4.89 374 3.07 233 1.62
T; 200.05 115.60 73.71 4997 3432 2451 11.99 8.53 6.58 498 353 276 233 1.78 1.19
M, 20028 12430 81.39 55.01 38.16 28.02 13.14 945 728 524 374 290 239 184 121
7, 200.03 106.01 62.49 39.62 26.81 18.84 9.13 6.63 5.09 388 281 223 189 141 1.01
Ms 200.05 13599 96.85 67.75 49.89 3696 18.29 13.07 10.07 7.24 496 385 3.14 234 1.65
Ts 200.15 116.11 74.56 50.79 3492 2520 12.15 8.81 6.75 5.10 3.60 284 235 1.83 1.22
Mg 200.10 114.89 7248 48.02 32.69 2331 11.22 7.82 6.11 449 3.17 252 210 1.60 1.05
Ts¢ 200.07 10390 59.00 3541 2426 17.22 8.13 594 460 351 254 204 173 124 1.00
M; 20001 12321 7579 5127 3522 2549 12.05 8.65 646 482 334 261 218 1.68 1.07
7; 199.89 109.72 6532 41.34 28.01 19.77 9.37 6.74 512 391 280 223 188 140 1.01
Mg 200.14 116.77 70.53 4796 32.12 2279 10.95 7.78 6.03 448 3.18 248 208 1.60 1.04
Tg 199.93 103.62 5826 3520 2298 16.41 7.81 5.75 454 348 252 202 1.71 124 1.00
My 19993 11695 70.80 48.03 32.19 22.77 10.99 7.72 598 446 316 247 207 1.59 1.04
Ty 200.11 10442 58.66 3546 23.12 1642 7.85 5.73 452 345 249 201 1.71 123 1.00
My, 20007 116.81 70.48 47.93 32,12 2276 1094 7.81 6.02 448 3.17 248 2.08 1.60 1.04
Tip 200.07 103.62 58.18 35.19 2298 1641 7.81 574 454 349 252 203 171 124 1.00
My 19986 117.13  71.11 48.16 3244 2285 11.00 7.68 599 444 316 245 207 157 1.03
Ty 19993 104.16 5892 3562 2322 1644 7.83 5.71 451 343 247 199 1.69 121 1.00
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Fig. 1 The average run length (ARL) curves for CUSUM median and mean control charts at ARL(y=200: (a) n=5,
P=0.20, p,=0.10, p.=0.70; (b) n=5, p,,=0.90, p,~=0.90, p.=0.90; (¢) »=10, p,,~0.50, p,=0.40, p.=0.70; (d) n=10,
P~0.75, p,.=0.10, p..~0.10; (e) n=15, p,,=0.90, p,=0.75, p.=0.50; (f) n=15, p,,~0.50, p,.=0.50, p..~0.10
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Table 3 Average run length values of CUSUM median and mean charts for the process following Student’s 7 distri-

bution for p,,=0.20, p,.=0.70, p.~0.10, and n=10

Average run length

=0 0.05 0.10 0.15 020 025

040 050 0.60 075 1.00 1.25 1.50 2.00 3.00

M, 199.92 8751 4157 2332 1488 10.50
T, 20032 9126 4377 25.02 1579 10.80
M, 19992 10568 6031 3694 24.07 1698
7, 19995 10431 5879 37.11 23.80 16.60
M; 20026 103.62 5889 35.62 2338 16.10
T, 19959 10299 5752 3576 2332 15.89
M, 20029 8933 4350 2533 1585 11.37
T, 200.53 8726 4399 2498 1567 11.25
Ms 20093 10543 60.03 36.76 23.94 16.92
Ts 19938 103.8%8 5856 3676 23.87 16.44
Mg 19974 8482 4048 2341 1450 10.10
Ty 199.93 8594 4175 2384 14.55 1025
M; 20044 10745 59.64 3585 23.53 16.58
T, 20044 12321 7422 4949 32.88 22.89
My 19989 7472 3254 1725 11.09  7.83
Ty 20051 64.69 2602 1392 879 646
My 20021 7492 3296 1734 11.09 7.5
T, 20035 6523 2633 1391 876 6.43
My 200.17 7473 3253 1729 11.09  7.82
To 20035 6459 2599 1390 879 645
My 200.17 7538 3317 1745 11.13  7.84
T, 20021 6543 2662 14.00 882 639

518 390 3.7 249 189 153 121 1.01 1.00
533 405 325 253 195 156 124 101 1.00
828 6.00 476 3.67 268 2.17 184 139 1.01
8.07 593 466 359 264 212 181 134 1.01
8.04 591 465 3.58 261 212 181 134 101
782 581 449 347 255 207 177 131 101
562 416 338 263 200 163 130 1.02 1.00
558 419 332 259 197 1.60 129 1.02 1.00
825 597 476 3.65 267 216 1.8 138 1.0l
796 593 4.66 356 264 212 182 134 1.01
514 389 311 243 186 150 1.19 1.01 1.00
522 391 315 247 188 151 120 1.01 1.00
796 583 457 347 254 204 173 126 1.00

10.81 7.63 582 434 3.09 244 206 158 1.03
414 317 259 211 1.62 122 104 1.00 1.00
353 272 226 1.87 137 107 101 1.00 1.00
413 316 259 209 1.61 121 104 1.00 1.00
348 269 224 1.84 134 106 101 1.00 1.00
414 317 259 211 1.63 123 104 1.00 1.00
352 273 227 1.87 138 1.08 1.01 1.00 1.00
415 3.4 256 208 159 121 103 1.00 1.00
344 268 222 1.8 131 105 101 1.00 1.00

distributional comparison are presented in Fig. 1. The
bar graphs of EQL measures for sample size com-
parison using median control charts are presented in
Fig. 2. From these tables and figures, we provide
some findings:

1. We evaluated the performance of median and
mean charts under normal and non-normal processes,
and as expected, when there is no contamination, the
performance of mean charts is better in symmetric
processes (followed by normal and ¢ distributions).
For example, in the case of a normal distribution, at
n=5 and 7=0.05, the ARL, values for three randomly
selected median control charts (M;, Ms, and M7) are
120.49, 135.99, and 123.21, respectively, whereas the
ARL,; values for corresponding mean control charts
(T, Ts, and T7) are 109.29, 116.11, and 109.72, re-
spectively. Similar findings can be observed in Table
2 for other control charts and Table 3 for the ¢ dis-
tributed process.

2. For the case of log-normal distribution, me-
dian control charts have smaller ARL; values than
mean control charts at 7>0.50. For example, the ARL,;
values for M, M,, and My are 3.60, 3.53, and 2.51,

respectively, whereas the ARL, values for Ty, 74, and
Ty are 5.12, 4.91, and 3.18, respectively. One may
observe similar ARL; behavior for all median and
mean control charts (Table 4 and Fig. 1), which in-
dicates that median control charts perform more effi-
ciently at large process shifts, following the log-
normal distribution.

3. Within the comparison of median control
charts, it can also be seen that the overall detection
ability of a process following a log-normal distribu-
tion model is superior to those of other symmetric
models (Tables S2—-S4). For example, the EQL values
for three randomly selected median control charts (A,
M,, and M) are (4.894, 7.854, 4.871), (4.268, 6.737,
4.246), and (3.913, 4.161, 3.901) for normal, Stu-
dent’s ¢, and log-normal distributions, respectively.
One may observe similar EQL behavior for all me-
dian and mean control charts (Tables S2—S4).

4. Another observation is that the detection abil-
ity of charts based on two auxiliary variables is better
than that of charts based on a single auxiliary variable
or usual median or mean estimators. If we used the
average EQL values for estimators 2—6 and 7-11,
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Table 4 Average run length values of CUSUM median and mean charts for the process following the log-normal

distribution for p,,=0.75, p,=0.10, p.,=0.10, and n=5

Average run length

=0 0.05 0.10 0.15 020 025 040 050 060 0.75 1.00 1.25 1.50 2.00 3.00
M, 200.06 16224 131.80 105.15 77.64 5858 1994 978 586 3.60 227 177 143 1.00 1.00
T, 200.04 15476 114.45 80.87 55.13 3642 1439 956 7.16 5.12 358 280 234 1.89 1.02
M, 19997 161.51 124.14 9519 70.88 50.87 1434 655 388 240 146 115 1.05 1.01 1.00
T, 199.90 121.54 6547 3542 21.12 1414 656 492 392 3.04 227 196 161 1.12 1.01
M; 200.06 162.54 125.08 96.59 7189 5185 14.68 6.70 385 243 148 1.14 1.05 1.01 1.00
T; 19972 12281 6728 36.08 21.82 1415 6.63 489 390 3.06 230 194 1.62 1.13 1.01
M, 200.01 16821 132.60 106.05 7996 60.11 1997 962 575 353 222 173 137 1.00 1.00
T, 199.86 153.42 108.88  78.78 50.95 3394 13.10 9.02 6.77 491 342 271 223 187 1.00
Ms 20023 161.71 124.18 9542 7095 51.10 1423 653 390 239 148 115 1.06 1.01 1.00
Ts 199.90 121.68 6548 3538 21.16 14.12 6.57 492 392 3.04 227 195 161 1.12 1.01
Me 19990 168.13 13221 10637 80.00 60.57 2020 981 593 359 225 176 144 1.00 1.00
Te 19994 15475 110.06  80.74 5237 3578 13.74 943 699 508 354 277 231 188 1.01
M; 19990 15549 12048 9631 7046 50.78 1538 7.06 4.09 255 170 120 1.00 1.00 1.00
T; 200.51 131.66 77.06 43.63 25.64 1630 7.21 527 415 320 236 196 179 1.09 1.00
Mg 200.18 15554 119.59 9573 70.12 50.70 1539 7.09 4.08 251 168 117 1.00 1.00 1.00
Ty 200.23 130.78 77.16 4323 2528 1625 724 524 413 3.18 236 196 1.78 1.08 1.00
M, 200.18 154.64 119.79 9577 69.87 5059 1566 7.08 4.07 249 1.65 1.14 1.00 1.00 1.00
Ty, 20033 134.65 8129 46.00 2742 1680 728 524 410 3.15 229 193 1.73 1.07 1.00
My 199.90 15535 119.75 95.65 70.08 50.74 1545 7.05 410 252 1.67 1.17 1.00 1.00 1.00
T 200.17 130.74 7695 43.13 2519 1621 725 525 414 319 236 19 1.79 1.08 1.00
M, 20032 15448 119.72 9553 69.90 50.63 15.61 7.10 4.07 250 1.65 1.14 1.00 1.00 1.00
T, 20038 135.07 81.53 4593 2754 16.84 733 524 412 314 229 193 174 1.06 1.00

the averages for Table S2 are 6.82 and 4.67, respec-
tively, for the normal process with n=5. Similarly, for
Student’s ¢ and log-normal distributions, these aver-
ages are 5.77 and 4.24, respectively. The same aver-
ages for n=10 and n=15 are (4.53, 3.62), (3.87, 3.37),
(3.27,3.24) and (3.98, 3.39), (3.53, 3.22), (3.15, 3.14),
respectively, for all three distributions. These findings
can also be observed in Tables S2-S4.

We have observed that the performance in all
charts increases with increments in sample size (Ta-
bles S2—-S4 and Fig. 2).

4.2 Comparison of control charts in a contami-
nated scenario

In the current study, we also compared the per-
formance of median charts and mean charts in con-
taminated scenarios for normal and non-normal dis-
tributions. We used four different scenarios in this
comparison, which are defined as follows:

1. Uncontaminated scenario: In this scenario, we
present the performance of the median and mean
charts under a perfectly normal scenario with
100(1—a)% data from u,=u,=1,=5 and ay2=ax2=022=1.

2. Localized contaminated scenario: In this
scenario, we introduce a process disturbance in the
mean of the process. 100(1—a)% observations are
from u,=u,=p~5 and 0'y2:0'x220'22:l and 100a% ob-
servations are from y,=6, p,=1,=5 and ayzzaxzzaf:L

3. Variance contaminated scenario: In this case,
the disturbance is introduced in the variance of the
process. That is, 100(1—a)% observations in a sample
are from u,~u=u~5 and ay2=0x2=0'22=1 and 100a%
observations in the sample are from p,=u,=1=5 and
0y2:2, axziazzil.

4. Simultaneous contamination scenario: In this
scenario, the mean and variance of the process are
disturbed with some outliers. That is, 100(1-a)%
observations in the sample are from u,=u,=u.=5 and
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Fig. 2 Bar charts EQL values for CUSUM median control charts for the normal distribution (-1), Student’s # distribu-
tion (-2), and log-normal distribution (-3) at ARL¢=200: (a) p,,=0.20, p,.=0.70, p..~0.10; (b) p,,=0.50, p,.=0.40, p..=0.70;
(¢) py=0.60, p,.~0.75, p.=0.30; (d) p,,=0.75, p,.=0.10, p_.=0.10

ay2=ax2=azz=1 and 1000% observations in the sample
are from p,=6, p,=1.=5 and 0'y2:2, 0x2=022=1.

Note that these scenarios are commonly used in
studies to check the robustness of control charts (Ou
et al., 2012a; Nazir et al., 2013, 2015). We used
0=0.05 to examine the contamination effects on the
ARL. For this, we generated data from processes
followed by different distributions under all four
scenarios for n=5, 10, 15 at selected choices of p,,, pyz,
Pz, Which are presented in Tables 5-7 and also in
Tables S6 and S7.

The following points cover the findings from

Tables 10-14:
The ARL values of the contaminated process fol-
lowing a normal distribution for both median and
mean control charts are presented in Table 5 for some
selected correlation combinations. It can be observed
from Table 5 that the deviation of all median charts is
less than that of the mean charts from the uncontam-
inated scenario. To show this finding numerically, we
calculate the average of deviations of all median and
mean charts from the uncontaminated scenario. For
all three scenarios at p=0.20, p,.=0.10, p.,=0.70 and
n=5, the averages of all deviations of the median and
mean control charts at shift values 0.0, 0.10, 0.15,
0.20, and 0.25 are:

Scenario II Median: 40.1%, 31.0%, 27.4%, 22.1%;
19.1%; mean: 48.7%, 36.3%, 31.8%, 26.5%, 20.5%.
Scenario III Median: 8.6%, 1.3%, 1.5%, 2.1%,
2.9%; mean: 11.3%, 2.7%, 1.6%, 4.5%, 5.3%.
Scenario IV Median: 38.1%, 28.8%, 25.0%, 20.2%,
16.9%; mean: 51.2%, 39.3%, 33.8%, 27.8%, 23.2%.

From these percentages, we can conclude that
median control charts are more robust as compared to
mean control charts.

The CUSUM ARL contaminated values for the
processes following a ¢ distribution for some selected
correlation combinations are presented in Table 6.
The same effect on the performance of median and
mean charts can be observed from Table 6; that is, the
median chart structures are more robust against mean
charts in the presence of outliers.

Similarly, the contaminated CUSUM ARL val-
ues for the processes following a skewed distribution
(log-normal) are presented in Table 7. Although the
ARL values are not greatly affected by outliers as
compared to symmetric distributions, here again,
median charts are more robust compared to mean
charts.

The comparison of the median control charts for
all symmetric and skewed distributions using the
same selected correlation combinations is presented
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Table 5 Contaminated average run length values of CUSUM median and mean charts for the process following the
normal distribution for p,,=0.20, p,.=0.10, p_,~0.70, and n=5

Average run length

Scenario 11

Scenario II1

Scenario IV

=0 0.0 015 020 025 0 010 0.5 020 025 0 0.0 015 020 025

M, 1107 499 346 255 194 1894 756 498 340 254 1133 507 353 26.1 19.6
T, 965 386 268 190 145 1846 637 400 275 194 909 373 263 187 143
M, 1358 70.6 547 408 335 1902 974 725 538 40.6 1421 735 558 423 341
T, 1169 542 393 297 231 1835 821 555 403 298 109.7 524 370 290 225
M; 1333 693 528 399 319 1904 961 71.1 524 393 140.0 715 546 40.6 33.0
7, 1161 53.0 381 285 222 1832 80.5 54.0 394 286 1081 51.0 360 281 217
M, 1206 563 408 31.0 239 1813 80.6 568 412 30.6 1252 582 427 32.0 243
T, 1033 424 290 214 167 1732 661 437 304 224 917 401 289 206 16.1
Ms 1350 702 541 407 329 1903 969 720 534 40.1 1412 727 558 415 33.8
Ts 1168 539 388 294 228 1831 819 550 398 294 1090 518 368 28.6 222
M, 1106 484 339 253 194 1743 706 485 349 249 1142 500 351 263 19.9
Te 960 369 258 180 140 167.7 59.5 383 257 189 827 353 245 181 13.6
M, 1102 492 347 260 186 1788 728 485 337 245 1134 510 360 264 194
T, 983 386 260 188 145 1759 612 385 271 194 852 367 253 184 14.0
My 1102 492 347 260 186 1787 729 485 337 245 1134 510 360 264 194
Ty 958 383 254 183 141 1746 599 376 265 18.6 827 361 251 180 134
M, 448 247 193 154 121 622 337 247 193 146 459 253 199 157 12.3
T, 961 383 255 183 141 1747 604 377 265 187 828 362 251 181 134
My, 110.1 492 347 259 187 1787 728 486 337 246 1134 510 359 264 194
T 959 383 255 183 141 1746 600 376 265 18.6 827 361 251 180 13.4
M, 1102 494 348 260 186 1780 73.0 488 337 247 1135 512 360 264 195
Th 961 385 256 183 141 1755 604 379 265 189 829 364 252 180 135

in Tables S6 and S7. From these tables, one can con-
clude that median control charts are more robust for
processes following a skewed distribution against the
outliers as compared with processes following sym-
metric distributions.

5 Case study

To evaluate the significance of our proposed
auxiliary information based CUSUM median control
charts (M) in a real scenario, in this section we pro-
vide a real-life example comparing median control
charts based on auxiliary variables. We used real data
from the cement manufacturing industry in which the
concrete compressive strength is important for quality
cement manufacturing. This process can be described
as follows: Portland cement is prepared by two heat-
ing processes, calcining and burning, after the execu-
tion of operations such as crushing, grinding, and
blending of ingredients into a fine powder. After

being heated at a high temperature during calcining,
the fine powder is partially fused to form clinkers,
which are pulverized in the ball mill. The manufac-
tured cement is then mixed with aggregates such as
blast furnace slag, fly ash, sand, gravel, admixtures,
fibers, and water. Finally, the cement is shifted to the
workstation. Segregation is avoided to achieve full
compaction with the goal of eliminating bubbles from
the product. The prime attribute—the strength of the
concrete—is controlled by drawing quality control
charts at the workstation. We used CUSUM median
control charts to control the concrete compressive
strength. For our example, we selected one median
chart based on two auxiliary variables, M}, and one
median chart based on a single auxiliary variable Mg,
and compared the usual median control chart M,. For
this purpose, we considered the dataset based on the
process of concrete compressive strength, which is
important in civil engineering processes. This dataset
was originally proposed by Yeh (1998) and then
used in many research articles (Yeh, 2003, 2006).
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Table 6 Contaminated average run length values of CUSUM median and mean charts for the process following Stu-
dent’s ¢ distribution for p,,=0.20, p,.=0.70, p.,=0.10, and n=10

Contaminated average run length

Scenario 11

Scenario 111

Scenario IV

=0 0.10 0.15 020 0.25 0 0.10 0.15 020 0.25 0 0.10 0.15 020 0.25
M, 342 164 123 9.5 7.7 535 232 16,6 12.0 9.5 352 168 127 9.8 7.8
T, 348 168 125 97 79 336 165 123 96 79 336 165 123 96 79
M, 380 218 173 133 114 523 282 21.1 170 133 40.0 225 178 13.8 11.6
7, 375 213 168 128 11.0 364 210 166 127 108 364 210 16.6 12.7 10.8
M; 378 214 168 13.0 11.2 522 281 209 164 13.1 399 223 175 135 11.2
75 372 208 165 126 107 360 208 163 124 105 360 208 163 124 105
M, 345 173 129 9.9 8.0 51.8 224 163 126 104 365 180 133 10.1 8.3
T, 344 17.8 128 9.7 7.8 325 182 123 9.7 7.8 325 182 123 9.7 7.8
Ms 380 216 172 133 113 523 284 212 167 133 400 223 17.7 138 115
Ts 374 215 168 128 109 363 213 165 127 108 363 213 165 12.7 108
Mg 336 163 12.0 9.4 7.5 512 224 157 120 9.2 355 172 126 9.7 7.8
Te 334 166 122 9.4 7.6 312 163 12.0 9.3 7.5 312 163 12.0 9.3 7.5
M; 389 212 167 134 109 526 276 9%l. 162 13.1 406 220 172 140 11.1
T, 413 245 200 16.2 13.4 393 239 19.6 16.1 132 393 239 19.6 16.1 13.2
Mg 315 13.7 10.0 7.6 63 527 195 13.6 9.9 7.6 343 147 105 8.1 6.5
Tg 28.0 11.6 8.4 6.4 5.2 26.5 11.5 8.3 6.4 52 265 11.5 8.3 6.4 5.2
M, 31.8 139 10.1 7.7 63 535 19.8 139 10.1 7.6 346 146 10.6 8.0 6.5
Ty 28.6 11.8 8.5 6.4 5.2 269 11.7 8.3 6.3 51 269 11.7 8.3 6.3 5.1
My, 315 138 9.9 7.6 63 528 194 13.6 9.9 7.6 342 147 105 8.0 6.5
T, 28.0 11.6 8.4 6.4 5.2 26.5 11.4 8.3 6.4 52 265 11.4 8.3 6.4 5.2
My, 322 138 10.1 7.7 63 540 19.8 139 10.0 7.6 348 148 10.6 8.0 6.5
T, 29.1 12.0 8.5 6.5 5.2 273 11.7 8.4 6.4 52 273 11.7 8.4 6.4 5.2
180] ——CP: supplementary materials). In addition, some descrip-
160 . gﬁe tive measures of the dataset are presented in Table 8.
1‘218: o gg,ﬂ The dataset originally contained 1030 (for the exact
[
21004 — Hu number of samples/subgroups, we used 1020). The
80 1 .
g P R LR e (] LSRR % initial 510 (the first half of the data) came from the
40 1 in-control state with shift zero, whereas a shift
20
0 JeEadN , , (=0.15) was introduced in g, for the second half of
0 20 40 100 ’

Number of sub-groups

Fig. 3 Control charting structure of charts of the concrete
compressive strength process

The dataset includes 1030 samples and the concrete
compressive strength (process variable) is measured
by eight different factors.

This study emphasizes the application of
CUSUM median control charts to concrete compres-
sive strength in efficiently monitoring any potential
change. In this example, Y is the concrete compres-
sive strength (measured in MPa), X is the cement
mixture (measured in kg/m3), and Z is the fine ag-
gregate mixture (measured in kg/m’). The density plot
of the study variable is shown in Fig. S1 (available in

the dataset to monitor the process location parameter.
We considered the trivariate dataset in the form of 102
subgroups, each of size n=10. The control limits for
all charts were constructed for ARLy=200 based on
in-control data. The values of three plotting statistics
(M, Ms, and M},) were computed and the results are
displayed in the form of a control chart, Fig. 3, by
plotting charting statistic values on the vertical axis
and sample numbers (subgroups) on the horizontal
axis. After the 51% subgroup, we can observe that the
My, My, and M, control charts detect 42, 38, and 36
out-of-control points, respectively. Also, the M, Mg,
and M; control charts detect the first out-of-
control signal at the 59" 62" and 64" samples,
respectively.
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Table 7 Contaminated average run length values of CUSUM median and mean charts for the process following the
log-normal distribution for p,,~=0.75, p,.=0.10, p_,=0.10, and n=5

Contaminated average run length

Scenario 11

Scenario 111

Scenario IV

=0 010 0.5 020 025 0 010 015 020 025 0 0.0 0.5 020 025
M, 1529 764 529 352 249 1918 1097 793 53.7 37.6 1453 756 52.1 356 252
T, 1275 777 591 443 335 202.1 1376 1072 812 62.6 1347 80.1 603 452 33.6
M, 99.6 327 200 139 102 1827 652 356 21.1 139 976 330 200 139 102
7, 810 493 371 293 21.6 2131 1333 993 753 538 768 474 360 284 21.9
M; 101.8 333 203 141 103 1822 668 367 215 141 995 336 205 141 104
T, 828 504 377 297 218 2129 1339 100.7 762 544 790 481 367 29.1 217
M, 1425 712 487 332 230 1848 107.0 753 500 348 1366 704 484 333 233
T, 1281 774 587 453 326 2115 1381 1083 825 638 1362 799 60.6 456 323
Ms 997 327 200 139 102 1827 652 356 212 139 977 330 20.1 139 102
T; 812 495 37.1 294 21.6 2138 133.6 993 757 538 771 475 360 286 218
Mg 1444 735 502 350 244 1851 108.1 78.0 519 362 1382 725 502 350 244
T, 1297 783 594 461 33.0 2108 137.6 1085 826 640 137.0 80.7 61.5 460 32.6
M, 1162 399 241 159 114 1913 761 442 253 163 111.8 39.6 243 160 11.4
T, 939 549 396 304 227 1934 1213 926 713 509 1017 560 398 298 22.1
My 1158 393 239 158 114 1905 759 440 251 164 1108 394 242 159 113
Ty 929 544 393 303 226 1920 1201 919 710 510 1006 555 395 293 22.1
M, 1188 419 254 164 118 191.5 795 468 269 170 1138 419 253 165 11.8
T, 922 539 392 301 224 1929 1204 915 713 512  99.6 547 392 289 222
My, 1157 391 239 157 114 1906 756 438 250 163 110.6 393 241 158 113
To 929 544 394 304 226 1923 1206 918 712 509 1009 555 39.7 293 22.1
My 1190 419 255 164 11.8 1915 797 469 27.0 17.1 1139 420 254 166 11.8
T, 921 537 391 300 224 1926 1200 915 712 511 994 543 39.0 290 22.0

Table 8 Descriptive measures for concrete compressive
strength

Statistic Value Percentile Value
Mean 35.817961  100.0% 82.60000
(maximum)
Std dev 16.705742  99.5% 79.384 50
Std errmean  0.5205317  97.5% 73.05975
Upper 95% 36.839386  90.0% 58.98000
mean
Lower 95% 34.796536  75.0% (Qs) 46.20750
mean
N 1030 50.0% (median) 34.44500
Variance 279.08181  25.0% (Q) 23.69750
Skewness 0.4169773  10.0% 14.20000
Kurtosis -0.313725 2.5% 8.52875
Mode 334 0.5% 4.840 85
Range 80.27 0% (minimum) 2.33000

These results show that while monitoring the
performance of concrete compressive strength using
CUSUM median control charts, if we consider the
cement mixture and fine aggregate mixture as auxil-
iary variables, the ability of the process to detect

unnatural variations is better than that of the process
of monitoring concrete compressive strength using a
CUSUM median control chart that considers only the
cement mixture as an auxiliary variable. From this
case study, we can conclude that if we use more aux-
iliary variables in the monitoring of concrete com-
pressive strength using CUSUM median control
charts, the process will detect unnatural variations as
early as possible and we can improve the compressive
strength of concrete by identifying these unnatural
variations in the process, which resembles the results
in Section 4. The concrete compressive strength de-
pends on two factors, composition of the concrete and
its mixture lifetime.

If in composition we assume that all raw mate-
rials are similar and fine, then unnatural variations
can be classifiers; for example, the manufactured
cement is mixed with aggregates afterward, such as
blast furnace slag, fly ash, sand, gravel, admixtures,
fibers, and water. Variations in the heating tempera-
ture of the blast furnace, the quality of fly ash or
gravel, the quantity of items used in the mixture, etc.,
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can have unnatural variations, and the compressive
strength of the concrete can be improved by detecting
these unnatural variations as early as possible.
Therefore, the different variables of interest in man-
ufacturing processes can be monitored efficiently
using the proposed charting techniques in this study.

6 Conclusions and recommendations

Variation is an essential part of any ongoing
process and it needs our attention to improve the
quality of the process. Control charts help classify
these variations as natural and unnatural. Mean charts
are commonly used for location monitoring, but the
presence of outliers harms their performance. The
median serves as a better alternative when processes
face sudden outliers. Moreover, information about
auxiliary variables helps enhance the precision of the
estimators and hence the charting structure. In this
paper, we proposed median-based CUSUM control
charts to monitor the location parameter. With the
help of one and two auxiliary variables, we designed
mean- and median-based CUSUM control charts for
the processes, following symmetric and non-
symmetric distributions, and compared their perfor-
mances in contaminated and uncontaminated process
environments. We performed detailed run length
analysis using different performance measures: ARL,
EQL, RARL, and PCI. Our evaluation shows that, in
the uncontaminated environment, mean control charts
are superior to median control charts for symmetric
distributions. For skewed distributions, the detection
ability of the proposed median charts is more prom-
ising. In contaminated environments, the proposed
median charts have outstanding performance com-
pared to the classical mean control charts for all
normal and non-normal processes. The resistance
ability of the proposed median charts is higher than
that of the traditional mean control charts in the
presence of outliers. Within median charts, we estab-
lished the overall dominance of control charting
structures based on two auxiliary variables. The re-
sistance of median control charts for the non-normal
processes is higher than that for the processes fol-
lowing symmetric distributions.

A case study from the cement manufacturing
industry is also provided in support of our study
proposals and indicates that the proposed CUSUM

control charts using auxiliary information based me-
dian estimators are very efficient in detecting shifts in
process parameters. The scope of this study can be
further widened to other types of control charts, such
as multivariate EWMA and CUSUM control charts,
mixed EWMA-CUSUM control charts, and runs
rules-based median auxiliary charts to increase the
performance of these charting structures.
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