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Abstract: Control charts are commonly used tools in statistical process control for the detection of shifts in process parameters. 
Shewhart-type charts are efficient for large shift values, whereas cumulative sum (CUSUM) charts are effective in detecting 
medium and small shifts. Control chart use commonly assumes that data are free of outliers and parameters are known or correctly 
estimated based on an in-control process. In practice, these assumptions are not often true because some processes occasionally 
have outliers. Monitoring the location parameter is usually based on mean charts, which are seriously affected by violations of 
these assumptions. In this paper we propose several CUSUM median control charts based on auxiliary variables, and offer com-
parisons with their corresponding mean control charts. To monitor the location parameter, we examined the performance of mean 
and median control charts in the presence and absence of outliers. Both symmetric and non-symmetric processes were studied to 
examine the properties of the proposed control charts to monitor the location parameter using CUSUM control charts. We used 
different run length measures to study in-control and out-of-control performances of CUSUM charts. Results revealed that our 
proposed control charts perform much better than the traditional charts in the presence of outliers. A real application of our study 
was provided using data on concrete compressive strength as it relates to the quality of cement manufacturing. 
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1  Introduction 
 

Statistical process control (SPC) is commonly 
used to monitor manufacturing and non-manufacturing 
process parameters. Variations in the manufacturing 
production process always exist. Common and/or 

special causes are the main reason for the variation in 
processes (Oakland, 2007). Control charts are well- 
known and commonly used tools for identifying un-
usual variations in such parameters (mainly location 
and dispersion). In the response of any process that 
deals with quality characteristics, control charts are 
the most important tools that help differentiate be-
tween special (also known as assignable or non- 
random) cause and common (also known as random) 
cause variations. Control charts can be categorized as 
memory and memoryless control charts. The 
Shewhart control chart is a well-known and com-
monly used control chart proposed by Shewhart 
(1924) and is categorized as a memoryless control 
chart. Memoryless control charts are famous for effi-
cient detection of large shift values, but these charts 
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are less effective in identifying moderate and small 
shift values of the shift, so memory control charts are 
the best answer to address this issue. Roberts (1959) 
and Page (1954) suggested exponentially weighted 
moving average (EWMA) and cumulative sum 
(CUSUM) charts, respectively, which are considered 
more capable than traditional Shewhart charts in de-
tecting moderate and small shifts. 

The CUSUM scheme is frequently used in in-
dustrial production as the best alternative to the 
Shewhart scheme. The CUSUM chart has been 
helpful in SPC for process monitoring (Qiu and 
Hawkins, 2001; Rao, 2013; Abujiya et al., 2015a; 
Shafae et al., 2015; Huang et al., 2016). The design 
strategies and properties of CUSUM control charts 
can be meticulously explored in the literature (Qiu 
and Hawkins, 2001; Nazir et al., 2013, 2015; Hawkins 
and Wu, 2014; Rakitzis et al., 2018). Many research-
ers proposed other methods to monitor the location 
parameter (Haridy and Elshabrawy, 1996; Umble, 
2001; Ryu et al., 2010; Riaz et al., 2011; Mukherjee et 
al., 2013; Abujiya et al., 2015a), but less considera-
tion has been given to monitoring by median control 
charts. 

Additional information associated with the var-
iable of interest can be used to improve the execution 
of a control chart. For example, in the process moni-
toring of missile testing, some extra information like 
momentum or the weight of the carrier can enhance 
the efficiency of the projectile. In general, precision 
can be increased using auxiliary characteristics. To 
enhance the monitoring of quality characteristics, 
auxiliary information is used in various charting 
procedures as in regression adjustments and cause- 
selecting charts suggested by Hawkins (1993) and 
Shu et al. (2005). Some control charts studies are 
based on auxiliary information used for estimation of 
parameters (Riaz, 2008a, 2008b; Riaz and Does, 2009; 
Abbasi and Riaz, 2013; Abbas et al., 2014). Some 
studies are based on auxiliary information for ranking 
purposes (Riaz et al., 2013; Mehmood et al., 2013; 
Abujiya et al., 2015a, 2015b). The information about 
auxiliary variables may be extended to more variables. 
For example, if we consider a bearing manufacturing 
process and our study variable is the inner diameter, 
then the weight of the bearing and its outer diameter 
may be considered auxiliary characteristics. A variety 
of literature can be seen in this direction (Ahmad et al., 

2013, 2014a, 2014b; Riaz et al., 2013; Riaz, 2015). 
Recently, Sanusi et al. (2017, 2018) proposed 
CUSUM charts using auxiliary information to moni-
tor the location parameter. 

The literature addresses monitoring of the loca-
tion parameter with mean charts and their modifica-
tions, but rarely addresses the use of median control 
charts for location monitoring. There are many tech-
niques for estimating population parameters in survey 
sampling literature. Detailed literature is available in 
which authors developed different estimators (or class 
of estimators) based on auxiliary information to es-
timate the population mean (Kadilar and Cingi, 2003, 
2005a, 2005b; Singh HP et al., 2004; 2008; Singh R et 
al., 2007, 2009; Tailor and Sharma, 2009; Singh R 
and Kumar, 2011; Singh HP and Solanki, 2012; 
Solanki et al., 2012; Tailor et al., 2012). Adebola et al. 
(2015) suggested a class of regression-type estimators 
based on auxiliary information to estimate the popu-
lation mean. However, in the real world, some of the 
variables show highly skewed distribution, where the 
median is the most suitable measure for estimating the 
location parameter as compared to the mean. In the 
quality control literature, location parameters are 

usually monitored with mean charts (e.g., the X  
chart). Although the sample median is used in statis-
tical process control applications, less attention has 
been paid to using this statistic as a tool for monitor-
ing process parameters in quality control. In process 
monitoring, some researchers have suggested  
median-based EWMA control charts, for example, 
median Rankit control charts (Kanji and Arif, 2000, 
2001; Chen and Chiou, 2008) and CUSUM median 
charts (Yang et al., 2010). Sheu and Yang (2006a, 
2006b) and Sheu et al. (2009) proposed generally 
weighted moving average (GWMA) median control 
charts; Castagliola (2001) suggested mixed EWMA 
median and range control charts, and Castagliola et al. 
(2015) proposed EWMA median control charts based 
on estimated parameters. Yang et al. (2010) compared 
the usual median chart with Shewhart, EWMA, and 
CUSUM structures. However, to the best of our 
knowledge, the quality control literature has not ad-
dressed CUSUM techniques with the design of aux-
iliary information based median control charts. 

Khoo (2005) presented a sample median 
Shewhart control structure based on a normally dis-
tributed process. Ahmad et al. (2014a) added some 



Hussain et al. / Front Inform Technol Electron Eng   2019 20(4):554-570 556

more median estimators under the normal distribution, 
which are based on two auxiliary variables, but fo-
cused only on processes that follow a normal distri-
bution without any comparison with corresponding 
mean control charts. Because the CUSUM control 
charting structure is more efficient than the Shewhart 
control chart, we took inspiration from this work and 
proposed the study on CUSUM control charts for 
these estimators for symmetric and non-symmetric 
processes and compared the performance with that of 
mean control charts. For these charting structures, we 
consider the properties of understudy estimators using 
simple random sampling. We have also studied the 
run length properties of understudy CUSUM median 
and mean charts to compare their performances and 
carried out a contamination study for comparison. 

 
 

2  Median estimators and CUSUM control 
charting structure 
 

Let Y denote the quality characteristic of interest 
(for example, inner diameter, the amount of total 
power generated, and tensile strength) and auxiliary 
characteristics be denoted by X and Z (for example, 
pressure air temperature, the amount of fuel, and outer 
diameter). The population quantities are defined as 
follows: μy, μx, and μz are the means of Y, X, and Z, 
respectively; σy

2, σx
2, and σz

2 are the variances of Y, X, 
and Z, respectively; My, Mx, and Mz are the medians of 
Y, X, and Z, respectively; σxy, σyz, and σzx are the 
co-variances between X and Y, Y and Z, and Z and X, 
respectively; ρxy, ρyz, and ρzx are the correlations be-
tween X and Y, Y and Z, and Z and X, respectively; Cy, 
Cx, and Cz are the coefficient of variations of Y, X, and 
Z, respectively; β2(y), β2(x), and β2(z) are the coeffi-
cient of kurtosis of Y, X, and Z, respectively. Similarly, 
let (yi, xi, zi) (i=1, 2, ..., n) be a trivariate sample of size 
n. The sample quantities are defined as follows: y , 

x , and z  are the means; sy
2, sx

2, and sz
2 are the var-

iances; ˆ
yM , ˆ

xM , and ˆ
zM  are the medians of y, x, 

and z, respectively. Considering these preliminaries, 
we used a set of mean estimators (Gupta and Shabbir, 
2007) to estimate μy, and median estimators (Ahmad 
et al., 2014a) to estimate My based on auxiliary 
characteristics (Table 1). 

In Table 1, fy(My), fx(Mx), and fz(Mz) are the or-

dinates of the distributions of Y, X, and Z at My, Mx, 

and Mz, respectively. Also, yx=( ˆ
yM , ˆ

xM )=4P11(y, 

x)−1, where P11(y, x) is the proportion of units in the 
population with Y≤My and X≤Mx. Similarly, yz= 

( ˆ
yM , ˆ

zM )=4P11(y, z)−1 and zx=( ˆ
zM , ˆ

xM )= 

4P11(z, x)−1 where P11(y, z) and P11(z, x) are the 
proportions of units in the population with (Y≤My, 
Z≤Mz) and (Z≤Mz, X≤Mx), respectively. Also, we have 
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The means and standard deviations (up to first- 

order approximation) of median estimators are given 
in Table S1, which is available in the supplementary 
materials. 

Page (1954) was the first to introduce the con-
cept of the CUSUM control chart to address small 
parameter shifts. The CUSUM procedure works by 
accumulating the up and down deviations from the 

target value, denoted by upper CUSUM ( iS  ) and 

lower CUSUM ( iS  ), respectively. For monitoring of 

the location parameter, a traditional two-sided 
CUSUM charting structure can be described as fol-
lows: suppose that for the normally distributed pro-
cess Yi denotes the ith observation of the study varia-
ble, with known parameters μ0 and σ0. The two-sided 
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CUSUM statistics for a particular location estimator 
(M) from Table 1 are defined as follows: 
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where the initial values of iS   and iS   are equal to 

zero in a standard CUSUM chart. The statistics iS   

and iS   are plotted against the control limit HM. A 

process is considered out of control if either iS   or 

iS   exceeds the control limit. The parameters of the 

Table 1  Median and mean estimators used in this study 
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CUSUM chart (HM and KM) are defined as 
 

, ,M M M MK k H h                     (2) 

 
where KM is the slack or reference value of the 
CUSUM structure, usually chosen as half of the 
magnitude of shift (τ) at the mean level of the quality 
characteristic, i.e., KM=τ/2=|μ1−μ0|/2. Here, μ1 is the 
mean value of the out-of-control process. The values 

iS   and iS   are used to detect positive and negative 

shifts, respectively, in the process mean. The term σM 
is the standard deviation of a particular estimator M, 
whereas k and h are constants, and their values are 
chosen with the end goal that the in-control ARL of 
the CUSUM structure comes to the pre-specified 
ARL0. Modifications in the CUSUM structure have 
been suggested by several researchers to enhance its 
performance (Montgomery, 2007). In the CUSUM 
structure, the decision is based on the cumulative sum 
of a number of observations by considering the pro-
cess history in an implicit way. The ARL values for 
the CUSUM structures are calculated at different shift 
values, using k=0.5, h, and correlation combinations. 
 
 
3 Performance measures and simulation 
procedure 
 

To evaluate the performance of CUSUM mean 
and median charts, we used the average run length 
(ARL) at each single shift point, the relative average 
run length (RARL), extra quadratic loss (EQL), and 
performance comparison index (PCI) for overall 
performance over the whole range of shifts. For per-
formance evaluation, there are two ARL values:  
(1) ARL0 is defined as the average number of sub-
groups to obtain an out-of-control signal from the 
in-control process; (2) ARL1 is defined as the average 
number of subgroups to obtain an out-of-control 
signal from the shifted state of the process. In the 
control chart setting, the large values of ARL0 and 
small values of ARL1 are preferred. A chart is said to 
be more efficient than others if it has a smaller ARL1 
at fixed choices of ARL0. The decision intervals h are 
chosen to fix the in-control ARL (ARL0) at the de-
sired level for all charts (in our study we fix ARL0 at 
200). 

Similarly, measures EQL, RARL, and PCI are 

considered to examine the detection ability of a con-
trol chart over a range of τ values, and any chart is 
considered a better choice if it has smaller values of 
these measures. Symbolically, these measures can be 
defined as 

 

max

min

2

max min

1
EQL ARL( )d ,




  

 


            (3) 

max

min
max min basechart

1 ARL( )
RARL d ,

ARL ( )





 
  


       (4) 

basechart

EQL
PCI= ,

EQL
                        (5) 

 
where τmax and τmin are the maximum and minimum 
values of shift (τ), respectively. EQL measures the 
overall performance of a control chart over the whole 
range of shifts (Wu et al., 2009) and explains the 
overall detection ability of a control structure. Some 
reforms of EQL may be seen in Ou et al. (2012b), Ryu 
et al. (2010), Sanusi et al. (2018), Wu et al. (2009), 
and Zhang and Wu (2006). Similarly, RARL de-
scribes how close the efficiency of a given chart is to 
that of the base chart (Wu et al., 2009; Ryu et al., 2010; 
Sanusi et al., 2018). A chart having a minimum EQL 
value is used as a base chart. PCI is a ratio between 
the EQL of a particular control chart and the EQL of 
the base control chart. The PCI value will be equal to 
1 for the control chart having minimum EQL results 
and for other control charts, PCI>1. 

In our study, the median and mean charts in a 
CUSUM setup are compared under normal and 
non-normal distributed processes in terms of the 
above performance measures. We consider a trivariate 
setup that can be described as follows: (Y, X, Z) fol-
lows a trivariate distribution with μ=(μy μx μz) and 

2

2

2

= ,
y yx yz

xy x xz

zy zx z

  
  
  

 
 
 
 
 

  which can be replaced by a 

correlation matrix in case of standardized variables 

1

= 1 .

1

yx yz

xy xz

zy zx

 
 
 

 
 
 
 
 

  We have considered both 

normal and non-normal distributions, namely, normal, 
Student’s t, and log-normal distributions. Generally, 
the p-dimensional multivariate PDFs are given  
below: 
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Multivariate normal distribution: 
 

T 1

1 2

1
exp ( ) ( )

2
( , , , )= ,

(2π)
p p

f r r r

     
r μ Σ r μ

Σ
   (6) 

 
where r=(r1, r2, ..., rp)

T, –∞<r1, r2, ..., rp<∞, μ=[E[r]= 
E[r1], E[r2], ..., E[rp]]

Túp, Σ=E[(r−μ)(r−μ)p]úp×p 
(non-negative and definite matrix), –1≤ρxi, ρxj≤1. 

Symbolically we may write this as r~Np(μ, Σ). 
Multivariate t distribution: 

 

2
T 11

( ) 1 ( ) ( ) ,

p

f r c







      
r μ Σ r μ       (7) 

 

where 
1/22 [( ) / 2]

( π) ,
( / 2)

p p
c




  



Σ  r=(r1, r2, …, 

rp)
T, μúp, Σúp×p (non-negative and definite ma-

trix), –∞<r1, r2, ..., rp<∞, –1≤ρxi, ρxj≤1. Symbolically 
we may write this as r~tv(μ, Σ). 

Multivariate log-normal distribution: 
 

T 1

1 2

1 2

1
exp (ln ) (ln )

2
( ) ,

(2π) ( , , , )p
p

f
s s s

     
  

s μ Σ s μ
s

Σ 
      (8) 

 
where s=exp(r), and r~Np(μ, Σ). μúp, Σúp×p (non- 
negative and definite matrix), 0<s1, s2, ..., sp<∞, 
–1≤ρxi, ρxj≤1.  

Different approaches can be used to calculate the 
run length (RL) values, for example, the integral 
equations approach (Page, 1954), Markov chain ap-
proximations (Brook and Evans, 1972), and Monte 
Carlo simulations (Hawkins, 1981; Mehmood et al., 
2013; Abujiya et al., 2015b; Sanusi et al., 2017). 
Advancements in computer technology allow us to 
use simulation techniques to estimate run length 
properties (Woodall and Montgomery, 1999). 

In our study, the values of all estimators are ob-
tained by applying a simple random sampling tech-
nique using the Monte Carlo simulation approach 
(Sepulveda and Nachlas, 1997; Mundform et al., 2011) 
using R software (Team, 2015). We obtain an RL 
value by simulating 100 000 values of a particular 
estimator through Monte Carlo simulation. We obtain 
5000 RL values repeatedly to obtain an ARL for a 

particular estimator. For the appropriate number of 
Monte Carlo simulations in quality control, the reader 
is referred to Schaffer and Kim (2007) and Hawkins 
and Olwell (2012). We consider three probability 
distributions for evaluation and comparison of our 
proposed median control charts with their corre-
sponding mean control charts. 

 
 

4  Comparative analysis 
 

To analyze the run length characteristics of our 
charts, simple random samples were generated from a 
trivariate normal distribution of size n using different 
high, moderate, and weak correlation combinations 
ρxy, ρyz, and ρzx. We determined the CUSUM control 
structures defined in Eq. (1) for both median (M1–M11) 
and mean (T1–T11) control charts using ARL0=200, 
n=5, 10, 15, and k=0.5. We calculated the value of h 
for each chart that fixes the control limits (2) to obtain 
in-control ARL (ARL0=200) and out-of-control ARL 
(ARL1) values at discrete points of shift as τ=0.05, 
0.10, 0.15, …, 3.0. 

4.1  Comparison of control charts in an uncon-
taminated scenario 

The uncontaminated scenario is the basic as-
sumption for the comparison of control charts. Here, 
we considered a perfectly normal scenario with μ0 and 
σ0 to evaluate the performance of control charts. We 
used μ0=5 and σ0=1 for the normal distribution, 
whereas both symmetric and non-symmetric pro-
cesses were considered for comparison. The results of 
our study in the uncontaminated scenario are pre-
sented in Tables 2–4 and Figs. 1 and 2. For some other 
combinations, see Tables S2–S5. The ARL results for 
a randomly selected correlation combination of both 
median and mean control charts for the process fol-
lowing a normal distribution are presented in Table 2. 
Similarly, the ARL results for the process following 
Student’s t and log-normal distributions are presented 
in Tables 3 and 4, respectively. 

The performance measures EQL, RARL, and 
PCI of median charts for normal, t, and log-normal 
distributions are presented in Tables S2, S3, and S4, 
respectively. Table S5 represents the analysis median 
and mean charts for all symmetric and non-symmetric 
processes for some selective correlation combinations. 
For some selective charts, the ARL curves for 
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Table 2  Average run length values of CUSUM median and mean charts for the process following the normal distri-
bution for ρxy=0.30, ρyz=0.30, ρzx=0.30, and n=5 

 
Average run length 

τ=0 0.05 0.10 0.15 0.20 0.25 0.40 0.50 0.60 0.75 1.00 1.25 1.50 2.00 3.00

M1 200.19 120.49 74.68 49.24 33.87 24.90 11.59 8.10 6.41 4.68 3.24 2.55 2.12 1.63 1.06

T1 200.17 109.29 62.32 38.91 26.08 18.55 8.86 6.33 4.94 3.71 2.66 2.12 1.80 1.33 1.00

M2 200.19 136.62 97.68 68.55 50.29 37.37 18.48 13.20 10.08 7.34 5.02 3.90 3.18 2.36 1.67

T2 200.05 116.37 75.43 51.31 35.18 25.52 12.31 8.88 6.91 5.14 3.64 2.85 2.38 1.84 1.23

M3 200.05 135.11 95.32 67.00 48.94 36.09 18.24 12.92 9.78 7.05 4.89 3.74 3.07 2.33 1.62

T3 200.05 115.60 73.71 49.97 34.32 24.51 11.99 8.53 6.58 4.98 3.53 2.76 2.33 1.78 1.19

M4 200.28 124.30 81.39 55.01 38.16 28.02 13.14 9.45 7.28 5.24 3.74 2.90 2.39 1.84 1.21

T4 200.03 106.01 62.49 39.62 26.81 18.84 9.13 6.63 5.09 3.88 2.81 2.23 1.89 1.41 1.01

M5 200.05 135.99 96.85 67.75 49.89 36.96 18.29 13.07 10.07 7.24 4.96 3.85 3.14 2.34 1.65

T5 200.15 116.11 74.56 50.79 34.92 25.20 12.15 8.81 6.75 5.10 3.60 2.84 2.35 1.83 1.22

M6 200.10 114.89 72.48 48.02 32.69 23.31 11.22 7.82 6.11 4.49 3.17 2.52 2.10 1.60 1.05

T6 200.07 103.90 59.00 35.41 24.26 17.22 8.13 5.94 4.60 3.51 2.54 2.04 1.73 1.24 1.00

M7 200.01 123.21 75.79 51.27 35.22 25.49 12.05 8.65 6.46 4.82 3.34 2.61 2.18 1.68 1.07

T7 199.89 109.72 65.32 41.34 28.01 19.77 9.37 6.74 5.12 3.91 2.80 2.23 1.88 1.40 1.01

M8 200.14 116.77 70.53 47.96 32.12 22.79 10.95 7.78 6.03 4.48 3.18 2.48 2.08 1.60 1.04

T8 199.93 103.62 58.26 35.20 22.98 16.41 7.81 5.75 4.54 3.48 2.52 2.02 1.71 1.24 1.00

M9 199.93 116.95 70.80 48.03 32.19 22.77 10.99 7.72 5.98 4.46 3.16 2.47 2.07 1.59 1.04

T9 200.11 104.42 58.66 35.46 23.12 16.42 7.85 5.73 4.52 3.45 2.49 2.01 1.71 1.23 1.00

M10 200.07 116.81 70.48 47.93 32.12 22.76 10.94 7.81 6.02 4.48 3.17 2.48 2.08 1.60 1.04

T10 200.07 103.62 58.18 35.19 22.98 16.41 7.81 5.74 4.54 3.49 2.52 2.03 1.71 1.24 1.00

M11 199.86 117.13 71.11 48.16 32.44 22.85 11.00 7.68 5.99 4.44 3.16 2.45 2.07 1.57 1.03

T11 199.93 104.16 58.92 35.62 23.22 16.44 7.83 5.71 4.51 3.43 2.47 1.99 1.69 1.21 1.00
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Fig. 1  The average run length (ARL) curves for CUSUM median and mean control charts at ARL0=200: (a) n=5, 
ρxy=0.20, ρyz=0.10, ρzx=0.70; (b) n=5, ρxy=0.90, ρyz=0.90, ρzx=0.90; (c) n=10, ρxy=0.50, ρyz=0.40, ρzx=0.70; (d) n=10, 
ρxy=0.75, ρyz=0.10, ρzx=0.10; (e) n=15, ρxy=0.90, ρyz=0.75, ρzx=0.50; (f) n=15, ρxy=0.50, ρyz=0.50, ρzx=0.10 
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distributional comparison are presented in Fig. 1. The 
bar graphs of EQL measures for sample size com-
parison using median control charts are presented in 
Fig. 2. From these tables and figures, we provide 
some findings: 

1. We evaluated the performance of median and 
mean charts under normal and non-normal processes, 
and as expected, when there is no contamination, the 
performance of mean charts is better in symmetric 
processes (followed by normal and t distributions). 
For example, in the case of a normal distribution, at 
n=5 and τ=0.05, the ARL1 values for three randomly 
selected median control charts (M1, M5, and M7) are 
120.49, 135.99, and 123.21, respectively, whereas the 
ARL1 values for corresponding mean control charts 
(T1, T5, and T7) are 109.29, 116.11, and 109.72, re-
spectively. Similar findings can be observed in Table 
2 for other control charts and Table 3 for the t dis-
tributed process. 

2. For the case of log-normal distribution, me-
dian control charts have smaller ARL1 values than 
mean control charts at τ>0.50. For example, the ARL1 
values for M1, M4, and M8 are 3.60, 3.53, and 2.51, 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
respectively, whereas the ARL1 values for T1, T4, and 
T8 are 5.12, 4.91, and 3.18, respectively. One may 
observe similar ARL1 behavior for all median and 
mean control charts (Table 4 and Fig. 1), which in-
dicates that median control charts perform more effi-
ciently at large process shifts, following the log- 
normal distribution. 

3. Within the comparison of median control 
charts, it can also be seen that the overall detection 
ability of a process following a log-normal distribu-
tion model is superior to those of other symmetric 
models (Tables S2–S4). For example, the EQL values 
for three randomly selected median control charts (M1, 
M2, and M10) are (4.894, 7.854, 4.871), (4.268, 6.737, 
4.246), and (3.913, 4.161, 3.901) for normal, Stu-
dent’s t, and log-normal distributions, respectively. 
One may observe similar EQL behavior for all me-
dian and mean control charts (Tables S2–S4). 

4. Another observation is that the detection abil-
ity of charts based on two auxiliary variables is better 
than that of charts based on a single auxiliary variable 
or usual median or mean estimators. If we used the 
average EQL values for estimators 2–6 and 7–11, 

Table 3  Average run length values of CUSUM median and mean charts for the process following Student’s t distri-
bution for ρxy=0.20, ρyz=0.70, ρzx=0.10, and n=10 

 
Average run length 

τ=0 0.05 0.10 0.15 0.20 0.25 0.40 0.50 0.60 0.75 1.00 1.25 1.50 2.00 3.00
M1 199.92 87.51 41.57 23.32 14.88 10.50 5.18 3.90 3.17 2.49 1.89 1.53 1.21 1.01 1.00
T1 200.32 91.26 43.77 25.02 15.79 10.80 5.33 4.05 3.25 2.53 1.95 1.56 1.24 1.01 1.00

M2 199.92 105.68 60.31 36.94 24.07 16.98 8.28 6.00 4.76 3.67 2.68 2.17 1.84 1.39 1.01
T2 199.95 104.31 58.79 37.11 23.80 16.60 8.07 5.93 4.66 3.59 2.64 2.12 1.81 1.34 1.01

M3 200.26 103.62 58.89 35.62 23.38 16.10 8.04 5.91 4.65 3.58 2.61 2.12 1.81 1.34 1.01

T3 199.59 102.99 57.52 35.76 23.32 15.89 7.82 5.81 4.49 3.47 2.55 2.07 1.77 1.31 1.01

M4 200.29 89.33 43.50 25.33 15.85 11.37 5.62 4.16 3.38 2.63 2.00 1.63 1.30 1.02 1.00

T4 200.53 87.26 43.99 24.98 15.67 11.25 5.58 4.19 3.32 2.59 1.97 1.60 1.29 1.02 1.00

M5 200.93 105.43 60.03 36.76 23.94 16.92 8.25 5.97 4.76 3.65 2.67 2.16 1.84 1.38 1.01

T5 199.38 103.88 58.56 36.76 23.87 16.44 7.96 5.93 4.66 3.56 2.64 2.12 1.82 1.34 1.01

M6 199.74 84.82 40.48 23.41 14.50 10.10 5.14 3.89 3.11 2.43 1.86 1.50 1.19 1.01 1.00
T6 199.93 85.94 41.75 23.84 14.55 10.25 5.22 3.91 3.15 2.47 1.88 1.51 1.20 1.01 1.00

M7 200.44 107.45 59.64 35.85 23.53 16.58 7.96 5.83 4.57 3.47 2.54 2.04 1.73 1.26 1.00

T7 200.44 123.21 74.22 49.49 32.88 22.89 10.81 7.63 5.82 4.34 3.09 2.44 2.06 1.58 1.03

M8 199.89 74.72 32.54 17.25 11.09 7.83 4.14 3.17 2.59 2.11 1.62 1.22 1.04 1.00 1.00

T8 200.51 64.69 26.02 13.92 8.79 6.46 3.53 2.72 2.26 1.87 1.37 1.07 1.01 1.00 1.00

M9 200.21 74.92 32.96 17.34 11.09 7.85 4.13 3.16 2.59 2.09 1.61 1.21 1.04 1.00 1.00

T9 200.35 65.23 26.33 13.91 8.76 6.43 3.48 2.69 2.24 1.84 1.34 1.06 1.01 1.00 1.00

M10 200.17 74.73 32.53 17.29 11.09 7.82 4.14 3.17 2.59 2.11 1.63 1.23 1.04 1.00 1.00

T10 200.35 64.59 25.99 13.90 8.79 6.45 3.52 2.73 2.27 1.87 1.38 1.08 1.01 1.00 1.00

M11 200.17 75.38 33.17 17.45 11.13 7.84 4.15 3.14 2.56 2.08 1.59 1.21 1.03 1.00 1.00

T11 200.21 65.43 26.62 14.00 8.82 6.39 3.44 2.68 2.22 1.82 1.31 1.05 1.01 1.00 1.00
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the averages for Table S2 are 6.82 and 4.67, respec-
tively, for the normal process with n=5. Similarly, for 
Student’s t and log-normal distributions, these aver-
ages are 5.77 and 4.24, respectively. The same aver-
ages for n=10 and n=15 are (4.53, 3.62), (3.87, 3.37), 
(3.27, 3.24) and (3.98, 3.39), (3.53, 3.22), (3.15, 3.14), 
respectively, for all three distributions. These findings 
can also be observed in Tables S2-S4. 

We have observed that the performance in all 
charts increases with increments in sample size (Ta-
bles S2–S4 and Fig. 2). 

4.2  Comparison of control charts in a contami-
nated scenario 

In the current study, we also compared the per-
formance of median charts and mean charts in con-
taminated scenarios for normal and non-normal dis-
tributions. We used four different scenarios in this 
comparison, which are defined as follows: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1. Uncontaminated scenario: In this scenario, we 

present the performance of the median and mean 
charts under a perfectly normal scenario with 
100(1−α)% data from μy=μx=μz=5 and σy

2=σx
2=σz

2=1. 
2. Localized contaminated scenario: In this 

scenario, we introduce a process disturbance in the 
mean of the process. 100(1−α)% observations are 
from μy=μx=μz=5 and σy

2=σx
2=σz

2=1 and 100α% ob-
servations are from μy=6, μx=μz=5 and σy

2=σx
2=σz

2=1. 
3. Variance contaminated scenario: In this case, 

the disturbance is introduced in the variance of the 
process. That is, 100(1−α)% observations in a sample 
are from μy=μx=μz=5 and σy

2=σx
2=σz

2=1 and 100α% 
observations in the sample are from μy=μx=μz=5 and 
σy

2=2, σx
2=σz

2=1. 
4. Simultaneous contamination scenario: In this 

scenario, the mean and variance of the process are 
disturbed with some outliers. That is, 100(1–α)% 
observations in the sample are from μy=μx=μz=5 and  

Table 4  Average run length values of CUSUM median and mean charts for the process following the log-normal 
distribution for ρxy=0.75, ρyz=0.10, ρzx=0.10, and n=5 

 
Average run length  

τ=0 0.05 0.10 0.15 0.20 0.25 0.40 0.50 0.60 0.75 1.00 1.25 1.50 2.00 3.00

M1 200.06 162.24 131.80 105.15 77.64 58.58 19.94 9.78 5.86 3.60 2.27 1.77 1.43 1.00 1.00

T1 200.04 154.76 114.45 80.87 55.13 36.42 14.39 9.56 7.16 5.12 3.58 2.80 2.34 1.89 1.02

M2 199.97 161.51 124.14 95.19 70.88 50.87 14.34 6.55 3.88 2.40 1.46 1.15 1.05 1.01 1.00

T2 199.90 121.54 65.47 35.42 21.12 14.14 6.56 4.92 3.92 3.04 2.27 1.96 1.61 1.12 1.01

M3 200.06 162.54 125.08 96.59 71.89 51.85 14.68 6.70 3.85 2.43 1.48 1.14 1.05 1.01 1.00

T3 199.72 122.81 67.28 36.08 21.82 14.15 6.63 4.89 3.90 3.06 2.30 1.94 1.62 1.13 1.01

M4 200.01 168.21 132.60 106.05 79.96 60.11 19.97 9.62 5.75 3.53 2.22 1.73 1.37 1.00 1.00

T4 199.86 153.42 108.88 78.78 50.95 33.94 13.10 9.02 6.77 4.91 3.42 2.71 2.23 1.87 1.00

M5 200.23 161.71 124.18 95.42 70.95 51.10 14.23 6.53 3.90 2.39 1.48 1.15 1.06 1.01 1.00

T5 199.90 121.68 65.48 35.38 21.16 14.12 6.57 4.92 3.92 3.04 2.27 1.95 1.61 1.12 1.01

M6 199.90 168.13 132.21 106.37 80.00 60.57 20.20 9.81 5.93 3.59 2.25 1.76 1.44 1.00 1.00

T6 199.94 154.75 110.06 80.74 52.37 35.78 13.74 9.43 6.99 5.08 3.54 2.77 2.31 1.88 1.01

M7 199.90 155.49 120.48 96.31 70.46 50.78 15.38 7.06 4.09 2.55 1.70 1.20 1.00 1.00 1.00

T7 200.51 131.66 77.06 43.63 25.64 16.30 7.21 5.27 4.15 3.20 2.36 1.96 1.79 1.09 1.00

M8 200.18 155.54 119.59 95.73 70.12 50.70 15.39 7.09 4.08 2.51 1.68 1.17 1.00 1.00 1.00

T8 200.23 130.78 77.16 43.23 25.28 16.25 7.24 5.24 4.13 3.18 2.36 1.96 1.78 1.08 1.00

M9 200.18 154.64 119.79 95.77 69.87 50.59 15.66 7.08 4.07 2.49 1.65 1.14 1.00 1.00 1.00

T9 200.33 134.65 81.29 46.00 27.42 16.80 7.28 5.24 4.10 3.15 2.29 1.93 1.73 1.07 1.00

M10 199.90 155.35 119.75 95.65 70.08 50.74 15.45 7.05 4.10 2.52 1.67 1.17 1.00 1.00 1.00

T10 200.17 130.74 76.95 43.13 25.19 16.21 7.25 5.25 4.14 3.19 2.36 1.96 1.79 1.08 1.00

M11 200.32 154.48 119.72 95.53 69.90 50.63 15.61 7.10 4.07 2.50 1.65 1.14 1.00 1.00 1.00

T11 200.38 135.07 81.53 45.93 27.54 16.84 7.33 5.24 4.12 3.14 2.29 1.93 1.74 1.06 1.00
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σy

2=σx
2=σz

2=1 and 100α% observations in the sample 
are from μy=6, μx=μz=5 and σy

2=2, σx
2=σz

2=1. 
Note that these scenarios are commonly used in 

studies to check the robustness of control charts (Ou 
et al., 2012a; Nazir et al., 2013, 2015). We used 
α=0.05 to examine the contamination effects on the 
ARL. For this, we generated data from processes 
followed by different distributions under all four 
scenarios for n=5, 10, 15 at selected choices of ρxy, ρyz, 
ρzx, which are presented in Tables 5–7 and also in 
Tables S6 and S7. 

The following points cover the findings from 
Tables 10–14: 
The ARL values of the contaminated process fol-
lowing a normal distribution for both median and 
mean control charts are presented in Table 5 for some 
selected correlation combinations. It can be observed 
from Table 5 that the deviation of all median charts is 
less than that of the mean charts from the uncontam-
inated scenario. To show this finding numerically, we 
calculate the average of deviations of all median and 
mean charts from the uncontaminated scenario. For 
all three scenarios at ρ=0.20, ρyz=0.10, ρzx=0.70 and 
n=5, the averages of all deviations of the median and 
mean control charts at shift values 0.0, 0.10, 0.15, 
0.20, and 0.25 are:  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Scenario II    Median: 40.1%, 31.0%, 27.4%, 22.1%; 
19.1%; mean: 48.7%, 36.3%, 31.8%, 26.5%, 20.5%. 
Scenario III    Median: 8.6%, 1.3%, 1.5%, 2.1%, 
2.9%; mean: 11.3%, 2.7%, 1.6%, 4.5%, 5.3%. 
Scenario IV    Median: 38.1%, 28.8%, 25.0%, 20.2%, 
16.9%; mean: 51.2%, 39.3%, 33.8%, 27.8%, 23.2%. 

From these percentages, we can conclude that 
median control charts are more robust as compared to 
mean control charts. 

The CUSUM ARL contaminated values for the 
processes following a t distribution for some selected 
correlation combinations are presented in Table 6. 
The same effect on the performance of median and 
mean charts can be observed from Table 6; that is, the 
median chart structures are more robust against mean 
charts in the presence of outliers. 

Similarly, the contaminated CUSUM ARL val-
ues for the processes following a skewed distribution 
(log-normal) are presented in Table 7. Although the 
ARL values are not greatly affected by outliers as 
compared to symmetric distributions, here again, 
median charts are more robust compared to mean 
charts. 

The comparison of the median control charts for 
all symmetric and skewed distributions using the 
same selected correlation combinations is presented 

 
 

Fig. 2  Bar charts EQL values for CUSUM median control charts for the normal distribution (-1), Student’s t distribu-
tion (-2), and log-normal distribution (-3) at ARL0=200: (a) ρxy=0.20, ρyz=0.70, ρzx=0.10; (b) ρxy=0.50, ρyz=0.40, ρzx=0.70; 
(c) ρxy=0.60, ρyz=0.75, ρzx=0.30; (d) ρxy=0.75, ρyz=0.10, ρzx=0.10 
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in Tables S6 and S7. From these tables, one can con-
clude that median control charts are more robust for 
processes following a skewed distribution against the 
outliers as compared with processes following sym-
metric distributions. 
 
 
5  Case study 

 
To evaluate the significance of our proposed 

auxiliary information based CUSUM median control 
charts (M) in a real scenario, in this section we pro-
vide a real-life example comparing median control 
charts based on auxiliary variables. We used real data 
from the cement manufacturing industry in which the 
concrete compressive strength is important for quality 
cement manufacturing. This process can be described 
as follows: Portland cement is prepared by two heat-
ing processes, calcining and burning, after the execu-
tion of operations such as crushing, grinding, and 
blending of ingredients into a fine powder. After  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
being heated at a high temperature during calcining, 
the fine powder is partially fused to form clinkers, 
which are pulverized in the ball mill. The manufac-
tured cement is then mixed with aggregates such as 
blast furnace slag, fly ash, sand, gravel, admixtures, 
fibers, and water. Finally, the cement is shifted to the 
workstation. Segregation is avoided to achieve full 
compaction with the goal of eliminating bubbles from 
the product. The prime attribute—the strength of the 
concrete—is controlled by drawing quality control 
charts at the workstation. We used CUSUM median 
control charts to control the concrete compressive 
strength. For our example, we selected one median 
chart based on two auxiliary variables, M11, and one 
median chart based on a single auxiliary variable M6, 
and compared the usual median control chart M1. For 
this purpose, we considered the dataset based on the 
process of concrete compressive strength, which is 
important in civil engineering processes. This dataset 
was originally proposed by Yeh (1998) and then  
used in many research articles (Yeh, 2003, 2006).  

Table 5  Contaminated average run length values of CUSUM median and mean charts for the process following the 
normal distribution for ρxy=0.20, ρyz=0.10, ρzx=0.70, and n=5 

 

Average run length 

Scenario II Scenario III Scenario IV 

τ=0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25
M1 110.7 49.9 34.6 25.5 19.4 189.4 75.6 49.8 34.0 25.4 113.3 50.7 35.3 26.1 19.6
T1 96.5 38.6 26.8 19.0 14.5 184.6 63.7 40.0 27.5 19.4 90.9 37.3 26.3 18.7 14.3

M2 135.8 70.6 54.7 40.8 33.5 190.2 97.4 72.5 53.8 40.6 142.1 73.5 55.8 42.3 34.1
T2 116.9 54.2 39.3 29.7 23.1 183.5 82.1 55.5 40.3 29.8 109.7 52.4 37.0 29.0 22.5

M3 133.3 69.3 52.8 39.9 31.9 190.4 96.1 71.1 52.4 39.3 140.0 71.5 54.6 40.6 33.0

T3 116.1 53.0 38.1 28.5 22.2 183.2 80.5 54.0 39.4 28.6 108.1 51.0 36.0 28.1 21.7

M4 120.6 56.3 40.8 31.0 23.9 181.3 80.6 56.8 41.2 30.6 125.2 58.2 42.7 32.0 24.3

T4 103.3 42.4 29.0 21.4 16.7 173.2 66.1 43.7 30.4 22.4 91.7 40.1 28.9 20.6 16.1

M5 135.0 70.2 54.1 40.7 32.9 190.3 96.9 72.0 53.4 40.1 141.2 72.7 55.8 41.5 33.8

T5 116.8 53.9 38.8 29.4 22.8 183.1 81.9 55.0 39.8 29.4 109.0 51.8 36.8 28.6 22.2

M6 110.6 48.4 33.9 25.3 19.4 174.3 70.6 48.5 34.9 24.9 114.2 50.0 35.1 26.3 19.9
T6 96.0 36.9 25.8 18.0 14.0 167.7 59.5 38.3 25.7 18.9 82.7 35.3 24.5 18.1 13.6

M7 110.2 49.2 34.7 26.0 18.6 178.8 72.8 48.5 33.7 24.5 113.4 51.0 36.0 26.4 19.4

T7 98.3 38.6 26.0 18.8 14.5 175.9 61.2 38.5 27.1 19.4 85.2 36.7 25.3 18.4 14.0

M8 110.2 49.2 34.7 26.0 18.6 178.7 72.9 48.5 33.7 24.5 113.4 51.0 36.0 26.4 19.4

T8 95.8 38.3 25.4 18.3 14.1 174.6 59.9 37.6 26.5 18.6 82.7 36.1 25.1 18.0 13.4

M9 44.8 24.7 19.3 15.4 12.1   62.2 33.7 24.7 19.3 14.6 45.9 25.3 19.9 15.7 12.3

T9 96.1 38.3 25.5 18.3 14.1 174.7 60.4 37.7 26.5 18.7 82.8 36.2 25.1 18.1 13.4

M10 110.1 49.2 34.7 25.9 18.7 178.7 72.8 48.6 33.7 24.6 113.4 51.0 35.9 26.4 19.4

T10 95.9 38.3 25.5 18.3 14.1 174.6 60.0 37.6 26.5 18.6 82.7 36.1 25.1 18.0 13.4

M11 110.2 49.4 34.8 26.0 18.6 178.0 73.0 48.8 33.7 24.7 113.5 51.2 36.0 26.4 19.5

T11 96.1 38.5 25.6 18.3 14.1 175.5 60.4 37.9 26.5 18.9 82.9 36.4 25.2 18.0 13.5
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The dataset includes 1030 samples and the concrete 
compressive strength (process variable) is measured 
by eight different factors. 

This study emphasizes the application of 
CUSUM median control charts to concrete compres-
sive strength in efficiently monitoring any potential 
change. In this example, Y is the concrete compres-
sive strength (measured in MPa), X is the cement 
mixture (measured in kg/m3), and Z is the fine ag-
gregate mixture (measured in kg/m3). The density plot 
of the study variable is shown in Fig. S1 (available in  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
supplementary materials). In addition, some descrip-
tive measures of the dataset are presented in Table 8. 
The dataset originally contained 1030 (for the exact 
number of samples/subgroups, we used 1020). The 
initial 510 (the first half of the data) came from the 
in-control state with shift zero, whereas a shift 
(τ=0.15) was introduced in μy for the second half of 
the dataset to monitor the process location parameter. 
We considered the trivariate dataset in the form of 102 
subgroups, each of size n=10. The control limits for 
all charts were constructed for ARL0=200 based on 
in-control data. The values of three plotting statistics 
(M1, M6, and M11) were computed and the results are 
displayed in the form of a control chart, Fig. 3, by 
plotting charting statistic values on the vertical axis 
and sample numbers (subgroups) on the horizontal 
axis. After the 51st subgroup, we can observe that the 
M11, M6, and M1 control charts detect 42, 38, and 36 
out-of-control points, respectively. Also, the M11, M6, 
and M1 control charts detect the first out-of- 
control signal at the 59th, 62nd, and 64th samples,  
respectively. 
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Fig. 3  Control charting structure of charts of the concrete 
compressive strength process 

Table 6  Contaminated average run length values of CUSUM median and mean charts for the process following Stu-
dent’s t distribution for ρxy=0.20, ρyz=0.70, ρzx=0.10, and n=10 

 
Contaminated average run length 

Scenario II Scenario III Scenario IV 
τ=0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25

M1 34.2 16.4 12.3 9.5 7.7 53.5 23.2 16.6 12.0   9.5 35.2 16.8 12.7 9.8 7.8
T1 34.8 16.8 12.5 9.7 7.9 33.6 16.5 12.3   9.6   7.9 33.6 16.5 12.3 9.6 7.9

M2 38.0 21.8 17.3 13.3 11.4 52.3 28.2 21.1 17.0 13.3 40.0 22.5 17.8 13.8 11.6
T2 37.5 21.3 16.8 12.8 11.0 36.4 21.0 16.6 12.7 10.8 36.4 21.0 16.6 12.7 10.8

M3 37.8 21.4 16.8 13.0 11.2 52.2 28.1 20.9 16.4 13.1 39.9 22.3 17.5 13.5 11.2

T3 37.2 20.8 16.5 12.6 10.7 36.0 20.8 16.3 12.4 10.5 36.0 20.8 16.3 12.4 10.5

M4 34.5 17.3 12.9 9.9 8.0 51.8 22.4 16.3 12.6 10.4 36.5 18.0 13.3 10.1 8.3

T4 34.4 17.8 12.8 9.7 7.8 32.5 18.2 12.3   9.7   7.8 32.5 18.2 12.3 9.7 7.8

M5 38.0 21.6 17.2 13.3 11.3 52.3 28.4 21.2 16.7 13.3 40.0 22.3 17.7 13.8 11.5

T5 37.4 21.5 16.8 12.8 10.9 36.3 21.3 16.5 12.7 10.8 36.3 21.3 16.5 12.7 10.8

M6 33.6 16.3 12.0 9.4 7.5 51.2 22.4 15.7 12.0   9.2 35.5 17.2 12.6 9.7 7.8
T6 33.4 16.6 12.2 9.4 7.6 31.2 16.3 12.0   9.3   7.5 31.2 16.3 12.0 9.3 7.5

M7 38.9 21.2 16.7 13.4 10.9 52.6 27.6 %1. 16.2 13.1 40.6 22.0 17.2 14.0 11.1

T7 41.3 24.5 20.0 16.2 13.4 39.3 23.9 19.6 16.1 13.2 39.3 23.9 19.6 16.1 13.2

M8 31.5 13.7 10.0 7.6 6.3 52.7 19.5 13.6   9.9   7.6 34.3 14.7 10.5 8.1 6.5

T8 28.0 11.6 8.4 6.4 5.2 26.5 11.5   8.3   6.4   5.2 26.5 11.5   8.3 6.4 5.2

M9 31.8 13.9 10.1 7.7 6.3 53.5 19.8 13.9 10.1   7.6 34.6 14.6 10.6 8.0 6.5

T9 28.6 11.8 8.5 6.4 5.2 26.9 11.7   8.3   6.3   5.1 26.9 11.7   8.3 6.3 5.1

M10 31.5 13.8 9.9 7.6 6.3 52.8 19.4 13.6   9.9   7.6 34.2 14.7 10.5 8.0 6.5

T10 28.0 11.6 8.4 6.4 5.2 26.5 11.4   8.3   6.4   5.2 26.5 11.4   8.3 6.4 5.2

M11 32.2 13.8 10.1 7.7 6.3 54.0 19.8 13.9 10.0   7.6 34.8 14.8 10.6 8.0 6.5

T11 29.1 12.0 8.5 6.5 5.2 27.3 11.7   8.4   6.4   5.2 27.3 11.7   8.4 6.4 5.2
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These results show that while monitoring the 

performance of concrete compressive strength using 
CUSUM median control charts, if we consider the 
cement mixture and fine aggregate mixture as auxil-
iary variables, the ability of the process to detect  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

unnatural variations is better than that of the process 
of monitoring concrete compressive strength using a 
CUSUM median control chart that considers only the 
cement mixture as an auxiliary variable. From this 
case study, we can conclude that if we use more aux-
iliary variables in the monitoring of concrete com-
pressive strength using CUSUM median control 
charts, the process will detect unnatural variations as 
early as possible and we can improve the compressive 
strength of concrete by identifying these unnatural 
variations in the process, which resembles the results 
in Section 4. The concrete compressive strength de-
pends on two factors, composition of the concrete and 
its mixture lifetime. 

If in composition we assume that all raw mate-
rials are similar and fine, then unnatural variations 
can be classifiers; for example, the manufactured 
cement is mixed with aggregates afterward, such as 
blast furnace slag, fly ash, sand, gravel, admixtures, 
fibers, and water. Variations in the heating tempera-
ture of the blast furnace, the quality of fly ash or 
gravel, the quantity of items used in the mixture, etc., 

Table 8  Descriptive measures for concrete compressive 
strength 

Statistic Value Percentile Value 

Mean 35.817961 100.0%  
(maximum) 

82.600 00

Std dev 16.705 742 99.5% 79.384 50

Std err mean 0.520 531 7 97.5% 73.059 75

Upper 95% 
mean 

36.839 386 90.0% 58.980 00

Lower 95% 
mean 

34.796 536 75.0% (Q3)  46.207 50

N 1030 50.0% (median) 34.445 00

Variance 279.081 81 25.0% (Q1) 23.697 50

Skewness 0.416 977 3 10.0% 14.200 00

Kurtosis −0.313 725 2.5% 8.528 75

Mode 33.4 0.5% 4.840 85

Range 80.27 0% (minimum) 2.330 00

Table 7  Contaminated average run length values of CUSUM median and mean charts for the process following the 
log-normal distribution for ρxy=0.75, ρyz=0.10, ρzx=0.10, and n=5 

 
Contaminated average run length  

Scenario II Scenario III Scenario IV 
τ=0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25 0 0.10 0.15 0.20 0.25

M1 152.9 76.4 52.9 35.2 24.9 191.8 109.7 79.3 53.7 37.6 145.3 75.6 52.1 35.6 25.2
T1 127.5 77.7 59.1 44.3 33.5 202.1 137.6 107.2 81.2 62.6 134.7 80.1 60.3 45.2 33.6

M2 99.6 32.7 20.0 13.9 10.2 182.7 65.2 35.6 21.1 13.9 97.6 33.0 20.0 13.9 10.2
T2 81.0 49.3 37.1 29.3 21.6 213.1 133.3 99.3 75.3 53.8 76.8 47.4 36.0 28.4 21.9

M3 101.8 33.3 20.3 14.1 10.3 182.2 66.8 36.7 21.5 14.1 99.5 33.6 20.5 14.1 10.4

T3 82.8 50.4 37.7 29.7 21.8 212.9 133.9 100.7 76.2 54.4 79.0 48.1 36.7 29.1 21.7

M4 142.5 71.2 48.7 33.2 23.0 184.8 107.0 75.3 50.0 34.8 136.6 70.4 48.4 33.3 23.3

T4 128.1 77.4 58.7 45.3 32.6 211.5 138.1 108.3 82.5 63.8 136.2 79.9 60.6 45.6 32.3

M5 99.7 32.7 20.0 13.9 10.2 182.7 65.2 35.6 21.2 13.9 97.7 33.0 20.1 13.9 10.2

T5 81.2 49.5 37.1 29.4 21.6 213.8 133.6 99.3 75.7 53.8 77.1 47.5 36.0 28.6 21.8

M6 144.4 73.5 50.2 35.0 24.4 185.1 108.1 78.0 51.9 36.2 138.2 72.5 50.2 35.0 24.4
T6 129.7 78.3 59.4 46.1 33.0 210.8 137.6 108.5 82.6 64.0 137.0 80.7 61.5 46.0 32.6

M7 116.2 39.9 24.1 15.9 11.4 191.3 76.1 44.2 25.3 16.3 111.8 39.6 24.3 16.0 11.4

T7 93.9 54.9 39.6 30.4 22.7 193.4 121.3 92.6 71.3 50.9 101.7 56.0 39.8 29.8 22.1

M8 115.8 39.3 23.9 15.8 11.4 190.5 75.9 44.0 25.1 16.4 110.8 39.4 24.2 15.9 11.3

T8 92.9 54.4 39.3 30.3 22.6 192.0 120.1 91.9 71.0 51.0 100.6 55.5 39.5 29.3 22.1

M9 118.8 41.9 25.4 16.4 11.8 191.5 79.5 46.8 26.9 17.0 113.8 41.9 25.3 16.5 11.8

T9 92.2 53.9 39.2 30.1 22.4 192.9 120.4 91.5 71.3 51.2 99.6 54.7 39.2 28.9 22.2

M10 115.7 39.1 23.9 15.7 11.4 190.6 75.6 43.8 25.0 16.3 110.6 39.3 24.1 15.8 11.3

T10 92.9 54.4 39.4 30.4 22.6 192.3 120.6 91.8 71.2 50.9 100.9 55.5 39.7 29.3 22.1

M11 119.0 41.9 25.5 16.4 11.8 191.5 79.7 46.9 27.0 17.1 113.9 42.0 25.4 16.6 11.8

T11 92.1 53.7 39.1 30.0 22.4 192.6 120.0 91.5 71.2 51.1 99.4 54.3 39.0 29.0 22.0
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can have unnatural variations, and the compressive 
strength of the concrete can be improved by detecting 
these unnatural variations as early as possible. 
Therefore, the different variables of interest in man-
ufacturing processes can be monitored efficiently 
using the proposed charting techniques in this study. 
 

 
6  Conclusions and recommendations 

 
Variation is an essential part of any ongoing 

process and it needs our attention to improve the 
quality of the process. Control charts help classify 
these variations as natural and unnatural. Mean charts 
are commonly used for location monitoring, but the 
presence of outliers harms their performance. The 
median serves as a better alternative when processes 
face sudden outliers. Moreover, information about 
auxiliary variables helps enhance the precision of the 
estimators and hence the charting structure. In this 
paper, we proposed median-based CUSUM control 
charts to monitor the location parameter. With the 
help of one and two auxiliary variables, we designed 
mean- and median-based CUSUM control charts for 
the processes, following symmetric and non- 
symmetric distributions, and compared their perfor-
mances in contaminated and uncontaminated process 
environments. We performed detailed run length 
analysis using different performance measures: ARL, 
EQL, RARL, and PCI. Our evaluation shows that, in 
the uncontaminated environment, mean control charts 
are superior to median control charts for symmetric 
distributions. For skewed distributions, the detection 
ability of the proposed median charts is more prom-
ising. In contaminated environments, the proposed 
median charts have outstanding performance com-
pared to the classical mean control charts for all 
normal and non-normal processes. The resistance 
ability of the proposed median charts is higher than 
that of the traditional mean control charts in the 
presence of outliers. Within median charts, we estab-
lished the overall dominance of control charting 
structures based on two auxiliary variables. The re-
sistance of median control charts for the non-normal 
processes is higher than that for the processes fol-
lowing symmetric distributions. 

A case study from the cement manufacturing 
industry is also provided in support of our study 
proposals and indicates that the proposed CUSUM 

control charts using auxiliary information based me-
dian estimators are very efficient in detecting shifts in 
process parameters. The scope of this study can be 
further widened to other types of control charts, such 
as multivariate EWMA and CUSUM control charts, 
mixed EWMA-CUSUM control charts, and runs 
rules-based median auxiliary charts to increase the 
performance of these charting structures. 

 

Acknowledgements 
The author Muhammad RIAZ is indebted to King Fahd 

University of Petroleum and Minerals (KFUPM), Dhahran, 
Saudi Arabia, for providing excellent research facilities. 

 

References 
Abbas N, Riaz M, Does RJMM, 2014. An EWMA-type con-

trol chart for monitoring the process mean using auxiliary 
information. Commun Stat Theory Methods, 43(16):3485- 
3498. https://doi.org/10.1080/03610926.2012.700368 

Abbasi SA, Riaz M, 2013. On enhanced control charting for 
process monitoring. Int J Phys Sci, 8(17):759-775. 
https://doi.org/10.5897/IJPS12.252 

Abujiya MR, Lee MH, Riaz M, 2015a. Increasing the sensi-
tivity of cumulative sum charts for location. Qual Reliab 
Eng Int, 31(6):1035-1051. 
https://doi.org/10.1002/qre.1661 

Abujiya MR, Riaz M, Lee MH, 2015b. Enhanced cumulative 
sum charts for monitoring process dispersion. PLOS ONE, 
10(4):e0124520. 
https://doi.org/10.1371/journal.pone.0124520 

Adebola FB, Adegoke NA, Sanusi RA, 2015. A class of re-
gression estimator with cum-dual ratio estimator as in-
tercept. Int J Prob Stat, 4(2):42-50.  
https://doi.org/10.5923/j.ijps.20150402.02 

Ahmad S, Lin ZY, Abbasi SA, et al., 2013. On efficient mon-
itoring of process dispersion using interquartile range. 
Open J Appl Sci, 2(4B):39-43.  
https://doi.org/10.4236/ojapps.2012.24B010 

Ahmad S, Riaz M, Abbasi SA, et al., 2014a. On efficient me-
dian control charting. J Chin Inst Eng, 37(3):358-375. 
https://doi.org/10.1080/02533839.2013.781794 

Ahmad S, Riaz M, Abbasi SA, et al., 2014b. On median con-
trol charting under double sampling scheme. Eur J Ind 
Eng, 8(4):478-512.  
https://doi.org/10.1504/EJIE.2014.064755 

Brook D, Evans DA, 1972. An approach to probability distri-
bution of CUSUM run length. Biometrika, 59(3):539-549. 
https://doi.org/10.1093/biomet/59.3.539 

Castagliola P, 2001. An EWMA control chart for monitoring 
the process sample median. Int J Reliab Qual Saf Eng, 
8(2):123-135. 
https://doi.org/10.1142/S0218539301000414 

Castagliola P, Maravelakis PE, Figueiredo FO, 2015. The 
EWMA median chart with estimated parameters. IIE 
Trans, 48(1):66-74.  



Hussain et al. / Front Inform Technol Electron Eng   2019 20(4):554-570 568

 https://doi.org/10.1080/0740817X.2015.1056861 
Chen YK, Chiou KC, 2008. An evaluation of median Rankit 

control charts. IEEE Int Conf on Systems, Man and Cy-
bernetics, p.3601-3605. 

 https://doi.org/10.1109/ICSMC.2008.4811857 
Gupta S, Shabbir J, 2007. On the use of transformed auxiliary 

variables in estimating population mean by using two 
auxiliary variables. J Stat Plan Infer, 137(5):1606-1611. 
https://doi.org/10.1016/j.jspi.2006.09.008 

Haridy AMA, Elshabrawy AZ, 1996. The economic design of 
cumulative sum charts used to maintain current control of 
non-normal process means. Comput Ind Eng, 31(3-4): 
783-790. https://doi.org/10.1016/s0360-8352(96)00242-2 

Hawkins DM, 1981. A CUSUM for a scale parameter. J Qual 
Technol, 13(4):228-231.  
https://doi.org/10.1080/00224065.1981.11978762 

Hawkins DM, 1993. Regression adjustment for variables in 
multivariate quality control. J Qual Technol, 25(3):170- 
182. https://doi.org/10.1080/00224065.1993.11979451 

Hawkins DM, Olwell DH, 2012. Cumulative Sum Charts and 
Charting for Quality Improvement. Springer Science & 
Business Media, Jensen. 

Hawkins DM, Wu QF, 2014. The CUSUM and the EWMA 
head-to-head. Qual Eng, 26(2):215-222.  
https://doi.org/10.1080/08982112.2013.817014 

Huang WP, Shu LJ, Woodall WH, et al., 2016. CUSUM pro-
cedures with probability control limits for monitoring 
processes with variable sample sizes. IIE Trans, 48(8): 
759-771. 
https://doi.org/10.1080/0740817X.2016.1146422 

Kadilar C, Cingi H, 2003. Ratio estimators in stratified random 
sampling. Biometr J, 45(2):218-225.  
https://doi.org/10.1002/bimj.200390007 

Kadilar C, Cingi H, 2005a. A new estimator using two auxil-
iary variables. Appl Math Comput, 162(2):901-908.  

 https://doi.org/10.1016/j.amc.2003.12.130 
Kadilar C, Cingi H, 2005b. A new ratio estimator in stratified 

random sampling. Commun Stat Theory Methods, 34(3): 
597-602. https://doi.org/10.1081/STA-200052156 

Kanji GK, Arif OH, 2000. Median Rankit control chart by the 
quantile approach. J Appl Stat, 27(6):757-770.  

 https://doi.org/10.1080/02664760050081933 
Kanji GK, Arif OH, 2001. Median Rankit control chart for 

Weibull distribution. Total Qual Manag, 12(5):629-642. 
https://doi.org/10.1080/09544120120060114 

Khoo MBC, 2005. A control chart based on sample median for 
the detection of a permanent shift in the process mean. 
Qual Eng, 17(2):243-257.  
https://doi.org/10.1081/QEN-200057329 

Mehmood R, Riaz M, Does RJMM, 2013. Control charts for 
location based on different sampling schemes. J Appl Stat, 
40(3):483-494. 
https://doi.org/10.1080/02664763.2012.740624 

Montgomery DC, 2007. Introduction to Statistical Quality 
Control (6th Ed.). John Wiley & Sons, Hoboken, NJ.  

Mukherjee A, Graham MA, Chakraborti S, 2013. Distribution- 

free exceedance CUSUM control charts for location. 
Commun Stat Simul Comput, 42(5):1153-1187.  
https://doi.org/10.1080/03610918.2012.661638 

Mundform DJ, Schaffer J, Kim MJ, et al., 2011. Number of 
replications required in Monte Carlo simulation studies: a 
synthesis of four studies. J Mod Appl Stat Methods, 10(1), 
Article 4. 

Nazir HZ, Riaz M, Does RJ, et al., 2013. Robust CUSUM 
control charting. Qual Eng, 25(3):211-224. 

Nazir HZ, Riaz M, Does RJ, 2015. Robust CUSUM control 
charting for process dispersion. Qual Reliab Eng Int, 
31(3):369-379. 
https://doi.org/10.22237/jmasm/1304222580 

Oakland JS, 2007. Statistical Process Control (6th Ed.). 
Routledge, London. 

Ou YJ, Wen D, Wu Z, et al., 2012a. A comparison study on 
effectiveness and robustness of control charts for moni-
toring process mean and variance. Qual Reliab Eng Int, 
28(1):3-17. https://doi.org/10.1002/qre.1208 

Ou YJ, Wu Z, Tsung F, 2012b. A comparison study of effec-
tiveness and robustness of control charts for monitoring 
process mean. Int J Prod Econ, 135(1):479-490. 
https://doi.org/10.1016/j.ijpe.2011.08.026 

Page ES, 1954. Continuous inspection schemes. Biometrika, 
41(1-2):100-115. 

Qiu PH, Hawkins D, 2011. A rank-based multivariate CUSUM 
procedure. Technometrics, 43(2):120-132. 
https://doi.org/10.1198/004017001750386242 

Rakitzis AC, Castagliola P, Maravelakis PE, 2018. Cumulative 
sum control charts for monitoring geometrically inflated 
Poisson processes: an application to infectious disease 
counts data. Stat Methods Med Res, 27(2):622-641. 
https://doi.org/10.1177/0962280216641985 

Rao GS, 2013. One-sided cumulative sum (CUSUM) control 
charts for the Erlang-truncated exponential distribution. 
Comput Methods Sci Technol, 19(4):229-234. 

Riaz M, 2008a. Monitoring process mean level using auxiliary 
information. Stat Neerl, 62(4):458-481. 
https://doi.org/10.1111/j.1467-9574.2008.00390.x 

Riaz M, 2008b. Monitoring process variability using auxiliary 
information. Comput Stat, 23(2):253-276. 
https://doi.org/10.1007/s00180-007-0084-6 

Riaz M, 2015. Control charting and survey sampling tech-
niques in process monitoring. J Chin Inst Eng, 38(3):342- 
354. https://doi.org/10.1080/02533839.2014.970355 

Riaz M, Does RJMM, 2009. A process variability control chart. 
Comput Stat, 24(2):345-368. 
https://doi.org/10.1007/s00180-008-0122-z 

Riaz M, Abbas N, Does RJMM, 2011. Improving the perfor-
mance of CUSUM charts. Qual Reliab Eng Int, 27(4): 
415-424. https://doi.org/10.1002/qre.1124 

Riaz M, Mehmood R, Ahmad S, et al., 2013. On the perfor-
mance of auxiliary-based control charting under normal-
ity and nonnormality with estimation effects. Qual Reliab 
Eng Int, 29(8):1165-1179.  
https://doi.org/10.1002/qre.1467 



Hussain et al. / Front Inform Technol Electron Eng   2019 20(4):554-570 569

Roberts SW, 1959. Control chart tests based on geometric 
moving averages. Technometrics, 1(3):239-250. 
https://doi.org/10.1080/00401706.1959.10489860 

Ryu JH, Wan HG, Kim S, 2010. Optimal design of a CUSUM 
chart for a mean shift of unknown size. J Qual Technol, 
42(3):311-326. 
https://doi.org/10.1080/00224065.2010.11917826 

Sanusi RA, Abujiya MR, Riaz M, 2017. Combined Shewhart 
CUSUM charts using auxiliary variable. Comput Ind Eng, 
105:329-337. https://doi.org/10.1016/j.cie.2017.01.018 

Sanusi RA, Abbas N, Riaz M, 2018. On efficient CUSUM- 
type location control charts using auxiliary information. 
Qual Technol Quant Manag, 15(1):87-105. 
https://doi.org/10.1080/16843703.2017.1304039 

Schaffer JR, Kim MJ, 2007. Number of replications required in 
control chart Monte Carlo simulation studies. Commun 
Stat Simul Comput, 36(5):1075-1087. 
https://doi.org/10.1080/03610910701539963 

Sepúlveda A, Nachlas JA, 1997. A simulation approach to 
multivariate quality control. Comput Ind Eng, 33(1-2): 
113-116. https://doi.org/10.1016/s0360-8352(97)00053-3 

Shafae MS, Dickinson RM, Woodall WH, et al., 2015. Cu-
mulative sum control charts for monitoring Weibull- 
distributed time between events. Qual Reliab Eng Int, 
31(5):839-849. https://doi.org/10.1002/qre.1643 

Sheu SH, Yang L, 2006a. The generally weighted moving 
average control chart for monitoring the process median. 
Qual Eng, 18(3):333-344.  
https://doi.org/10.1080/08982110600719431 

Sheu SH, Yang L, 2006b. The generally weighted moving 
average median control chart. Qual Technol Quant Manag, 
3(4):455-471. 
https://doi.org/10.1080/16843703.2006.11673126 

Sheu SH, Tai SH, Hsieh YT, et al., 2009. Monitoring process 
mean and variability with generally weighted moving 
average control charts. Comput Ind Eng, 57(1):401-407. 
https://doi.org/10.1016/j.cie.2008.12.010 

Shewhart WA, 1924. Some applications of statistical methods 
to the analysis of physical and engineering data. Bell Syst 
Techn J, 3(1):43-87. 
https://doi.org/10.1002/j.1538-7305.1924.tb01347.x 

Shu LJ, Tsung F, Tsui KL, 2005. Effects of estimation errors on 
cause-selecting charts. IIE Trans, 37(6):559-567. 
https://doi.org/10.1080/07408170590929027 

Singh HP, Solanki RS, 2012. An efficient class of estimators 
for the population mean using auxiliary information in 
systematic sampling. J Stat Theory Pract, 6(2):274-285. 
https://doi.org/10.1080/15598608.2012.673881 

Singh HP, Upadhyaya LN, Chandra P, 2004. A general family 
of estimators for estimating population mean using two 
auxiliary variables in two-phase sampling. Stat Trans, 
6(7):1055-1077. 

Singh HP, Tailor R, Singh S, et al., 2008. A modified estimator 
of population mean using power transformation. Stat Pap, 
49(1):37-58.  

 https://doi.org/10.1007/s00362-006-0371-2 
Singh R, Kumar M, 2011. A note on transformations on aux-

iliary variable in survey sampling. Model Assisted Stat 
Appl, 6(1):17-19.  
https://doi.org/10.3233/MAS-2011-0154 

Singh R, Chauhan P, Sawan N, et al., 2007. Auxiliary infor-
mation and a priori values in construction of improved 
estimators. https://arxiv.org/abs/0712.0096 

Singh R, Chauhan P, Sawan N, et al., 2009. Ratio estimators in 
simple random sampling using information on auxiliary 
attribute. https://arxiv.org/abs/0907.4182 

Solanki RS, Singh HP, Rathour A, 2012. An alternative esti-
mator for estimating the finite population mean using 
auxiliary information in sample surveys. ISRN Prob Stat, 
2012:65682.  

 https://doi.org/10.5402/2012/657682 
Tailor R, Sharma B, 2009. A modified ratio-cum-product 

estimator of finite population mean using known coeffi-
cient of variation and coefficient of kurtosis. Stat Trans, 
10(1):15-24. 

Tailor R, Chouhan S, Tailor R, et al., 2012. A ratio-cum- 
product estimator of population mean in stratified random 
sampling using two auxiliary variables. Statistica, 72(3): 
287-297. 

Team RC, 2015. R: a Language and Environment for Statistical 
Computing. R Foundation for Statistical Computing, 
Vienna, Austria.  

Umble EJ, 2001. Cumulative sum charts and charting for 
quality improvement. Technometrics, 43(1):107. 
https://doi.org/10.1198/tech.2001.s561 

Woodall WH, Montgomery DC, 1999. Research issues and 
ideas in statistical process control. J Qual Technol, 31(4): 
376-386. 
https://doi.org/10.1080/00224065.1999.11979944 

Wu Z, Jiao J, Yang M, et al., 2009. An enhanced adaptive 
CUSUM control chart. IIE Trans, 141(7):642-653. 

 https://doi.org/10.1080/07408170802712582 
Yang L, Pai S, Wang YR, 2010. A novel CUSUM median 

control chart. Proc Int Multiconf of Engineers and 
Computer Scientists, p.1707-1710.  

Yeh IC, 1998. Modeling of strength of high-performance 
concrete using artificial neural networks. Cem Concr Res, 
28(12):1797-1808. 

 https://doi.org/10.1016/S0008-8846(98)00165-3 
Yeh IC, 2003. Prediction of strength of fly ash and slag con-

crete by the use of artificial neural networks. J Chin Inst 
Civil Hydraul Eng, 15(4):659-663. 

Yeh IC, 2006. Analysis of strength of concrete using design of 
experiments and neural networks. J Mater Civ Eng, 18(4): 
597-604. 
https://doi.org/10.1061/(ASCE)0899-1561(2006)18:4(597) 

Zhang S, Wu Z, 2006. Monitoring the process mean and var-
iance using a weighted loss function CUSUM scheme 
with variable sampling intervals. IIE Trans, 38(4):377- 
387.  

 http://doi.org/10.1080/07408170500232578 



Hussain et al. / Front Inform Technol Electron Eng   2019 20(4):554-570 570

List of electronic supplementary materials 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table S1  Mean and standard deviations of median estimators 
Table S2  Average run length values of CUSUM median and mean charts for the process following the normal distribution 
Table S3  Average run length values of CUSUM median and mean charts for the process following Student’s t distribution 
Table S4  Average run length values of CUSUM median and mean charts for the process following the log-normal distribution 
Table S5  Performance measures of CUSUM median control charts for ρxy=0.20, ρyz=0.10, and ρzx=0.10 
Table S6  Performance measures of CUSUM median control charts for ρxy=0.50, ρyz=0.50, and ρzx=0.10 
Table S7  Performance measures of CUSUM median control charts for ρxy=0.60, ρyz=0.60, and ρzx=0.60  
Table S8  Performance measures of CUSUM median and mean control charts 
Table S9  Contaminated average run length values of CUSUM median and mean charts for the process following the normal 
distribution 
Table S10  Contaminated average run length values of CUSUM median and mean charts for the process following Student’s t  
distribution 
Table S11  Contaminated average run length values of CUSUM median and mean charts for the process following the log-normal 
distribution 
Table S12  Contaminated average run length values of CUSUM median charts for ρxy=0.20, ρyz=0.10, ρzx=0.70, and n=5 
Table S13  Average run length values of CUSUM median charts under a contaminated environment for ρxy=0.90, ρyz=0.90, 
ρzx=0.90, and n=10 
Fig. S1  Density plot of the compressive strength process 


