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Abstract: We propose a modified Fitzhugh-Nagumo neuron (MFNN) model. Based on this model, an integer-
order MENN system (case A) and a fractional-order MFENN system (case B) were investigated. In the presence of
electromagnetic induction and radiation, memductance and induction can show a variety of distributions. Fractional-
order magnetic flux can then be considered. Indeed, a fractional-order setting can be acceptable for non-uniform
diffusion. In the case of an MFNN system with integer-order discontinuous magnetic flux, the system has chaotic
and non-chaotic attractors. Dynamical analysis of the system shows the birth and death of period doubling, which
is a sign of antimonotonicity. Such a behavior has not been studied previously in the dynamics of neurons. In an
MFNN system with fractional-order discontinuous magnetic flux, different attractors such as chaotic and periodic
attractors can be observed. However, there is no sign of antimonotonicity.
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1 Introduction 1961; Nagumo et al., 1962). Another well-known
neural model was proposed by Izhikevich (2004).

Neurons are excitable cells which transmit elec- T} ese models help scientists study different behav-

trical and chemical information. For many years,

iors of neurons. There are two approaches for mod-
elling the variations in biological systems. The first
considers those variations as a statistical part of the

modelling of neurons has been a hot topic. One of
the basic neuron models is the Hodgkin and Hux-

ley (HH) model (Hodgkin and Huxley, 1952), which
shows the effect of ion channels on membrane poten-
tial. A simplified two-dimensional (2D) form of the
HH model is the Fitzhugh-Nagumo model (Fitzhugh,
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model (Perc et al., 2009), while the second consid-
ers them as a complex attractor of dynamical sys-
tems (McSharry et al., 2003; Haghighi and Markazi,
2017; Panahi et al., 2017). There are some biologi-
cal facts which prove the value of nonlinear dynam-
ical analysis in the study of neural systems (Free-
man, 1988; Schmidt et al., 2013; Gu and Pan, 2015).
For example, the study of pattern formation in a
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network of neurons has been a hot topic (Qian et
al., 2017; Wang et al., 2017; Lv et al., 2018). The
different coupling of neurons has been studied in this
area (Wu FQ et al., 2018). A neuron model driven
by autapse connection has been investigated with the
effect of electromagnetic induction (Ren et al., 2017).
A propagating wave initiated in a neuronal network
can be controlled by magnetic radiation (Rostami
et al,, 2018). The collective responses in electri-
cal activities of neurons under field coupling have
been studied by Xu et al. (2018). A neuronal circuit
can produce the main properties for neuronal accliv-
ities (Ma et al., 2018). Electrical activity in a neuron
under a magnetic flow effect has been investigated
using a modified Fitzhugh-Nagumo model (Lv et al.,
2016). Also, complex electrical activities of cardiac
tissue which can set up a time-varying electromag-
netic field have been studied using this model (Wu
FQ et al., 2016). Implementation of dynamical sys-
tems using analog/digital electronics is an interesting
topic (Abdolmohammadi et al., 2018; Pham et al.,
2018; Yang et al., 2018).

The calculation of fractional-order systems has
been an interesting topic since the 17" century (Sta-
mova and Stamov, 2017).
ferentiator and integrators have been investigated
by Bertsias et al. (2018). Fractional-order systems

Fractional-order dif-

have many applications in different fields (Jenson
and Jeffreys, 1977; Elwakil, 2010).
model of a commercial ear simulator has been stud-
ied by Vastarouchas et al. (2018).
of chaos in dynamical systems is an obscure phe-

A fractional
The existence

nomenon that has attracted a lot of attention. There
is no clear explanation as to how a chaotic attractor
can be formed in a system. Fractional-order sys-
tems are more complex than integer-order systems.
Thus, the existence of chaotic dynamics in fractional-
order systems needs more consideration. There have
been many studies on chaotic fractional-order sys-
tems (Cafagna and Grassi, 2013, 2015; Li and Zhang,
2016). A fractional-order switched system with a
chaotic attractor has been discussed by Zambrano-
Serrano et al. (2017). Shah et al. (2017) studied field-
programmable gate array (FPGA) implementation
of fractional-order chaotic systems.
order chaotic system without equilibria was studied
by Pham et al. (2017).

In this study, a modified Fitzhugh-Nagumo neu-
ron (MFNN) model was proposed. An integer-

A fractional-

order MFNN system (case A) and a fractional-order
MFNN system (case B) were investigated using the
proposed model. We discussed the dynamical prop-
erties of the MFNN system in cases A and B in this
study.

2 Modified Fitzhugh-Nagumo neuron
model

It has been shown that there is fluctuation in
the ion concentration of potassium, sodium, and cal-
cium. The effects on changes in the membrane po-
tential of myocardial cells can be modelled by in-
troducing an additive magnetic flux variable (Ma et
al., 2010) to the well-known Fitzhugh-Nagumo neu-
ron (FNN) model (Ma et al., 2017a). The improved
FNN model (Ma et al., 2010) is given by

t=—kax(zr—a)(x—1)—ay+ L. + kop(¢)z,

i= (4 4 ) (cy—ala—a- 1), ()

¢ =kix — kaz + ¢e,

where state variables z, y, and ¢ describe the mem-
brane potential, slow variable for current, and mag-
netic flux across the membrane, respectively. The
transmembrane current mapped along with the ex-
ternal force is denoted as I, and modelled as I, =
Iysin(wt). k; denots the feedback gains. kop(d)x
denotes the current induced by electromagnetic in-
duction in the cell, and the external electromagnetic
excitation is given by ¢, = F cos(27ft). The mem-
ory conductance assumed by Ma et al. (2010) is a
memristor magnetic flux relation p(¢) = a + 3342.
The magnetic flux effects are discontinuous as the
ion concentration thresholds keep shifting. Thus,
using discontinuous memductance functions is pre-
ferred for complete modelling of the magnetic flux
effects on the neurons. Hence, the memory conduc-
tance p(¢) is assumed to be a monotonically increas-
ing piecewise linear function (Itoh and Chua, 2008),
given by

9(¢) = B+ 0.5(a = p) (lo + 1| = [6 1)), (2)

where «, 8 > 0.

The memory conductance can be derived using
integer-order differentiation (case A) and fractional-
order differentiation (case B).

plo) = L. ()
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From Eq. (3), we can easily see that in the order
of differentiation o = 1, we derive the integer order
(case A). The order is fractional in 0 < o < 1 (case
B). By introducing another state to model (1), we
propose the modified FNN (MFNN) system as

& =—kx(x—a)(x—1)—zy+ I. + koDq(¢r)z,

j= e+ L) (—y—ka(e —a—1)),
i= (4 S22 ) (cy ala = a - 1)

T+ p2
¢ = k1x — koz + be, (4)
D?q(¢r)=(8 + 0.5(c — B)(sgn(¢p—1 + 1)
N
—sgn(pg—1—1))) h7=)> B7d(ti—;),
=1

where o is the order of differentiation, h is the
step size, and B is the predictor coeflicient, calcu-
lated as described by Baskonus and Bulut (2015).
The generalized-order differentiation term D7 q(¢y)
is derived using the Caputo fractional derivative (Di-
ethelm and Ford, 2002), known as “Caputo deriva-
tives.” It is derived using the same initial conditions
as those in the integer-order model. The fractional-
order discrete form of the incommensurate model
of D7q(¢y) is derived using the Adam-Bashforth-
Moulton (ABM) approach (Sun et al., 1984; Di-
ethelm, 1997; Diethelm et al., 2004). Using the ABM
method (predictor-corrector) (Baskonus and Bulut,
2015), the fractional-order discrete form of D7q(¢y,)
can be derived as

n—1 . tj k
wonr=S (o4 ¢ iy 35 (e
J=0 =0

-(ﬁ+0.5(a—6)(Sgn(¢j+1)—sgn(¢j—1)))>
'Bx,k+1,k+1(ﬁ +0.5(a—p) (Sgn(ﬁle +1)

—sgu(ofy, — 1)), (5)

which shows the corrector. The predictor part can
be derived as

a2 =S (a5 3 (0
k+1 0 i 1—‘(01) x,j,k+1

=0

K (g, (k + 1),

(h—g+2) 7 1 (k)1
—2(k—j+1)%i+1,

1, j=k+1,

J=0,

B jni1= 1<j<k, (7)

Yt = (k4 1= (k=) (§)

If the generalized order 0 = 1 is used in sys-
tem (4), the derivative approximations of D?q(¢y)
yield the closest integer-order derivative (Diethelm
et al., 2004).

The parameters of MFNN system (4) are similar
to those described by Ma et al. (2010) with the addi-
tional parameters «, 3 defined as in Eq. (5). The pa-
rameters are a = 0.15, uy; = 0.2, us = 0.3, € = 0.002,
a=01,8=02 I = 06, ko = —1, k1 = 0.2,
ko =1, E=01,k=8, f =001, w =2, and the
initial conditions are taken as [0.2, 0.1, 0.8] for all
discussions in this study. The dynamical properties
of the MFNN system are derived separately for case
A (0 =1)and case B (¢ < 1).

3 Dynamical analysis of the modified
Fitzhugh-Nagumo neuron system in
case A

To investigate the MFNN system with integer-
order discontinuous magnetic flux, we take the dif-
ferentiation order o = 1. The parameters of MFNN
system (4) are taken as those in Section 2. Fig. 1
shows the 2D phase portraits of the system in the
XY and Y Z planes.

To investigate the dynamical behavior of the
MFNN system (case A), bifurcation plots are de-
rived. The angular frequency w of the external cur-
rent is taken as the control parameter. The bifurca-
tion plot (Fig. 2a) confirms that the system takes a
period doubling route to chaos. We can also see the
birth and death of period doubling, confirming that
the MFNN system shows antimonotonicity (Dawson
et al., 1992; Blazejczyk-Okolewska and Kapitaniak,
1998; Chudzik et al., 2011; Wu HG et al., 2016;
Kengne et al., 2017). The corresponding Lyapunov
exponents (LEs) are presented in Fig. 2b.

The process of period doubling and period halv-
ing occurring in a bifurcation diagram of a system
is termed antimonotonicity (Dawson et al., 1992;
Chudzik et al., 2011; Wu HG et al., 2016). To in-
vestigate this in detail, we derive the bifurcation of
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Fig. 1 The 2D phase portraits of the modified Fitzhugh-Nagumo neuron system with integer-order magnetic

flux in XY (a) and YZ (b) planes
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Fig. 2 Bifurcation (a) and Lyapunov exponents (b) of the modified Fitzhugh-Nagumo neuron system in case

A with respect to changing w

the MFNN system with w taken as the control pa-
rameter for various values of . The novelty of this
study is that such a feature occurring in a neuron
model has not been discussed in the literature. The
evidence for period doubling and its inverse is clearly
seen from the bifurcation plots shown in Fig. 3. The
dynamical properties of the modified FNN model are
highly dependent on the initial value of the magnetic
flux variable (Ma et al., 2016, 2017b).

4 Dynamical analysis of the modified
Fitzhugh-Nagumo neuron system in
case B

To investigate the MFNN system with
fractional-order discontinuous magnetic flux, we take
the differentiation order 0.9 < ¢ < 1. The parame-
ters of MFNN system (4) are taken as those in Sec-
tion 2. Fig. 4 shows the 2D phase portraits of the
system in the XY and Y Z planes with the fractional
order o = 0.99.

The dynamical behavior of the MFNN (case B)
system is investigated with two control parameters.
The first bifurcation is with respect to changing pa-
rameter o with the fractional order o = 0.99 and the

other parameters unchanged. Fig. 5a shows the bi-
furcation of the MFNN system with fractional-order
discontinuous flux linkage. It can be seen that case
B of the MFNN system has a period halving af-
ter chaotic dynamic and shows no evidence of an-
timonotonicity. The corresponding LEs are shown
in Fig. 5b. The second bifurcation is with respect
to changing the fractional-order o with the other
parameters unchanged. The bifurcation diagram is
shown in Fig. 5c. The system has a period doubling
route to chaos at lower o values and shows chaotic
oscillations for o > 0.95.

5 Conclusions

The dynamical behaviors of neurons are very
important. In this paper, a modified Fitzhugh-
Nagumo neuron model was proposed. The model
was studied with two approaches. In the first ap-
proach (case A), the magnetic flux was considered
of integer order. In the second approach (case B),
it was considered of fractional order. FElectromag-
netic induction and radiation can cause variation
in the distribution of memductance and induction.
Thus, studies of fractional-order magnetic flux are
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Fig. 4 The 2D phase portraits of the modified Fitzhugh-Nagumo neuron system with fractional-order magnetic

flux in XY (a) and Y Z (b) planes
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Fig. 5 (a) and (b) are the bifurcation and Lyapunov exponents of the modified Fitzhugh-Nagumo neuron system

in case B with respect to changing «, respectively, and (c) is the bifurcation of the modified Fitzhugh-Nagumo

neuron system in case B with respect to changing o

important. Indeed, a fractional-order setting can be
used to investigate non-uniform diffusion. The dy-
namical properties of these two cases (A and B) were
investigated in this study. The results showed that
only the integer-order system has an antimonotonic-
ity feature. The initial condition of the magnetic flux
variable is very important in the dynamical behavior
of the MFNN model. Multistability and coexisting
attractors in the two cases of MENN can be investi-
gated in future studies.
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