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Abstract: The control design problem plays a fundamental role in the study of logical control networks (LCNs). This

paper presents a detailed survey on new developments in control design techniques of LCNs. First, some preliminary

results on the semi-tensor product method and LCNs are reviewed. Then, we move on to some new developments

for control design techniques of LCNs, including the reachable set approach, the pinning control technique, the

control Lyapunov function approach, the event-triggered control technique, and the sampled-data control technique.

Finally, an illustrative example is given to demonstrate the effectiveness of these techniques.
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1 Introduction

Multi-valued logical systems were first proposed
by Jan FLukasiewicz in 1920s for solving practical
problems in computer and engineering. As a natural
extension of Boolean networks (Cheng et al., 2011b),
k-valued logical networks (KVLNs) have wide ap-
plications in the networked evolutionary game (Zhu
B et al., 2016; Ding XY et al., 2017; Li HT et al.,
2018b; Mao et al., 2018; Ding XY and Li, 2019),
combinational circuit design (Liu ZB et al., 2014),
feedback shift registers (Lu JQ et al., 2018a, 2018c),
and fuzzy control (Moraga et al., 2003; Cheng et al.,
2012; Fan et al., 2018; Wang SL and Li, 2019). In
KVLNSs, the values of states are taken from the set
Dr :={0,1,...,k — 1}, and thus the dynamics are
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determined by k-valued logical mappings.

KVLNs with control inputs and outputs are
called k-valued logical control networks (KVLCNs)
(Li HT et al., 2017¢; Li YL et al., 2019), where
the control variables can be directly manipulated.
By virtue of specific control design techniques and
suitable control policies, one can achieve various
control objectives such as reachability, stabilization,
synchronization, and optimal control (Liu Y et al.,
2016b, 2017a; Lu JQ et al., 2016a; Yang QQ et al.,
2017; Li HT et al., 2019a). Thus, the control de-
sign problem plays a fundamental role in the study
of KVLVNs. However, the control of KVLCNs has
been a challenging problem for a long time until the
establishment of the algebraic state space representa-
tion (ASSR) approach (Cheng et al., 2011b). Using
the ASSR approach, the dynamics of KVLCNs can
be converted into a bilinear form, which facilitates
the application of classical control theory to KVL-
CNs. In the last decade, many excellent results have
been achieved for ASSR-based KVLCNSs, including
stability (Li BW et al., 2019a; Liang et al., 2019),
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controllability (Liu Y et al., 2014, 2015; Zhong et al.,
2019b; Zhu QX et al., 2019), observability (Zhu QX
et al., 2018b; Yu et al., 2019¢), stabilization (Liu RJ
et al., 2019; Zhong et al., 2020), synchronization (Li
FF, 2016a; Ding XY et al., 2018), disturbance de-
coupling (Zhang et al., 2014; Liu Y et al., 2016a; Yu
et al., 2019b), optimal control (Zhu QX et al., 2018c),
output tracking (Li HT et al., 2015, 2016; Li XH
et al., 2018; Xu et al., 2018a; Li YL et al., 2019), and
soon (LiuY et al., 2018; Li BW et al., 2019¢; Wang
B and Feng, 2019). Details on the ASSR approach
can be found in some recent surveys (Fornasini and
Valcher, 2016; Lu JQ et al., 2017; Cheng et al., 2018;
Li HT et al., 2018a; Li H et al., 2019).

It is noted that the above results have been ex-
tended to various kinds of KVLNs in some recent
Liu Y et al. (2016a, 2017a, 2018) intro-
duced the ASSR approach to singular Boolean net-
works. The stability, controllability, and stabiliza-
tion of probabilistic Boolean networks were consid-
ered in Tong et al. (2018a) and Liu JY et al. (2019).
Boolean networks with time delays were investigated
in Li XH et al. (2018), Liu YS et al. (2018), and
Zhu SY et al. (2019). Boolean networks with impul-
sive effects were studied in Xu et al. (2018a), Li HT
et al. (2019b), and Yang JJ et al. (2020). Switched
Boolean networks were also well studied in Wang B
and Feng (2019), Yu et al. (2019a), and Sun et al.
(2020).

Recently, based on the ASSR approach, many
efficient control design techniques have been intro-
duced to solve control problems of KVLCNs. These
include the reachable set approach, pinning con-
trol technique, control Lyapunov function approach,
event-triggered control technique, and sampled-data
control technique. The reachable set approach was
first proposed by Fornasini and Valcher (2013) and Li
R et al. (2013) for the study of stabilization of KVL-
CNs. Lu JQ et al. (2016b) first introduced the pin-
ning control technique to KVLCNs and investigated
the controllability of KVLCNs under pinning con-
trollers. As an efficient method on stabilizer design
of nonlinear control systems, the control Lyapunov
function (CLF) approach was generalized to finite
evolutionary games by Wang YH and Cheng (2017).
Then, Li HT and Wang (2017b) established a novel
framework concerning Lyapunov theory for KVLCNs
using the ASSR approach. Li BW et al. (2018) first
introduced the event-triggered control approach to

studies.

KVLCNs and considered the disturbance decoupling
problem of KVLCNSs. In addition, the sampled-date
control approach was first generalized to KVLCNs
by Liu Y et al. (2016¢).

2 Preliminaries
2.1 Semi-tensor product of matrices

First, we present some notations in Table 1.
Next, we present some useful preliminaries on semi-
tensor product (STP) (Cheng et al., 2011b).

Table 1 Notations used in this paper

Notation Description
Ds Ds :={0,1,...,s — 1}
Dy DL :=Ds X Ds X ...x Ds
—_—_—
. T
As Ag: =46 :5=1,2,...,s}
67 The j* column of the identity matrix I
N N= [5?175?27~ . .’5?1'] :55 [Cl{l,C!Q,. . ~7a'r]7
where IN is a logical matrix
Lsxr Set of s X r logical matrices
Col;(N) The j** column of matrix N
Row; (IN) The j** row of matrix N
Ns,r The (s,7)* element of matrix N

Definition 1 The STP of matrices E € R¥*? and

ExF=(E@Iu)(Fel),

where p = lem(t,m) denotes the least common mul-
tiple of ¢ and m. The symbol “x” is often omitted
since STP is a generalization of conventional matrix
product.

Identify Dy ~ Ay with k —j ~ &, j =
1,2,...,k. Then, we have the following basic result
for the matrix expression of logical functions:

Given a k-valued logical function g :
D; — Dy, there exists a unique matrix G € Lyxps
called the structural matrix of g, such that

Lemma 1

g(x1,22,...,2s) =G X1 X 2o X ... X T, (1)

where z; € Ay, j =1,2,...,s.
Lemma 2 Given a vector X € L1, then

XxX =R xX,

where R} = diag(d},,d7,. . . ,6%) is called the power-

reducing matrix.
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2.2 Logical control networks

The dynamics of a k-valued logical network can
be described as

zi(t +1) = fi(X (1), (2)
where X (t) = (x1(t), z2(t),...,zn(t)) € D} denotes

the state and f; : D} — Dy (i =1,2,...,n) are the
k-valued logical functions that determine the state
evolution.

A KVLCN is a k-valued logical network with
inputs and outputs, the dynamics of which can be

represented as

{xi(t—kl) = [i(X@®),U(t), i=1,2,...,n,
yi(t) = g;(X(1), 5 =1,2,....p,

where X (t) = (21(t),22(t),...,2,(t)) € D} and
Ut) = (ui(t),ua(t),...,um(t)) € Dy denote the
state and control input, respectively. y; € Dy
(j = 1,2,...,p) are the outputs. f; : D} — Dy
(i=1,2,....,n)and g; : D} = Dy (j = 1,2,...,p)
are k-valued logical functions. Given an initial state
X(0) = (21(0),22(0),...,2,(0)) € D} and a con-
trol sequence {U(t) : t € N} C DI*, X (¢; X(0),U)
denotes the state of system (3) at time ¢.

Using the vector form of logical variables, ac-
cording to Lemma 1, one can obtain the structural
matrix of fi, denoted by L; € Lyxpn,i=1,2,...,n.
Then, system (2) can be expressed in the following
algebraic form:

3)

x(t+1) = La(t), (4)

where @(t) = x?_,2;(t), L = Ly * Lo ... x L, €
L i, and * denotes the Khatri-Rao product. The
Khatri-Rao product of two matrices E € L,,xs
and F' € L, «s is defined as E « F = [Col;(E) x
Coly (F'), Cola(E)xCola(F),...,Cols(E)xCols(F)].
Similarly, the algebraic form of system (3) is

x(t+ 1) =Lu(t)x(t),
y(t) =Gz(1),
where x(t) = X x;(t), w(t) = X u;(t), y(t) =
Kleyi(t), L S Lkn X km+mn, and G (S Ekpxkn.

Example 1 Consider the following apoptosis
network (Li HT et al., 2014):

(5)

x1(t+ 1) = ~xa(t) Au(t),
xo(t + 1) = —xy () A s(t), (6)
x3(t+1) = x2(t) Vul(l),

where @y, 3, and x3 represent the concentration
level of IAP, C3a, and C8a, respectively. In addition,
the control input w denotes the concentration level
of TNF.

Setting x(t) = x3_,x;(t), each equation in sys-
tem (6) can be expressed in the following algebraic
form:

zi(t+1) = Mu(t)x(t), i=1,2,3,
where
M :=MM,(1] ® I, ® 1;)W)y g
=05(2,2,1,1,2,2,1,1,2,2,2,2,2,2,2,2],
M, :=MM,1] @ I, ®13)
=65[2,2,2,2,1,2,1,2,2,2,2,2,1,2,1,2],
M;:=Mi(1; @ I, ® 15)W g
=085[1,1,1,1,1,1,1,1,1,1,2,2,1,1,2,2].

Then, the algebraic form of system (6) can be
obtained as

z(t+ 1) = Lu(t)xz(t),

where L := M; x My x My = 63[7,7,3,3,5,7,
1,3,7,7,8,8,5,7,6,8].

3 Review of control design techniques
for logical control networks

3.1 Reachable set approach

As one of the most fundamental issues among
control problems of KVLCNs, the solution of the sta-
bilization issue can not only guide medical scientists
in designing suitable therapeutic interventions to
steer a biological system to a desirable state, but also
reveal how the structure of the system contributes to
system stability. In the last decade, control design
for stabilization of KVLCNs has attracted a lot of re-
search interest, and many excellent results have been
obtained (Cheng et al., 2011a; Li FF and Sun, 2012;
Li HT et al., 2013b). It is worth pointing out that
a general approach for the construction of stabilizers
for KVLCNSs is lacking until Fornasini and Valcher
(2013) and Li R et al. (2013) proposed the reach-
able set approach to investigate the state feedback
stabilization of Boolean control networks. In the fol-
lowing, we briefly introduce the idea of the reachable
set approach in the state feedback stabilization con-
trol design of KVLCNs. For details, please refer to
Fornasini and Valcher (2013) and Li R et al. (2013).
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Definition 2
system (5) is said to be globally stabilizable to @, if
for any initial state x, there exist a control sequence
{u(t) : t € N} C Dym and a positive integer N, such
that Vt > N, & (t; 2o, u) = @e.

Given an equilibrium x, € Agn, we aim to find
a state feedback law in the form of

Given an equilibrium x, € Agn,

’Uq(t) = k‘z(X(t)), 1= 1,27 ey (7)

where k; : D) — Dy, ¢ = 1,2,...,m, which makes
system (5) globally stabilizable to x..

Based on Lemma 1, one can obtain the following
algebraic form of state feedback law (7):

u(t) = Kx(t), (8)

where K € Lym «jn is called the state feedback gain
matrix.

Next, we investigate the state feedback stabi-
lization of system (5) via the reachable set approach.
To this end, we introduce the concept of the reach-
able set (Li R et al., 2013).
Definition 3 Consider system (5) given a
state 8], € Agn. Let El(R) (6]).) denote the
set of all the initial states xg € Apn that
can be driven to the state 8, in [ steps by a
control sequence w(0),u(l),...,u(l — 1) € Agm.
EZ(R) (‘%n) = {
quence u(0),u(l),...,u(l — 1) € Agm, such that
z(l; 20, w(0), u(l), ..., u(l — 1)) = 5gn}. E™(67,)
is called the *! reachable set of system (5).

The following lemma presents some basic prop-

xg € Apn : there exists a control se-

erties of reachable sets:
Lemma 3 If 8, € EX™(8],), then EM™(87,.) C
B (87,) holds VI > 1. 1f B\ (87,) = {87}, then
EM™(87,) = {6} holds VI > 1. 1f 87, € E(87..)
and El(fi (6).) = Ei(R) (67..) holds for some integer
i >1, then BV (87,) = E™(87,) holds VI > i.
Now, we are ready to present the result on the
state feedback stabilization of system (5) via the
reachable set approach.
Consider system (5) with L =
Opnlan, g, ..., agmin] and let an equilibrium z, =
5% € Apn be given. System (5) can be globally
stabilized to @, by state feedback controller (8), if
and only if (1) 85, € EfR) (65.) and (2) there ex-
ists an integer N (1 < N < k™ — 1), such that
EWM©68,) = Agn.

Theorem 1

Moreover, if conditions (1) and (2) hold, for
each j (1 < j < k™) which corresponds to a
unique integer I; (1 < I; < N) such that 6# c
BV (65 \ BV, (85.), where BV (85.) = o, let
1 <wy; <Ek™ be such that

O‘(Vj—l)k"—i-j = fa lj = 17
5:;:j71)kn+j c Efjl?l(éiyl)?lj Z 2'

Then, the state feedback controller w(t) =
Kx(t) with K = dpm[v1,v2,...,v5n] globally sta-
bilizes system (5) to e = 85

Plugging state feedback controllers wu(t) =
Kz(t) obtained using the reachable set approach
into system (5), we can obtain a closed-loop sys-
tem (4). It is easy to see that in the closed-loop
system constructed in this way, the ['" reachable set
of system (5) is exactly the I*!' basin of attraction of
equilibrium .

Following Fornasini and Valcher (2013) and Li R
et al. (2013), many valuable results on KVLCNs have
been obtained via the reachable set approach, in-
cluding stabilization (Li HT and Wang, 2013, 2016a,
2016¢, 2017a; Li R et al., 2014; Liu Y et al., 2016¢;
Yang QQ et al., 2016; Ding XY et al., 2017; Ding
Y et al., 2017; Li FF, 2018; Liu RJ et al., 2018;
Lu JQ et al., 2018b; Zhu SY et al., 2018a; Li XD
et al., 2019a; Li YL et al., 2019; Wang LQ et al.,
2019), set stabilization (Guo et al., 2015; Li FF and
Tang, 2017; Li HT et al., 2017d; Liu RJ et al., 2017,
Zheng et al., 2017; Li YL et al., 2018a; Li YY et al.,
2018; Tong et al., 2018b; Xu et al., 2018b), synchro-
nization (Zhong et al., 2014, 2017a; Li FF, 2016a,c;
Liu Y et al., 2016b; Ding XY et al., 2018; Xu et al.,
2018c¢; Yang JJ et al., 2019), output tracking (Li HT
et al., 2015, 2016; Li HT and Wang, 2016b; Zhong
et al., 2017b; Li XH et al., 2018; Liu YS et al., 2018;
Xu et al., 2018a), and output regulation (Chen and
Liang, 2017; Li HT et al., 2017a,b; Ding XY et al.,
2019).

3.2 Pinning control

It was shown in Rosin et al. (2013) that synchro-
nization patterns can be achieved by adjusting the
refractory time of two out of 32 nodes, which means
that one can achieve control goals of the global net-
work via adjusting the properties of quite a small
fraction of nodes. This is called the pinning control
technique (Lukk et al., 2010; Miiller and Schuppert,
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2011; Miiller et al., 2011). Lu JQ et al. (2016b)
first introduced the pinning control technique to the
investigation of KVLCNs. Generally speaking, there
are two ideas on achieving pinning control of KVL-
CNs. One is to select pinned-nodes as control inputs
(Lu JQ et al., 2016b), and the other is to change
the columns of the state transition matrix (Li FF,
2016b).

Assuming that the pinned-nodes are given as
{1,2,...,r}, the controllability of the following sys-
tem is considered:

ai(t+ 1) =filui(t), x1(t), 22(t), . . ., 2n(t)),
i=1,2,...,s,

zj(t+1) =fij(z1(t), z2(2), ..., zn(t)),
j=s+1,2,...,n,

9)

where x; € Dy (Z = 1,2,...,n), u; € Dy (Z =
1,2,...,s) are k-valued logical variables, and fi :
Dt — Dy (i = 1,2,...,8) and f; : D} — Dy
(j=s+1,84+2,...,n) are k-valued functions.

Using the vector form of logical variables and
based on Lemma 1, system (9) can be expressed in
the following algebraic form:

{ w;(t + 1) =Fiz(t)u(t), 10)
22(t + 1) =Fyx(t),

where x'(t) = x5 xi(t), x*(t) = I @i(t),
u(t) = D(le’u,i(t), Fy € Lpsypnts, and Fp €
Lin—spmn- Then, using the dummy matrix
D, [k", k*] = Iyn ®17}., system (10) can be converted

into the following form:

z(t+1) = Fe(t)u(t), (11)
where F = Fy * (Fo D, [k", k%)) € Lin g pnts-

Based on system (11), a series of results on pin-
ning reachability and controllability were proposed
by Lu JQ et al. (2016D).

By virtue of this idea, Chen et al. (2016) con-
sidered the controllability of autonomous Boolean
control networks and proposed several criteria. The
pinning output feedback stabilization of constrained
Boolean control networks was studied in Yang QQ
et al. (2016). The pinning output tracking of KVL-
CNs was considered in Li HT et al. (2017c) and Li
XH et al. (2018).

In the following, we describe the idea of the pin-
ning control technique proposed in Li FF (2016b). In

Li FF (2016b), the stabilization of Boolean control
networks was considered by designing pinning con-
trollers, where the global stability of the considered
Boolean networks was first achieved via changing the
columns of the state transition matrix, and then the
algorithms for selecting pinning nodes and designing
pinning controllers were successively established. In
the remainder of this subsection, we consider only
the case of k = 2.

Li FF (2016b) considered the global stability
problem with respect to a state x, = Jin of system
(4) and proposed Algorithm 1 to make system (4)
globally stable at the state x..

Then, by virtue of Algorithm 1, matrix L is
changed to a matrix L', and system (4) with state
transition matrix L' is globally stable to the equi-
librium z, = 55]@' Assume that the 1%¢, 2»d .

I*® columns of matrices il, I)g, e L, alter, and as-
sume that matrices Ly, Lo, ..., Ly are changed to
L), L), ..., L., respectively. Then, one can design

the pinning control strategy to stabilize system (4)
to the state 551@ as

{ zi(t+1) = uw (X (1) @ fi( X)), i=1,2,...,s,
j=s+1,2,...,n,

(12)
where u;(t) = k;(X(t)) (i = 1,2,...,s) are state
feedback controls.

Denote the structure matrices of logical func-
tions @1,®P2,...,Bs by Mg,, Mg,,..., Mg, re-
spectively, and denote the structure matrices
kl,kQ,...,ks by
Then, the structure

of feedback control functions

K, Ks,..., K, respectively.

matrices Mg, , Mg,,..., Mg, and K, Ko, ..., K
can be obtained by
Mg, Ki(Ii» ® L,))RY, =L}, i=1,2,...,s. (13)

It was proved in Li FF (2016b) that Eq. (13) is
solvable, which means that pinning control strategy
(12) is feasible for stabilizing system (4) to the state
o = 65, (Li FF, 2016b; Lu JQ et al., 2016b).

Algorithm 1 Obtaining a desired system globally
stable at state . = 551&

1: Change the £ column of matrix L to ‘Sin

2: Define E, (8%,) := {®o € Ayn : 2(7;@0) = 85, } and
E(85) = UL, B (850)

3: Find 6], ¢ ET(JinL v =1,2,...,k™, and change
Col, (L) to one element of E(8%,)
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Using the idea of the pinning control technique
proposed in Li FF (2016b), many excellent results on
KVLCNSs have been obtained, including controllabil-
ity (Li FF et al., 2018), stabilization (Li FF, 2018),
set stabilization (Liu RJ et al., 2017; Li YY et al.,
2018; Li FF and Xie, 2019), synchronization (Li FF,
2016¢), output tracking (Zhong et al., 2017b, 2019a),
and disturbance decoupling (Liu Y et al., 2017b; Li
BW et al., 2019b). In addition, the pinning con-
trol approach was generalized to the strategy con-
sensus of networked evolutionary games in Li YL
et al. (2018b), and an efficient algorithm was estab-
lished to solve the minimal-agent consensus control
problem.

3.3 Sampled-data control

Recently, the sampled-data control technique
has attracted research interest for its application in
networked control systems and radar tracking sys-
tems (Lee et al., 2013; Li HT et al., 2013a; Liu S
et al., 2013; Wu ZG et al., 2014; Mu et al., 2015;
Wang JY et al., 2016; Lee and Park, 2017). By virtue
of sampled-data control, not only the system’s anti-
jamming capability and control accuracy can be im-
proved, but also the controller’s cost can be reduced.
Recently, several novel results have been obtained
on sampled-data control of KVLCNs. Liu Y et al.
(2016¢) first introduced the sampled-date control ap-
proach to KVLCNs and considered the sampled-data
state feedback stabilization of KVLCNs. Li YL et al.
(2019) further investigated sampled-data reachabil-
ity and state feedback stabilization of constrained
KVLCNs. Next, we take the results in Li YL et al.
(2019) as an example to introduce the main idea of
the sampled-data control technique.

Consider the following KVLCNs with input and
state constraints:

zi(t+1)=fi(X@®),U(t), i=1,2,....,n, (14)

where X (t) = (x1(t), z2(t),...,2n(t)) € Cx C DY,
U(t) = (u1(t),u2(t), ..., um(t)) € Cy C Dy, Cx and
C\, represent the state constraint set (SCS) and input
constraint set (ICS), respectively, and f; : Cx x Cyy —
D (1 = 1,2,...,n) are k-valued logical functions.
Assuming |Cx| = p and |Cy| = ¢, SCS and ICS can

be given as
(63 « 107
Cx ={6n,00n,...,0,.0},

Ba
NP

(15)

Co = {801,602, .. (16)

where a1 < as <...<apand f; < P2 <...< fq.
Definition 4 Let a set of sampling points be given
as S ={th:heN}, to=0. {U(t):te N} CC, is
said to be a sampled-data control with regard to S, if
U(t) =U(tn), t € [tn,tn + 1)|n holds for any h € N.
A sampled-data control with regard to S is called
a uniformly-sampled-data control, if there exists an
integer p € Z, such that ¢511 —t5 = p holds for any
h € N, where integer p is called the sampling period.

Fixing a set of sampling points S = {t;, : h €
N}, Li YL et al. (2019) investigated the following
sampled-data reachability and state feedback stabi-
lization for system (14):
Definition 5 Consider system (14) given the set of
sampling points S = {¢;, : h € N}. Then, X4 € Cx is
constrained sampled-data reachable from Xy € Cy
at the sampling point 5, if one can find a sampled-
data control sequence {U(t) : t € N} C C, steering
X to Xgq at time ¢, with X (¢; Xo,U) € Cx, Vt =
0,1,2,...,tp.
Definition 6 Given an equilibrium X, € Cy and
the following constrained sampled-data control:

ui(t) =k; (X(th)), te [thvth+l)|N7 (17)

where k; @ Dy — D, ¢ = 1,2,...,m and
(k1,ka, ..., km) : Cx — Cy. System (14) is stabi-
lizable to X, under constrained sampled-data con-
trol (17), if there exists an integer T € Z, such
that VX, € Cx, X (t; X0, U) = X, Vt > T, and
X (t; Xo,U) € Cy, Vt € N.

Setting ®(t) = X xi(t), u(t) = xJLiu;(t),
the algebraic form of system (14) and constrained
sampled-data control (17) can be obtained as

z(t+1) = Lu(t)x(t), (18)

and

u(t) = K.’B(th), te [th7th+1)|N7 (19)

respectively, where L € Ly jm+n is the state tran-
sition matrix and K € Lym «n is the state feedback
gain matrix.

Next, we describe the results on uniform con-
strained sampled-data reachability proposed in Li
YL et al. (2019).

Consider system (18) and split L into &™ equal
blocks as L = [Blkl(L), Blko(L), ..., Blkgm (L)]
Define L = [ﬁlT{l (L), @Q(L)7 ..., Blkgm (L)] and
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M; = NBIk;(L)NT, where

7ﬁq}7

§1T{i(L) - {Blki(L)’ i€ {Bl,ﬁ27, .

Opn x kn , Otherwise,
and

ROWl(N) _ - 7ap}7
0, otherwise.

{ ( Zn)T7 1€ {a17a27. ..
For the set of sampling points § = {t, : h € N}
with sampling period p, the constrained sampled-
data controllability matrix is defined as

.
Cc=> M/
i=1

Theorem 2  Consider system (14). Given the set
of sampling points § = {t : h € N} with sampling
period p and an integer A = 7p € Zy, xq = 8,7 €
C, is constrained sampled-data reachable from xy =
8750 € C, at the A™ step, if and only if (C7)a, ay >
0.

(20)

If\=7p+s,0<s <p,then Eq. (20) should be
changed to (6’507)%7&9 > 0, where C = Zf:l M,;.

Based on the
strained sampled-data reachability, the constrained
state feedback stabilization of system (14) under
uniformly-sampled-data control (19) with sampling
period p € Z4 has been investigated.

Given an equilibrium z, = 6Z§ e Cy and

defining a series of reachable sets as Eg)(a:e) =
{azo € Cx : there exists a sampled-data control
sequence u(to),u(t1),...,u(t—1) € Cy, such that
z(Tp; Ty, u) = T, and x(t;xo,u) € Cy,Vt =
0,1,.. .,Tp}, then based on reachable sets, the fol-
lowing theorem has been proposed:
Theorem 3 System (14) with Egs. (15) and
(16) is stabilizable to . = 8,5 € Cx by uniformly-
sampled-data control (19), if and only if there exists
an integer v € {1,2,...,q} such that L&gfnaze = X,
and there exists a positive integer v < k™ such that
E,(,i)(:cc) = Cx. Then, feasible constrained sampled-
data controllers to stabilize system (14) to z, are
obtained.

results on uniform con-

Similar to the case of uniformly-sampled-data
control, some results on nonuniform constrained
sampled-data reachability and state feedback stabi-
lization have been obtained. For details, please refer
to Li YL et al. (2019).

In addition, there exist many excellent results
on KVLCNs via the sampled-data control approach,
including controllability (Yu et al., 2018; Zhu QX
et al., 2018a), stabilization (Lu JQ et al., 2018b; Zhu
SY et al., 2018b; Liu Y et al., 2019b), and so on (Tong
et al., 2017; Lin et al., 2019; Liu Y et al., 2019a).

3.4 Event-triggered control

Event-triggered control was first introduced in
Astrém and Bernhardsson (1999). In the past few
decades, event-triggered control has been applied in
networked control systems and nonlinear systems
(Postoyan et al., 2015; Li JN et al., 2017; Wu YQ
et al., 2017).
trol, control execution time can be reduced and the
computation cost can be greatly reduced. Li BW
et al. (2018) first introduced the event-triggered con-
trol approach to KVLCNs and considered the dis-
turbance decoupling problem of KVLCNs. Li YL
et al. (2018a) developed an event-triggered control
scheme for robust set stabilization of disturbed KVL-
CNs. In the following, we take the results in Li YL
et al. (2018a) to illustrate the event-triggered control
method.

Consider the following disturbed KVLCNs:

By virtue of event-triggered con-

{xi(t—i— 1) =f(X(t),U1), L), i=12,...,n,
yi(t) =g;(X(#)), 1=1,2,....p,

(21)
where X (t) = (x1(t),22(t),...,2,(t)) € Dg,
U(t) = (u1(t),u2(t),...,un(t)) € Dp, I(t) =

(1)) w(t) € DL and Y() =
(y; (t))§:1 € D} denote the state, control input, dis-
turbance input, and output at time ¢, respectively.
Given an initial state X (0) € D}, a sequence of con-
trol inputs {U(¢) : ¢t € N} C D}, and a disturbance
input sequence {I'(t) : t € N} C D, the state of sys-
tem (21) at time ¢ is denoted by X (¢; X (0),U, I").

Li YL et al. (2018a) investigated the following
robust set stabilization for system (21):

Definition 7 Consider system (21). Let a
nonempty set M C D} and an initial state X (0) €
D} be given. System (21) is robustly stabilizable
to M, if there exist a sequence of control inputs
{U(t) : t € N} C D* and an integer 7 € Z, such
that X (¢; X (0),U,I') € M holds for any t > 7 and
any {I'(t) : t e N} C Dj.

The following time-variant state feedback
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control was considered:

i) = i (L, X(0),i = 1,2,...m,  (22)
where ¢; : Nx D! = Dy, i =1,2,...,m are time-
variant logical functions.

By STP, systems (21) and (22) can be respec-
tively converted into the equivalent algebraic forms

{ x(t+ 1) =Lu(t)x(t)y(t), (23)
y(t) =Gz(t),
and
u(t) = B(t,(0))=(t), (24)

where x(t) = X (1), w(t) = x™ u,(t), y(t) =
K:Zl’yi(t), ’y(t) = Kleyi(t), L € Lynypminir, G €
Lirsin, and D(t, x(0)) € Lgm xpn.

To reduce cost in the time-variant state feed-
back controller design, Li YL et al. (2018a) proposed
an event-triggered control scheme for robust set sta-
bilization of system (21).

Given a nonempty set M C Agn, an initial
state 2(0) = 8., and a time-variant control w(t) =
&(t, x(0))x(t), the event-triggered condition was for-
mulated as

dp(A(t+1), M) > 0, (25)

where A(t+1) =Col (Blk ( x_, (E®(i, 2(0)) RL.))),
and dy(A(t + 1), M) represents the Hausdorff dis-
tance between A(t + 1) and M.

nonempty sets A and B, the Hausdorff distance
between A and B is defined as duy(A4,B) =

maXge A { minye g {d(a, b)}}, where d(a,b) denotes

Given two

the Euclidean distance between a and b. Denote
the sequence of triggering time by t; < t3 < ... <
tr < ... < too-
sequence of feedback control updates as @ (1, x(0)),
P(to, z(0)), ..., P(t;,z(0)), ..., P(te,x(0)). Then,

the event-triggered controllers can be designed as

Correspondingly, one can obtain a

u(t) = D(ts, x(0)x(t),t € [ts,ts+1) NN,

where s =0,1,2,...,7,...,00 with £5 := 0.

Based on event-triggered condition (25), Li YL
et al. (2018a) proposed the following sufficient condi-
tion on the existence of the feedback event-triggered
controller:

Theorem 4 Consider system (21). Let a nonempty
set M C Apn and an initial state x(0) = 8%, be

given. System (21) is robustly stabilizable to M

under event-triggered condition (25), if M C ¥, (M)
and z(0) € ¥ (M).

Consider system (23). Split L into k™ equal
blocks, and further split each block into k™ equal
blocks as

L=[L} L2 ... L%, ..

1 2 k™
L. I2..... . LF.]

Forany s=1,2,...,7,...,00, define

Ats) ::{m(ts) € A(ty) C M : Col([L@(ts,l,ac(O))

x R, Ja(t,)) ¢ M}. (26)
Based on Theorem 4, Li YL et al. (2018a)

proposed an efficient algorithm for the design of

P(ts,2(0)),s=0,1,2,...,7,...,00.

Recently, many excellent results on KVLCNs
via the event-triggered control approach have been
obtained, including synchronization (Li YL et al.,
2018c¢; Tong et al., 2019; Yang JJ et al., 2019), sta-
bilization (Zhu SY et al., 2018a; Zhu QX and Lin,
2019), and so on (Tong et al., 2018a), and the cor-
responding triggering mechanisms and methods for
the design of feasible state feedback controllers were
proposed.

3.5 Control Lyapunov function approach

Control Lyapunov functions (CLFs) were pro-
posed for the design of state feedback stabilizers
in nonlinear control systems (Goebel et al., 2009;
Vaidya et al., 2010; Karafyllis and Jiang, 2013; San-
felice, 2013; Lu YY and Zhang, 2017). Wang YH and
Cheng (2017) generalized CLFs to finite evolutionary
games. Li HT and Wang (2017b) first established a
framework of Lyapunov stability theory for KVLCNs
using STP. Later, Li HT and Ding (2019) presented
a control Lyapunov approach to investigate feedback
stabilization defined in Definition 2 of system (5), in
which all possible state feedback stabilizers (8) and
the corresponding CLFs were designed.

The following notations are used in what follows:

1. Denote Up,, = {u € Apm : 87, = Lué).}.
For any 0,0 € {1,2,...,k™} with 8 # ¢, if the in-
equality a, > ag holds only when u € Uy, then we
say {a, > ao}l|u,.,-

2. {a, = ay}|v, , means the equality a, = a,
holds only when u € U, ,.
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3. Forany 0, € {1,2,...,

{ag, > a9}|Uw, it 0 # o,Up,p # 2,
{a’V = a’Y}|U%w7 if 0 = =7 U%'Y 7& <,
@, otherwise.

k™}, we define
Zgﬁtp =

Definition 8 Consider system (5) and let an equi-
librium x, = 5in € Agn be given. V(z) : Agn — R
is called a CLF of system (5), if (1) Ju* € Agm,
such that V(Lu*xze) — V(z.) = 0, and (2) V& €
Agn satisfying € # @e, 3 u, € Apm such that
V(Luzz) — V(x) > 0.

Li HT and Ding (2019) proposed the following

theorem on the existence of feedback stabilizers for
system (5):
Theorem 5 System (5) is globally stabilizable to
T, = 5%% by state feedback control (8), if and only if
system (5) has a control Lyapunov function V(z) =
L,x, where L, := [v1, va, ..., vgn] € RP**" is the
structural matrix of V(z).

The following theorem has been proposed on the
existence of CLFs:

System (5) has a CLF if and only if
there exists a positive integer 7 < k™ such that

Row,(S7) > 0,

Theorem 6

where S € RF"**" is defined as
1,if Zy %+ g,
(5)3079 = . Y
0, if Zg_w %+ .

System (5) has a CLF if and only if
there exists an integer 7 (0 < 7 < k™) such that

{ v € 61(v),
@T(’Y) = {1727'”7

Theorem 7

o@D

where @1 ={0:Zy_, #2,0 € {1,2,... k"}},
and O () = {9 36" € Op_1(7) such that Zg_)gl *
@,9e;{1,2,. Y E=2,3,.

In addition, denoting all of the admissible sets of
control Lyapunov inequalities by @;, i = 1,2,...,1,
the following result on the design of state feedback
stabilizers has been presented:

Theorem 8 Consider system (5) and assume that
Eq. (27) in Theorem 7 holds. The set of all state
feedback stabilizers is

l
— U ;
j=1

where !pj = {K = 5km[yl, Vo, ...
Upo,0=1,2,....k"}, j=1,2,...,L

, Ugpn] @ Vg €

4 Application

In this section, we present an example to illus-

trate the control design techniques considered in this
survey.
Example 2 Consider the reduced Boolean model
of the las operon in Escherichia coli (Veliz-Cuba and
Stigler, 2011). The biological meaning of each node
was given in Veliz-Cuba and Stigler (2011).

T (t + 1) :_‘Ul(t) A (IQ(t) V Ig(t)),

X9 (t + 1) :ﬁ’u,l(t) AN UQ(t) AN xl(t),

z3(t+ 1) =1 () A (u2(t) V (us(t) Az1(t))).

(28)

First, we consider the global stabilization of sys-
tem (28) via the reachable set approach. We take
an equilibrium X, = (1, 0, 1) ~ &, = 52, which
corresponds to lac operon being “ON” (Veliz-Cuba
and Stigler, 2011). Setting x(t) = x3_,x;(t) and
u(t) = x5_; (t)u;(t), system (28) can be expressed
in its algebraic form as

z(t+ 1) = Lu(t)xz(t),

where

L =65[8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,
8,8,8,8,8,8,8,8,8,8,8,8,8,8,8, 8,
1,1,1,5,3,3,3,7,1,1,1,5,3,3,3,7,
3,3,3,7,4,4,4,8,4,4,4,8,4,4,4,8].

Note that B\ (62) = {8 : i = 1,2,3,5,6,7}
and E (63) = Ag. Therefore, conditions (1) and
(2) in Theorem 1 are satisfied, which means that
system (28) can be globally stabilized to x. by a
state feedback controller.

For j =1,2,...,8, let [; and v; be as those in
Theorem 1. We havel; =1,5=1,2,3,5,6,7,1; =2,
j = 4,8. Then, we can take p; =7, j =1,2,3, and
p; =5,5=4,5,6,7,8. Thus, the feedback controller
u(t) = Ka(t) with K = 87, 7, 7, 5, 5, 5, 5, 5]
globally stabilizes system (28) to @, = d;.

Next, we consider the sampled-data sta-
bilization of system (28) with SCS Cy =
{8,62.85.85,85,85} and ICS C, {5 0.65,85).

The equlhbrlum is also given as @, = 8.
Given the set of sampling points S = {t, :
h € N}, as for the uniformly sampled case, we

take the samphng period p = 2. One can calculate
that L6565 = 65, B () = {65,62,62,64}, and
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EP(x,) = {65,62,62,6%,63,67} = Cy. Then, ac-
cording to Theorem 3, system (28) with SCS C and
ICS Cy is stabilizable to o, = 63 by the uniformly-
sampled-data control u(t) = Kx(t),t € [th, thi1)|n
with

) MS]? (29)

where u; € {5},7=4,5,7, pn; € {7}, =1,2,3, and
w; €{1,2,3,4,5,6,7,8},7 =6,8.

As for the nonuniformly sampled case, assume
that po = 2, p1 =3, po =2, p3 =3, ....
obtain that the nonuniformly-sampled-data control
u(t) = Kz(t), t € [tn,tp+1)|y with Eq. (29) can
also stabilize system (28) with SCS Cy and ICS C,
to @, = 8.

K:68[M17 M2, -

One can

5 Conclusions and future work

In this survey, we have reviewed a series of new
developments for control design techniques of LCNs,
including the reachable set approach, pinning con-
trol technique, control Lyapunov function approach,
event-triggered control technique, and sampled-data
control technique.
methods can be introduced to the control design
problems of LCNs in the future, including impul-
sive control (Li XD et al., 2015, 2019b; Vinodkumar
et al., 2018; Li HT et al., 2019b) and observer-based
control. Reducing the computational complexity of
existing methods is an interesting topic. In the last
decade, several methods have been introduced to re-

Several other kinds of control

duce computational complexity, including the aggre-
gation method (Zhao et al., 2016) and the matrix
factorization approach (Li HT et al., 2015). It is
hoped that more effective methods can be introduced
to reduce the computational complexity of LCNs in
the future. Extending the application fields of LCNs
is also an interesting topic. In the past few decades,
LCNs have found wide application in circuit design,
finite automata, game theory, graph theory, fuzzy
control, feedback register, and finite-field networks
(Li HT et al., 2018a). In the future, one may apply
the theory of LCNs to the modeling and control of
engineering devices such as unmanned aerial vehicles
and hybrid electric vehicles.
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