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Abstract: Two types of cascading decomposition problems of Boolean control networks are investigated using a

graph-theoretical method. A new graphic concept called nested perfect equal vertex partition (NPEVP) is proposed.

Based on NPEVP, the necessary and sufficient graphic conditions for solvability of the cascading decomposition

problems are obtained. Given the proposed graphic conditions, the logical coordinate transformations are construc-

tively obtained to realize the corresponding cascading decomposition forms. Finally, two illustrative examples are

provided to validate the results.
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1 Introduction

Boolean network (BN), first proposed by Kauff-
man (1969), is a kind of dynamic system composed
of logical variables and functions, which can be used
to model and quantitatively describe cell regulation
networks (Huang and Ingber, 2000; Huang, 2002;
Farrow et al., 2004). BNs with external inputs are
called Boolean control networks (BCNs) (Datta et
al., 2004). In the past several decades, studies on
BNs and BCNs have attracted great attention from
biologists, physicists, and systems scientists. Con-
sequently, a lot of excellent studies on the dynamic
behaviors of BNs have been conducted (Albert and
Othmer, 2003; Chaves et al., 2005; Klamt et al., 2006;
Ching et al., 2007; Cheng and Qi, 2009). In the recent
decade, a generalized matrix product called semi-
tensor product (STP) was proposed by Cheng and
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Qi (2010a). This is a powerful tool to convert logical
dynamic systems into algebraic systems. Based on
STP, an algebraic state-space representation frame-
work has been established for the analysis and con-
trol of BNs (Cheng et al., 2011). With the help of
this novel theoretical framework, many fundamental
results of BCNs have been obtained, including con-
trollability (Cheng and Qi, 2009; Liu et al., 2015), op-
timal control (Laschov and Margaliot, 2011; Zhao et
al., 2011; Li and Sun, 2012; Wu and Shen, 2015), ob-
servability (Fornasini and Valcher, 2013), stability or
stabilization (Li et al., 2013; Li and Wang, 2017; Lu
et al., 2018), disturbance decoupling (Cheng, 2011;
Liu et al., 2017a,b; Li and Zhu, 2019; Yu et al., 2019),
output regulation (Li et al., 2017), pinning control
(Lu et al., 2016), [1-gain problem (Meng et al., 2016),
and so forth.

In traditional control theory, for either linear or
nonlinear systems, system decomposition has been
proved to be a powerful technique in system anal-
ysis and control design (Wonham, 1974). System
decomposition is a natural way to deal with large-
scale systems and one of the most efficient ways to
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economically realize BNs via circuits.

There have been many studies on system de-
composition of BNs such as controllability decom-
position (Cheng et al., 2010), observability decom-
position (Cheng et al., 2010), decomposition with
respect to (w.r.t.) inputs (Zou and Zhu, 2014), de-
composition w.r.t. outputs (Zou and Zhu, 2017),
and Kalman decomposition (Cheng et al., 2010; Zou
and Zhu, 2015). Decomposition of multi-valued log-
ical functions and an aggregation algorithm about
large-scale BNs have been addressed in Cheng and
Xu (2013) and Zhao et al. (2013), respectively.

Cascading decomposition, as an essential and
special decomposition form of BCNs, is a theoret-
ically interesting and practically useful issue. If a
large-scale BCN can be decomposed into cascad-
ing form, then the problems of topological struc-
ture, controllability, and stabilization can probably
be solved by analyzing each subsystem separately.
Cheng et al. (2011) first investigated the cascading
state-space decomposition problem (SSDP) and gave
a necessary and sufficient algebraic condition. How-
ever, it is still difficult to constructively compute the
logical coordinate transformation to realize the cas-
cading state-space decomposition. Zou et al. (2018,
2019) studied the cascading SSDP of BCNs using
the nested method and designed controllers realizing
the cascading state-space decomposition. However,
how to construct the logical coordinate transforma-
tion to solve cascading SSDP is still an open prob-
lem. Moreover, as far as we know, the cascading
SSDP of BCNs discussed in the literature does not
involve the decomposition of inputs. The cascading
SSDP with cascading inputs is also very interest-
ing and important. Once a large-scale BCN can be
decomposed into cascading state-space decomposi-
tion in a cascading input form, based on its decom-
position form, it not only helps solve the problems
of topological structure, controllability, and stabi-
lization by analyzing each subsystem separately but
also helps analyze the control capability of BCNs.
Actually, the controllability decomposition in Cheng
et al. (2010) or decomposition w.r.t. inputs in Zou
and Zhu (2014) can be regarded as a special case of
the cascading SSDP with cascading inputs. In addi-
tion, if we replace inputs by disturbances in cascad-
ing state-space decomposition with cascading inputs,
some related disturbance decoupling problems, such
as triangular decoupling, can be analyzed. Based on

the above motivations, we propose a new cascading
decomposition form of BCNs. To distinguish the two
cascading decomposition problems, we call the orig-
inal and new cascading SSDP with cascading inputs
Type-I and Type-II cascading decomposition prob-
lems, respectively.

In this study, we investigate two types of cascad-
ing decomposition problems of BCNs in a different
way from the existing methods. Using vertex par-
tition theory and analyzing the state transition dia-
gram of BCNs, some interesting results are obtained.
The main contributions of this study are as follows:

1. This study provides a graph perspective to
study cascading SSDP of BCNs for the first time,
and gives a simple and clear graphic description for
the solvability of cascading SSDP.

2. To realize cascading state-space decompo-
sition, we design an algorithm to construct a logi-
cal coordinate transformation z = Tz based on the
graphic condition.

3. We propose a new cascading SSDP with cas-
cading inputs called the Type-II cascading decompo-
sition problem, and derive the similar results.

Throughout the paper, we use the notations as
shown in Table 1.

2 Preliminaries

First, we give some necessary preliminaries on
the STP of matrices, the theory of vertex partition,
and the graphic structure of BNs.

Definition 1  Set A = (a;j) € Rixn, B = (bij) €

Rpxq- Let a = lem(n,p) be the least common
Table 1 Notations used in this paper
Notation Description
|S| Number of elements in set S
D = {1, 0} Set of values of logical variables
Col;(A) i*™ column of matrix A
Col(A) Set of columns of matrix A
AT Transpose of matrix A
1, 1,1,...,1)7
. n
L i*h column of I,

Ay, A= {8L]i=1,2,...,k}

Lmxn £7n><n::{L € Rmxn | COI(L) C Anm }7
L € Ly, xn is called a logical matrix
om Omlit, t2,...,00] == [Jf}w 6%,...,5%}
X STP of matrices
N; Ni:=n1+n2+...+n;
(a,b] la,b] :={a,a+1,...,b}, where a and b

are two integers
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multiple of n and p. Then the STP of A and B
is defined as (Cheng and Qi, 2010a)

AxB=(A0I:)BaI2) (1)

In Definition 1, when n = p, the STP becomes
Hence, the STP
is a generalization of the traditional matrix product.
In the following discussion, A x B is denoted by AB.
Definition 2  The k-dimensional power-reducing
matrix is defined as (Cheng and Qi, 2010a)

the conventional matrix product.

M, =[8; ©6;,026;,...,8F 287 (2)

Set X € Ay. Then XX = M, X. Let X €
Ap,Y€EA, Then1EX =1,1TY =1, and

XY =X®I,)([;9Y)=XQY, (3)

X =(I,X)® 1Y) =T, 010Xy, (4)

Y=1'X)® I,Y)=Q1L oI,)XY. (5

Consider the logical mapping g : D™ — D" de-
fined by

zi:g’i(zlvz??"'vxn)v ’L':1,2,...,TL. (6>

If g : D* — D™ is a bijection, it is called a logical
coordinate transformation (Cheng and Qi, 2010b).
Let z = T'z be the algebraic form of the logical coor-
dinate transformation (6), where T' € Lon xon is the
structure matrix of g. It is clear that g is a logical
coordinate transformation if and only if T" is a non-
singular logical matrix, e.g., a permutation matrix
(Cheng and Qi, 2010b).

A logical variable takes value from D = {1, 0},
where 1 and 0 represent true and false, respectively.
In Cheng and Qi (2010a), each element of D is iden-
tified with the corresponding logical vector in Ay as
1~ 85 and 0 ~ &3.

Consider a BCN described by the logical form

t+1 f1<$1 7zn(t
wy(t), ua(t
t—l—l fg(.’l)l ,mn(t

w(t)us(t), . unlt)), (1)

@a(t+1) =fu (1) 22(0). . 2 D),

w (1), ua(t), . .. ,um(t)),

where z; (i = 1,2,...,n) are state variables and u;
(j = 1,2,...,m) are inputs. Let z(t) = I 2,
u(t) = xj_,u;, where all the logical variables take
Then Eq. (7) is converted into the
following algebraic form:

values in As.

z(t+1) = Lu(t)z(t), (8)
where L € Lon yontm.

Remark 1 The conversion process between
Egs. (7) and (8) can be found in Cheng and Qi
(2010a).

Let L = [Ll,LQ, - ,Li, C ,L2m] with L; €
Lonson fori=1,2,....q. Set B=3"" L;. Then
B = (byy) € Nan xon is a non-negative matrix, which
can be regarded as an adjacency matrix of a weighted
directed graph G with vertex set V' = {1,2,...,2"},
where G has a directed edge (¢, p) if and only if
bpg # 0. Here, we call G the state transition diagram
of Eq. (8). We say that p is an out-neighbor of ¢ if
bpg # 0. Let Cy = { p| by # 0 }. Then C, is the set
of all the out-neighbors of q. Let S be a subset of V'
and set N(S) ={p[I g €S, byg #0 } =U,es5Co
where N'(S) is the out-neighborhood of S. Clearly,
Cy = N{a}):

Definition 3 Let S; (I = 1,2,...,u) be some
subsets of V. S = {S}}_, is called a vertex partition

ofglfUSl Vand S;NS; =@ forany i # j. A

vertex partltlon S = {Si}}., of G is called an equal
vertex partition if |S;| = |V'|/u, where l =1,2,..., 1
and | - | denotes the number of elements in a set
(Borivka, 1974).

We give a simple example to illustrate the above
definitions.
Example 1 For a nonnegative matrix

NN O N
w o O =
= o W o
S O NN O

the state transition diagram of A is shown in Fig. 1.
Let S; = {1,2} and Sy = {3,4}. Then S = {51, S2}
is an equal vertex partition.

Definition 4 Consider a state transition diagram
with vertex set V. An equal vertex partition S =
{Si}/_, of V is called a perfect equal vertex partition
(PEVP) if for any | € {1,2,...,u}, there exists an
ay such that N(S;) C S, (Zou and Zhu, 2014).
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(. :

Fig. 1 State transition diagram of matrix A

Definition 5 Let R and S be two partitions of a
set V. Assume that for every R € R, there exists
an S € § such that R C S. Then the partition R is
said to be a finer partition than S, and the partition
S is said to be a coarser partition than R, denoted
by R C S (Potucek, 2014).

Here, we propose a concept which plays an im-
portant role in the rest of this study.
Definition 6  Let S be a vertex partition, i =
1,2,...,p. {S',8%,...,8P} is said to be a set of
nested vertex partitions if

sfcsSte... st st (9)

Furthermore, if S? in expression (9) is a PEVP
for each i = 1,2,...,p, then {S*, S2,...,SP} is said
to be a set of nested PEVPs (NPEVPs). An example
is given to illustrate Definition 6.
Example 2 Consider a state transition dia-
gram with vertex set V' = {1,2,...,16}. Construct
three vertex partitions. S' = {S}}!_; with S] =
{9,11,13,15}, S3 = {1,3,5,7}, S3 = {2,4,6,8},
and S} = {10,12,14,16}. &% = {S?}5_, with
S? = {9,11}, S2 = {13,15}, S = {1,3}, S7 =
{5,7}, S2 = {2,4}, S2 = {6,8}, 5% = {10,12}, and
S2 = {14,16}. 83 = {S,;}}8, with S? = {i}. Then
we have S? © 8% C S!. So, {S!,82,83} is a set of
nested vertex partitions.

3 Type-1I cascading decomposition

Type-I cascading decomposition of BCNs was
first proposed by Cheng et al. (2011). This is helpful
in analyzing the topological structure, controllabil-
ity, and stabilization problems of the original system.
The definition is described as follows:

Definition 7 Consider Eq. (7) with Eq. (8) (Cheng
et al., 2011). The Type-I cascading decomposition
problem is solvable if there exists a logical coordi-
nate transformation z = Tz such that under the z

coordinate frame, the system can be converted into

20t +1) = Gru(t)zU (),
2Pt + 1) = Gau(t)2 (1)217)(1),

' (10)
2Pt + 1) = Gu(t)2 ()22 (1) .. 2P (1),
2P 4 1) = Gpau(t)z(t),

where z = Ell 2 2l = Vi Lz € Agni,u €
A2m, G; e £2ni><21\7i+m, No=0,N; :=ni+ns+...+
ng,ni+no+...+np=n,andl =1,2,...,p+1.
First, according to the theory of STP of matri-
ces, we have the following proposition:
Considering Eq. (8), the Type-I
cascading decomposition problem is solvable if and
only if there exists a logical coordinate transforma-
tion z = T« such that under the 2z coordinate frame,

Proposition 1

for any ¢ € [1, p], the system can be converted into

0+ D)2+ 1), 20+ 1)
o)z ()22 () . 2l (1), a1
2000+ D22+ 1) 2P (1)

= Gitit2,.. pr1u(t)2(t),

where 2! (t)7z[2](t)7 L. ,z[i] (t) S AQN“ G1)27_“)7; S
£2Nz' x2Nit+m, and Gi+1,i+2
Proof Necessity: By multiplying the first i equa-
tions and the last (p + 1 — 4) equations of Eq. (10),
we obtain Eq. (11) with a straight computation.

p+1 € £2n—N,i won+m.

.....

Sufficiency: Comparing the first equation of
Eq. (11) with the first equation of

20+ D280+ 1), 2@ 1)
=G, ar1u(t)2M()2P (). (),
20 4 1) 1) 2P 4 1)

= Git2,it3,. pr1u(t)z(t),

(12)
we have that zl"*1(¢ + 1) is the logical function of
2l (t). Then, 2lH1(t + 1) can be written as

Lli+1] (t+1) :f(u(t), 2 (t), 212 (t),... ’z[i+1] (t)) (13)

From Egs. (11) and (12), there exists a logical
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matrix G; 41 such that

W+ 0P +1). . 204 1)
= G, u()2M()2P) .. 21,
2+ 1) = Giu®)2M (022 (1) .. 2l (@),
2+ 1208 1) 2P (4 1)
= Git2,i13,... pr1u(t)z(t).
(14)

Eq. (10) can be derived by taking i =
1,2,...,p — 1 in Eq. (14) separately. Considering
Eq. (8),1let L = [Ly, Lo, ..., Lom] and G; be the state
transition diagram of L;, j = 1,2,...,2™. The fol-
lowing lemma are contained in Theorem 4.2 in Zou
and Zhu (2017):
Lemma 1 Considering Eq. (8), for any i €
[1,p], there exists a logical coordinate transforma-
tion z = T;x such that under the z coordinate frame
the system becomes Eq. (11) if and only if the di-
agrams G; (j =1,2...,2™) have a common PEVP
St = {51}2" with |5}| = 2”*N' Moreover, given a
common PEVP St ={Si}i 1, the permutation ma-
trix T'; can be obtained from (Zou and Zhu, 2017)

(IQNi ® ]—gani )Ti = Qi?

where Q; = 8y, [j1, 75, .-, jl - ..
any q € Sj.
Remark 2
By the construction of @, and |S;| = 2"~Vi, we see
that all the columns of @, are just the columns of
In, ® lgn,Ni. Reordering the columns of Iyn, ®
12Tn, ~; yields @;, which implies that there exists T
satisfying Eq. (15).

Let i ~ 84, for any i € V. Then {83.,85.,. ..,
62n} ~ {1,2,...,2"}. For simplicity, we call {83.,
8o,y .. ,62.} a vertex set in the following.

Next, we give a graphic condition related only
to the structure matrix of BCNs for the solvability
of the Type-I cascading decomposition problem.
Theorem 1 Considering Eq. (8), the Type-I
cascading decomposition problem is solvable by a

(15)

, J4n] with j2 = [ for

We give an explanation for Eq. (15).

coordinate transformation z = Tz if and only if
the state transition diagram of Eq. (8) has a set
of NPEVPs {§1:2:P Sh2eop=l  SL2 S gat-
isfying St ¢ Stz - .. §Y? C St

2N

where for anyi c [LP]’ 81’2 ..... - {Sl1,2 ..... B l:i

with |Sl1’2 """ ‘| = 27N is a common PEVP of G,
j=1,2...,2m
Proof  Necessity: Suppose that the Type-I cas-

cading decomposition problem is solvable. From

Proposition 1, for any ¢ € [1,p], we have Eq. (11).
Fix 2[112[2]...z[i] = 6,x, and define SV
(5142 it

8P =TTz € Agn |z[1]z[2] L2 =68ha (16)
which fqllows from the construction of S%2-* that
|Sll’2"“’z| 2n=Ni for any I. So, ShZwi

{511’2""’i}l 1 is an equal vertex partition. Consider
Eq. (11) and fix u(t) = 6%’”7 Jj=1,2,...,2™. Forany
Land any 3(t) =T 2(t) = T" 8w, 8)-x, € 87277,
where z[1()22(2) ... 2l1(t)

Mt +1)28+1)..

1
= dyn; , we have

20+ 1)

@32 (022(0) 2 () = 834, (17)

,,,,,,

Hence, from Egs. (1
1) =

6) and (17), we have z(t +
T 2(t +1) € 5;32""’i, where z(t + 1) =
1
5;;,1.2[”1] (t + D)2lH2 (¢t +1). Let N(-) represent
out-neighborhood under u = 8%,..
(1) € g2t
u = 6. Considerilngj =1,2,...,2m
St is a common PEVP of G;.
Next we prove SH:2--t1 = §L.20 for any i €

Then we have
S12 i a PEVP under

, we have that

[1,p—1]. For anyland any z(t) = TT¢512N73+1 gn—Nit1
€ Sl Tt gt 62N1+1 61211\, 627@1“ Then
T 1,2,
z(t)=T 6 62n,+1 gn—Nig1 € 5], ‘ (18)
where Sll’Q""’Hl - 5111’2"“’i Thus, SH2-it+l —
St2-t So, we have that {S! SY2 ... St2Z-P}
is a set of NPEVPs. The necessity is proved.
Sufficiency: Since
Sl,2,...p C 81,2,...1771 C...

cs?cst, (19

i 1,2,...,iy2Ni . 1,2,...,%
where 81’2 ..... [ {Sl7y 5T l2:1 with |Sl7y 71| —

2n=Ni for any i € [1, p|, we can set

81,2,...,1':{51,2 ----- o |1 < lk

l1,l2,...

<om 1<k <i}, (20)

2. Qmit1
where Sl T ...l = U
_ B Lipi=1
C Sh ’2""11 fori = 1,2,...,p — 1. Thus, we have
={S} |1 <1y < 2™}, where

1,2,..,i41
Sll Lo, lita

and Gh2itl

l1,l2,. 0l

on2 9n3 2np

ss=UU--Us

la=113=1 Ip=1

12 ~~~~~
l1712> -l

(21)
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Construct a series of sets as 8" = {5} |1 < I; <
2"} where

2n1 2n2 2n -1 2n +1 2n +2 an
1,2,...,p
l1>l27-~>lp
I1=112=1 li_1= 1l7,+1 1l1+2 1 p—l
(22)
and ¢ = 2,3,...,p. From the construction, we have

that S* is an equal vertex partition with [S] |
2"~ 'We claim that for any i € [1, p],
T=8'AS*ALL NS

sh? (23)

In fact, for any S}l € 817532 € 82,...,5};1 €S,

where r; € {1,2,...,2™}, we have

sLOSA()-- S

ona g9n3 onp
_ 1,2,...,p
(UU- Usizra)n
lo=113=1 lp=1
on1 9n3 onp
G2
l1,T27
I1=113=1 lp=1

om1 9n2 gni—1 gnj+1

Uu--

l1=1l2=1

2mp

U U -Ustti.)

li—1=11l;41=1

(

gritl gni+2
liv1=1 li+2:1

512

T1 ,T2 N

=1

2mp

U GLi2sp

71,72, i lip b2, lp
Ip=1

T

From the arbitrariness of r;, Eq. (23) holds.

Next we use these equal vertex partitions S°
(1t = 1,2,...,p) to construct a logical coordinate
transformatlon matrix T and prove that the Type-I
cascading decomposition problem of Eq. (8) is solv-
able under z = Tx.

We denote the equivalence relation induced by
S as‘fsvl,i =1,2,...,p. Foranyi e [1,p|andq € S ,
let jé = l;, where [; € {1,2,...,2"}. Construct
logical matrices as
(24)

Qi :62"7[‘7173577‘7;”]71 = 1727-'-717

. S?
From the construction of Q,, we have s~t <

= ji. Set

Qp *Qy

7

L0 i

-1,2,.. 1,2,...2
»J2 3o ]7

7]271 ’
(25)
where * is the Khatri-Rao product. It follows from

L #Qy =8 [

309
Eq. (25) that
Gt =gt e gy =gt = gt 0 =
&S ‘fSJ t,s ,j t, , S ‘?\j t
oS (26)
Since 82+ is an equal vertex partition of V

with [S1:2+P| = 2N» we have

(@1 % Qs *

Thus, we can rearrange the columns of I,~, ®
lgn,NP to obtain @ * @, * ... * Q,. There exists a
permutation matrix T" such that

Tyny @15, 3,)T = Q1 + Q4 * * Q-

Furthermore, for any i € [1, p], we have

Q) 1o =27V Ln, (27)

(28)

(Iynv: ® 15, n,)T
=y~ @ 1r2r)(IgNwt+1 ® 1’;"’Ni+1)T
=Ty~ ® 1r2r)(IgNwt+1 ® 1r2r>(Ingt+2 ® 12Tn7N1:+2 )T

(Tyn: ® 1F2F)(IQN1’+1 ® 1;F> Iy @ 1;*1\’;) T

=y~ ® 1F2F)(12Ni+1 ® 1F2F) s (Ing—l ® 12T) @
*Qyx ... xQ,

=Q, *Qy ... Q. (29)
For any i € [1,p], it follows from Egs. (25), (26),

and (29) and Lemma 1 that Eq. (8) can be converted
into Eq. (11) under the transformation z = Tz.
Thus, from Proposition 1, we have that the Type-I
cascading decomposition problem of Eq. (8) is solved
by z =Tz.

Remark 3 Theorem 1 presents a necessary and suf-
ficient graphic condition for the solvability of Type-I
cascading decomposition problem for the first time.
The graphic condition gives a simple and clear de-
scription for Type-I cascading decomposition. Com-
pared with the algebraic condition related to the
existence of solutions to some algebraic equations
(Cheng et al., 2011), the graphic condition is related
only to the state transition diagram, i.e., the struc-
ture matrix of BCNs. In addition, based on Theo-
rem 1, we can directly design an algorithm to con-
struct the logical coordinate transformation z = Tz,
while in Zou et al. (2019), how to construct the log-
ical coordinate transformation is still an open prob-
lem. In this study, we do not give an algorithm to
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search for a set of NPEVPs shown in Theorem 1.
How to search for a set of NPEVPs is a new issue
in graph theory. Based on Theorem 1, we give Al-
gorithm 1 to compute logical coordinate transforma-
tion z =Tz.

Remark 4  Since the construction of 8" and @, is
related to 2,4 = 1,2, ..., p, and the computation of
T from Eq. (28) is related to 2", Algorithm 1 has at
least exponential time complexity as n is very large.

Algorithm 1 Computing logical coordinate trans-

formation z =Tz

1: Compute Eq. (8) from Eq. (7). Let L = [L1,Lo,...,Lom]
and G; be the state transition diagram of L;, j =
1,2,...,2m

2: Search for an NPEVP §1:2-wp ¢ SL2-p—1 . [
S12 © S, where for any i = 1,2,...,p, SH%% is a
common PEVP of G;, j =1,2...,2™

3: Construct a series of sets S* in Eq. (22) and Q; in Eq. (24)

4: Compute T from Eq. (28)

We consider an example in Cheng et al. (2011)
to illustrate how to find the logical coordinate trans-
formation z = Tx.

Example 3 Consider the following BCN described
by Cheng et al. (2011):
z1(t+1) = x4y (t)V(z
xo(t+1)= ((:L‘1(t)\7x4(t))
1E3(t + 1) = $4(t)

& (2alt) A (@3(0) & (@2(6)Vaa (1)),

za(t +1) =1 (1) = wi(?),

-

—~
~+

~

(30)
where x1,Z2,23,T4,u1, and us € As.
Let £ = 122324, u = wius. Then the alge-
braic form of Eq. (30) is

z(t+ 1)=Lu(t)z(t), (31)

with

L=651,11,3,11,1,11,3,11,3,11,1,11,3,11, 1, 11,
5,11,7,11,1,15,3,15,3,15,1,15,7,11, 5,11,
10,4,12,4,10,4,12,4,3,11,1,11,3,11,1, 11,
14,4,16,4,10,8,12,8,3,15,1,15,7,11,5, 11].

Let L = [Ly,Ls,Ls,Ly]. As shown in Figs. 2—
5, the state transition diagram G; of L; has an
NPEVP S C 8, where S = {S}}? | and S*2 =

{S1112712|1 <l €4,1 <ly <2} are common PEVP
of G; with §1 = {9,11,13,15}, S} = {1,3,5,7},
S = {2,4,6,8}, SI = {10,12,14,16}, S;7} =
{9,11}, S5 = {13,15}, Sy7 = {1,3}, Sy = {5, 7},
Syt = {2,4}, S35 = {6,8}, Sit = {10,12}, and
Sy ={14,16}.

From Eq. (22), we construct §? = {57, 53} as

4
St = 8,3 ={9,11,1,3,2,4,10,12},
l1:1
4
U Si% ={13,15,5,7,6,8,14,16}.
l1:1

S3

From the equal vertex partitions S' and S2, we
have

Fig. 3 State transition diagram of G2
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Fig. 5 State transition diagram of G4

Ql :64[2737273727372733174313471743134]7
Q,=465[1,1,1,1,2,2,2,2,1,1,1,1,2,2,2,2].

3 ) 3 ) 3 ) 3 ) ) ) ) ) ) ) )

Then we have
Ql * Q2 = 68[37 57 37 5747674763 17 7? 17 77 2? 8? 278]

Considering Eq. (28), let (I3 ®13)T = Q; *Q-.
A permutation matrix T is obtained as

T = 654[5,9,6,10,7,11,8,12,1,13,2, 14,3, 15,4, 16].
(32)

From the sufficiency proof of Theorem 1, un-

der the logical coordinate transformation z = Tz,

Eq. (30) can be converted into Eq. (10) as

M +1) = Gru(t)=1(1),
2Pt + 1) = Gau ()2l ()27 (1),
2Bt + 1) = Gau(t)2(t),

where 21 = 2,25, 28 = 25, 213 = 24, and

G, =642,2,1,1,2,2,1,1,2,4,3,1,2,4,3,1],
Gy =65[1,1,1,1,1,1,1,1,1,2,2,1,1,2,2, 1,

1,1,1,1,1,1,1,1,1,2,2,1,1,2,2, 1],
Gy =65[2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2

) 3 ) 3 ) 3 ) ) ) ) ) ) ) ) ) )

27 1727 17 1727 1727 27 27 27 27 27 27 27 27

2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2,
2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2].

Using the model construction method in Cheng
et al. (2011), we obtain the following dynamic logical
equations:

2(t+1) =ui(t) V (ﬂ ui(t) A (21(1) > zg(t))),

ZQ(t + 1) = 7 Zl(t),

23(t+1) = us(t) V (ﬁ us A (2a(t) > zg(t))),
(t+1)

z4(t + 1) = (21(t) A 22(t) A 24(t))

\Y (Zl(t) A — ZQ(t) A - 24(t>) V =2z,
(34)

The Type-I cascading decomposition problem

discussed above does not involve input decomposi-
tion. As mentioned in Section 1, the cascading state-
space decomposition problem with cascading inputs
called Type-II cascading decomposition is also a the-
oretically interesting and practically useful problem,
which we investigate in the next section.

4 Type-II cascading decomposition

The Type-II cascading decomposition problem
is defined as follows:

Definition 8 Considering Eq. (7) with Eq. (8), the
Type-II cascading decomposition problem is solvable

if there exists a logical coordinate transformation
2z = Tz such that under the z coordinate frame the



312

system becomes

2t 4+ 1) = Gt (1)21(1),
22t + 1) = Gout (Hu? (1) 21 (1)22 (1),

' (35)
2Pl + 1) = Gut (u?(t) .. . uP (1)
22 (). 2P (),
AP+ 1) = Gpiau(t)2(d),
+1 . +1 . .
where z = Z?IX 2l u = éx ut, 2l = MfV:iNFlel €

i=1 i=1
) M;
Agni s u' = XM, 41W € Agm,, G, € £2n1X2N1-+Z\473

forany 1 <i<p+1, No =0, N, := Ng, N1 +

i
s=1

9

no + ...+ npy1 =n, My =0, M; := mg, and

s=1

my+me+ ...+ Mpy1 =m.

The following proposition can be derived in a
similar way to Proposition 1. The specific process of
proof is omitted here:

Proposition 2  The Type-II cascading decompo-
sition problem is solvable if and only if there exists a
logical coordinate transformation z = Tz such that
under the z coordinate frame. For any i € [1,p],

Eq. (8) can be converted into

W+ 1220+ 1), 200+ 1)

,,,,,, at(u(t) . a0 (2B (). 20 (),
2 4 1) 1)L 2P 4 1)
= Git1,it+2,... pr1u(t)2(t),

(36)
where zMN(t)212(t)...200(t) € Ayv, Gia..i €
£2Ni x 2N +M; and Gi+1,i+2

Let L = [Ll,L27..
description, two sets are defined here. For any i =
1,2,...,p+1land j=1,2,...,2M

p+1 S £2n7Ni xn+m.

.....

., Lam]. For convenience of

i we define

I ::{T € [1,2M|u = 85m,

19,2 i
ulu?..u 7621‘41:

1,2 i_ gj
wu...u —62]\41,},

(37)
1,20
Mp>t = > L,.
el e,
The state transition diagram of Mjl2l is de-

noted by G %",
Theorem 2 For any i € [1, p], there exists a logical
coordinate transformation z = T;x such that under

Li and Zhu / Front Inform Technol Electron Eng 2020 21(2):304-315

the z coordinate frame, BCN becomes Eq. (36) if and
only if the diagram gj 2" has a common PEVP
St = {57}2" with |Sj| = 2n— s,
Proof Necessity: Set 2'2%...2" = 6l2Ni and define
Si = {TTz | 2'2>...2" = 8bn,}. Then we have
|Si| = 2n=Ni and ' = {S/}2"1 is an equal vertex
partition.

Considering Eq. (36), we set ujus ... u; = 5%%-
for any j = 1,2,...,2Mi. For any

z(t) =T 2(t) =T 6, n, 850, € 5], (38)
where 21 (£)22(t) ... 2%(t) = 85w, , we have
2+ 122t +1).. .2+ 1)
=Gip,..i6), 2" ()22 (t) .. 2" (1) == 60L,.  (39)
Then
z(t+1) =T z2(t+1) €S, (40)

This implies that N7(S}) C S(i{, and S is a
PEVP under u = 5ng From the arbitrariness of
j, we have that S’ is a common PEVP of G;, j =
1,2...,2M:,

Sufficiency: Since S? {SZ}ZQ;\I{ is an equal ver-
tex partition with |Sf| = 2"~V for any z = 8%, €
Sil=1,2,...,2N let Q;04, = 6l2Ni. Then there
exists a permutation matrix T; € Lan 9= such that
Q, = Iy, ® lgn,Ni )T;. Let z = T;z. Then

Qix= I~ ® lgn,Ni Tz =z'22...2". (41)

It lfollows from S* being a common PEVP of
g}”“ (j=1,2...,2Mi) that for any [ and j, there
exists an o] such that N7(Sj) € S . Thus, for any

. al .
z(t) =63, € S}, we havez(t +1) € S’ and
Rl

A+ 12+ 1)+ ) = Qua(t+1) =551,

(42)

So, there exists a Gjl"2 _____ i € Lon,yon,

such that 2z'(t + 1)22(t + 1)...2%(¢ + 1)

G{y27._.yizl(t)z2(t) ...2%(t). Given the arbitrariness
of 7, we have

2+ 122t +1).. .2+ 1)

= G1,27___yiu1(t)u2 (t)...u' ()2 ()22 (1) ... 2 (t),

where G2, ; € Lon; yon;+n;. Therefore, Eq. (36)
holds.
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Similar to the Type-I cascading decomposition
problem of BCNs, a graphic condition for Type-II
cascading decomposition is provided here.
Theorem 3 Considering Eq. (8), the Type-II cas-
cading decomposition problem is solvable by a coor-
dinate transformation z = Tz if and only if there ex-
ists an NPEVP St2-p £ St2-p-l - £ SH2
8!, where for any i, SH?¢ = {511’2"“’i 12;\[{ with

|52 +| = 27=Ne is a common PEVP of G2+,
j=1,2,...,2M:,

Proof Necessity: For any i = 1,2,..'.,p,
set z122...20 = &yv, and define S =

(T"2 € Asu|2'22...2" = §yn,}. Let SW2i =
{82 lzi’l By the same process as the
proof of necessity of Theorem 2, for each i,
Sti2yni {51121}12;\[{ is a common PEVP of
griet g | glEes

Next we prove Stitl ¢ Sh2-% for any
i = 1,2,...,p— 1. For any ! and any z(t) =
T'T(sIQNiJrl ;ani+1 S Sl172"“’i+1, we set 6Z2Ni+1

6l21Ni 8%+, Then we have

o(t) =T 60,05 180~y €S20 (43)
Thus, Sl1’2""’i+1 C 5111’2"“’i and St2Z-itl
Sh2+% Then the necessity is proved.

Sufficiency: The sufficiency proof is similar to
that of Theorem 1, and is omitted here.
Remark 5 In Zou and Zhu (2014), Eq. (8) is said
to be decomposable w.r.t. inputs if Eq. (8) under
a logical coordinate transformation z = Tz can be
converted into

{zlll (t+1) =G2M(1),

2PI(t +1) = Gou(t)z(t). (44)

The form of Eq. (44) is also a controllability
decomposition in Cheng et al. (2010). Comparing
Eq. (44) with Eq. (35), we have that decomposi-
tion w.r.t. inputs or controllability decomposition
of BCNs is Type-II cascading decomposition when
p=1and m; = 0 in Eq. (35). Thus, Type-II cas-
cading decomposition is the generalization of decom-
position w.r.t. inputs in Zou and Zhu (2014) and
controllability decomposition in Cheng et al. (2010).

Similar to Type-I cascading decomposition, we
can compute the logical coordinate transformation
z =Tz in Theorem 3.

Example 4 Considering Eq. (30) whose algebraic
form is Eq. (31), let M| = Ly + Lo, My = L3 + Ly,

M? =Ly, My? = Ly, My® = L3, and M} = L,.
The state transition diagrams Gl of M} and G} of
M} have a common PEVP S' = {S!}2 |, as shown
in Example 3. The state transition digraphs Qll 2 of
M2, Gy? of My?, Gy? of My®, and G, of M}?
have a common PEVP S%2 = {Slll’32|1 <l <4,1<
Iy < 2}, as shown in Example 3. From Example 3,
we have S12 C St.

Based on the above discussion, we have that S1+2
and S! satisfy conditions in Theorem 3. So, there
exists a logical coordinate transformation z = Tx
such that Eq. (30) can be converted into Eq. (35).
Omitting the same processes as shown in Example 3,
we have

T =6,5[5,9,6,10,7,11,8,12,1,13,2,14, 3,15, 4, 16],

(45)
and Eq. (30) is converted into
2t +1) = Grui (1)1 (1),
2Pt + 1) = Gouy (H)ua ()2 (1)22)(1), (46)

2Bt + 1) = Gau(t)z(),
where 2! = 2124, 212 = 23, 231 = 24, and

Gy =642,2,1,1,2,4,3,1],

Gy =65[1,1,1,1,1,1,1,1,1,2,2,1,1,2,2, 1,
1,1,1,1,1,1,1,1,1,2,2,1,1,2,2, 1],

Gs =65[2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2,
2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2,
2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )

2,1,2,1,1,2,1,2,2,2,2,2,2,2,2,2].

5 Conclusions

The Type-1 and Type-II cascading decomposi-
tion problems for BCNs have been investigated using
a graph-theoretical method in this study. Two nec-
essary and sufficient conditions have been obtained
for the solvability of Type-I cascading decomposition
of BCNs. An algorithm to compute the logical co-
ordinate transformation z = T'z has been designed.
For Type-II cascading decomposition, similar results
have been presented. In future work, we will investi-
gate some related decoupling problems of BCNs.
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