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Abstract: Two types of cascading decomposition problems of Boolean control networks are investigated using a
graph-theoretical method. A new graphic concept called nested perfect equal vertex partition (NPEVP) is proposed.
Based on NPEVP, the necessary and sufficient graphic conditions for solvability of the cascading decomposition
problems are obtained. Given the proposed graphic conditions, the logical coordinate transformations are construc-
tively obtained to realize the corresponding cascading decomposition forms. Finally, two illustrative examples are
provided to validate the results.
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1 Introduction

Boolean network (BN), first proposed by Kauff-
man (1969), is a kind of dynamic system composed
of logical variables and functions, which can be used
to model and quantitatively describe cell regulation
networks (Huang and Ingber, 2000; Huang, 2002;
Farrow et al., 2004). BNs with external inputs are
called Boolean control networks (BCNs) (Datta et
al., 2004). In the past several decades, studies on
BNs and BCNs have attracted great attention from
biologists, physicists, and systems scientists. Con-
sequently, a lot of excellent studies on the dynamic
behaviors of BNs have been conducted (Albert and
Othmer, 2003; Chaves et al., 2005; Klamt et al., 2006;
Ching et al., 2007; Cheng and Qi, 2009). In the recent
decade, a generalized matrix product called semi-
tensor product (STP) was proposed by Cheng and
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Qi (2010a). This is a powerful tool to convert logical
dynamic systems into algebraic systems. Based on
STP, an algebraic state-space representation frame-
work has been established for the analysis and con-
trol of BNs (Cheng et al., 2011). With the help of
this novel theoretical framework, many fundamental
results of BCNs have been obtained, including con-
trollability (Cheng and Qi, 2009; Liu et al., 2015), op-
timal control (Laschov and Margaliot, 2011; Zhao et
al., 2011; Li and Sun, 2012; Wu and Shen, 2015), ob-
servability (Fornasini and Valcher, 2013), stability or
stabilization (Li et al., 2013; Li and Wang, 2017; Lu
et al., 2018), disturbance decoupling (Cheng, 2011;
Liu et al., 2017a,b; Li and Zhu, 2019; Yu et al., 2019),
output regulation (Li et al., 2017), pinning control
(Lu et al., 2016), l1-gain problem (Meng et al., 2016),
and so forth.

In traditional control theory, for either linear or
nonlinear systems, system decomposition has been
proved to be a powerful technique in system anal-
ysis and control design (Wonham, 1974). System
decomposition is a natural way to deal with large-
scale systems and one of the most efficient ways to
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economically realize BNs via circuits.

There have been many studies on system de-
composition of BNs such as controllability decom-
position (Cheng et al., 2010), observability decom-
position (Cheng et al., 2010), decomposition with
respect to (w.r.t.) inputs (Zou and Zhu, 2014), de-
composition w.r.t. outputs (Zou and Zhu, 2017),
and Kalman decomposition (Cheng et al., 2010; Zou
and Zhu, 2015). Decomposition of multi-valued log-
ical functions and an aggregation algorithm about
large-scale BNs have been addressed in Cheng and
Xu (2013) and Zhao et al. (2013), respectively.

Cascading decomposition, as an essential and
special decomposition form of BCNs, is a theoret-
ically interesting and practically useful issue. If a
large-scale BCN can be decomposed into cascad-
ing form, then the problems of topological struc-
ture, controllability, and stabilization can probably
be solved by analyzing each subsystem separately.
Cheng et al. (2011) first investigated the cascading
state-space decomposition problem (SSDP) and gave
a necessary and sufficient algebraic condition. How-
ever, it is still difficult to constructively compute the
logical coordinate transformation to realize the cas-
cading state-space decomposition. Zou et al. (2018,
2019) studied the cascading SSDP of BCNs using
the nested method and designed controllers realizing
the cascading state-space decomposition. However,
how to construct the logical coordinate transforma-
tion to solve cascading SSDP is still an open prob-
lem. Moreover, as far as we know, the cascading
SSDP of BCNs discussed in the literature does not
involve the decomposition of inputs. The cascading
SSDP with cascading inputs is also very interest-
ing and important. Once a large-scale BCN can be
decomposed into cascading state-space decomposi-
tion in a cascading input form, based on its decom-
position form, it not only helps solve the problems
of topological structure, controllability, and stabi-
lization by analyzing each subsystem separately but
also helps analyze the control capability of BCNs.
Actually, the controllability decomposition in Cheng
et al. (2010) or decomposition w.r.t. inputs in Zou
and Zhu (2014) can be regarded as a special case of
the cascading SSDP with cascading inputs. In addi-
tion, if we replace inputs by disturbances in cascad-
ing state-space decomposition with cascading inputs,
some related disturbance decoupling problems, such
as triangular decoupling, can be analyzed. Based on

the above motivations, we propose a new cascading
decomposition form of BCNs. To distinguish the two
cascading decomposition problems, we call the orig-
inal and new cascading SSDP with cascading inputs
Type-I and Type-II cascading decomposition prob-
lems, respectively.

In this study, we investigate two types of cascad-
ing decomposition problems of BCNs in a different
way from the existing methods. Using vertex par-
tition theory and analyzing the state transition dia-
gram of BCNs, some interesting results are obtained.
The main contributions of this study are as follows:

1. This study provides a graph perspective to
study cascading SSDP of BCNs for the first time,
and gives a simple and clear graphic description for
the solvability of cascading SSDP.

2. To realize cascading state-space decompo-
sition, we design an algorithm to construct a logi-
cal coordinate transformation zzz = TTTxxx based on the
graphic condition.

3. We propose a new cascading SSDP with cas-
cading inputs called the Type-II cascading decompo-
sition problem, and derive the similar results.

Throughout the paper, we use the notations as
shown in Table 1.

2 Preliminaries

First, we give some necessary preliminaries on
the STP of matrices, the theory of vertex partition,
and the graphic structure of BNs.
Definition 1 Set AAA = (aij) ∈ Rm×n, BBB = (bij) ∈
Rp×q. Let α = lcm(n, p) be the least common

Table 1 Notations used in this paper

Notation Description

|S| Number of elements in set S

D = {1, 0} Set of values of logical variables
Coli(AAA) ith column of matrix AAA

Col(AAA) Set of columns of matrix AAA

AAAT Transpose of matrix AAA

1n [1, 1, . . . , 1
︸ ︷︷ ︸

n

]T

δδδδδδδδδik ith column of IIIk
Δk Δk:= {δδδik|i = 1, 2, . . . , k}

Lm×n Lm×n:={LLL ∈ Rm×n

∣

∣Col(LLL) ⊂ Δm },
LLL ∈ Lm×n is called a logical matrix

δδδm δδδm[i1, i2, . . . , ir ] := [ δδδi1m, δδδi2m, . . . , δδδirm ]

� STP of matrices
Ni Ni := n1 + n2 + . . .+ ni

[a, b] [a, b] := {a, a+ 1, . . . , b}, where a and b

are two integers
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multiple of n and p. Then the STP of AAA and BBB

is defined as (Cheng and Qi, 2010a)

AAA�BBB = (AAA⊗ III α
n
)(BBB ⊗ III α

p
). (1)

In Definition 1, when n = p, the STP becomes
the conventional matrix product. Hence, the STP
is a generalization of the traditional matrix product.
In the following discussion, AAA�BBB is denoted by AAABBB.
Definition 2 The k-dimensional power-reducing
matrix is defined as (Cheng and Qi, 2010a)

MMMr,k = [δδδ1k ⊗ δδδ1k, δδδ
2
k ⊗ δδδ2k, . . . , δδδ

k
k ⊗ δδδkk ]. (2)

Set XXX ∈ Δk. Then XXXXXX = MMM r,kXXX . Let XXX ∈
Δm, YYY ∈ Δn. Then 1T

mXXX = 1, 1T
nYYY = 1, and

XXXYYY =(XXX ⊗ IIIn)(III1 ⊗ YYY ) =XXX ⊗ YYY , (3)

XXX =(IIImXXX)⊗ (1T
nYYY ) = (IIIm ⊗ 1T

n )XXXYYY , (4)

YYY =(1T
mXXX)⊗ (IIInYYY ) = (1T

m ⊗ IIIn)XXXYYY . (5)

Consider the logical mapping g : Dn → Dn de-
fined by

zzzi = gi(xxx1,xxx2, . . . ,xxxn), i = 1, 2, . . . , n. (6)

If g : Dn → Dn is a bijection, it is called a logical
coordinate transformation (Cheng and Qi, 2010b).
Let zzz = TTTxxx be the algebraic form of the logical coor-
dinate transformation (6), where TTT ∈ L2n×2n is the
structure matrix of g. It is clear that g is a logical
coordinate transformation if and only if TTT is a non-
singular logical matrix, e.g., a permutation matrix
(Cheng and Qi, 2010b).

A logical variable takes value from D = {1, 0},
where 1 and 0 represent true and false, respectively.
In Cheng and Qi (2010a), each element of D is iden-
tified with the corresponding logical vector in Δ2 as
1 ∼ δδδ12 and 0 ∼ δδδ22.

Consider a BCN described by the logical form
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xxx1(t+ 1) =f1

(
xxx1(t),xxx2(t), . . . ,xxxn(t),

uuu1(t),uuu2(t), . . . ,uuum(t)
)
,

xxx2(t+ 1) =f2

(
xxx1(t),xxx2(t), . . . ,xxxn(t),

uuu1(t),uuu2(t), . . . ,uuum(t)
)
,

...

xxxn(t+ 1) =fn

(
xxx1(t),xxx2(t), . . . ,xxxn(t),

uuu1(t),uuu2(t), . . . ,uuum(t)
)
,

(7)

where xxxi (i = 1, 2, . . . , n) are state variables and uuuj

(j = 1, 2, . . . ,m) are inputs. Let xxx(t) = �
n
i=1xxxxxxxxxi,

uuu(t) = �
q
j=1uuuj , where all the logical variables take

values in Δ2. Then Eq. (7) is converted into the
following algebraic form:

xxx(t+ 1) = LLLuuu(t)xxx(t), (8)

where LLL ∈ L2n×2n+m .
Remark 1 The conversion process between
Eqs. (7) and (8) can be found in Cheng and Qi
(2010a).

Let LLL = [LLL1,LLL2, . . . ,LLLi, . . . ,LLL2m ] with LLLi ∈
L2n×2n for i = 1, 2, . . . , q. Set BBB =

∑2m

i=1LLLi. Then
BBB = (bpq) ∈ N2n×2n is a non-negative matrix, which
can be regarded as an adjacency matrix of a weighted
directed graph G with vertex set V = {1, 2, . . . , 2n},
where G has a directed edge (q, p) if and only if
bpq �= 0. Here, we call G the state transition diagram
of Eq. (8). We say that p is an out-neighbor of q if
bpq �= 0. Let Cq = { p | bpq �= 0 }. Then Cq is the set
of all the out-neighbors of q. Let S be a subset of V
and set N (S) = { p | ∃ q ∈ S, bpq �= 0 } =

⋃
q∈S Cq,

where N (S) is the out-neighborhood of S. Clearly,
Cq = N ({q}).
Definition 3 Let Sl (l = 1, 2, . . . , μ) be some
subsets of V . S = {Sl}μl=1 is called a vertex partition

of G if
μ⋃

l=1

Sl = V and Si ∩ Sj = ∅ for any i �= j. A

vertex partition S = {Sl}μl=1 of G is called an equal
vertex partition if |Sl| = |V |/μ, where l = 1, 2, . . . , μ

and | · | denotes the number of elements in a set
(Borůvka, 1974).

We give a simple example to illustrate the above
definitions.
Example 1 For a nonnegative matrix

AAA =

⎡

⎢
⎢
⎣

2 1 0 0

0 0 3 2

2 0 0 0

2 3 1 0

⎤

⎥
⎥
⎦ ,

the state transition diagram of AAA is shown in Fig. 1.
Let S1 = {1, 2} and S2 = {3, 4}. Then S = {S1, S2}
is an equal vertex partition.
Definition 4 Consider a state transition diagram
with vertex set V . An equal vertex partition S =

{Sl}μl=1 of V is called a perfect equal vertex partition
(PEVP) if for any l ∈ {1, 2, . . . , μ}, there exists an
αl such that N (Sl) ⊂ Sαl

(Zou and Zhu, 2014).
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21

3

4

Fig. 1 State transition diagram of matrix A

Definition 5 Let R and S be two partitions of a
set V . Assume that for every R ∈ R, there exists
an S ∈ S such that R ⊂ S. Then the partition R is
said to be a finer partition than S, and the partition
S is said to be a coarser partition than R, denoted
by R � S (Potůček, 2014).

Here, we propose a concept which plays an im-
portant role in the rest of this study.
Definition 6 Let Si be a vertex partition, i =

1, 2, . . . , p. {S1,S2, . . . ,Sp} is said to be a set of
nested vertex partitions if

Sp � Sp−1 � . . . � S2 � S1. (9)

Furthermore, if Si in expression (9) is a PEVP
for each i = 1, 2, . . . , p, then {S1,S2, . . . ,Sp} is said
to be a set of nested PEVPs (NPEVPs). An example
is given to illustrate Definition 6.
Example 2 Consider a state transition dia-
gram with vertex set V = {1, 2, . . . , 16}. Construct
three vertex partitions. S1 = {S1

i }4i=1 with S1
1 =

{9, 11, 13, 15}, S1
2 = {1, 3, 5, 7}, S1

3 = {2, 4, 6, 8},
and S1

4 = {10, 12, 14, 16}. S2 = {S2
i }8i=1 with

S2
1 = {9, 11}, S2

2 = {13, 15}, S2
3 = {1, 3}, S2

4 =

{5, 7}, S2
5 = {2, 4}, S2

6 = {6, 8}, S2
7 = {10, 12}, and

S2
8 = {14, 16}. S3 = {Si}16i=1 with S3

i = {i}. Then
we have S3 � S2 � S1. So, {S1,S2,S3} is a set of
nested vertex partitions.

3 Type-I cascading decomposition

Type-I cascading decomposition of BCNs was
first proposed by Cheng et al. (2011). This is helpful
in analyzing the topological structure, controllabil-
ity, and stabilization problems of the original system.
The definition is described as follows:
Definition 7 Consider Eq. (7) with Eq. (8) (Cheng
et al., 2011). The Type-I cascading decomposition
problem is solvable if there exists a logical coordi-
nate transformation zzz = TTTxxx such that under the zzz

coordinate frame, the system can be converted into

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

zzz[1](t+ 1) =GGG1uuu(t)zzz
[1](t),

zzz[2](t+ 1) =GGG2uuu(t)zzz
[1](t)zzz[2](t),

...

zzz[p](t+ 1) =GGGpuuu(t)zzz
[1](t)zzz[2](t) . . . zzz[p](t),

zzz[p+1](t+ 1) =GGGp+1uuu(t)zzz(t),

(10)

where zzz =
p+1
�

i=1
zzz[i], zzz[i] = �

Ni

l=Ni−1+1zzzl ∈ Δ2ni , uuu ∈
Δ2m ,GGGi ∈ L2ni×2Ni+m , N0 = 0, Ni := n1+n2+. . .+

ni, n1 + n2 + . . .+ np+1 = n, and l = 1, 2, . . . , p+ 1.

First, according to the theory of STP of matri-
ces, we have the following proposition:

Proposition 1 Considering Eq. (8), the Type-I
cascading decomposition problem is solvable if and
only if there exists a logical coordinate transforma-
tion zzz = TTTxxx such that under the zzz coordinate frame,
for any i ∈ [1, p], the system can be converted into

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

zzz[1](t+ 1)zzz[2](t+ 1) . . . zzz[i](t+ 1)

=GGG1,2,...,iuuu(t)zzz
[1](t)zzz[2](t) . . . zzz[i](t),

zzz[i+1](t+ 1)zzz[i+2](t+ 1) . . . zzz[p+1](t+ 1)

=GGGi+1,i+2,...,p+1uuu(t)zzz(t),

(11)

where zzz[1](t), zzz[2](t), . . . , zzz[i](t) ∈ Δ2Ni , G1,2,...,i ∈
L2Ni×2Ni+m , and Gi+1,i+2,...,p+1 ∈ L2n−Ni×2n+m .

Proof Necessity: By multiplying the first i equa-
tions and the last (p + 1 − i) equations of Eq. (10),
we obtain Eq. (11) with a straight computation.

Sufficiency: Comparing the first equation of
Eq. (11) with the first equation of

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

zzz[1](t+ 1)zzz[2](t+ 1) . . . zzz[i+1](t+ 1)

=GGG1,2,...,i+1uuu(t)zzz
[1](t)zzz[2](t) . . . zzz[i+1](t),

zzz[i+2](t+ 1)zzz[i+3](t+ 1) . . .zzz[p+1](t+ 1)

=GGGi+2,i+3,...,p+1uuu(t)zzz(t),

(12)

we have that zzz[i+1](t + 1) is the logical function of
zzz[i+1](t). Then, zzz[i+1](t+ 1) can be written as

zzz[i+1](t+1)=f
(
uuu(t), zzz[1](t), zzz[2](t), . . . , zzz[i+1](t)

)
. (13)

From Eqs. (11) and (12), there exists a logical
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matrix GGGi+1 such that
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

zzz[1](t+ 1)zzz[2](t+ 1) . . .zzz[i](t+ 1)

= G1,2,...,iuuu(t)zzz
[1](t)zzz[2](t) . . . zzz[i](t),

zzz[i+1](t+ 1) = Gi+1uuu(t)zzz
[1](t)zzz[2](t) . . . zzz[i+1](t),

zzz[i+2](t+ 1)zzz[i+3](t+ 1) . . .zzz[p+1](t+ 1)

= Gi+2,i+3,...,p+1uuu(t)zzz(t).
(14)

Eq. (10) can be derived by taking i =

1, 2, . . . , p − 1 in Eq. (14) separately. Considering
Eq. (8), letLLL = [LLL1,LLL2, . . . ,LLL2m ] and Gj be the state
transition diagram of LLLj , j = 1, 2, . . . , 2m. The fol-
lowing lemma are contained in Theorem 4.2 in Zou
and Zhu (2017):
Lemma 1 Considering Eq. (8), for any i ∈
[1, p], there exists a logical coordinate transforma-
tion zzz = TTT ixxx such that under the zzz coordinate frame
the system becomes Eq. (11) if and only if the di-
agrams Gj (j = 1, 2 . . . , 2m) have a common PEVP
Si = {Si

l}2
Ni

l=1 with |Si
l | = 2n−Ni. Moreover, given a

common PEVP Si = {Si
l}2

Ni

l=1, the permutation ma-
trix TTT i can be obtained from (Zou and Zhu, 2017)

(III2Ni ⊗ 1T
2n−Ni )TTT i =QQQi, (15)

whereQQQi = δδδ2Ni [j
i
1, j

i
2, . . . , j

i
q . . . , j

i
2n ] with jiq = l for

any q ∈ Si
l .

Remark 2 We give an explanation for Eq. (15).
By the construction of QQQi and |Si

l | = 2n−Ni, we see
that all the columns of QQQi are just the columns of
III2Ni ⊗ 1T

2n−Ni
. Reordering the columns of III2Ni ⊗

1T
2n−Ni

yields QQQi, which implies that there exists Ti

satisfying Eq. (15).
Let i ∼ δδδi2n for any i ∈ V . Then {δδδ12n , δδδ22n , . . . ,

δδδ2
n

2n} ∼ {1, 2, . . . , 2n}. For simplicity, we call {δδδ12n ,
δδδ22n , . . . , δδδ

2n

2n} a vertex set in the following.
Next, we give a graphic condition related only

to the structure matrix of BCNs for the solvability
of the Type-I cascading decomposition problem.
Theorem 1 Considering Eq. (8), the Type-I
cascading decomposition problem is solvable by a
coordinate transformation zzz = TTTxxx if and only if
the state transition diagram of Eq. (8) has a set
of NPEVPs {S1,2,...,p,S1,2,...,p−1, . . . ,S1,2,S1} sat-
isfying S1,2...p � S1,2,...,p−1 � . . . � S1,2 � S1,

where for any i ∈ [1, p], S1,2,...,i = {S1,2,...,i
l }2Ni

l=1

with |S1,2,...,i
l | = 2n−Ni is a common PEVP of Gj ,

j = 1, 2 . . . , 2m.
Proof Necessity: Suppose that the Type-I cas-
cading decomposition problem is solvable. From

Proposition 1, for any i ∈ [1, p], we have Eq. (11).
Fix zzz[1]zzz[2] . . . zzz[i] = δδδl2Ni and define S1,2,...,i =

{S1,2,...,i
l }2Ni

l=1 with

S1,2,...,i
l ={TTTTzzz ∈ Δ2n

∣
∣zzz[1]zzz[2] . . . zzz[i] = δδδl2Ni}, (16)

which follows from the construction of S1,2,...,i that
|S1,2,...,i

l | = 2n−Ni for any l. So, S1,2,...,i =

{S1,2,...,i
l }2Ni

l=1 is an equal vertex partition. Consider
Eq. (11) and fixuuu(t) = δδδj2m , j = 1, 2, . . . , 2m. For any
l and any xxx(t) = TTTTzzz(t) = TTTTδδδl2Niδδδ

r
2n−Ni ∈ S1,2,...,i

l ,
where zzz[1](t)zzz[2](t) . . . zzz[i](t) = δδδl2Ni , we have

zzz[1](t+ 1)zzz[2](t+ 1) . . .zzz[i](t+ 1)

= G1,2,...,iδδδ
j
2mzzz

[1](t)zzz[2](t) . . . zzz[i](t) := δδδ
αj

l

2Ni
. (17)

Hence, from Eqs. (16) and (17), we have xxx(t +

1) = TTTTzzz(t + 1) ∈ S1,2,...,i

αj
l

, where zzz(t + 1) =

δδδ
αj

l

2Ni
zzz[i+1](t + 1)zzz[i+2](t + 1). Let N j(·) represent

out-neighborhood under uuu = δδδj2m . Then we have
N j(S1,2,...,i

l ) ⊂ S1,2,...,i

αj
l

. S1,2,...,i is a PEVP under

uuu = δδδj2m . Considering j = 1, 2, . . . , 2m, we have that
S1,2,...,i is a common PEVP of Gj .

Next we prove S1,2,...,i+1 � S1,2,...,i for any i ∈
[1, p−1]. For any l and any xxx(t) = TTTTδδδl2Ni+1δδδ

r
2n−Ni+1

∈ S1,2,...,i+1
l , set δδδl2Ni+1 = δδδl1

2Ni
δδδl22ni+1 . Then

xxx(t) = TTTTδδδl1
2Ni

δδδl22ni+1δδδ
r
2n−Ni+1 ∈ S1,2,...,i

l1
, (18)

where S1,2,...,i+1
l ⊂ S1,2,...,i

l1
. Thus, S1,2,...,i+1 �

S1,2,...,i. So, we have that {S1,S1,2, . . . ,S1,2,...,p}
is a set of NPEVPs. The necessity is proved.

Sufficiency: Since

S1,2,...p � S1,2,...p−1 � . . . � S1,2 � S1, (19)

where S1,2,...,i = {S1,2,...,i
l }2Ni

l=1 with |S1,2,...,i
l | =

2n−Ni, for any i ∈ [1, p], we can set

S1,2,...,i={S1,2,...,i
l1,l2,...,li

∣
∣1 ≤ lk ≤ 2nk , 1 ≤ k ≤ i}, (20)

where S1,2,...,i
l1,l2,...,li

=
2ni+1⋃

li+1=1

S1,2,...,i+1
l1,l2,...,li+1

and S1,2,...,i+1
l1,l2,...,li+1

⊂ S1,2,...,i
l1,l2,....li

for i = 1, 2, . . . , p − 1. Thus, we have
S1 = {S1

l1
|1 ≤ l1 ≤ 2n1}, where

S1
l1 =

2n2
⋃

l2=1

2n3
⋃

l3=1

. . .

2np
⋃

lp=1

S1,2,...,p
l1,l2,...,lp

. (21)
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Construct a series of sets as Si = {Si
li
|1 ≤ li ≤

2ni}, where

Si
li =

2n1
⋃

l1=1

2n2
⋃

l2=1

. . .

2ni−1
⋃

li−1=1

2ni+1
⋃

li+1=1

2ni+2
⋃

li+2=1

. . .

2np
⋃

lp=1

S1,2,...,p
l1,l2,...,lp

,

(22)
and i = 2, 3, . . . , p. From the construction, we have
that Si is an equal vertex partition with |Si

li
| =

2n−ni . We claim that for any i ∈ [1, p],

S1,2,...,i = S1 ∧ S2 ∧ . . . ∧ Si. (23)

In fact, for any S1
r1 ∈ S1, S2

r2 ∈ S2, . . . , Si
ri ∈ Si,

where ri ∈ {1, 2, . . . , 2ni}, we have

S1
r1

⋂
S2
r2

⋂
. . .

⋂
Si
ri

=

( 2n2
⋃

l2=1

2n3
⋃

l3=1

. . .

2np
⋃

lp=1

S1,2,...,p
r1l2,l3,...,lp

)
⋂

( 2n1
⋃

l1=1

2n3
⋃

l3=1

. . .

2np
⋃

lp=1

S1,2,...,p
l1,r2,...,lp

)
⋂

. . .
⋂

( 2n1
⋃

l1=1

2n2
⋃

l2=1

. . .
2ni−1
⋃

li−1=1

2ni+1
⋃

li+1=1

. . .
2np
⋃

lp=1

S1,2,...,p
l1,l2,...,ri,li+1,...,lp

)

=

2ni+1
⋃

li+1=1

2ni+2
⋃

li+2=1

. . .

2np
⋃

lp=1

S1,2,...,p
r1,r2,...,ri,li+1,li+2,...,lp

= S1,2,...,i
r1,r2,...,ri .

From the arbitrariness of ri, Eq. (23) holds.
Next we use these equal vertex partitions Si

(i = 1, 2, . . . , p) to construct a logical coordinate
transformation matrix TTT and prove that the Type-I
cascading decomposition problem of Eq. (8) is solv-
able under zzz = TTTxxx.

We denote the equivalence relation induced by

Si as Si∼, i = 1, 2, . . . , p. For any i ∈ [1, p] and q ∈ Si
li
,

let jiq = li, where li ∈ {1, 2, . . . , 2ni}. Construct
logical matrices as

QQQi = δδδ2ni [ji1, j
i
2, . . . , j

i
2n ], i = 1, 2, . . . , p. (24)

From the construction of QQQi, we have s
Si∼ t ⇔

jis = jit . Set

QQQ1 ∗QQQ2 ∗ . . . ∗QQQi = δδδ2n [j
1,2,...,i
1 , j1,2,...,i2 , . . . , j1,2,...,i2n ],

(25)
where ∗ is the Khatri-Rao product. It follows from

Eq. (25) that

j1,2,...,is = j1,2,...,it ⇔ j1s = j1t , j
2
s = j2t , . . . , j

i
s = jit

⇔ s
S1∼ t, s

S2∼ t, . . . , s
Si∼ t

⇔ s
S1,2,...,i∼ t. (26)

Since S1,2,...,p is an equal vertex partition of V
with |S1,2,...,p| = 2Np , we have

(QQQ1 ∗QQQ2 ∗ . . . ∗QQQp)12n = 2n−Np12Np . (27)

Thus, we can rearrange the columns of III2Np ⊗
1T
2n−NP

to obtain QQQ1 ∗QQQ2 ∗ . . . ∗QQQp. There exists a
permutation matrix TTT such that

(III2Np ⊗ 1T
2n−NP

)TTT =QQQ1 ∗QQQ2 ∗ . . . ∗QQQp. (28)

Furthermore, for any i ∈ [1, p], we have

(III2Ni ⊗ 1T
2n−Ni

)TTT

=(III2Ni ⊗ 1T
2 )(III2Ni+1 ⊗ 1T

2n−Ni+1 )TTT

=(III2Ni ⊗ 1T
2 )(III2Ni+1 ⊗ 1T

2 )(III2Ni+2 ⊗ 1T
2n−Ni+2 )TTT

...

=(III2Ni ⊗ 1T
2 )(III2Ni+1 ⊗ 1T

2 ) . . . (III2Np ⊗ 1T
2n−Np )TTT

=(III2Ni ⊗ 1T
2 )(III2Ni+1 ⊗ 1T

2 ) . . . (III2Np−1 ⊗ 1T
2 ) ·QQQ1

∗QQQ2 ∗ . . . ∗QQQp

=QQQ1 ∗QQQ2 ∗ . . . ∗QQQi. (29)

For any i ∈ [1, p], it follows from Eqs. (25), (26),
and (29) and Lemma 1 that Eq. (8) can be converted
into Eq. (11) under the transformation zzz = TTTxxx.
Thus, from Proposition 1, we have that the Type-I
cascading decomposition problem of Eq. (8) is solved
by zzz = TTTxxx.
Remark 3 Theorem 1 presents a necessary and suf-
ficient graphic condition for the solvability of Type-I
cascading decomposition problem for the first time.
The graphic condition gives a simple and clear de-
scription for Type-I cascading decomposition. Com-
pared with the algebraic condition related to the
existence of solutions to some algebraic equations
(Cheng et al., 2011), the graphic condition is related
only to the state transition diagram, i.e., the struc-
ture matrix of BCNs. In addition, based on Theo-
rem 1, we can directly design an algorithm to con-
struct the logical coordinate transformation zzz = TTTxxx,
while in Zou et al. (2019), how to construct the log-
ical coordinate transformation is still an open prob-
lem. In this study, we do not give an algorithm to
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search for a set of NPEVPs shown in Theorem 1.
How to search for a set of NPEVPs is a new issue
in graph theory. Based on Theorem 1, we give Al-
gorithm 1 to compute logical coordinate transforma-
tion zzz = TTTxxx.
Remark 4 Since the construction of Si and QQQi is
related to 2ni , i = 1, 2, . . . , p, and the computation of
T from Eq. (28) is related to 2n, Algorithm 1 has at
least exponential time complexity as n is very large.

Algorithm 1 Computing logical coordinate trans-
formation zzz = TTTxxx
1: Compute Eq. (8) from Eq. (7). Let LLL = [LLL1,LLL2, . . . ,LLL2m ]

and Gj be the state transition diagram of LLLj , j =

1, 2, . . . , 2m

2: Search for an NPEVP S1,2,...,p � S1,2,...,p−1 � . . . �

S1,2 � S1, where for any i = 1, 2, . . . , p, S1,2,...,i is a
common PEVP of Gj , j = 1, 2 . . . , 2m

3: Construct a series of sets Si in Eq. (22) and QQQi in Eq. (24)
4: Compute TTT from Eq. (28)

We consider an example in Cheng et al. (2011)
to illustrate how to find the logical coordinate trans-
formation zzz = TTTxxx.
Example 3 Consider the following BCN described
by Cheng et al. (2011):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xxx1(t+ 1) = ¬xxx4(t)∨̄
(
xxx1(t) → uuu1(t)

)
,

xxx2(t+ 1)=
((
xxx1(t)∨̄xxx4(t)

) ↔ xxx2(t)
)
∨ uuu2(t),

xxx3(t+ 1) = ¬ xxx4(t)

↔
(
xxx4(t) ∧

(
xxx3(t) ↔ (xxx1(t)∨̄xxx4(t))

))
,

xxx4(t+ 1) = xxx1(t) → uuu1(t),

(30)
where xxx1,xxx2,xxx3,xxx4,uuu1, and uuu2 ∈ Δ2.

Let xxx = xxx1xxx2xxx3xxx4, uuu = uuu1uuu2. Then the alge-
braic form of Eq. (30) is

xxx(t+ 1)=LLLuuu(t)xxx(t), (31)

with

LLL=δδδ24 [1, 11, 3, 11, 1, 11, 3, 11, 3, 11, 1, 11, 3, 11, 1, 11,

5, 11, 7, 11, 1, 15, 3, 15, 3, 15, 1, 15, 7, 11, 5, 11,

10, 4, 12, 4, 10, 4, 12, 4, 3, 11, 1, 11, 3, 11, 1, 11,

14, 4, 16, 4, 10, 8, 12, 8, 3, 15, 1, 15, 7, 11, 5, 11].

Let LLL = [LLL1,LLL2,LLL3,LLL4]. As shown in Figs. 2–
5, the state transition diagram Gi of LLLi has an
NPEVP S12 � S1, where S1 = {S1

i }4i=1 and S1,2 =

{S12
l1,l2

|1 ≤ l1 ≤ 4, 1 ≤ l2 ≤ 2} are common PEVP
of Gi with S1

1 = {9, 11, 13, 15}, S1
2 = {1, 3, 5, 7},

S1
3 = {2, 4, 6, 8}, S1

4 = {10, 12, 14, 16}, S1,2
1,1 =

{9, 11}, S1,2
1,2 = {13, 15}, S1,2

2,1 = {1, 3}, S1,2
2,2 = {5, 7},

S1,2
3,1 = {2, 4}, S1,2

3,2 = {6, 8}, S1,2
4,1 = {10, 12}, and

S1,2
4,2 = {14, 16}.

From Eq. (22), we construct S2 = {S2
1 , S

2
2} as

S2
1 =

4⋃

l1=1

S1,2
l1,1

={9, 11, 1, 3, 2, 4, 10, 12},

S2
2 =

4⋃

l1=1

S1,2
l1,2

={13, 15, 5, 7, 6, 8, 14, 16}.

From the equal vertex partitions S1 and S2, we
have
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Fig. 2 State transition diagram of G1
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Fig. 3 State transition diagram of G2
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Fig. 4 State transition diagram of G3
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Fig. 5 State transition diagram of G4

QQQ1 = δδδ4[2, 3, 2, 3, 2, 3, 2, 3, 1, 4, 1, 4, 1, 4, 1, 4],

QQQ2 = δδδ2[1, 1, 1, 1, 2, 2, 2, 2, 1, 1, 1, 1, 2, 2, 2, 2].

Then we have

QQQ1 ∗QQQ2 = δδδ8[3, 5, 3, 5, 4, 6, 4, 6, 1, 7, 1, 7, 2, 8, 2, 8].

Considering Eq. (28), let (III23 ⊗1T
2 )TTT =QQQ1∗QQQ2.

A permutation matrix TTT is obtained as

TTT = δδδ24 [5, 9, 6, 10, 7, 11, 8, 12, 1, 13, 2, 14, 3, 15, 4, 16].

(32)
From the sufficiency proof of Theorem 1, un-

der the logical coordinate transformation zzz = TTTxxx,

Eq. (30) can be converted into Eq. (10) as

⎧
⎪⎪⎨

⎪⎪⎩

zzz[1](t+ 1) =GGG1uuu(t)zzz
[1](t),

zzz[2](t+ 1) =GGG2uuu(t)zzz
[1](t)zzz[2](t),

zzz[3](t+ 1) =GGG3uuu(t)zzz(t),

(33)

where zzz[1] = zzz1zzz2, zzz[2] = zzz3, zzz[3] = zzz4, and

GGG1 = δδδ4[2, 2, 1, 1, 2, 2, 1, 1, 2, 4, 3, 1, 2, 4, 3, 1],

GGG2 = δδδ2[1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1, 2, 2, 1,

1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1, 2, 2, 1],

GGG3 = δδδ2[2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2].

Using the model construction method in Cheng
et al. (2011), we obtain the following dynamic logical
equations:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

zzz1(t+ 1) = uuu1(t) ∨
(
¬ uuu1(t) ∧

(
zzz1(t) ↔ zzz2(t)

))
,

zzz2(t+ 1) = ¬ zzz1(t),

zzz3(t+ 1) = uuu2(t) ∨
(
¬ uuu2 ∧

(
zzz2(t) ↔ zzz3(t)

))
,

zzz4(t+ 1) =
(
zzz1(t) ∧ zzz2(t) ∧ zzz4(t)

)

∨ (
zzz1(t) ∧ ¬ zzz2(t) ∧ ¬ zzz4(t)

) ∨ ¬ zzz1.

(34)

The Type-I cascading decomposition problem
discussed above does not involve input decomposi-
tion. As mentioned in Section 1, the cascading state-
space decomposition problem with cascading inputs
called Type-II cascading decomposition is also a the-
oretically interesting and practically useful problem,
which we investigate in the next section.

4 Type-II cascading decomposition

The Type-II cascading decomposition problem
is defined as follows:

Definition 8 Considering Eq. (7) with Eq. (8), the
Type-II cascading decomposition problem is solvable
if there exists a logical coordinate transformation
zzz = TTTxxx such that under the zzz coordinate frame the
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system becomes
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

zzz[1](t+ 1) = GGG1uuu
1(t)zzz[1](t),

zzz[2](t+ 1) = GGG2uuu
1(t)uuu2(t)zzz[1](t)zzz[2](t),

...

zzz[p](t+ 1) = GGGpuuu
1(t)uuu2(t) . . .uuup(t)

· zzz[1](t)zzz[2](t) . . . zzz[p](t),
zzz[p+1](t+ 1) = GGGp+1uuu(t)zzz(t),

(35)

where zzz =
p+1
�

i=1
zzz[i], uuu =

p+1
�

i=1
uuui, zzz[i] = �

Ni

l=Ni−1+1zzzl ∈
Δ2ni , uuui = �

Mi

l=Mi−1+1uuul ∈ Δ2mi , GGGi ∈ L2ni×2Ni+Mi

for any 1 ≤ i ≤ p + 1, N0 = 0, Ni :=
i∑

s=1
ns, n1 +

n2 + . . . + np+1 = n, M0 = 0, Mi :=
i∑

s=1
ms, and

m1 +m2 + . . .+mp+1 = m.
The following proposition can be derived in a

similar way to Proposition 1. The specific process of
proof is omitted here:
Proposition 2 The Type-II cascading decompo-
sition problem is solvable if and only if there exists a
logical coordinate transformation zzz = TTTxxx such that
under the zzz coordinate frame. For any i ∈ [1, p],
Eq. (8) can be converted into

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

zzz[1](t+ 1)zzz[2](t+ 1) . . . zzz[i](t+ 1)

= G1,2,...,iu
1(t)u2(t) . . .ui(t)zzz[1](t)zzz[2](t) . . . zzz[i](t),

zzz[i+1](t+ 1)zzz[i+2](t+ 1) . . . zzz[p+1](t+ 1)

= Gi+1,i+2,...,p+1u(t)zzz(t),
(36)

where zzz[1](t)zzz[2](t) . . . zzz[i](t) ∈ Δ2Ni , G1,2,...,i ∈
L2Ni×2Ni+Mi , and Gi+1,i+2,...,p+1 ∈ L2n−Ni×2n+m .

Let LLL = [LLL1,LLL2, . . . ,LLL2m ]. For convenience of
description, two sets are defined here. For any i =

1, 2, . . . , p+ 1 and j = 1, 2, . . . , 2Mi , we define
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

IIIu1u2...ui=δδδj
2Mi

:=
{
r ∈ [1, 2m]

∣
∣u = δδδr2m ,

u1u2 . . .ui = δδδj
2Mi

}
,

MMM1,2,...,i
j :=

∑

r∈III
u1u2...ui=δδδ

j

2Mi

LLLr.

(37)

The state transition diagram of MMM1,2,...,i
j is de-

noted by G1,2,...,i
j .

Theorem 2 For any i ∈ [1, p], there exists a logical
coordinate transformation zzz = TTT ixxx such that under

the zzz coordinate frame, BCN becomes Eq. (36) if and
only if the diagram G1,2,...,i

j has a common PEVP
Si := {Si

l}2
Ni

l=1 with |Si
l | = 2n−Ni.

Proof Necessity: Set zzz1zzz2 . . . zzzi = δδδl2Ni and define
Si
l = {TTTT

i zzz | zzz1zzz2 . . . zzzi = δδδl2Ni}. Then we have
|Si

l | = 2n−Ni , and Si = {Si
l}2

Ni

l=1 is an equal vertex
partition.

Considering Eq. (36), we set uuu1uuu2 . . .uuui = δδδj
2Mi

for any j = 1, 2, . . . , 2Mi . For any

xxx(t) = TTTT
i zzz(t) = TTTT

i δδδ
l
2Niδδδ

i
2n−Ni ∈ Si

l , (38)

where zzz1(t)zzz2(t) . . . zzzi(t) = δδδl2Ni , we have

zzz1(t+ 1)zzz2(t+ 1) . . .zzzi(t+ 1)

= GGG1,2,...,iδδδ
j

2Mi
zzz1(t)zzz2(t) . . . zzzi(t) := δδδ

αj
l

2Ni
. (39)

Then
xxx(t+ 1) = TTTT

i zzz(t+ 1) ∈ Si
αj

l

. (40)

This implies that N j(Si
l ) ⊂ Si

αj
l

, and Si is a

PEVP under uuu = δδδj
2Mi

. From the arbitrariness of
j, we have that Si is a common PEVP of Gj , j =

1, 2 . . . , 2Mi .
Sufficiency: Since Si = {Si

l}2
Ni

l=1 is an equal ver-
tex partition with |Si

l | = 2n−Ni , for any xxx = δδδq2n ∈
Si
l , l = 1, 2, . . . , 2Ni, let QQQiδδδ

q
2n = δδδl2Ni . Then there

exists a permutation matrix TTT i ∈ L2n×2n such that
QQQi = (III2Ni ⊗ 1T

2n−Ni
)TTT i. Let zzz = TTT ixxx. Then

QQQixxx = (III2Ni ⊗ 1T
2n−Ni )TTT ixxx = zzz1zzz2 . . . zzzi. (41)

It follows from Si being a common PEVP of
G1,2,...,i
j (j = 1, 2 . . . , 2Mi) that for any l and j, there

exists an αj
l such that N j(Si

l ) ⊂ Si
αj

l

. Thus, for any

xxx(t) = δδδq2n ∈ Si
l , we have xxx(t+ 1) ∈ Si

αj
l

and

zzz1(t+ 1)zzz2(t+ 1) . . .zzzi(t+ 1) =QQQixxx(t+ 1) = δδδ
αj

l

2Ni
.

(42)
So, there exists a GGGj

1,2,...,i ∈ L2Ni×2Ni

such that zzz1(t + 1)zzz2(t + 1) . . . zzzi(t + 1) =

GGGj
1,2,...,izzz

1(t)zzz2(t) . . . zzzi(t). Given the arbitrariness
of j, we have

zzz1(t+ 1)zzz2(t+ 1) . . .zzzi(t+ 1)

=GGG1,2,...,iuuu
1(t)uuu2(t) . . . uuui(t)zzz1(t)zzz2(t) . . . zzzi(t),

where GGG1,2,...,i ∈ L2Ni×2Ni+Mi . Therefore, Eq. (36)
holds.
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Similar to the Type-I cascading decomposition
problem of BCNs, a graphic condition for Type-II
cascading decomposition is provided here.
Theorem 3 Considering Eq. (8), the Type-II cas-
cading decomposition problem is solvable by a coor-
dinate transformation zzz = TTTxxx if and only if there ex-
ists an NPEVP S1,2,...,p � S1,2,...,p−1 � . . . � S1,2 �

S1, where for any i, S1,2,...,i = {S1,2,...,i
l }2Ni

l=1 with
|S1,2,...,i

l | = 2n−Ni is a common PEVP of G1,2,...,i
j ,

j = 1, 2, . . . , 2Mi .
Proof Necessity: For any i = 1, 2, . . . , p,
set zzz1zzz2 . . . zzzi = δδδl2Ni and define S1,2,...,i

l =

{TTTTzzz ∈ Δ2n
∣
∣zzz1zzz2 . . . zzzi = δδδl2Ni }. Let S1,2,...,i =

{S1,2,...,i
l }2Ni

l=1 . By the same process as the
proof of necessity of Theorem 2, for each i,
S1,2,...,i = {S1,2,...,i

l }2Ni

l=1 is a common PEVP of
G1,2,...,i
1 ,G1,2,...,i

2 . . . ,G1,2,...,i
2Mi

.
Next we prove S1...i+1 � S1,2,...,i for any

i = 1, 2, . . . , p − 1. For any l and any xxx(t) =

TTTTδδδl2Ni+1δδδ
r
2n−Ni+1 ∈ S1,2,...,i+1

l , we set δδδl2Ni+1 =

δδδl1
2Ni

δδδl22ni+1 . Then we have

xxx(t) = TTTTδδδl1
2Ni

δδδl22ni+1δδδ
r
2n−Ni+1 ∈ S1,2,...,i

li
. (43)

Thus, S1,2,...,i+1
l ⊂ S1,2,...,i

l1
and S1,2,...,i+1 �

S1,2,...,i. Then the necessity is proved.
Sufficiency: The sufficiency proof is similar to

that of Theorem 1, and is omitted here.
Remark 5 In Zou and Zhu (2014), Eq. (8) is said
to be decomposable w.r.t. inputs if Eq. (8) under
a logical coordinate transformation zzz = TTTxxx can be
converted into

{
zzz[1](t+ 1) =GGG1zzz

[1](t),

zzz[2](t+ 1) =GGG2uuu(t)zzz(t).
(44)

The form of Eq. (44) is also a controllability
decomposition in Cheng et al. (2010). Comparing
Eq. (44) with Eq. (35), we have that decomposi-
tion w.r.t. inputs or controllability decomposition
of BCNs is Type-II cascading decomposition when
p = 1 and m1 = 0 in Eq. (35). Thus, Type-II cas-
cading decomposition is the generalization of decom-
position w.r.t. inputs in Zou and Zhu (2014) and
controllability decomposition in Cheng et al. (2010).

Similar to Type-I cascading decomposition, we
can compute the logical coordinate transformation
zzz = TTTxxx in Theorem 3.
Example 4 Considering Eq. (30) whose algebraic
form is Eq. (31), let MMM1

1 = LLL1 +LLL2, MMM1
2 = LLL3 +LLL4,

MMM1,2
1 = LLL1, MMM1,2

2 = LLL2, MMM1,2
3 = LLL3, and MMM1,2

4 = LLL4.
The state transition diagrams G1

1 of MMM1
1 and G1

2 of
MMM1

2 have a common PEVP S1 = {S1
i }4i=1, as shown

in Example 3. The state transition digraphs G1,2
1 of

MMM1,2
1 , G1,2

2 of MMM1,2
2 , G1,2

3 of MMM1,3
2 , and G1,2

4 of MMM1,2
4

have a common PEVP S1,2 = {S1,2
l1,l2

|1 ≤ l1 ≤ 4, 1 ≤
l2 ≤ 2}, as shown in Example 3. From Example 3,
we have S1,2 � S1.

Based on the above discussion, we have that S1,2

and S1 satisfy conditions in Theorem 3. So, there
exists a logical coordinate transformation zzz = TTTxxx

such that Eq. (30) can be converted into Eq. (35).
Omitting the same processes as shown in Example 3,
we have

T = δδδ24 [5, 9, 6, 10, 7, 11, 8, 12, 1, 13, 2, 14, 3, 15, 4, 16],

(45)
and Eq. (30) is converted into

⎧
⎪⎪⎨

⎪⎪⎩

zzz[1](t+ 1) =GGG1uuu1(t)zzz
[1](t),

zzz[2](t+ 1) =GGG2uuu1(t)uuu2(t)zzz
[1](t)zzz[2](t),

zzz[3](t+ 1) =GGG3uuu(t)zzz(t),

(46)

where zzz[1] = zzz1zzz2, zzz[2] = zzz3, zzz[3] = zzz4, and

GGG1 = δδδ4[2, 2, 1, 1, 2, 4, 3, 1],

GGG2 = δδδ2[1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1, 2, 2, 1,

1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1, 2, 2, 1],

GGG3 = δδδ2[2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2,

2, 1, 2, 1, 1, 2, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2].

5 Conclusions

The Type-I and Type-II cascading decomposi-
tion problems for BCNs have been investigated using
a graph-theoretical method in this study. Two nec-
essary and sufficient conditions have been obtained
for the solvability of Type-I cascading decomposition
of BCNs. An algorithm to compute the logical co-
ordinate transformation zzz = TTTxxx has been designed.
For Type-II cascading decomposition, similar results
have been presented. In future work, we will investi-
gate some related decoupling problems of BCNs.
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