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Abstract: To address indeterminism in the bilevel knapsack problem, an uncertain bilevel knapsack problem (UBKP) model is 
proposed. Then, an uncertain solution for UBKP is proposed by defining the E Nash equilibrium and E Stackelberg–Nash 
equilibrium. To improve the computational efficiency of the uncertain solution, an evolutionary algorithm, the improved binary 
wolf pack algorithm, is constructed with one rule (wolf leader regulation), two operators (invert operator and move operator), and 
three intelligent behaviors (scouting behavior, intelligent hunting behavior, and upgrading). The UBKP model and the E uncer-
tain solution are applied to an armament transportation problem as a case study. 
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1  Introduction 
 

The bilevel knapsack problem (BKP) is a typical 
bilevel programming problem that models the hier-
archical relationship between two autonomous, and 
possibly conflicting, decision-makers (the leader and 
the follower). BKP was first studied by Dempe and 
Richter (2000). In this problem, the follower solves a 
0–1 knapsack problem subject to the capacity set by 
the leader. The leader earns a profit from the items 
selected by the follower, and both decision-makers 

seek to maximize their individual profits. BKP is 
formulated as a mixed-integer bilevel programming 
problem. Recently, researchers have increasingly 
focused on BKP, and several types of algorithms have 
been developed to solve BKP. Such algorithms in-
clude branch-and-cut (Özaltın et al., 2010), approx-
imation (Qiu and Kern, 2015), dynamic programming 
(Brotcorne et al., 2013), heuristic optimization (Li  
et al., 2014), and polynomial (Carvalho et al., 2018). 
However, almost all previous algorithms were de-
veloped under deterministic assumptions. 

BKP parameters are often indeterminate, partic-
ularly for issues related to combat, such as an arma-
ment transportation problem. To deal with problems 
under uncertain conditions, Liu B (2009b) developed 
the uncertainty theory, which provides the common-
ness of probability theory, credibility theory, and 
chance theory to handle uncertainty. When BKP pa-
rameters are uncertain variables, these types of BKPs 
are defined as uncertain bilevel knapsack problems 
(UBKPs). 
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To handle UBKPs, an uncertain solution can be 
found by applying the E Nash equilibrium and E 

Stackelberg–Nash equilibrium to transform UBKP to 
a corresponding equivalent deterministic model. BKP 
is considered NP-hard (Caprara et al., 2014); there-
fore, a heuristic optimization algorithm should be 
applied to improve computational efficiency. A rela-
tively new swarm intelligence based algorithm, the 
wolf pack algorithm (WPA), has been proposed and 
well developed (Wu et al., 2013; Li et al., 2016; Gao 
YJ et al., 2019). Due to its simplicity, effectiveness, 
and efficiency, WPA has been widely used (Xue et al., 
2016; Bai et al., 2018; Han et al., 2018). In this study, 
the improved binary wolf pack algorithm (IBWPA)  
is designed to improve performance for UBKPs. 
IBWPA has one rule (wolf leader regulation), two 
operators (invert operator and move operator), and 
three intelligent behaviors (scouting behavior, intel-
ligent hunting behavior, and upgrading). 

 
 

2  Preliminaries 
 

To deal with belief degree and uncertain prob-
lems rationally, several foundational definitions are 
introduced. 

First, to depict the occurrence probability of 
event Λ, the uncertainty measurement is transformed 
to a real-valued space from 0 to 1, and a measurable 
real-value {Λ} is determined for each event. To 

make real values {Λ} mathematically significant, 
uncertain measurements must satisfy the limiting 
conditions to a certain degree. 
Axiom 1 (Normality axiom) (Cohn and Barnhart, 
1998)    Let Γ be a nonempty set, and {Γ}=1 for the 
universal set Γ. 
Axiom 2 (Duality axiom)    Let ΛC denote that event Λ 
does not occur, and {Λ}+{ΛC}=1 for any event Λ. 
Axiom 3 (Subadditivity axiom)    For every countable 
sequence of events {Λ1, Λ2, …}, {Λ} satisfies the 
following formula: 
 

 
1 1

.i i
i i

Λ Λ
 

 

    
  
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Axiom 4 (Product axiom) (Liu B, 2009a)    The triplet 
(Γk, k, k) (k=1, 2, …) is called an uncertainty 
space. Let Γ=Γ1×Γ2×… be the set of ordered tuples 
composed of nonempty sets. Let Λ=Λ1×Λ2×… be the 
set of events in the set Γ of ordered tuples, and 
=1×2×… be the product σ-algebra of set Γ. Then, 

the product uncertainty measure  is an uncertain 

measure on the product σ-algebra  that satisfies the 
following: 
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The set function  is called the product uncer-

tainty measure of uncertain spaces (Γk, k, k) (k=1, 
2, …). The product uncertainty measure accords with 
the three basic axioms (Axioms 1–3) of the uncer-
tainty measure and is a generalized uncertainty 
measure to analyze uncertainty problems in multiple 
uncertain spaces. 

Second, the uncertain variable is a measurable 
function in the uncertain space. Its exact mathemati-
cal definition comprises the following definitions. 
Definition 1 (Uncertainty measures)    Let Γ be a 
nonempty set, the σ-algebra of event Λ in set Γ the 
elements of , and  the set function from the real- 

value  to the [0, 1] space. When the set function  

satisfies Axioms 1–3, the real-value set function {·} 
is called the uncertainty measurement. 
Definition 2 (Uncertainty variables)    Let ξ be a 
function that maps from an uncertain space (Γ, , ) 
to a set of real numbers. For any B that is a Borel set, 
the set ξ (ξB) is an event in , and then ξ is an un-
certain variable. 

One key factor that affects the system perfor-
mance is whether or not the parameters are inde-
pendent. Therefore, it is necessary to study the inde-
pendence of uncertain parameters in the uncertain 
space. 
Definition 3 (Uncertain variable independence) 
Given that ξ1, ξ2, …, ξm are uncertain variables in an 
uncertain space (Γ, , ), for any set Bi (i=1, 2, …, m) 
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in Borel, if the uncertain variables satisfy 
 

   
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          (3) 

 
then the uncertain variables are independent of each 
other. 
Definition 4 (Uncertainty distribution) (Liu B, 2016) 
The uncertainty distribution Φ of an uncertain varia-
ble ξ is defined as 
 

( ) { }Φ x ξ x                        (4) 
 
for any real number x. 

Two basic forms of an uncertainty distribution 
are described in the following. 

1. The linear uncertainty distribution (a, b) is 
defined as 

 
0, ,

( ) , ,

1, ,
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x a
Φ x a x b

b a
x b
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                 (5) 

 
where a and b are real numbers satisfying a<b. 

2. The zigzag uncertainty distribution (a, b, c) 
is defined by 
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            (6) 

 
where a, b, and c are real numbers satisfying a<b<c. 
Definition 5 (Inverse uncertainty distribution) (Liu B, 
2016)    Let ξ be an uncertain variable with regular 
uncertainty distribution Φ. Then, the inverse function 
Φ−1 is called the inverse uncertainty distribution of ξ. 
Theorem 1 (Liu B, 2010)    Let ξ be an uncertain 
variable with regular uncertainty distribution Φ. Then, 
the expected value of uncertain variable ξ is 
 

1 1

0
( ) ( )d .E Φ α α                        (7) 

 

Theorem 2 (Liu B, 2010)    Let ξ1, ξ2, …, ξn be in-
dependent uncertain variables with regular uncer-
tainty distributions Φ1, Φ2, …, Φn, respectively. If the 
function f(x1, x2, …, xn) is strictly increasing with 
respect to x1, x2, …, xm and strictly decreasing with 
respect to xm+1, xm+2, …, xn, then ξ=f(x1, x2, …, xn) has 
an inverse uncertainty distribution: 
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Definition 6 (Expected-value principle E) (Wang 
ZT et al., 2015)    Let ξ and η be two uncertain varia-
bles. Then, we say  or    if and only if E[ξ]≤ 
(or <)E[η], where E[·] denotes the expected value of 
the uncertain variable. 

Third, to solve a UBKP effectively without 
changing the uncertain environment, the concept of 
constraints and the optimal solution of UBKP must be 
defined. An uncertain solution for a UBKP is pro-
posed by defining the uncertain-constraint principle, 
E Nash equilibrium, and E Stackelberg–Nash 
equilibrium. 
Definition 7 (Uncertain-constraint principle)    

1 1 1( )g    is the uncertainty constraint in the top- 
level decision-making system of BKP, and 

2 2 2( ) i i ig  is the uncertainty constraint in the ith 
bottom-level decision-making system. α1 is defined as 
the degree of confidence factor of the top-level  
decision-making system of BKP, and 2

i  is the de-
gree of confidence factor of the ith bottom-level  
decision-making system. The uncertain chance con-
straints of the top-level decision-making system and 
the ith bottom-level decision-making system are rep-
resented as 

  1 1 1 1,g ξ η α                     (9) 

    1 1 1 2 2 2 2 ,i i i ig ξ η g ξ η α         (10) 
 

where degrees of confidences α1 and 2
i  took the 

same value (95%). 
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If the constraints 1 1 1( )g ξ η  and 2 2 2( )i i ig ξ η  
are independent of each other, then inequality (10) 
can be transformed as 
 

      1 1 1 2 2 2 2m .in , i i i ig ξ η g ξ η α    (11) 

 
Definition 8 (E Nash equilibrium) (Wang ZT et al., 
2015)    Let x be a feasible decision vector of the 
leader. A E Nash equilibrium of followers is defined 

as the feasible array  * * *
1 2, , ,y y yk  with respect to x 

if there is no feasible array  * * * * *
1 2 1 1, ,..., , , ,...,y y y y yi i   

*yk  such that 
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, , ,..., , , ,..., ,

, , ,..., , , ,..., , .
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x y y y y y y
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E f ξ

E f ξ
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 
 
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   (12) 

 
Definition 9 (E Stackelberg–Nash equilibrium)    
Let x* be a feasible decision vector of the leader and 
( )* * *

1 2, ,..., ky y y  the E Nash equilibrium of followers 

with respect to x*. A E Stackelberg–Nash equilib-

rium for the bilevel problem is defined as  * *
1, ,x y  

* *
2 ,...,y yk  if there is no feasible array  ** ** **

1 2, , ,x y y  

*..., *yk  such that 

 

 
 

** ** ** **
1 2

* * * *
1 2

, , ,..., ,

, , ,..., , ,

x y y y

x y y y

k

k

E F ξ

E F ξ

 
 
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            (13) 

 
where  ** ** **

1 2, ,...,y y yk  is the E Nash equilibrium of 

followers with respect to x**. 
 
 
3  Problem formulation 
 

In this section, UBKP is described. Note that all 
related parameters are uncertain variables. First, 
mathematical descriptions of BKP and UBKP are 

proposed. Then, an equivalent deterministic model of 
UBKP is obtained. 

3.1  Formulation of BKP 

To describe UBKP clearly, BKP is introduced 
first. BKP involves two decision-makers interacting 
hierarchically. A leader (responsible for a subset of 
variables) must explicitly consider the reaction of a 
follower (responsible for another subset of variables) 
in its optimization process. The specificity of BKP is 
that the follower problem is a knapsack problem and 
the leader’s constraints involve both leader and fol-
lower variables. In other words, BKP is an optimiza-
tion problem whose feasible set is determined by the 
set of optimal solutions of a parametric knapsack 
problem (KP). A BKP can be appropriately modeled 
as the following linear bilevel problem with integer 
variables: 

 
1 2

( , )

1 2 1

1 2

max ( , , )

s.t.
(

,
), , , ,

x y
x y d x d y

B x B y

y y y yk

F

c

  

  


 

               (14) 

where yi solves 

  3 1 2 2max s.t. . 
y

y d y b x b y
i

i i i i i i i if c      

 

In problem (14), { }
1

0,1x
NÎ  is the decision pa-

rameter vector of the top-level decision-maker, where 
N1 is the number of parameters that the top-level 
decision-maker requires to make decisions. y=(y1, 
y2, …, yk) is the decision vector composed of all the 
decision parameter variables of all the bottom  
decision-makers, and the bottom decision-maker i is 

the decision parameter vector { }
2

0,1y iN

i Î  where 
2
iN  is the number of parameters that the bottom  

decision-maker i needs to determine. d1 is the weight 
vector of the contribution of the top decision-maker’s 
decision parameter vector x to the value of the whole 
system, d2 is the weight vector of the contribution of 
the bottom decision-maker’s decision parameter 
vector y to the value of the whole system, B1 is the 
resource consumption coefficient (system-level con-
straint coefficient) of the top-level decision vector x 
for the whole system, B2 is the resource consumption 
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coefficient of all the underlying decision vectors y for 
the whole system, c1 is the set of total resource con-
straints of the whole system, 3

id  is the weight vector 
of the contribution of the top-level decision parameter 
vector yi  to the value of the subsystem in the bottom 

decision-making vector i, 1
ib  is the resource con-

sumption coefficient of the top decision-making pa-
rameter vector x in the bottom decision-making sub-
system i, 2

ib  is the resource consumption coefficient 
of vector pair i

y  of the bottom decision-making pa-
rameter in the bottom decision-making subsystem i, 
and 2

ic  is the set of resource constraints of the bottom 
decision subsystem. 

To facilitate analysis and calculation, the top 
layer constraint condition and the parameter part of 
the ith bottom layer constraint condition in BKP can 
be respectively expressed as follows: 

 
1 2 1( , ) ,x y B x B yG c= + -            (15) 

  1 2 2.y b x b yi i i ii icg                  (16) 
 
Obviously, when the constraints of the top or 

bottom decision-maker in BKP are slack (c1=∞ or 
2 ),ic    BKP is transformed to an ordinary KP. 

Therefore, BKP exhibits the same NP-hard charac-
teristics as the ordinary KP. 

3.2  Formulation of UBKP 

UBKP is special in BKP. The related parameters 
involved in the ordinary BKP are all determined. In 
contrast, parameters in the uncertain double-layer 
knapsack problem are uncertain. Even some system 
environment parameters are uncertain, starting from 
the mathematical model of the ordinary BKP, the 
mathematical model of UBKP can be obtained by 
extending the relevant deterministic parameters into 
the uncertain parameters. 

When the involved parameters are uncertain, 
UBKP can be expressed as follows: 

 

{ }

1 2

( , )

1 2 1

1 2

max ( , , ) =

= 0 ,
s.t.

= ( , ,..., ),

x y
x y δ x δ y

x y

y y y yk
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+

ìï + -ïïíïïïî
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where yi solves 

 

 
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1 2 2
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,
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y
y δ y

β x β y

i
i i i

i i

i

i i i

f ξ

χg


 
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and ξ={δ1, δ2, 1, 2, χ1, 3 ,δi  1,βi  2 ,βi  2

i } is the set 
of uncertain parameters corresponding to parameters 
d1, d2, B1, B2, c1, 3 ,di  1,bi  2 ,bi  and 2

ic  respectively in 
the BKP model. 

Simultaneously, to facilitate analysis and calcu-
lation, the top layer and ith bottom layer constraint 
conditions in UBKP are expressed as given in  
Eqs. (15) and (16), respectively. 

Due to these constraints, the objective function 
of BKP has some infeasible regions. The objective 
function can be simplified effectively using the pen-
alty function method, which transforms the con-
straints into penalty factors. Then, the mathematical 
model of UBKP can be transformed as follows: 

 
1 1 2

( , )

1 2

max ( , , ) ( )

s.t. ( , ,..., ),
x y

x y δ x δ y

y = y y yk

F ξ = +
        (18) 

 
where yi solves    2 3, .max

y
y δ y

i
ii i i iξ ρf


   Here, ρ1 is 

the top penalty factor derived from the transformation 
of constraints in top-level decision systems and 2

iρ  is 
the ith bottom penalty factor obtained from the trans-
formation of the constraints of the ith bottom-level 
decision system, expressed as follows: 

 

( )1 1, , , 0,
0, otherwise,

x yG ξ


ìïï=íïïî
               (19) 

 2 1, 0,
0, other

,
wise.

yii
i

g ξ


 







                (20) 

 

3.3  Equivalent deterministic model 

The objective functions are uncertain variables, 
and the constraint conditions are uncertain inequality 
constraints; therefore, the problem cannot be max-
imized directly. According to the E Nash equilib-

rium and E Stackelberg–Nash equilibrium, UBKP 
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can be solved with the Stackelberg–Nash equilibrium 
solution rather than an uncertain solution. Then, the 
UBKP model can be transferred to its expected model; 
i.e., its expected value can be maximized subject to a 
set of chance constraints: 

 
1 1 2

( , )

1 2

max [ ( , ,

),

)]

s.t. ( , , ,

x y δ x δ y

y y y y

x y

k

E F ξ E     

 
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where yi solves   2 3max , ,
y

y δ y
i

i i i i iE f ξ ρ E


         and 

ρ1 and 2
i  are penalty factors expressed as follows: 

 

{ } 1
1 1, ( , , ) 0 ,

0, otherwise,
x yG ξ α


ìï ³ï=íïïî


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  2
2 1, ( , , ) 0 ( , ) 0 ,

0, otherwise.
x yy

i
ii iG ξ g α


   


 
  

(23) 
 

From a mathematical perspective, the expected 
UBKP model cannot be solved directly. It is essential 
to transform it to a corresponding equivalent deter-
ministic BKP model. 

Let ξ1, ξ2, …, ξm be independent uncertain vari-
ables with regular uncertainty distributions Φ1, Φ2, …, 
Φm, respectively. The real function F is the objective 
function of the top decision system in BKP. We as-
sume that leader function F strictly increases relative 
to ξ1, ξ2, …, ξj and strictly decreases relative to the 
following: 
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Leader constraint function G strictly increases 

relative to ξ1, ξ2, …, ξl and strictly decreases relative 
to ξl+1, ξl+2, …, ξm. Then, the uncertainty constraint 

{ }1 1 1 1( )g ξ α ³  can be converted into the fol-

lowing expected form: 
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The penalty function of the uncertain constraints 
of the top-level decision system can be obtained as 
follows: 
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Similarly, for the underlying decision-making 

system in UBKP, the objective function needs to be 
transformed to the corresponding equivalent deter-
ministic objective function. Let the real function fi be 
the objective function of the bottom-level decision- 
making system in BKP. Without loss of generality, fi 
strictly increases relative to ξ1, ξ2, …, 

ij
ξ  and strictly 

decreases relative to 1 2, ,..., .
i ij j m  + +  Then, fi can be 

transformed as follows: 
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Constraint function gi strictly increases relative 
to ξ1, ξ2, …, 

icξ  and strictly decreases relative to 

1 2, ,..., .
i ic c m  + +  Then, the uncertainty constraint 

{ }2 2( , , ) 0x yi ig ξ α ³  can be converted as follows: 
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The penalty function of the uncertain constraints 

of the bottom-level decision system can be obtained 
as follows: 
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According to Theorems 1 and 2, the UBKP 

model in Eq. (17) can be transformed to an equivalent 
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deterministic BKP model by integrating Eqs. (24), 
(26), (27), and (29). The UBKP model is expressed as 
follows: 
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where yi solves 
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4  Improved binary wolf pack algorithm 
 

In this section, the evolutionary IBWPA is pro-
posed, comprising one regulation, two operators, and 
three intelligent behaviors. 

4.1  Description of IBWPA 

The binary smart wolf pack space is an n×m 
Euclidean space, where n is the population of artifi-
cial wolves and m  the binary coding length of an 
artificial wolf. The location of an element (artificial 
wolf) i is Ii(x)=(xi,1, xi,2, …, xi,m), and the resource 
abundance (objective function value) of an element 
(artificial wolf) i is Yi=f(Ii(x)), where xi,j represents the 
number of copies of item j. IBWPA comprises one 
regulation (wolf leader regulation), two operators 
(invert operator and move operator), and three intel-
ligent behaviors (scouting, intelligent hunting, and 

upgrading). Initially, the first-generation location of 
an artificial wolf is generated randomly. 

4.1.1  Wolf leader regulation 

The wolf leader is a unique wolf that has overall 
optimal resources and commands other artificial 
wolves to cooperate efficiently. To ensure effective-
ness of the command, there should be only a single 
wolf leader. If more than one wolf has the same op-
timal resources, one is randomly selected as the wolf 
leader, and the others are regenerated based on the 
upgrading behavior. In addition, to ensure command 
efficiency, the wolf leader does not participate in the 
intelligent hunting behavior. 

4.1.2  Invert operator 

For each item, we denote its copy number as 
binary code 1 when this item is in the knapsack; oth-
erwise, denote it as binary code 0. To invert the 
characters of binary code 0 to 1 (or 1 to 0) effectively 
(i.e., to change the status of item j, whether or not it is 
in the knapsack), we propose the inverse operator 

( ) :   

,

,

0, 1,
( )

1, 0,
i j

i j

x

x

    
                     (31) 

 
where xi,j is the jth binary character (or the number of 
copies of item j) of artificial wolf i. 

4.1.3  Move operator 

The move operator describes the movement of 
an artificial wolf. Here, let Ii(x)=(xi,1, xi,2, …, xi,m) be 
the position of an artificial wolf, M the moving space 
of an artificial wolf (i.e., a set of binary characters that 
may be inverted), and r the step of an artificial wolf 
(i.e., the number of binary characters to be inverted). 
Θ(Ii, M, r) means that r binary characters randomly 
selected from set M are inverted by the invert operator. 
As shown in Fig. 1, Ii=(1, 1, 1, 0, 0, 1), M={3, 5, 6}, 
and r=2. Then, Θ(Ii, M, r) is one of items (1, 1, 0, 0, 1, 
1), (1, 1, 0, 0, 0, 0), and (1, 1, 1, 0, 1, 0). 

4.1.4  Scouting behavior 

Artificial wolf Wi shows great sensitivity to its 
ambient, and thus we propose the scouting behavior 
in each generation of the foraging process. Here, 
artificial wolf Wi observes resources of h different 



Wu et al. / Front Inform Technol Electron Eng   2020 21(9):1356-1368 1363

positions (items) to obtain a better resource position. 
The pth item of artificial wolf Wi is defined as follows: 

 
 , ,Step ,I Ip

i i aM                (32) 
 
where M={1, 2, …, m} is the set with all serial 
numbers of the binary characters and Stepa the 
scouting step coefficient. 

We then obtain h different positions (items) Ii=  

 1 2, , ...,I I I h
i i i  and resources (objective value) of the 

h  positions (items)  1 2, , ..., .h
i i i iY Y Y Y  Artificial 

wolf Wi moves to the position (item) with the maxi-
mum resource (objective value), i.e., the position with 
the resource (objective value) greater (larger) than 
that artificial wolf Wi has. In other words, if 

q
iY  max{Yi}>Yi, then .I = I q

i i  
 
 
 
 
 
 
 
 
 
 
 

4.1.5  Intelligent hunting behavior 

Wolf leader Wlead howls with position (item) 
Ilead(x) and resource Ylead of itself to gather other 
wolves around the prey resources. Artificial wolf Wi 
moves toward wolf leader Wlead with intelligent 
hunting step Stepb, during which the difference of the 
position (item) and resource between wolf leader 
Wlead and artificial wolf Wi is considered. Here, the 
(k+1)th-generation artificial wolf Wi is defined as 

 

 ( 1) ( ) ( ), ,Step ,I Ik k k
i i i bM              (33) 

 
where ( )I k

i  is the kth-generation artificial wolf Wi, 
Stepb is the intelligent hunting step coefficient, and 

( )k
iM  is the invert set {s1, s2, …, sm} of the kth- 

generation artificial wolf Wi, comprising a serial 

number of the different binary characters between 
wolf leader Wlead and artificial wolf Wi. 
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i j
i
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i j j

x x

x
s

i x
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                (34) 

 
where “null” is a null value. 

( )k
iM  preserves the same part of items between 

wolf leader Wlead and artificial wolf Wi to retain the 
elite advantages. Let the different parts of items be-
tween wolf leader Wlead and artificial wolf Wi be in-
cluded in the invert set to increase population ad-
vantages. If ( )k

iM  is an empty set, i.e., artificial wolf 
Wi obtains the same position (item) as wolf leader 
Wlead, then artificial wolf Wi moves randomly around 
its current position, i.e., random forging behavior 

 ( 1) ( ) , , 1 .I Ik k
i i M    

The step of artificial wolf Wi moving toward the 
wolf leader depends on the binary coding length of 
artificial wolf m and the resource difference between 
wolf leader Wlead and artificial wolf Wi. We proposed 
Stepb to quantify the moving speed: 
 

lead
min

0 0

Step = Step .
max min

i
b

Y Y
m

Y Y

ê ú-ê ú⋅ +ê ú-ë û
   (35) 

 
Here, maxY0 is the upper resource limit, minY0 is the 
lower resource limit, A    is the floor function whose 
value is the greatest integer less than or equal to A, 
and Stepmin is the minimum number of steps that 
makes sense to the artificial wolf (we select 1 in 0–1 
knapsack problems). 

4.1.6  Upgrading 

After scouting and intelligent hunting behaviors, 
the positions (items) of artificial wolves are deter-
mined. The resources (objective function value) of 
each wolf can be calculated. The artificial wolf with 
the greatest objective function value will defeat the 
old wolf leader and become the new wolf leader. The 
new wolf leader is kept in the next generation to 
maintain the advantages of the wolf population. R 
artificial wolves of the other n–1 artificial wolves are 
randomly selected to die due to resource shortage, and 
baby artificial wolves (with the same number) are 

Fig. 1  Illustration of the move operator 
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born to maintain the diversity of the group and eco-
logical balance.  

R is a randomly selected integer in the interval 
[n/(2β), n/β], where β is the population upgrading 
coefficient. 

4.2  IBWPA framework for UBKP 

The framework of IBWPA is shown in Fig. 2. As 
can be seen, IBWPA applies wolf leader regulation to 
maintain elitism selection, applies the scouting be-
havior to find a better resource position (item) in local 
exploitation, applies the intelligent hunting behavior 
to improve search efficiency in global exploration, 
and applies upgrading to maintain population diver-
sity during the search process. It emphasizes both the 
efficiency during the search process and the global 
features of the optimal solution. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Step 1: Set the parameters of IBWPA, the num-

ber of wolves n, the binary coding length of artificial 
wolf m, the maximum number of iterations Nmax, the 
maximum number of repetitions in scouting behavior 

Tmax, and the population upgrading proportional co-
efficient β. 

Step 2: Initialize the position of artificial wolf 
I(x). 

Step 3: Determine the E Nash equilibrium of 
followers of each solution item using IBWPA. 

Step 4: Calculate the values of the leader knap-
sack for each solution item based on its E Nash 
equilibrium and select the wolf with the best re-
sources (objective function value) as wolf leader  
Wlead. 

Step 5: Every wolf Wi performs the scouting 
behavior until Yi>Ylead or the number of repetitions 
reaches Tmax. 

Step 6: After the wolf leader Wlead is determined, 
the remaining n−1 artificial wolves calculate the 
numbers of their intelligent steps and move toward 
the wolf leader. 

Step 7: Upgrade the position (item) of the wolf 
leader according to wolf leader regulation and save it 
to the next generation. Then upgrade the wolf pack 
according to the population upgrading rule. 

Step 8: If the value of the knapsack satisfies the 
requirement or the number of current iterations 
reaches the maximum number of iterations Nmax, the 
position (item) Ilead(x) and the resource (objective 
function value) Ylead of the wolf leader become the 
optimal solution of the knapsack problem; otherwise, 
go to step 3. 

4.3  Analysis of IBWPA on classic KP benchmarks 

To demonstrate the effectiveness of IBWPA in 
solving UBKP, simulations on classic KP benchmarks 
were performed because UBKP is a special type of 
KP. 

To analyze the performance of IBWPA, five 
classical KP benchmarks with different dimensions 
(10–100) were selected. The parameters are shown in 
Table 1 (Liu JQ et al., 2007; Gao F et al., 2009; Qian 
and Zheng, 2012).  

In this study, the maximum number of iterations 
Nmax and the population size n  of IBWPA were set to 
the quadruple of knapsacks dimension m, i.e., Nmax= 
n=4m. These two parameters of the algorithms com-
pared were the same as in IBWPA. The algorithms 
compared are the improved quantum genetic algo-
rithm (IQGA) (Wang R et al., 2012), binary particle 

Fig. 2  Framework of the improved binary wolf pack 
algorithm (IBWPA) 
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swarm optimization with time-varying acceleration 
coefficients (BPSOTVAC) (Chih et al., 2014), and the 
discrete cuckoo search (DCS) algorithm (Gherboudj 
et al., 2012). The binary coding length of the artificial 
wolf was the same as the dimension of the knapsack 
problem, the maximum number of repetitions in 
scouting behavior Tmax was set to 10, and the popula-
tion upgrading proportional coefficient β was set to 4. 
In each case, 100 independent tests of IBWPA with 
the above parameters were performed in MATLAB 
R2014a (8.0.3.532) using an Intel® Xeon® CPU 
E5-1620 v2@3.70 GHz running Windows 8.1 
(64-bit). 

 
 
 
 
 
 
 
 
 
 
 
 
 
To obtain the best performance with the algo-

rithms compared, the best parameter settings for the 
IQGA, BPSOTVAC, and DCS were applied accord-
ing to the literature (Gherboudj et al., 2012; Wang R 
et al., 2012; Chih et al., 2014). All the parameters are 
shown in Table 2. 

 
 
 
 
 
 
 
 
 
 

The simulation results are shown in Table 3. 
Note that a searching test with an optimal solution 
greater than 99% of the best known optimal solutions 
was considered a successful test. The average con-
vergence curves of the four algorithms for five typical 
knapsack benchmarks are shown in Figs. 3–7.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

From Table 3 and Figs. 3–7, we see that IBWPA 
obtained better optimal solutions in Best, Worst, and 
Avg. for all knapsack benchmarks, and its computa-
tion cost was the smallest due to the lowest AEN. 
These results demonstrate the robustness of IBWPA. 
IBWPA was also competitive compared to the best 
known optimal solutions because its SR value 
reached 100% on all KP benchmarks. The simulation 
results demonstrate that IBWPA is fast, efficient, and  

Table 1  Parameters of the five knapsack problem 
benchmarks 

No. Dimension V Ω W Best of known
KP1 10 V1 Ω1 269 295-269 
KP2 20 V2 Ω2 878 1024-871 
KP3 50 V3 Ω3 1000 3119-1000 
KP4 80 V4 Ω4 1173 5183-1170 
KP5 100 V5 Ω5 3820 15 170-3818 
V: value set; Ω: weight set; W: weight limit. The best results of 
the known optimal solution are shown with the form of v-w 
(value-weight) 

Table 2  Parameter settings adopted in the four dif-
ferent algorithms 

Algorithm Parameters 
IBWPA n=4m, Nmax=4m, Tmax=10, β=4 
IQGA n=4m, Nmax=4m, 1 2a b   
BPSOTVAC n=4m, Nmax=4m, c1=c2=2, ω=0.8 
DCS n=4m, Nmax=4m, pa=0.3, pr=0.3, β=1.5 
 

Fig. 3  Average convergence curves for KP1 

Fig. 4  Average convergence curves for KP2 

Fig. 5  Average convergence curves for KP3 
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robust in obtaining high-precision optimal solutions 
to the knapsack problem. 

UBKP is a special knapsack problem with un-
certain conditions; thus, we can expect that the pro-
posed IBWPA can achieve good performance in 
solving UBKP. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5  Applications 
 

This section presents an armament transportation 
example with uncertain parameters. In this example, 
several armaments and combat groups must be 
transported by airplane. In this problem, the frontier 

Table 3  Statistical results of 100 runs obtained by IBWPA, IQGA, BPSOTVAC, and DCS 

No. Best of known Index IBWPA IQGA BPSOTVAC DCS 

KP1 295-269 

Best 295-269 295-269 295-269 295-269 
Worst 295-269 295-269 295-269 293-249 
Avg. 295 295 295 294.7 
SD 0 0 0 0.57 

SR (%) 100 100 100 100 
AEN 1.2 1.9 3.5 6.25 

KP2 1024-871 

Best 1024-871 1024-871 1024-871 1024-871 
Worst 1024-871 1024-871 1024-871 986-726 
Avg. 1024 1024 1024 1014.75 
SD 0 0 0 9.39 

SR (%) 100 100 100 65 
AEN 2.6 6.7 19.45 62.95 

KP3 3119-1000 

Best 3119-1000 3118-1000 3091-1000 3068-993 
Worst 3112-1000 3102-1000 3044-998 2960-967 
Avg. 3116 3110 3067 2994 
SD 3.21 5.08 13.40 15.60 

SR (%) 100 100 10 0 
AEN 16.4 69.4 185.6 200 

KP4 5183-1170 

Best 5183-1170 5183-1170 4877-1167 4691-1181 
Worst 5183-1170 5088-1163 4643-1168 4463-1113 
Avg. 5183 5155.15 4771.35 4552.15 
SD 0 30.26 51.55 57.74 

SR (%) 100 80 0 0 
AEN 21.8 227.85 320 320 

KP5 15 170-3818 

Best 15 170-3818 15 170-3818 14 349-3784 14 133-3370 
Worst 15 170-3818 15 144-3809 14 030-3734 13 534-3212 
Avg. 15 170 15 166.65 14 160.9 13 833.2 
SD 0 6.23 90.95 157.61 

SR (%) 100 100 0 0 
AEN 24.35 74.35 400 400 

Best, Worst, Avg., and SD stand for the best, worst, average, and standard deviation of 100 independent tests’ optimal solutions, 
respectively. SR: success rate of tests; AEN: average evolutionary/iteration number. The best results of the known optimal solution 
are shown with the form of v-w (value-weight) 

Fig. 6  Average convergence curves for KP4 
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Fig. 7  Average convergence curves for KP5 
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commander must maximize the combat capacity in 
the frontier, and the transportation commander at-
tempts to guarantee safety in the transportation pro-
cess. Assume that armaments and warrior soldiers 
provide two functions, i.e., combat capacity in the 
frontier and protective capacity in the transportation 
process. Then, an uncertain bilevel programming 
model of the armament transportation problem is 
given as follows: 
 

1 2
1 2( , )

3

1 2 2
3

3 4

max ( , , )
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  (36) 

 
where x=(xi)1×n are armaments without protective 
capacity, y=(yi)1×n are armaments with protective 
capacity, ξ1d

1(ξ2d
2) is the combat capacity factor of 

armament y, ξ3d
3 is the protective capacity factor of 

armament y, and F(x, y, ξ) is the total combat effec-
tiveness. Here, the relevant data are ξ1=(0.8, 0.9, 

1.05), d1=[3, 4, 7], ξ2=(0.6, 0.8, 1.05), d2=[5, 1, 2, 7], 

ξ3=(0.8, 1.5), d3=[2, 2, 3, 4], b1=[3, 1, 2], b2=[1, 2, 1, 
4], and c2=4. 

An uncertain solution based on IBWPA was ap-
plied to solve model (36). The results demonstrate 
that this example has a Stackelberg–Nash equilibrium 
x=[0, 1, 1]T, y=[0, 0, 1, 0]T and the objective values of 
the leader and the follower are 16.43 and 3.52, re-
spectively. In other words, armaments x2, x3 and 
group y3 should be sent to the frontier, and the ex-
pected combat capacity and expected protective ca-
pacity are 16.43 and 3.52, respectively. 

 
 

6  Conclusions 
 

In this paper, we have proposed a UBKP model, 
which is a special type of BKP with uncertain varia-
bles. An uncertain solution has been developed to 
transform UBKP to an equivalent deterministic model. 
Computational efficiency has been improved by the 
proposed evolutionary IBWPA. The performance of 
IBWPA was much better than that of the algorithms 
compared for several typical knapsack problem 

benchmark tests. Finally, IBWPA has been applied to 
an armament transportation problem under uncertain 
parameters. 
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