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Abstract: We review the research on complex dynamical networks (CDNs) with impulsive effects. We provide a
comprehensive and intuitive overview of the fundamental results and recent progress of CDNs with impulsive effects,
where impulsive effects are considered from two aspects, i.e., impulsive control and impulsive perturbation. Five
aspects of CDNs with impulsive effects are surveyed, including synchronizing impulses, desynchronizing impulses,
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effects. Finally, conclusions and some future research directions are briefly addressed.
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1 Introduction

Complex networks are found in many practi-
cal fields as diverse as neural networks, cellular and
metabolic networks, biological networks, computer
networks, the World Wide Web, co-authorship and
citation networks, and social networks (Huberman
and Adamic, 1999; Buchanan, 2002). In the past
decades, there has been much research on complex
networks such as applications of complex networks,
modeling and statistical analysis, big-data diagno-
sis in complex networks, dynamics and structures of
complex dynamical networks (CDNs), and control
and synchronization of CDNs.

Synchronization, as an interesting collective be-
havior of CDNs, has been extensively studied in var-
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ious fields (Hong et al., 2002; Wang XF and Chen,
2002b; Tang et al., 2014). In the earlier years, most
research focused on synchronization of continuous-
time networks without delays. In practice, time de-
lay may appear in the state of the system, control
input, or the measurement (Guan XP et al., 2007;
Wang HL and Chen, 2015; Lv et al., 2018b; Yang
D et al., 2018; Yang XY and Li, 2018), and it can
sometimes induce instability and poor performance.
Because signal traveling speeds are limited, time de-
lay is a common phenomenon in networks, and it is
important to study the synchronization of networks
with time delay. Numerous sufficient conditions for
synchronization of various kinds of CDNs have been
obtained, such as time-varying coupling CDNs, di-
rected and weighted couplings, and switching cou-
plings. The relationship between network structure
and the ability of network synchronization has also
been studied.

It is costly to control every node in a large and
complex network. A pinning control strategy was
introduced to cope with this situation (Wang XF
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and Chen, 2002a; Li X et al., 2004), where just a
small number of nodes were directly controlled. This
method can reduce the number of controllers, and
reduce the communication frequency between nodes.
To improve efficiency and save resources, some meth-
ods have been combined with pinning control strate-
gies to ensure global synchronization, such as fuzzy
control, finite-time control, adaptive control, event-
triggered control, and impulsive control (Zhang XY
et al., 2017b, 2018; Xing et al., 2019; Huang et al.,
2020).

In real applications, a system (such as signal
processing systems, computer networks, automatic
control systems, and telecommunications) may be
affected by impulsive effects due to instantaneous
perturbations at instant moments. As a kind of dis-
continuous control, impulsive control is often seen as
an efficient and economic method for networks. Then
the studies of CDNs with impulsive effects are very
important for understanding the dynamics of most
complex real-world networks. In the past decades,
impulsive theory has been studied deeply and results
of many impulsive differential systems have been de-
rived (Khadra et al., 2009; Chang et al., 2010; Li
XD and Bohner, 2012; Amato et al., 2013; Li XD
et al., 2015b; Xu F et al., 2015; Zhang XY et al.,
2017a). Meanwhile, the synchronization problem
of CDNs can be widely solved by impulsive control
methods (Chen YS et al., 2010; Wu B et al., 2012;
Chen J et al., 2013; Li XD et al., 2015a). The stabil-
ity and ability to synchronize CDNs can be guaran-
teed by designing small impulses at some impulsive
instants, which can increase the robustness and re-
duce information redundancy in the processing of
transmitted signals. Some results on the exponen-
tial synchronization of discrete-time impulsive net-
works with time-varying delays were presented (Li
XD et al., 2015a), involving an average impulsive in-
terval. With the development of impulse research,
adaptive-impulsive synchronization of systems and
uncertain general CDNs were derived (Li K and Lai,
2008; Chen YS et al., 2010).

As far as we know, networks are not isolated, but
rather inter-dependent or inter-connected. In many
scenarios, a few sets of nodes interact within their
own layers and across different layers, where each
layer represents a different edge type, and the con-
nectivity pattern on each layer can be unique. Simi-
larly, the interactions of predators differ entirely from

that of prey; that is, the topology structures of the
two communities are different. Therefore, synchro-
nization between two different complex networks is
a more practical and significant problem (Um et al.,
2011). Synchronization in multi-layer networks has
been extensively investigated in the past few years
(Rakshit et al., 2017; Mei et al., 2018; Wei et al.,
2018). There are three typical types of synchroniza-
tion in multi-layer networks, that is, complete syn-
chronization, intra-layer synchronization, and inter-
layer synchronization.

The remainder of the paper reviews the main
results concerning CDNs with impulse effects.

2 Preliminaries

Several notations used throughout the paper
are listed in Table 1. For any interval J ⊆ R, set
S ⊆ R

k (1 ≤ k ≤ n), C(J, S) = {ϕ : J → S is
continuous}, and C1(J, S) = {ϕ : J → S is contin-
uously differentiable}. Λ = {1, 2, . . . , N}, where N
denotes the number of nodes in a network. Func-
tion α : [0,∞) → [0,∞) is of class K if α is con-
tinuous, strictly increasing, and α(0) = 0. In addi-
tion, if α is unbounded, it is of class K∞. Function

Table 1 Notations

Notation Description

R Set of real numbers
R+ Set of positive numbers
R
n n-dimensional real spaces equipped

with the Euclidean norm ‖ · ‖
R
n×m n×m-dimensional real spaces
Z+ Set of positive integers
N Set of nonnegative integers

M > 0 Matrix M is symmetric and positive
definite

M < 0 Matrix M is symmetric and negative
definite

M > N M −N is positive definite for
symmetric matrices M and N

λmax(M) The maximum eigenvalue of matrix M

λmin(M) The minimum eigenvalue of matrix M

I Identity matrix with appropriate dimensions
� Symmetric block in a symmetric matrix
A Closure of set A

N(t0, t) Number of impulse times in interval [t0, t)
x(t+)= lim

s→t+
x(s) Right-hand limit

x(t−)= lim
s→t−

x(s) Left-hand limit
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β : [0,∞)× [0,∞) → [0,∞) is of class KL if β(·, t) is
of class K for each fixed t ≥ 0 and β(r, t) decreases to
0 as t→ ∞ for each fixed r ≥ 0. For any interval J ⊆
R, set V ⊆ R

k (1 ≤ k ≤ n), PC(J, V ) = {ϕ : J → V

is continuous everywhere except at a finite number
of points t, at which ϕ(t+), ϕ(t−) exist and ϕ(t+) =
ϕ(t)}. For given τ > 0, set Cτ = C([−τ, 0],Rn),
PCτ = PC([−τ, 0], R

n) with norm || · ||τ defined
by ||ϕ||τ = sup{||ϕ(s)|| : s ∈ [−τ, 0]}, and
PCB(J, V ) = {ϕ ∈ PC(J, V ) : ϕ is bounded}. In
particular, let PCB+ = PCB([0,+∞),R), PCB− =

PCB((−∞, 0],R), and for each ϕ ∈ PCB+(PCB−),
the norm is defined by ||ϕ||B = sups≥0(s≤0) |ϕ(s)|.

2.1 Complex dynamical networks

Numerous inter-connected nodes can compose
a CDN, where each node is a dynamical system.
The linearly coupled ordinary differential equations
of CDNs can be described as

ẋi(t) = fi(xi(t), t) + α
N∑

j=1

aijΓxj(t), i ∈ Λ, (1)

where xi(t) ∈ R
n are the state vectors of the ith

node, α > 0 is the coupling strength, Γ is the in-
ner coupling matrix, and functions fi : Rn → R

n

are continuously differentiable. Specifically, fi can
be chosen as f1 = f2 = . . . = fN = f , that
is, the CDNs with identical dynamics of nodes.
A = (aij) ∈ R

N×N is the coupling configuration
matrix representing the topology structures. The el-
ements of A are defined as follows: aij = aji = 1

if nodes i and j are connected for i �= j; otherwise,
aij = aji = 0. It is assumed that

∑N
j=1 aij = 0 for

i ∈ Λ. Fig. 1 displays a CDN with 20 nodes. There
is an edge between nodes 1 and 2 if a12 = a21 = 1.

During the last several decades, control of CDNs
has attracted much interest, and the equations can
be shown by

ẋi(t) = fi(xi(t), t) + α
N∑

j=1

aijΓxj(t)

+ui(t), i ∈ Λ,

(2)

where ui(t) is the control input. Many control meth-
ods, such as impulsive control, continuous feedback
control, adaptive control, and pinning control, are
based on different control inputs. Impulsive control,
as a discontinuous input in the system, is regarded
as an effective control method, and has been widely
applied to synchronize CDNs.
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Fig. 1 A complex dynamical network (CDN) with
20 nodes

Viewing system (1) as a drive network, the fol-
lowing can be viewed as a response network:

ẏi(t) = fi(yi(t), t) + α

N∑

j=1

aijΓyj(t) + ui(t), (3)

where yi(t) = (yi1(t), yi2(t), . . . , yin(t))
T ∈ R

n, i ∈
Λ.

Synchronization is a typical and important col-
lective dynamical behavior of CDNs. Much effort has
been made to study the subject (Lv et al., 2018a).
Below we review some definitions of synchronization
of CDNs.
Definition 1 Complex dynamical networks (1) are
said to achieve synchronization if x1(t) = x2(t) =

. . . = xN (t) = s(t) as t→ ∞, where s(t) is the state
variable of equations for an isolated node of CDNs,
i.e., ṡ = f(s(t), t) for all t ∈ R+.
Definition 2 Complex dynamical networks (1)

are synchronized to the average state of CDNs if
x1(t) = x2(t) = . . . = xN (t) = s(t) as t → ∞,

where s =
1

N

∑N
i=1 xi.

Definition 3 The drive CDNs (1) and response
CDNs (3) are said to achieve drive-response synchro-
nization, if lim

t→∞ ‖yi(t)− xi(t)‖ = 0, i ∈ Λ.

Most results on synchronization of CDNs are
based on the above definitions.

2.2 Impulsive systems

The concept of impulsive system and its math-
ematical theories are called impulsive differential
equations, or differential equations with impulse ef-
fects (Guan ZH et al., 2005; Zhang Y et al., 2009;
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Wang L and Li, 2013; Li XD et al., 2015c, 2015d).
Generally speaking, an impulsive system consists of
three elements:

1. a continuous-time differential equation, which
governs the motion of the system between resetting
events:

ẋ(t) = f(t, x), (t, x) /∈ Σ;

2. a difference equation (jumping operator),
which governs the way that the states are instan-
taneously changed:

Δx = x(t)− x(t−) = Jx(t−), (t, x) ∈ Σ;

3. a criterion (switching set) that determines
when the states of the system are to be reset Σ ⊆
R+ ×Ω (Ω is called the state space).

Consider the following general impulsive func-
tional differential equation:

⎧
⎪⎨

⎪⎩

ẋ(t) = f(t, xt), t > t0, t �= tk,

Δx = Ik(t, x(t
−)), t = tk, k ∈ N,

xt0 = φ,

(4)

where xt ∈ PCτ is defined as xt(s) = x(t + s), s ∈
[−τ, 0], f , Ik : R+ × PCτ 
→ R

n, φ ∈ PCτ , Δx =

x(tk) − x(t−k ). The impulse times {tk} satisfy 0 ≤
t0 < · · · < tk < · · · , lim

k→∞
tk = ∞.

Definition 4 Assume that x(t) is the solution of
system (4). Then the trivial solution of system (4) is
said to be the following:
(A1) stable, if for any σ ≥ t0 and ε > 0, there exists
δ = δ(ε, t0) > 0 such that any x0 : |x0| < δ(ε, t0)

implies |x(t, t0, x0)| < ε, for all t > t0;
(A2) uniformly stable, if the δ in (A1) is independent
of t0;
(A3) uniformly asymptotically stable, if (A2) holds
and for any t0 ≥ 0 and ε > 0, there exist σ(t0) >
0 and T (ε,x0) > 0 such that |x0| < δ implies
that |x(t, t0,x0)| < ε, for all t > t0 + T , i.e.,
limt→+∞ x(t, t0,x0) = 0;
(A4) globally stable (globally asymptotically stable),
if (A1) holds and for any δ there exist λ > 0 and
k(δ) > 0, when |x0| < δ we have |x(t, t0, x0)| <
k(δ)e−λ(t−t0), t > t0.
Definition 5 (Yang T, 2001) Function V :

[T0 − τ,∞)× R
n 
→ R+ belongs to class v0 if:

(1) for set [tk−1, tk) × R+, V is continuous and
lim(t,u)→(t−k ,v) V (t, u) = V (t−k , v);

(2) for t ≥ t0, V (t, x) is locally Lipschitz with x and
V (t, 0) ≡ 0.

Definition 6 (Yang T, 2001) Let V ∈ v0. The up-
per right-hand derivative of V with respect to system
(4) is defined by

D+V (t, ψ(0)) = lim
h→0+

sup
1

h
[V (t+ h,ψ(0)

+ hf(t,ψ))− V (t,ψ(0))],

for (t,ψ) ∈ [tk−1, tk)× PCτ .

Definition 7 (Yang XS et al., 2011b) An impulsive
sequence {tk, k ∈ N+} is said to have an average
impulsive interval Ta if there exist a positive integer
ζ and a positive constant Ta such that

T − t

Ta
− ζ ≤ N(T, t) ≤ T − t

Ta
+ ζ, ∀T ≥ t ≥ 0, (5)

where N(T, t) denotes the number of impulsive oc-
currences of the impulsive sequence {tk, k ∈ N+} on
interval (t, T ).

Meanwhile, impulsive control, as an effective
control method, is based on impulsive systems. Gen-
erally, impulsive control systems (ICSs) can be clas-
sified into three types according to impulsive effects
and impulsive instances (Yang XY et al., 2018). Up
to now, the existing results are divided into two as-
pects, i.e., impulsive control and impulsive pertur-
bation (Guan ZH and Chen, 1999; Guan ZH and
Zhang, 2008; Li XD, 2012; Li XD et al., 2013; Lin
et al., 2013; Liu J and Li, 2013). For instance, if a
given system is stable without impulsive effects, then
it can still be stable even with impulsive interference,
which is viewed as an impulsive perturbation issue
(Li XD et al., 2018). The following is an example to
illustrate the fact that impulsive perturbation may
affect the dynamical behaviors of CDNs:
Example 1 Consider the following two-
dimensional (2D) Hopfield neural networks:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = 0.01 sin tx1(t) + 0.2 cos t tanh(x1(t))

+ tanh(x1(t))− tanh(x2(t))− 0.3x1(t)

+0.5 sin t tanh(x2(t)) + cos t,

ẋ2(t) = 0.02 cos tx2(t)− 0.2 sin t tanh(x1(t))

−0.4x2(t) + tanh(x1(t)) + tanh(x2(t))

+0.1 cos t tanh(x2(t)) + sin t,

(x1(tk), x2(tk))
T =K(x1(t

−
k ), x2(t

−
k ))

T, k ∈ Z+.

(6)
By simulation, if K = I, then the solution of

system (6) is not periodic (Figs. 2c and 2d). How-
ever, if we chooseK = diag(0.3, 0.2), tk = kπ/8, k ∈
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N, then the solution of system (6) is 2π-periodic and
globally attractive (Figs. 2a and 2b). Therefore, it is
significant and indispensable to study ICSs.

Additionally, if a given system is unstable or
stable without impulsive effects, then it can become
uniformly stable or uniformly asymptotically stable
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Fig. 2 State trajectories of system (6) with impulsive
effect (a), phase portraits of 2π-periodic solutions of
system (6) (b), state trajectories of system (6) with-
out impulses (c), and phase portraits of system (6)
without impulses (d). Reprinted from Li XD et al.
(2015b), Copyright 2014, with permission from Else-
vier Ltd.

even exponentially stable, with a proper impulsive
control, which is deemed an impulsive stabilization
issue (Li XD and Fu, 2012). The following example
illustrates this problem:
Example 2 Consider the following 2D neural
networks:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = −2x1(t) + (−0.1 + 0.2 sin(πt)) sin(x1(t))

+0.15 cos(x2(t))− 5

2
cos(πt), t �= tk,

ẋ2(t) = −3x2(t)− 0.6 sin(x1(t)) +
4

3
sin(πt)

+(0.15 + 0.05 cos(πt)) cos(x2(t)), t �= tk,

x1(tk) = e0.5x1(t−k ), k ∈ Z+,

x2(tk) = e0.6x2(t−k ), k ∈ Z+.

(7)
By simulation, if we choose tk = 0.5k, k ∈ Z+,

then the solution of system (7) is 2π-periodic and
globally attractive (Figs. 3a and 3b).

At certain time, the nodes may be affected by
instantaneous perturbations or experience an abrupt
change of state. In other words, the dynamic behav-
ior, in terms of synchronization of CDNs, may be
affected by impulsive effects, which can be classified
into two types (synchronizing impulses and desyn-
chronizing impulses). In the following sections, we
review further research on the two kinds of impulses.
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Fig. 3 State trajectories (a) and phase portraits of
2π-periodic solutions (b) of system (7). Reprinted
from Li XD et al. (2015b), Copyright 2014, with
permission from Elsevier Ltd.
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3 Synchronizing impulses

In the past decades, synchronization of impul-
sive CDNs has attracted wide attention (Sun JT
et al., 2004; Yang ZC and Xu, 2005; Cai et al., 2008;
Liu B et al., 2008; Lu JG and Chen, 2009; Yang
XS et al., 2011b; Liu ZW et al., 2012; Li XD and
Rakkiyappan, 2013; Wang X et al., 2017a; Xu ZL
et al., 2019; Yang JJ et al., 2020). These studies focus
on two aspects of synchronization of impulsive CDN,
i.e., impulsive synchronization and impulsive desyn-
chronization. We will introduce mainly some works
involving impulsive synchronization. A given CDN is
synchronous or asynchronous when there are no im-
pulsive effects, but it can become synchronous, glob-
ally asymptotically synchronous, and even exponen-
tially synchronous by designing a proper impulsive
controller. Such impulses are said to be synchroniz-
ing impulses and are viewed as impulsive controllers.
Generally speaking, impulsive controllers have sim-
ple structures and the advantages of low cost, ef-
fectiveness, and robustness. Much impulsive control
research about synchronization of various CDNs has
been developed (Lu JG and Chen, 2009; Yang XS
et al., 2011b; Li XD and Rakkiyappan, 2013; Wang
X et al., 2017a; Xu ZL et al., 2019). For instance, Lu
JG and Chen (2009) considered the chaotic neural
networks M and S as a master-slave system:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

M :

{
ẋ = −Ex+W f(x) + I,

k =Hx,

S :

{
ż = −Ez +W f(z) + I, t �= ti,

l =Hz,

C : Δz =H(k − l), t = ti.

(8)

The synchronization error is defined as e = x−
z; thus, the error dynamics can be described by

E :

{
ė = −Ee+Wη(e; z), t �= ti,

Δe = −KHe, t = ti.
(9)

For simplicity, we omit the details of the above-
mentioned system; details can be found in Lu JG
and Chen (2009).
Definition 8 (Lu JG and Chen, 2009) The master
systemM and slave system S in Eq. (8) are said to be
globally asymptotically synchronized if the synchro-
nization error system (9) is globally asymptotically
stable.
Theorem 1 (Lu JG and Chen, 2009) Given the
impulsive interval Ta > 0, if there exist a diagonal

and positive definite matrix λ = diag{λi} ∈ R
n×n,

a symmetric and positive definite matrix Q ∈ R
n×n,

and a constant matrix M ∈ R
n×l such that

⎡

⎢
⎢
⎣

Π Q−CTMT TaQW

∗ −Q 0

∗ ∗ −Taλ

⎤

⎥
⎥
⎦ < 0,

where Π = Ta(−ETQ − QE + ΣλΣ) − Q, Σ =

diag(σ1, σ2, . . . , σn), then networks M and S in
Eq. (8) will achieve global asymptotic synchroniza-
tion under controller C with K = P−1Y .

Lu JG and Chen (2009) have considered two
chaotic neural networks as a master-slave system and
proposed a sufficient condition for global asymptotic
synchronization of this master-slave system. Based
on output feedback impulsive control, a linear ma-
trix inequality (LMI) based approach was developed
to design the linear impulsive control law. For this
method, the linear output feedback impulsive con-
troller can be easily obtained. In addition, an upper
bound of the impulsive interval was estimated. Many
results were based on the fact that the impulsive in-
terval is limited. As far as impulsive controllers are
concerned, the goal is to make the impulsive interval
as small as possible. However, to obtain the main
results, the maximum of impulsive intervals was lim-
ited (Lu JG and Chen, 2009).

Actually, due to the inherent property of com-
plex networks, time delay should be considered and
it is significant to investigate complex networks with
time delay. Based on Lu JG and Chen (2009), syn-
chronization of neural networks with mixed delay
was investigated (Yang XS et al., 2011b; Li XD and
Rakkiyappan, 2013; Li XD et al., 2019b), including
time-varying delays and distributed delays.

By the impulsive control method, Yang XS et al.
(2011b) considered a class of switched neural net-
works with time-varying delays and unbounded dis-
tributed delays. Several sufficient conditions for
global exponential synchronization were obtained,
and are given in the following.

Consider the following two switched systems as
a master-slave system:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ẋ(t) = −Cσx(t) +Aσfσ(x(t))

+Bσfσ(x(t− τσ(t)))

+Dσ

∫ t

−∞ pσ(t− s)fσ(x(s))ds
+Iσ(t), t > 0,

x(s) = φ(s),

(10)
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẏ(t) = −Cσy(t) +Aσfσ(y(t))

+Bσfσ(y(t− τσ(t)))

+Dσ

∫ t

−∞ pσ(t− s)fσ(y(s))ds
+Iσ(t), t > 0,

Δy(tk) =
m∑

σ=1
Ek

σz(t
−
k ), t = tk, k ∈ N+,

y(s) = ϕ(s),

(11)

where z(t) = y(t)−x(t) is the synchronization error,
σ := σ(t) : [0,+∞) → M = {1, 2, . . . ,m} is a switch-
ing signal, and 0 < τσ(t) ≤ τσ (τσ are constants).
The real-valued continuous functions pσ : [0,+∞) →
[0,+∞) satisfy

∫ +∞
0 pσ(s)ds = ασ, where ασ are

positive constants. fσ(·) = (f1
σ(·), . . . , fn

σ (·))T sat-
isfies |f i

σ(x) − f i
σ(y)| ≤ f i

σ|x − y|, ∀x, y ∈ R, x �= y.
Detailed information can be found in Yang XS et al.
(2011b).
Theorem 2 (Yang XS et al., 2011b) Assume that
the impulsive sequence {tk, k ∈ N+} satisfies con-
straint (5) with elasticity number ζ and average im-
pulsive interval Ta. If for each σ ∈ M there hold
⎧
⎨

⎩

−cσ+‖Aσ‖Fσ+
Fσ

b0.5ζσ

(‖Bσ‖+ασ‖Dσ‖)+ ln bσ
2Ta

<0,

‖In +Ek
σ‖2 ≤ bσ < 1, k ∈ N+,

(12)

where Cσ = diag(c1σ, c2σ, . . . , cNσ ), cσ = min{ciσ : i ∈
Λ}, Fσ = max{f i

σ : i ∈ Λ}, then global exponen-
tial stabilization for the zero solution of the hybrid
impulsive and switched error system can be derived
under any switching law.

Based on the Lyapunov stability theory, Yang
XS et al. (2011b) obtained a new synchronization
criterion for a switched neural network model with
mixed delays. Compared with the results in Lu JG
and Chen (2009), the switching law can be arbitrary
and the synchronization criterion is less conservative
than those based on a maximum of impulsive inter-
vals. The results in Lu JG and Chen (2009), Yang XS
et al. (2011b), and Li XD and Rakkiyappan (2013)
are mainly on chaotic neural networks with mixed
delays based on the impulsive control method. Some
conditions were presented and easily checked by the
MATLAB LMI toolbox.

Consider the delayed drive-response system as
follows:
⎧
⎪⎨

⎪⎩

ẋ(t) = −Ex(t) +C1f(x(t)) +C2f(x(t− τ(t)))

+W
∫ t

−∞ h(t− s)f(x(s))ds+ I, t > 0,

x(s) = θ1(s),

(13)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẏ(t) = −Ey(t) +C1f(y(t)) +C2f(y(t− τ (t)))

+W
∫ t

−∞ h(t− s)f(y(s))ds+ I, t �= tk,

Δy(tk)=y(tk)−y(t−k )=−H(y(t−k )−x(t−k )), k ∈ Z+,

y(s) = θ2(s), s ∈ (−∞, 0],

(14)

where θ1, θ2 ∈ PC((−∞, 0],Rn), x(t) = (x1(t),
x2(t), . . . , xN (t))T is the neuron state vector of
the neural network, E is a diagonal matrix, C1

is the connection weight matrix, C2 is the de-
layed weight matrix, and W is the distributively
delayed connection weight matrix. 0 ≤ τ(t) ≤
δ, where δ is a positive constant. f(x(·)) =

diag(f1(x1(·)), . . . , fj(xj(·)), . . . , fN (xN (·))) (j ∈ Λ)

represents the neuron activation function and
satisfies

l−j ≤ fj(α)− fj(β)

α− β
≤ l+j

for any α, β ∈ R, α �= β, where l−j and l+j are
real constants. h(·) = diag(h1(·), . . . , hj(·), . . .,
hN(·)) (j ∈ Λ) is the delay kernel function and
satisfies hj(t) ≤ H(t),

∫ ∞

0

hj(s)ds = 1, j ∈ Λ,

∫ ∞

0

H(s)e�sds = H
� <∞,

whereH(t) represents a nonnegative function defined
in [0,+∞), and constants � and H

� are two positive
numbers.
Theorem 3 (Li XD and Rakkiyappan, 2013) The
exponential synchronization of systems (13) and (14)
can be guaranteed, if there exist five constants γ ∈
(0, �), βi > 0 (i = 1, 2, 3), β4 ∈ (0, 1), an n × n

matrix P > 0, and three n × n diagonal matrices
Qi > 0 (i = 1, 2, 3) such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

F1 ≤ 0,

F2 ≥ 0,

LQ2L− β1P ≤ 0,

LQ3L− β2P ≤ 0,

β3τ + lnβ4 < 0,

(15)

where

F1 =

⎡

⎢
⎢
⎢
⎢
⎣

Δ PA PB PW

∗ −Q1 0 0

∗ ∗ −Q2β4 0

∗ ∗ ∗ −Q3β4

⎤

⎥
⎥
⎥
⎥
⎦
< 0,

F2 =

[
β4P (I −H)TP

∗ P

]

< 0,
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Δ = −PC−CP+LQ1L+β1eγδP +β2H
�P −β3P ,

τ = max
k∈Z+

{tk − tk−1}, L = diag(l1, l2, . . . , lN) (lj =

max{|l−j |, |l+j |}).
In what follows, an example is given to illus-

trate the existence and attractiveness of the periodic
solution for an impulsive control system.
Example 3 (Li XD and Song, 2013) Consider the
following neural networks with distributed delays:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) =−α1(t)x1(t)+

2∑

j=1

b1j(t)fj(xj(t−10))

+
2∑

j=1

w1j(t)

∫ ∞

0

e−sfj(xj(t− s))ds

+ sin

(
2π

ω
t

)

, t �= tk,

ẋ2(t) =−α2(t)x2(t)+

2∑

j=1

b2j(t)fj(xj(t−10))

+

2∑

j=1

w2j(t)

∫ ∞

0

e−sfj(xj(t− s))ds

+ cos

(
2π

ω
t

)

, t �= tk,

(16)

subject to impulses

xi(tk) =
1

ρ
xi(t

−
k ), k ∈ Z+, i = 1, 2,

where f1 = f2 = 0.5(|x+1|− |x−1|), and ω > 0 and
ρ > 1 are real constants,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α1(t) = 0.3 + 0.1 cos

(
2π

ω
t

)

,

α2(t) = 0.3− 0.1 sin

(
2π

ω
t

)

,

b1j(t) = 0.29− 0.1 cos

(
2π

ω
(t+ 1 + j)

)

,

b2j(t) = 0.1 + 0.01 sin

(
2π

ω
(t+ 2 + j)

)

,

w1j(t) = 0.2− 0.08 cos

(
2π

ω
(t+ 1 + j)

)

,

w2j(t) = 0.2 + 0.02 sin

(
2π

ω
(t+ 2 + j)

)

.

In Figs. 4a–4d, it can be seen that the solution of
system (16) with ω = 6 or 35 is not only periodic, but
also globally exponentially stable without impulsive
effects. However, by designing a suitable impulsive
controller, a unique periodic solution of system (16)
is obtained and it is globally exponentially stable.
Additionally, the periodic solution (Li XD and Song,
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Fig. 4 State trajectories of system (16) with ω=6
and without impulsive control (a), phase portraits of
system (16) with ω=6 and without impulsive control
(b), state trajectories of system (16) with ω=35 and
without impulsive control (c), and phase portraits of
system (16) with ω=35 and without impulsive con-
trol (d). Reprinted from Li XD and Song (2013),
Copyright 2013, with permission from IEEE

2013) can be held, if we choose ω = 6, ρ = 2, μ = 0.3

or ω = 35, ρ = 2, μ = 0.35 (Figs. 5a–5d).

There are many other scholars who have stud-
ied CDNs’ synchronization problems with impulsive
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Fig. 5 State trajectories of system (16) with ω =

6, ρ = 2, μ = 0.3 (a), phase portraits of system (16)
with ω = 6, ρ = 2, μ = 0.3 (b), state trajectories
of system (16) with ω = 35, ρ = 2, μ = 0.35 (c),
and phase portraits of system (16) with ω = 35, ρ =

2, μ = 0.35 (d). Reprinted from Li XD and Song
(2013), Copyright 2013, with permission from IEEE

effects. Their works have developed the control the-
ory greatly, and are not repeated here.

4 Desynchronizing impulses

In this section, we present mainly research on
the impulsive desynchronization problem. A given

CDN is synchronous when there are no impulsive ef-
fects, but synchronization is suppressed under cer-
tain impulsive interference, which can be viewed
as an impulsive desynchronization problem. Thus,
there are many interesting results on desynchroniz-
ing impulses. By establishing an impulsive delay
differential inequality, a general neural network with
time-varying delays and impulsive effects was con-
sidered (Yang ZC and Xu, 2005). It has been shown
that the stability depends on not only delays but
also impulses. With the development of impulsive
control theory, synchronization of coupled dynamical
systems under impulsive effects has gained more at-
tention due to potential applications in many fields.
Zhou et al. (2007) have considered the issues of syn-
chronization dynamics of complex delayed dynamical
networks with impulsive effects. It has been shown
that the impulsive effects of the connecting configu-
ration play a significant role in network synchroniza-
tion. Consider a linearly coupled delayed dynamical
network with N nodes as follows:

Dxi(t) = f(t, xi(t), xi(t− τ))

+ α

N∑

j=1

bijΓxj(t)Dwj(t), i ∈ Λ. (17)

For detailed information, please refer to Zhou et al.
(2007); we omit it here.
Theorem 4 (Zhou et al., 2007) Let the coupling
matrix B = (bij)N×N be a Laplacian matrix; its
eigenvalues can be ordered as

0 = λ1 > λ2 ≥ λ3 ≥ · · · ≥ λN .

Assume that the following conditions are satisfied for
all i = 1, 2, . . . , n and k ∈ Z+ :

(A1) There exist n positive numbers δ1, δ2, . . . , δn, a
positive number ε ∈ [0, 1], and denote

⎧
⎪⎨

⎪⎩

pi = δi − 1

2

∑n
s=1

(
2k2εis + k

2(1−ε)
si

)
,

qi =
1

2

∑n
s=1 k

2(1−ε)
si ,

such that p = min1≤i≤n{2pi} > q = max1≤i≤n{2qi}
and cγiλ(γi) + δi ≤ 0, where

λ(γi) =

⎧
⎨

⎩

λ2, γi > 0,

0, γi = 0,

λN , γi < 0.

(18)
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(A2) Let μ > 0 satisfy μ− p+ qeμτ , and
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

θk = max

{

1,
1

1− 2cukγiλ(ukγi)

}

,

θ = sup

(
ln θk

tk − tk−1

)

,

such that 2cukγiλ(ukγi) < 1 and θ < μ. Then the
impulsive coupled delayed dynamical network (17) is
globally exponentially synchronized.

(A1) and (A2) are two important conditions for
global synchronization of the impulsive coupled de-
layed dynamical network (17). From the above men-
tioned conditions, we can see that the strength val-
ues θk (or uk) of impulsive effects and the impulsive
interval tk − tk−1 may have some impact on this re-
sult. Therefore, it is hugely meaningful to study syn-
chronization of impulsive coupled delayed dynamical
networks.

In the past decades, the problem of synchro-
nization of CDNs with impulsive effects has been
extensively investigated (Liu B et al., 2005, 2008;
Zhang G et al., 2007; Zhou et al., 2007; Cai et al.,
2008; Zhang QJ and Lu, 2009; Lu JQ et al., 2010;
Yang XS et al., 2011a; Wang JL and Wu, 2012; Yang
XS and Lu, 2016; Hu et al., 2018) from the desyn-
chronizing impulse view point. For instance, some
sufficient conditions for synchronization of uncertain
dynamical networks have been established based on
the impulsive control theory (Liu B et al., 2005). In
addition, it is worth mentioning that time delay may
occur in the implementation of electronic networks
and it is unavoidable. For this reason, it is impor-
tant to consider time delay in the synchronization of
CDNs. The output synchronization of a class of im-
pulsive CDNs with time-varying delay was studied
(Wang JL and Wu, 2012). By constructing suitable
Lyapunov functions, the local and global exponen-
tial output synchronizations have been studied un-
der condition μτ < inf{tk − tk−1}, where μ > 0 and
τ is some positive constant. Generally speaking, to
guarantee the synchronization of CDNs with impul-
sive perturbation, it may be necessary to restrict the
lower bound of the impulse interval. However, based
on the concept of the average impulsive interval, the
global exponential synchronizations for linearly cou-
pled neural networks with time-varying delay and
impulsive disturbances have been derived, where the
lower bound of the impulse interval has not been
restricted (Lu JQ et al., 2011).

Sometimes, the impulsive perturbation may af-
fect the dynamics of CDNs. For example, a stable
equilibrium may become a periodic attractor under
impulsive perturbation. In the following, an example
is given to show this observation.
Example 4 Consider the following impulsive in-
terval neural networks with discrete and distributed
time-varying delays:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ(t) = −α(x(t)) + Ãf(x(t)) + B̃f(x(t− τ(t)))

+W̃
∫ t

t−μ(t) f(x(s))ds+ J(t),

Δx(tk) = x(tk)− x(t−k ) = −Dkx(t
−
k ), k ∈ Z+,

x(s) = φ(s), s ∈ [−ρ, 0],
(19)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ã=

(
1.0 −0.32

0.64 0.9

)

, B̃=

(
1.40 −0.10

−0.25 1.10

)

,

W̃ =

( −0.77 0.59

−0.53 0.81

)

, Lδ =

(
7 0

0 9

)

,

Dk =

(
1.5 0

0 1.5

)

, k ∈ Z+,

α(x) = Lδx, f(x) = tanh(x), τ(t) = μ(t) = 0.5,

J(t) =

[

5 sin

(
2π

ω
t

)

, 6 cos

(
2π

ω
t

)]T

, and tk =

0.2kω, k ∈ Z+, ω ∈ R+.

The numerical results (Figs. 6 and 7) show that
system (19) has a unique ω-periodic solution that
is globally exponentially stable, which matches the
obtained theoretical results perfectly.

5 Adaptive-impulsive synchronization

In general, most of the early results on syn-
chronization of CDNs consider a kind of network,
in which the dynamics of every node and couplings
are assumed to be known in advance. Nevertheless,
little information about the network structure can
be derived in practice, and it is almost impossible
to obtain the exact value of the coupling strength.
The state of the network after achieving synchro-
nization is often not known and cannot be changed
in the design. Some works have been derived on gen-
eral uncertain CDNs, where the coupling strength of
the network is unknown, and the topology structure
of the network is partially known or completely un-
known. Therefore, an adaptive-impulsive synchro-
nization method for uncertain CDNs was proposed,
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Fig. 6 State trajectories (a) and phase plots (b) of
system (19) with ω = 2. Reprinted from Li XD and
Shen (2010), Copyright 2010, with permission from
IEEE
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Fig. 7 State trajectories (a) and phase plots (b) of
system (19) with ω = 5. Reprinted from Li XD and
Shen (2010), Copyright 2010, with permission from
IEEE

which has the advantages of the adaptive method
and impulsive method (Li K and Lai, 2008).

Nonlinearly coupled CDNs with unknown func-
tions are described by the following equations, con-

sisting of N identical nonlinear oscillators (Li K and
Lai, 2008):

ẋi(t) = F (xi, t) + φi(x1,x2, . . . ,xN), i ∈ Λ, (20)

where the dynamics of isolated node i is
ẋi = F (xi, t), xi = (xi1, xi2, · · · , xin)T ∈ R

n

is the state variable of node i, F : Rn × R+ → R
n is

a smooth nonlinear vector field, and φi : R
m → R

n

(i ∈ Λ) are unknown coupling functions. Note
that they are all nonlinear smooth functions, where
m = nN .

Define errors of synchronization as ei(t) =

xi(t)− s(t), i ∈ Λ. An adaptive-feedback controller
ui and an impulsive controller Uik(xi − s, t) are
designed such that the state of the dynamical net-
work (20) synchronizes with the state of the isolated
node, implying lim

t→∞[xi(t) − s(t)] = 0. The state of
CDNs controlled by the adaptive-impulsive method
is given by

⎧
⎪⎪⎨

⎪⎪⎩

ẋi(t) = F (xi, t) + φi(x1,x2, . . . ,xN)

+ui, t �= tk,

Δxi = xi(t
+
k )− xi(t

−
k )

= Uik(xi − s, t), t = tk,

(21)

where i ∈ Λ, xi(t
+
k ) and xi(t

−
k ) are defined in

Table 1, and the impulsive sequence {tk} satisfies
0 ≤ t1 < t2 < . . .. Two classes of controllers are
given in CDNs. The first is a continuous feedback
controller (ui), and the second is a controller with
impulsive inputs (Uik). The adaptive-feedback con-
troller ui is defined as ui = diei, i ∈ Λ and its up-
dating laws are di = kie

T
i ei = ki‖ei‖2, i ∈ Λ, where

ki > 0 are arbitrary constants. If synchronization of
CDNs can be achieved, di will tend to an ultimate
constant strength d̂i. A linear impulsive controller
is chosen as Uik(xi − s, tk) = Bik(xi − s, tk), where
each Bik is an n × n constant matrix. Because the
adaptive-feedback controller is added in the impul-
sive control scheme, the impulsive interval in this
method can be larger than that in the ordinary im-
pulsive control method.

The linearly coupled CDNs (1) are a particular
example of Eq. (20) because hi(x1,x2, . . . ,xN ) =
N∑

j=1

aijΓxj for i ∈ Λ. Then, the CDN with adaptive-

impulsive control can be rewritten as follows (Li K
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and Lai, 2008):

⎧
⎨

⎩

ẋi = f(xi, t) +
N∑

j=1

aijΓxj + ui, t �= tk,

Δxi = Uik(xi − s, t), t = tk, k = 1, 2, ....

(22)

It is well known that ring-coupled networks are
difficult to synchronize. The coupling coefficient c
must satisfy c = O(N2). However, CDNs can easily
achieve synchronization locally or globally asymptot-
ically to the synchronous state s(t) by the adaptive-
impulsive method, where s(t) has the same meaning
as in Definition 1.

In this study, CDNs are composed ofN identical
nonlinear oscillators. It is impractical in engineering
to assume that the topology structures of CDNs are
identical. Then some works would be considered
on CDNs with nonidentical nodes and nonidentical
topology structures. Zhang QJ et al. (2013) consid-
ered a more general CDN model. The CDN consists
of N different dynamical nodes, different from the
CDNs in Li K and Lai (2008), and it has unknown
parameters. The drive system is described by

ẋi = Fi(xi, t, Θi) +

N∑

j=1

aijΓxj , (23)

where Θi are unknown parameters and A =

(aij)N×N is the coupling configuration matrix in-
cluding coupling strengths and the topology struc-
ture of CDNs. Another response system with impul-
sive control is given by

⎧
⎪⎪⎨

⎪⎪⎩

ẏi = Fi(yi, t, Θ̂i) +
N∑

j=1

aijΓyj + ui, t �= tk,

Δyi(t
+)=Dik(yi(t)−xi(t)), t= tk, k=1, 2, . . . ,

yi(t
+
0 ) = yi0,

where yi(t) ∈ R
n (i ∈ Λ) is the state variable of

node i and Θ̂i is the estimate of the unknown Θi

for i ∈ Λ. Dik ∈ R
n×n are the impulsive feedback

matrices. Several synchronization criteria for uncer-
tain CDNs have been obtained from the adaptive-
impulsive method. Specifically, uncertain parame-
ters can be identified when synchronization occurs.

CDNs are composed of N nonidentical nonlin-
ear oscillators (Zhang QJ et al., 2013). The synchro-
nization of CDNs is given in Definition 3, but the
topology structures of response CDNs are identical
to those of the drive CDNs. Li HL et al. (2015)

extended the work to uncertain CDNs with noniden-
tical topology structures by adaptive-impulsive con-
trol. The response CDNs are given by
⎧
⎪⎪⎨

⎪⎪⎩

ẏi = fi(yi, t, Θ̂i) +
N∑

j=1

bijΓyj + ui, t �= tk,

Δyi(t
+)=Dik(yi(t)−xi(t)), t= tk, k ∈ Z+,

yi(t
+
0 ) = yi0,

(24)

where B = (bij)N×N is the topology structure ma-
trix of the response CDNs. It can be different from
the topology structure matrix A in Eq. (23).

The synchronization of drive CDNs (23) and re-
sponse CDNs (24) is more common and generous
because it is composed of N different node dynamics
and with different structures. The CDN will degen-
erate into a cluster CDN if nodes can be classified
into several classes according to their dynamics.

The variables are real values in the above results.
A general model was considered in Wu ZY (2015).
The complex hybrid synchronization of CDNs with
the complex coupling matrix and complex-variable
coupling function was investigated via adaptive-
impulsive control. The definition of complex hybrid
synchronization was given in Wu ZY (2015). For a
given complex-variable matrixH , CDNs achieve the
complex hybrid synchronization with respect to ma-
trix H , if lim

t→∞ ‖Xk(t) −Hs(t)‖ = 0, k ∈ Λ, where
Xk(t) is an n-dimensional complex variable and s(t)
is an n-dimensional manifold.

CDNs coupled with complex-variable functions
were given by

Ẋk(t) = F (Xk(t)) +
N∑

l=1

aklΓXl(t). (25)

A proper impulsive controller is designed
to realize the complex hybrid synchronization of
CDNs (25). Network (25) with impulsive controllers
can be written as
⎧
⎨

⎩

Ẋk(t) = F (Xk(t)) +
N∑

l=1

aklΓXl(t), t �= tσ,

ΔXk(tσ) = bσ(Xk(t)−Hs(t)), t = tσ.

(26)

The result says that when vector function F (Xk(t))

satisfies appropriate conditions, complex hybrid syn-
chronization of the network, coupled with complex-
variable chaotic systems, can still be obtained using
impulsive control.
Assumption 1 (Wu ZY, 2015) Assum-
ing that there is a positive constant L, the
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vector function F (Xk(t)) satisfies (Xk(t)−
Hs(t))T(F (Xk(t))−HF (s(t))) + (F (Xk(t))−
HF (s(t)))T(Xk(t)−Hs(t)) ≤ L(Xk(t)−Hs(t))T·
(Xk(t)−Hs(t)), where k ∈ Λ.

It was assumed that the vector function
F (Xk(t)) satisfies the conditions in Assumption 1
(Wu ZY, 2015). If there exists a constant α > 0 such
that inequality lnβσ+α+(L+λ1)τσ < 0 holds, then
CDNs (25) can achieve synchronization for complex-
variable CDNs.

Liu DF et al. (2014) also investigated the
structure identification of uncertain CDNs (25) via
adaptive-impulsive control. It is comparable to the
most general results (Wu ZY, 2015). The identifi-
cation of the structure was improved by Zhang QJ
et al. (2013). The adaptive-impulsive method has
the advantages of the adaptive method and impul-
sive method. It can be widely used to deal with other
CDN problems.

6 Pinning impulsive control

While investigating the synchronization of
CDNs, many useful control methods have been devel-
oped. A strategy of pinning control was introduced
by Wang XF and Chen (2002a), where only a few
network nodes were directly controlled (Li X et al.,
2004). The CDN pinning control model (Wang XF
and Chen, 2002a) can be described by

ẋik =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

f(xik) + c
N∑

j=1

aikjΓxj

−cdΓ (xik − s), k = 1, 2, . . . , l,

f(xik) + c
N∑

j=1

aikjΓxj ,

k = l + 1, l + 2, . . . , N,

(27)

where i1, i2, . . . , il are the nodes being controlled and
1 ≤ l < N . The homogeneous stationary state has
been defined in Definition 1, that is, x1 = x2 =

. . . = xN = s(t) and f(s(t)) = 0. Then CDNs can
be pinning controlled to their synchronization state
by a linear feedback controller (Wang XF and Chen,
2002a). The performance of pinning synchronization
of CDNs is strongly influenced by several factors,
such as the containing networks’ structures, dynam-
ics characteristics of nodes, coupling strengths, and
pinning strategies. Chen TP et al. (2007) proved
that a single state feedback controller can pin the

linearly coupled CDN to its homogenous solution.
The number of controlled nodes is one. Note that if
the coupling strength c is large enough, CDNs must
be pinned to the solution of the uncoupled system
by a single controller. However, this is not the best
strategy. It is clear that when the number of con-
trollers is larger, it is much easier to pin CDNs.

Later, the pinning stabilization problem was dis-
cussed by Lu WL et al. (2010). They focused on
undirected and connected graphs, in which the cor-
responding Laplacian matrix is symmetric and irre-
ducible. Qin et al. (2011) improved the above works;
the pinning synchronization ability of complex net-
works with an arbitrary topology structure was dis-
cussed. The topology structure of CDNs can be a
weighted and directed graph with an asymmetric and
reducible Laplacian matrix, which is the extension of
the results in Lu WL et al. (2010).

Because of the effectiveness of impulsive con-
trol, pinning synchronization for CDNs with impul-
sive control was considered in the following works.
Lu JQ et al. (2012a, 2012b, 2013, 2015) and Wang
YQ et al. (2019) developed pinning impulsive con-
trol of CDNs. Lu JQ et al. (2012b) focused on
introducing a pinning impulsive strategy into syn-
chronization of nonlinear stochastic CDNs. Based
on the above results, a single impulsive controller
can be used to pin a CDN to global exponential
synchronization (Lu JQ et al., 2013). As an exten-
sion, the work by Lu JQ et al. (2015) is the outer
synchronization for drive-response partially coupled
networks via pinning impulsive controllers. Pinning
impulsive synchronization of CDNs with various de-
lays was discussed in Wang X et al. (2017b), and the
time delay is time-varying. A CDN with N identi-
cal time-delayed nodes is diffusively coupled linearly
(Wang X et al., 2017b):

ẋi(t) = f(xi(t),xi(t− τ(t))) + c
N∑

j=1

bijΓxj(t)

+ c̃

N∑

j=1

gijΓxj(t− τ(t)), i ∈ Λ, (28)

where τ(t) is the time-varying delay in the coupling
function satisfying 0 ≤ τ(t) ≤ τ, τ̇(t) ≤ μ < 1 for
some positive scalars τ and μ.
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The response network is characterized by

ẏi(t) = f(t,yi(t),yi(t− τ(t))) + c

N∑

j=1

bijyj(t)

+ c̃

N∑

j=1

gijΓyj(t− τ(t)) + ui(t), (29)

where yi(t) ∈ R
n, i ∈ Λ. To achieve synchronization

of CDNs in Definition 2, several impulsive controllers
are designed for the response CDNs (29); thus, the
controlled response network is
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẏi(t) = f(yi(t),yi(t− τ(t))) + c
N∑

j=1

bijΓyj(t),

+c̃
N∑

j=1

gijΓyj(t− τ(t)), t �= tk,

yi(t
+
k )=yi(t

−
k )+Bi(tk)(yi(t

−
k )−xi(t

−
k )), t= tk.

(30)

The assumption (Wang X et al., 2017b) is that
there are two constants, L1 ≥ 0 and L2 ≥ 0,
which can be used to guarantee that the follow-
ing inequality of nonlinear function f(x, x̄) holds:
(x− y)T(f(x, x̄)− f(y, ȳ)) ≤ L1(x− y)T(x− y) +
L2(x̄− ȳ)T(x̄− ȳ), for any x, y, x̄, ȳ ∈ R

n.
From the above result, it can be concluded that

synchronization of CDNs can be achieved by impul-
sive control of a small number of network nodes.
For the meaning of symbols in the following the-
orem, please refer to Wang X et al. (2017b). If
there exists a positive constant α such that ln(ρk +

2ωτ) + (α + L̂)(tk − tk−1) ≤ 0, k = 1, 2, . . . , then
the drive CDNs (28) can synchronize to the response
CDNs (30) with the pinning impulsive control in Def-
inition 3.

Moreover, pinning adaptive-impulsive synchro-
nization of fractional-order CDNs and CDNs with
various time-varying delays were considered. Later,
pinning and impulsive synchronization control of
CDNs with nonderivative and derivative coupling
were reported by Zheng (2017). The network
(Zheng, 2017) consists of N identical delayed nodes
with nonderivative and derivative coupling, which
can be given by ẋi(t) = f(t,xi(t),xi(t − τ(t))) +

c1
N∑

j=1

aijxj(t) + c2
N∑

j=1

bijẋj(t), where xi(t) is the

state vector of the ith node (i ∈ Λ), and f :

[0,+∞) × R
n × R

n → R
n is a continuous nonlinear

vector function that describes the dynamical behav-
iors of the isolated node. The time-varying delay

τ(t) may be unknown, but is bounded by a constant,
that is, 0 < τ(t) ≤ τ .

The response network is characterized by

ẏi(t) = f(t,yi(t),yi(t− τ(t))) + c1

N∑

j=1

aijyj(t)

+ c2

N∑

j=1

bij ẏj(t) + ui(t), (31)

where yi(t) = (yi1(t), yi2(t), . . . , yin(t))
T ∈ R

n is the
state vector of the ith node and ui(t) is a hybrid
controller on node i .

The models (Zheng, 2017) can describe the in-
terrelated networks. The spatial position of node i
and the velocity of the process of transmitting infor-
mation can be expressed by variables xi(t) and ẋi(t),
respectively. The hybrid control inputs ui(t) can be
chosen as ui(t) = υi(t) + ωi(t) (1 ≤ i ≤ N), where
υi(t) are linear pinning control and ωi(t) are impul-
sive pinning control on p nodes. They are designed
as

υi(t) =

{ −c1diei(t), 1 ≤ i ≤ p,

0, p+ 1 ≤ i ≤ N,
(32)

ωi(t) =

⎧
⎨

⎩

∞∑

k=1

Bi(tk)ei(t)δ(t−tk), 1≤ i≤p, t= tk,
0, p+ 1 ≤ i ≤ N, t �= tk,

(33)

where di are positive constants, δ(·) is the Dirac delta
function, Bi(t) ∈ R

n×n are the state impulse gain
matrices at t = tk, and Bi(t) = 0 for t �= tk, i ∈
Λ, k = 1, 2, . . ..

In general, it is supposed that the first p (1 ≤
p < N) nodes are controlled. Based on theories of
stability and some analysis methods, several novel
sufficient conditions of global synchronization were
obtained (Zheng, 2017).

It is assumed that there exist two constants
L3 > 0 and L4 > 0 for the time-varying de-
lay function f(t,x(t),x(t − τ(t))), and the follow-
ing condition (x(t)− y(t))T[f(t,x(t),x(t− τ(t)))−
f(t,y(t),y(t − τ(t)))] ≤ L3(x(t) − y(t))T(x(t) −
y(t)) + L4(x(t− τ(t))− y(t− τ(t)))T(x(t− τ(t)) −
y(t− τ(t))) is satisfied. Then we have the following
theorem:
Theorem 5 (Zheng, 2017) Suppose that the as-
sumptions for function f hold. If there exist positive
constants δ and γ such that the following inequalities
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hold:

L1IN − δ

2
(IN − c2B)+c1 (A

s −D) < 0, (34)

2L2γ <0, (35)
ln η

Ta
+ δ + η−N0γ < 0, (36)

where As =
A+AT

2
, D = diag(d1, . . ., dp,

0, . . . , 0), β̂k = λmax(I + βk)
T(I + βk), ρ(t) =

1 − (1 − β̂k)p/N for t = tk, and ρ(t) = 1 for
t �= tk, η(t) = λIN−c2Bρ(t), 0 < η(tk) < 1,
η = sup{ηtk}, k = 1, 2, . . . , then the drive CDNs
and response CDNs can achieve outer synchroniza-
tion by hybrid control.

As an extension, Li YY et al. (2018) and Wang
YQ et al. (2019) presented mainly brief conditions to
achieve pinning synchronization of a Takagi-Sugeno
fuzzy CDN under partial and discrete-time commu-
nication, respectively. Then a hybrid pinning and
impulsive control strategy was developed. The non-
linearly coupled CDN with N identical Lur’e dy-
namical systems was considered (Wang YQ et al.,
2019), where the structure of the network is strongly
connected:

ẋi(t) = Axi(t) +Bf̃(Cxi(t)) + c
N∑

j=1

lijΓ h̃(xj(t)),

(37)
where function f̃(Cxi) = (f̃1(Cxi), f̃2(Cxi), . . . ,

f̃m(Cxi)) : R
m → R

m is a memoryless nonlin-
ear vector-valued function and function h̃(xi) =

(h̃(xi1), h̃(xi2), . . . , h̃(xin))
T satisfies

h̃(u)− h̃(v)

u− v
≥

β > 0 for any u �= v.
The Lur’e CDNs with impulsive dynamics are

described by
⎧
⎪⎪⎨

⎪⎪⎩

ẋi(t)=Axi(t)+Bf̃(Cxi(t))+c
N∑

j=1

lijΓ h̃(xj(t)),

t �= tk,

xj(t
+
k )− xi(t

+
k ) = μk(xj(t

−
k )− xi(t

−
k )), t = tk,

(38)
where ζ = {ti}i=1,2,... is an impulsive time, and μk

is the corresponding impulsive gain which may con-
tain desynchronizing impulses and synchronizing im-
pulses simultaneously. The controller presented in
Wang YQ et al. (2019) is a pinning impulsive one
with μ̃k < 1.
Assumption 2 (Wang YQ et al., 2019) For non-
linear function f̃i(·), it is assumed that there ex-
ist some constants πik > 0 (i, k = 1, 2, . . . ,m)

for any y1, y2 ∈ R
m; one has |fi(y1) − fi(y2)| ≤

n∑

k=m

πik|y1k − y2k|.
Definition 9 (Wang YQ et al., 2019) The Lur’e
CDN (38) is called to achieve global exponential syn-
chronization if there exist constants η > 0, T > 0,
and θ > 0 such that for arbitrary initial values and
t > T , |xi(t)− s(t)| ≤ θe−ηt holds for i ∈ Λ.

Then there is the theorem for Ta <∞. The case
of Ta = ∞ is another theorem similar to Theorem 6.
Theorem 6 (Wang YQ et al., 2019) Suppose that
Assumption 2 holds and Ta < ∞. The impulsively
controlled Lur’e CDN (38) is globally exponentially
synchronized to the isolated node s(t) with conver-

gence rate η1 if η < η1 < 0, where η =
2 lnμ

Ta
+ δ,

δ = λmax(A+AT+BBT+CTΠTΠC−cωΓ ), ω =

−βλ2(Q)/λmax(R), Q = ΞL+LTΞ,R = Ξ−ξξT,

ξ = (ξ1, ξ2, . . . , ξN ) is the left eigenvalue of matrix

L with respect to eigenvalue 0 satisfying
N∑

i=1

ξi = 1,

and Ξ = diag(ξ1, ξ2, . . . , ξN ).

A single controller with impulse is chosen to
investigate the synchronization of a Lur’e network
(Wang YQ et al., 2019). The pinning impulsive strat-
egy may be used in a CDN with nonidentical nodes
or the issues of stochastic CDNs.

7 Complex dynamical networks with
stochastic and impulsive effects

Impulsive effects and stochastic effects exist in
CDNs during signal transmission between dynami-
cal nodes. The phenomena of switching, the changes
of the frequency, and other sudden noise can cause
impulsive effects in a system’s state at certain in-
stants, and some results have been derived for syn-
chronization of CDNs with stochastic and impulsive
effects. Robust exponential stability of uncertain im-
pulsive stochastic neural networks with delayed im-
pulses was discussed (Li CX et al., 2011; Vinodkumar
et al., 2018; Li XD et al., 2019a). Synchronization
of delayed CDNs with impulsive and stochastic ef-
fects was discussed by Yang XS et al. (2011a). Syn-
chronization of chaotic delayed neural networks with
stochastic perturbation using the impulsive control
method was considered by Li XD and Song (2014).
Stabilization of probabilistic Boolean networks via
the pinning control strategy was discussed by Huang
et al. (2020). Stability analyses of complex-valued
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stochastic delayed networks with Markovian switch-
ing and impulsive effects were displayed in Li Z et al.
(2017). Synchronization of stochastic discrete-time
complex networks with partial mixed impulsive ef-
fects was studied by Li F and Sun (2011).

The concept of “average impulsive interval” was
presented by Yang XS et al. (2011a). Exponen-
tial synchronization of impulsive CDNs was stud-
ied, and a unified synchronization criterion was de-
rived for CDNs with synchronizing or desynchroniz-
ing impulses.

A linearly coupled CDN composed of N iden-
tical nodes was considered which has impulsive and
stochastic effects (Yang XS et al., 2011a). It can be
described as follows:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dxi(t) = [Axi(t) + f(t,xi(t),xi(t− τ1(t)))

+
N∑

j=1

gijφxj(t) +
N∑

j=1

bijΓxj(t− τ2(t))]dt

+σ(t,xt(t),xi(t− τ3(t)))dω(t), t �= tk, i ∈ Λ,

Δxi(tk) = xi(tk)− xi(t
−
k ) =

N∑

j=1

ukijΓ
kxj(t

−
k ),

t = tk, k ∈ N+,
(39)

where xi(t) displays the state variable of the ith

node in CDNs at time t, An×n is a constant matrix,
φ, Γ ∈ R

n×n are non-delayed and delayed inner
coupling matrices of the CDN, describing the indi-
vidual couplings between two subsystems at time t
and t− τ2(t), respectively. τl(t) (l = 1, 2, 3) are time
delays satisfying 0 < τl(t) ≤ τl, where τl (l = 1, 2, 3)

are positive constants, f : R+ × R
n × R

n → R
n is a

continuously vector-valued function, G = (gij)N×N

and B = (bij)N×N are the outer coupling matri-
ces of the whole network, and Uk = (ukij)N×N and
Γ k (k ∈ N+) are outer and inner couplings of the
network at time tk, respectively. Matrices G, B,
and Uk satisfy the following diffusive conditions:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

gij ≥ 0 (i �= j), gii = −
N∑

j=1,j �=i

gij ,

bij ≥ 0 (i �= j), bii = −
N∑

j=1,j �=i

bij ,

ukij ≥ 0 (i �= j), ukii = −
N∑

j=1,j �=i

ukij ,

(40)

where i, j ∈ Λ, k ∈ N+. ω(t) = (ω1(t), ω2(t), . . .,
ωn(t))

T is an n-dimensional Weiner process defined
on (Ω,F, {Fi}t≥0, P ). The white noise dωi(t) is not
dependent on dωj(t) for i �= j, and σ : R+ × R

n ×
R

n → R
n×n is the noise intensity function matrix.

The stochastic perturbation can be viewed as a result
of the random uncertainties in the nodes. The initial
condition of Eq. (39) is given by xi(t) = ϕi(t) ∈
C([−τ, 0], R

n), i ∈ Λ, where τ = max{τ1, τ2, τ3}.
Yang XS et al. (2011a) assumed that at least one of
the matrices G and Uk is irreducible; that is, there
is no isolated node in the connected graph.

Definition 10 (Yang XS et al., 2011a) The dy-
namical network with impulsive and stochastic ef-
fects (39) is said to be globally exponentially syn-
chronized in mean square if there exist constants
α > 0 and γ > 0 such that for any initial values
E‖xi(t)− xj(t)‖2 ≤ γe−αt, i ∈ Λ hold for t ≥ 0.

The following assumptions are needed:

Assumption 3 (Yang XS et al., 2011a)

(H1) Assume that there exist two nonnegative con-
stants K and L such that ‖f(t,x,y)− f(t, x̄, ȳ)‖ ≤
K‖x− x̄‖+ L‖y − ȳ‖, where x, x̄, y, ȳ ∈ R

n, t ∈
R+.
(H2) There exist nonnegative constants ρ1 and ρ2
such that tr{[σ(t,x,y) − σ(t, x̄, ȳ)]T[σ(t,x,y) −
σ(t, x̄, ȳ)]} ≤ ρ1‖x− x̄‖2+ρ2‖y− ȳ‖2, x, x̄, y, ȳ ∈
R

n, t ∈ R+.

Theorem 7 (Yang XS et al., 2011a) Suppose
that (H1) and (H2) in Assumption 3 are satisfied,
that the impulsive sequence ς = {ti}i=1,2,... satisfies
T − t

Ta
− ξ ≤ Nς(T, t) ≤ ξ +

T − t

Ta
with some

positive integer ξ and constant Ta > 0, and that
there exist an (N − 1) × N matrix M ∈ M2

and positive numbers ξ and ε such that inequality

a − R

(
L2

ε
+

1

ξ
‖B̃‖2 + ρ2

)

> 0 holds, where a =

−
(

λmax(A1+A
T
1 +G̃+G̃T)+ξ+2K+ε+ρ1+

ln θ

Ta

)

,

λmax(I(N−1)n + (Ũk)T(I(N−1)n + Ũk)) = θk ≤
0, k ∈ N+, R = max{θ−ς, 1, θς}, θk and θ are
constants. Then CDN (39) is globally exponentially
synchronized in mean square.

Li XD and Song (2014) considered the following
recurrent network:

⎧
⎨

⎩

dx(t) = [−Cx(t) +Af(x(t))
+Bf(x(t− τ(t))) + J ]dt, t > 0,

x(s) = φ(s), s ∈ [−τ, 0].
(41)
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The response is given by
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dy(t) = [−Cy(t) +Af(y(t))
+Bf(y(t− τ(t))) + J ]dt
+σ(t, e(t), e(t−τ(t)))dω(t), t ∈ [tk−1, tk),

Δy(tk) = y(tk)− y(t−k ) = −Hu(t−k ), k ∈ Z+,

y(s) = φ(s), s ∈ [−τ, 0],
(42)

where model ω(t) = (ω1(t), ω2(t), . . . , ωm(t))T is an
m-dimensional Brownian motion. It is defined in a
complete probability space (Ω,F,P). Several condi-
tions ensure the global exponential stability of the
error system, and thus the drive CDN (41) synchro-
nizes to the response CDN (42).

Biological systems are generally difficult to
model because of their complexity and nonlinear-
ity. First, Kauffman (1969) proposed the Boolean
network (BN). This was developed by Shmulevich
et al. (2002) and Farrow et al. (2004). As a partic-
ular CDN with stochastics, BNs have been studied
extensively. In recent years, it has been found that
BNs seem especially suitable for modeling genetic
regulation networks and biological systems. More-
over, BNs can be used for modeling other cellular
processes. Boolean control networks with impulsive
effects were studied (Xu XJ et al., 2018a, 2018b).
Li BW et al. (2019) gave the robust invariant set
analysis of BNs, and then discussed robust control
in variance of probabilistic Boolean control networks
via event-triggered control (Liu Y et al., 2017; Tong
et al., 2018; Zhu QX et al., 2018, 2019; Zhu SY et al.,
2018). The stability-based Lyapunov and construc-
tion of Lyapunov functions for BNs were discussed
(Li HT and Wang, 2017; Li YY et al., 2019; Sun L
et al., 2020). The synchronization of switched BNs
and output tracking control of Boolean control net-
works with impulsive effects were reported in the
above studies.

8 Conclusions and future work

Impulsive control for CDNs is a very important
research area with wide applications. Synchroniza-
tion is a typical collective dynamical behavior of
CDNs. In this paper, we have presented a survey
of CDNs with impulse effects involving the following
topics:

1. We have introduced the CDNs and reviewed
some definitions of synchronization for such systems.

Moreover, we have described the general input-to-
state stability, in which impulse effects can be clas-
sified as impulsive synchronization and impulsive
desynchronization. Two examples have been illus-
trated to show the effects of impulses.

2. We have reviewed related research results for
the impulsive synchronization problem. Some suf-
ficient conditions have been established for CDNs
based on the impulsive control theory. An example
has been given to illustrate the existence and attrac-
tiveness of the periodic solution for neural networks
with impulsive control.

3. We have reviewed the impulsive desynchro-
nization problem for CDNs and presented some suf-
ficient conditions for the addressed system. In ad-
dition, we have given an example to show the ef-
fects of impulsive perturbation on neural networks.
From the example, we can see that a stable equilib-
rium becomes a periodic attractor under impulsive
perturbation.

4. In view of the results obtained on impulsive
effects in the last decades, we have discussed the
adaptive-impulsive synchronization of CDNs, pin-
ning control of CDNs with impulsive effects, and
CDNs with stochastic and impulsive effects.

There are many possible extensions of CDNs
with impulsive effects. For future work, we are con-
sidering the following:

1. The nonlinearly coupled CDN with more gen-
eral connected topology structures can be consid-
ered. The dynamics of nodes are nonidentical..

2. With the development of multi-layer networks
(Um et al., 2011; Rakshit et al., 2017; Mei et al., 2018;
Wei et al., 2018), many impulsive control strategies
can be applied, such as studying complete synchro-
nization, intra-layer synchronization, and inter-layer
synchronization. The work of CDNs with time delays
and impulse effects can also be extended to multi-
layer CDNs.

3. Because an impulsive control strategy is sim-
ple in structure and requires only discrete control to
achieve the desired performance, event-triggered im-
pulsive control as a combination of event-triggered
control and impulsive control has received more and
more attention in recent years (Tan et al., 2019).
However, the existing results on event-triggered im-
pulsive control can only be applied to some specific
systems, leading to a promising research direction for
neural networks.
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