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Abstract: Point set registration has been a topic of significant research interest in the field of mobile intelligent
unmanned systems. In this paper, we present a novel approach for a three-dimensional scan-to-map point set
registration. Using Gaussian process (GP) regression, we propose a new type of map representation, based on a
regionalized GP map reconstruction algorithm. We combine the predictions and the test locations derived from the
GP as the predictive points. In our approach, the correspondence relationships between predictive point pairs are set
up naturally, and a rigid transformation is calculated iteratively. The proposed method is implemented and tested
on three standard point set datasets. Experimental results show that our method achieves stable performance with
regard to accuracy and efficiency, on a par with two standard methods, the iterative closest point algorithm and the
normal distribution transform. Our mapping method also provides a compact point-cloud-like map and exhibits low
memory consumption.
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1 Introduction

In recent years, intelligent unmanned systems
(IUSs) have been an area of rapidly increasing re-
search interest. Mobile IUSs such as unmanned ve-
hicles, aircraft, ground robots, and underwater ex-
plorers are being broadly used in several military
and civilian domains, including surveillance opera-
tion, anti-terrorism mission, agriculture, and civil
engineering inspection. To fulfill all of the com-
plicated requirements for both outdoor and indoor
environments, one of the many fundamental abili-
ties with which an IUS should be equipped is that
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of autonomous navigation. This is because mobile
IUSs rely extremely heavily on accurate knowledge
of their positions in the environment for control,
decision-making, and path-planning. Using combi-
nations of a satellite-based global positioning system
(GPS) and inertial sensors, many approaches have
been developed for outdoor environments. However,
GPS might be unreliable or even unavailable in most
indoor environments, in addition to many parts of
urban canyons or mountain areas. Relying exclu-
sively on GPS for positioning might also bring safety
problems owing to signal jamming, resulting in a po-
tentially vulnerable system. A popular alternative
solution is to consecutively estimate the ego-motion
of the IUSs using data from onboard sensors. Specif-
ically, when point cloud data are used, this approach
is known as point set registration. The point cloud
data represent a three-dimensional (3D) range scan
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expressed as a set of noisy spatial coordinates and
are usually obtained from a laser range finder or from
feature points extracted from visual images. Given
two or more frames of point cloud data, point set
registration seeks to find the rotation and transla-
tion that best align them.

Point set registration is an interdisciplinary re-
search topic that intersects with other fields, such
as clinical medicine, computer vision, and pattern
recognition. There are distinctive differences in ap-
plying point set registration methods to IUS as com-
pared to other fields. For example, when applying
point set registration to clinical use, high accuracy
is required, as it is life-critical; however, the require-
ment for efficiency is not as important as when it
is being applied to IUS. The main goal of apply-
ing point set registration to pattern recognition is
usually to rebuild a model of an object, where the
point cloud data are homogeneous. Comparatively,
point set registration as applied to IUS places more
emphasis on estimating the location or trajectory
of the IUS, and the point cloud data are relatively
sparse and non-uniform. In mobile IUSs, point set
registration methods are often combined with map-
ping or optimization techniques to form a simulta-
neous localization and mapping (SLAM) approach
(Cadena et al., 2016). When a point set registra-
tion method is applied to mobile IUSs, the availabil-
ity and convenience of embedding it into a complete
SLAM pipeline should also be considered.

In view of the differences introduced above, clas-
sifications of point set registration methods as ap-
plied to mobile IUSs can be generated: scan-to-
scan registration and scan-to-map registration (Hess
et al., 2016). Scan-to-scan registration estimates the
relative pose between two time-adjacent measure-
ments based on two frames of point cloud data. Scan-
to-map registration finds the relative pose between
a current frame and the world frame and requires a
consistent map. When the point cloud from the cur-
rent frame is aligned into the world frame, it is fused
with the world map as an updated frame. These
two types of registration methods have respective ad-
vantages and disadvantages. The scan-to-scan reg-
istration methods can be fast but accumulate errors
quickly, similar to an inertial measurement unit. As
compared to scan-to-scan registration, scan-to-map
registration can limit the accumulation of errors to a
great extent but operates with slower speeds because

it requires an extra process, i.e., map construction.
These two types of registration methods also produce
maps with different forms when they are combined
into SLAM systems. When a scan-to-scan registra-
tion method is used in an SLAM approach, the low-
precision poses obtained are rectified using back-end
optimization methods (Grisetti et al., 2010), and the
map is built by aligning the point cloud data to a
unified world coordinate system. Thus, a map con-
structed by this type of approach is directly com-
posed of raw point cloud data and has a point-cloud-
like representation. In this study, we call this map
representation a “point cloud map.” The point cloud
map is dense and visually intuitionistic. However,
as the point cloud data must be stored to represent
the map, the memory cost of the point cloud map
is high. Owing to the high dimensionality of the
map state vector, this type of map is also difficult to
manipulate or update. In contrast, the mapping pro-
cess associated with scan-to-map registration usually
provides a map representation coinciding with the
registration method. Most existing scan-to-map reg-
istration methods are based on a grid-cell-like map.
This type of map representation divides the space
into evenly spaced grids and models the probabilis-
tic information of each grid cell. In this study, we call
this type of map representation a “grid map.” The
grid map is flexible and requires much less memory
for storage but does not express the map as explic-
itly as the point cloud map does. Using the grid
map to represent the map is similar to covering the
environment with a mosaic. The sharpness of the
grid map depends on the size of the grid. A high-
resolution grid map means high computational and
memory cost. Thus, there is interest in developing
a registration method that possesses the advantages
of both scan-to-scan and scan-to-map methods.

In this paper, we propose a new type of 3D map
representation. Based on this representation, we de-
velop a new scan-to-map registration method. Us-
ing a regionalized Gaussian process (GP) map recon-
struction method, we build a dense and point-cloud-
like map by splitting a point cloud into sub-regions
and modeling the points in each sub-region with a
GP. We name this type of map representation a “GP
map.” Although the GP map is point-cloud-like (i.e.,
similar to the point cloud map), the dimensions of
the map state vectors in each sub-region are fixed,
making the map easy to store or update. Based
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on this new type of map representation, the infor-
mation of the map can be expressed as spatial co-
ordinates. Therefore, the registration problem can
be easily handled using singular value decomposi-
tion (SVD). Furthermore, the proposed registration
method has faster computational speed than tradi-
tional scan-to-map approaches. The main contribu-
tions of this study are as follows:

1. A new type of map representation is proposed.
The proposed map representation is dense (similar to
the point cloud map), and its memory consumption
is low.

2. A new 3D scan-to-map point set registration
method is proposed based on the new type of map
representation.

3. The robustness and efficiency of the proposed
method are tested and compared against two bench-
mark algorithms on a series of challenging real-world
datasets. The performance and mechanisms of the
proposed method are thoroughly analyzed.

2 Related work

2.1 Existing scan-to-map registrations and
map representations

As discussed in Section 1, most existing 3D map
representations are based on grid maps. One of the
most widely used two-dimensional (2D) grid map
representations is the grid occupancy map (Thrun
et al., 2005). The occupancy map represents a map
as a field of random variables arranged in evenly
spaced grid cells. OctoMap, proposed by Hornung
et al. (2013), can be considered to be a 3D version of
the 2D occupancy grid maps. It discretizes the space
into voxels and uses octrees to model the probabilis-
tic occupancy values in each voxel. Although this
type of map is memory-efficient, few practical cor-
related registration methods have been developed.
A normal distribution transform (NDT) map, also
based on a voxel-type map, models the map informa-
tion in each voxel using a normal distribution. The
scan-to-map registration using 3D-NDT (Magnusson
et al., 2007) calculates rigid transformation and rota-
tion by solving a standard optimization problem and
has appeared to be one of the most compelling reg-
istration methods for mobile IUSs. Stoyanov et al.
(2012) improved the method by minimizing the dis-
tance between two 3D-NDT models instead of max-

imizing the likelihood of a set of points. Saarinen
et al. (2013) proposed an NDT occupancy map based
on the NDT map and developed a method for updat-
ing the NDT map.

2.2 Gaussian process for map construction

An inherent limitation of an NDT or grid map
is that the space is divided into regular voxel cells.
The discretization causes discontinuities at the edges
of the cells, leading to uncertainty and imprecise
registration results. One solution to this problem
is to integrally model the environment using a GP.
O’Callaghan and Ramos (2012) presented a contin-
uous Bayesian occupancy map representation for 2D
environments built on GPs, which can be taken as
a continuous version of a traditional grid occupancy
map. Kim and Kim (2013) applied local GPs to build
a 3D continuous occupancy map. In their research,
the data were divided into small-size clusters, and
a GP was used for each cluster. To overcome the
discontinuity problems at the boundaries of the lo-
cal GPs, an overlapping cluster was proposed. Do-
herty et al. (2017) proposed an inference-based 3D
occupancy mapping method. The proposed method
was also combined with developments in sparse ker-
nels and data structures for mapping. Guizilini and
Ramos (2019) proposed a regression methodology for
terrain modeling based on sparse projections to a re-
producing kernel Hilbert space. In all of these works,
the point coordinates p = (x, y, z) were associated
with the occupancy values s, and the GP was used
to represent the relationship s = f(p) as a Gaus-
sian distribution in the function space. The methods
proposed in this study are essentially different from
those in the aforementioned studies. We use coor-
dinates from two dimensions as training points and
the coordinates from the remaining dimension as the
observations. Specifically, the functional relation-
ship modeled here is z = f(x, y), y = f(x, z), or
x = f(y, z).

Several other works have used GPs to model
environments with a functional relationship of z =

f(x, y). Vasudevan et al. (2009) applied a GP to
model large terrains with laser range measurements.
Plagemann et al. (2008) used a GP with a nonsta-
tionary covariance function for laser-based terrain
mapping. Smith et al. (2010) produced an implicit,
non-parametric representation for 3D laser-based
mapping using GP regression. This can handle point
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clouds that cannot be expressed with z = f(x, y).
Different from their work, our research goal concerns
mapping the environments with more complex struc-
tures, i.e., the structures that cannot be modeled
using a single GP. We propose a regionalized GP
mapping algorithm by decomposing a space into sub-
regions (cubes of the same size) and separately mod-
eling the points contained in each sub-region with a
GP.

2.3 Iterative closest point

The most well-known scan-to-scan point set reg-
istration method is the iterative closest point (ICP)
algorithm proposed by Besl and McKay (1992). The
ICP algorithm creates point correspondences be-
tween two point sets by finding the point pair with
the closest distance and then calculates a rigid trans-
formation between the correspondent points using
the SVD method, which is analytical and easy to
operate. The transformation is iteratively refined
by repeatedly generating new correspondent point
pairs until a certain error metric is smaller than a
certain value. Although our method belongs to dif-
ferent types of registration methods, it has similar-
ities to the ICP method, as the map constructed
by our method is still a point cloud map. In our
method, the rigid transformation is also calculated
using SVD, as in the ICP method. Moreover, our
registration approach proceeds in an iterative mode.

2.4 Our previous work

In our previous work (Li et al., 2020), based on
a concept of regionalized GP map construction, we
proposed a scan-to-map registration method for 2D
situation and fed it into an SLAM framework. In
this study, we extend it to a 3D situation. The 3D
structure is more complicated, and the complexity
of the GP grows cubically. To accommodate this
method to a 3D situation, two major improvements
are proposed. First, we use the difference between
consecutive transformations as the error metric in-
stead of the absolute difference between the eigen-
values of the covariance matrix of the correspondent
points. Second, we use the “kd-tree” method pro-
posed by Shen et al. (2006) to accelerate the process
of the GP. The basic idea of this approach is that
a pair of observations far away from each other are
almost uncorrelated, and predictions at a test loca-

tion can be performed using only a small number of
neighboring points.

3 Approach

3.1 3D regionalized GP map construction

In this subsection, we introduce how the GP is
used for the map construction process. The intro-
duction starts with a brief review of GP regression
(Rasmussen and Williams, 2006). Given a train-
ing dataset D = {(ui, wi)|i = 1, 2, . . . , N} of N
pairs of locations wi ∈ R

d and noisy observations
ui ∈ R, a regression obtains the predictive distri-
bution for the realization at the test locations w∗,
as denoted by f∗ = f(w∗). In GP regression, the
noisy observations ui are assumed to be given by
ui = f(wi)+ εi, i = 1, 2, . . . , N , where εi are inde-
pendent, normally distributed noise terms. By defin-
ing u = [u1, u2, . . . , uN ], w = [w1,w2, . . . ,wN ], and
w∗ = [w1∗,w2∗, . . . ,wM∗], the joint distribution is
given by

P (f∗,u)

= N
(
m(u),

[
σ2I + k (w,w) k (w,w∗)

k (w∗,w) k (w∗,w∗)

])
,

(1)
where k(·, ·) is the covariance function, m(u) is the
mean value of u, σ is the variance of ε, and I is
the identity matrix. With the training points and
selected test locations as inputs, the predictive mean
at the test locations is given by Eq. (2) and their
covariance matrix is given by Eq. (3):

u∗ =k (w∗,w)
(
σ2I +K(w,w)

)−1
u, (2)

σ∗ =k (w∗,w∗)− k(w∗,w)

· (σ2I +K (w,w)
)−1

k(w,w∗), (3)

where K(w,w) is a matrix with elements k(·, ·).
In our previous work (2D situations), the u and

w values are 2D coordinates of x or y, and the
functional relationship is expressed as y = f(x) or
x = f(y). In this study, we extend our theory to
a 3D situation by taking the 3D spatial coordinates
as u and w and changing the functional relation-
ship to z = f(x, y), y = f(x, z), or x = f(y, z).
Thus, in a 3D situation, wi ∈ R

2. As in 2D sit-
uations, the 3D functional relationship cannot be
decided uniformly, as in other works. For example,
a set of points measured from a plane perpendicular
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to the x-y plane cannot be presented by z = f(x, y).
In this study, to deal with this issue, we employ a
“divide and conquer” strategy: we divide the entire
region into small sub-regions and explore the func-
tional relationship in each sub-region separately. In
Fig. 1, we use typical laser-based 3D point cloud
data to illustrate our method. The entire region is
restricted to a cuboid that includes all of the mea-
surement points. Then, the region is decomposed
into n abutting and evenly spaced cubes, as sub-
regions Ωi, i = 1, 2, . . . , n. The side length of the
cubes is l. We restrict the region to exactly cover
all of the points, and the boundary is set as an in-
tegral multiple of l (Fig. 1a). After the division, the
sub-regions that contain fewer than three points are
removed. We use principal component analysis to
find a normal direction for each subset of points. If
Pi = {pij = [xij , yij , zij ]

T|j = 1, 2, . . . , mi} is the
subset of the point cloud data that belong to Ωi, the
center of each subset of points is

gi =
1

mi

mi∑
j=1

pij . (4)

.

The covariance matrix Ci of the point positions
is computed as

Ci =

mi∑
j=1

(pij − gi)(pij − gi)
T, (5)

and the eigenvalue decomposition of matrix Ci is

Ci = [vi1 vi2 vi3]

⎡
⎣λi1 0 0

0 λi2 0

0 0 λi3

⎤
⎦ [vi1 vi2 vi3]

T
,

(6)
where λij (j = 1, 2, 3) are the eigenvalues of Ci,
and vij (j = 1, 2, 3) are the corresponding nor-
malized eigenvectors. We choose the eigenvector
vi,min of Ci corresponding to the minimum eigen-
value λmin = min {λi1, λi2, λi3} as the normal di-
rection, as the point cloud has the minimum vari-
ance along this direction. The functional relation-
ship should be formulated as close to this direction
as possible. To choose a proper relationship, the an-
gles of the normal direction relative to the x, y, and
z axes are calculated from[

angleix angleiy angleiz
]T

= arccos(vi,min). (7)

Then, the functional relationship between the
coordinates in each sub-region is determined based
on these angles. If min{angleix, angleiy , angleiz} =

angleix, the functional relationship is determined as

xij = f(yij , zij), as is the case in Fig. 1b; the other
two cases follow the same approach, and the func-
tional relationship is determined as yij = f(xij , zij)

(Fig. 1c) or zij = f(xij , yij) (Fig. 1d).

Once the functional relationships in each sub-
region are determined, we calculate the predictions
at the selected test locations along with the vari-
ances, using Eqs. (2) and (3). To maintain approxi-
mate continuity, the point predictions in each Ωi are
modeled around the mean value of ui. In our ap-
proach, the predictions and their test locations are
combined as predictive points. Each prediction is
actually a linear combination of the observations in
the sub-region. The coefficient of each element in
the linear combination depends on the distance be-
tween the test location of the predictive point and
the training locations. We use the data in Fig. 1
to illustrate the selection procedure for our map

(a) (b)

(c) (d)

Fig. 1 Illustration of regionalization and the process
for determining the functional relationship in sub-
regions: (a) the entire raw point cloud; (b) a sub-
region whose functional relationship is determined as
x = f(y, z); (c) a sub-region whose functional re-
lationship is determined as y = f(x, z); (d) a sub-
region whose functional relationship is determined as
z = f(x,y). Black dots indicate the point cloud data,
cubes visualized by gray thin lines indicate the bound-
aries of the sub-regions, small red circles indicate the
selected test locations, big red circles indicate the
exampled sub-regions with different determined func-
tional relationships which are linked to corresponding
detailed sub-figures with crimson arrows, blue arrows
indicate the normal direction, and gray arrows indi-
cate the other two eigenvectors. References to color
refer to the online version of this figure
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construction method (Fig. 2). Ambiguous predic-
tions are always obtained at the test locations that
are far away from the training locations of the obser-
vations (Fig. 2a). We ultimately obtain the regional-
ized GP predictive map by removing the predictions
with variances larger than σt (Figs. 2b and 2c) and
selecting the remaining predictive points as the re-
sults of the map construction procedure (Fig. 2d).
Thus, in addition to parameter l, σt is another im-
portant parameter in our method.

Theoretically, each sub-region should possess an
exclusive functional relationship if the size of the sub-
regions is sufficiently small. However, the size cannot
be set too small, as the computational speed will de-
crease excessively. Thus, the GP may generate some
incorrect predictive points. They are generated in
sub-regions containing point clouds measured from
multi-surfaces or concave surfaces, i.e., situations for
which our assumption of an exclusive functional re-
lationship does not hold. However, these types of
points make up only a very small portion of the en-
tire set of predictive points (approximately 1%–5%).

3.2 Acceleration process based on kd-tree

Compared to our previous work for 2D situa-
tions, the number of points contained in one frame
of the point cloud data herein is always much larger
than that of a 2D point scan. As the complexity of
the GP grows cubically, the computational cost could

(a) (b)

(c) (d)

Fig. 2 Illustration of the prediction selection proce-
dure: (a) scatter plots of all predictive points (colors
indicate the value of σ); (b–d) predictive points for
σt ≤ 0.8, σt ≤ 0.5, and σt ≤ 0.1, respectively. Red
and black dots indicate the predictive points and the
raw data, respectively. References to color refer to
the online version of this figure

become too burdensome. To manage this problem,
we employ the GP acceleration algorithm proposed
by Shen et al. (2006). As discussed previously, the
prediction at a test location is a linear combination
of the observations in that sub-region. Taking this
combination as a weighted sum, the prediction is
contributed mostly by the observations with large
weights, whose training locations are closer to the
test location of that prediction. The central idea is
to compute an approximation to that weighted sum
while using only the observations with large weights.
To that end, only the observations whose training
locations are close to the selected test locations must
be found. Hereafter, we denote these selected obser-
vations as “nearest points.” As the process of search-
ing for the nearest points is also time-consuming, a
kd-tree data structure is employed to accelerate this
process. Details can be found in Shen et al. (2006).
In our case, kd-tree acceleration does not need to
be performed for each sub-region. This is because a
3D point cloud is heterogeneous, especially one col-
lected by a 3D laser range finder. We use only the
kd-tree acceleration technique for sub-regions with
large numbers of points. Assuming that the amount
of point cloud data contained in a sub-region is m,
the number of selected test locations is m∗, and the
number of nearest points for one test location is k,
kd-tree acceleration is performed only if m ≥ km∗.

3.3 Registration based on GP predictive
points

After the map construction process, the raw
point cloud data are reformed as {(w∗,i, u∗,i),
σ∗,i} (i = 1, 2, . . . , k), where (w∗,i, u∗,i) are the
special 3D coordinates composed of the selected
test locations w∗,i ∈ R

2 and relative predictions
u∗,i ∈ R, and σ∗,i are the variances. In this part,
(w∗,i, u∗,i) are regarded as predictive points and used
for registration. As (w∗,i, u∗,i) actually represents
3D points, the transformation between two frames
of the point cloud can be calculated in an ICP-like
manner. Specifically, the rigid transformation be-
tween corresponding predictive point pairs can be
calculated using the SVD method.

The first task is finding the correspondences be-
tween predictive points. In contrast to the ICP, our
registration method does not search for point cor-
respondences by finding the nearest neighbor point
with the minimum distance. In our approach, the
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point correspondence is set up using the predictive
point pairs with the same test locations and variances
below the same threshold. For example, assume
that there are two frames of unaligned raw point
cloud data Q and P , where Q = [q1, q2, . . . , qm]

is the reference frame of the point cloud data, and
P = [p1, p2, . . . , pn] is the current frame. Points Q

and P are assumed to be placed in the same frame
after an initial transformation. The initial transfor-
mation can be provided by other sensors, such as
inertial measurement sensors, or by “coarse registra-
tion” (Salvi et al., 2007). Then, Q and P are re-
constructed into GP predictive points Q∗ = {qi∗ =

(ui,q,wi,q, σi,q)|i = 1, 2, . . . , n} and P∗ = {pi∗ =

(ui,p,wi,p, σi,p)|i = 1, 2, . . . ,m} using the map con-
struction method described in Section 3.1. We con-
struct the point correspondences by first identify-
ing the overlapped sub-regions. Two sub-regions in
a respective frame are considered to be overlapped
only if they have the same cube center and the same
functional relationship. When a pair of overlapped
sub-regions are identified, the test locations for both
sub-regions will be the same, according to the selec-
tion rule for test locations introduced in Section 3.1.
The point correspondence in the sub-regions is set up
using the predictive point pairs with the same test
locations and variances below the same threshold
σt. The process of building point correspondences
in each sub-region is illustrated in Fig. 3. The fi-
nal correspondent point pairs are an aggregation of
all the correspondent point pairs in every overlapped
sub-region.

By redefining P∗ and Q∗ in Cartesian coordi-

Current frame

Reference frame

Raw points in the current frame
Predictive points in the current frame

Raw points in the reference frame
Predictive points in the reference frame
Test locations
One of the corresponding predictive point pairs

Same test location

Fig. 3 Illustration of the point correspondence
construction

nates as P∗ = {([xi,p, yi,p, zi,p]
T, σi,p)|i = 1, 2, . . . , k}

and Q∗ = {([xi,q, yi,q, zi,q]
T, σi,q)|i = 1, 2, . . . , k},

the corresponding point pairs can be expressed as
M(P∗, Q∗) = {(pi∗, qi∗)|pi∗ ∈ P∗, qi∗ ∈ Q∗, i =

1, 2, . . . , k}. As in the ICP method and our pre-
vious method, the rigid transformation is obtained
by solving a Euclidean distance error minimization
problem:

arg min
R,t

(
k∑

i=1

‖Rpk∗ + t− qk∗‖2
)
. (8)

This problem can be solved analytically using
the SVD method. Assuming that gp and gq are the
centers of {pi∗} and {qi∗}, respectively, the covari-
ance is

H =
k∑

i=1

(pi∗ − gp) (qi∗ − gq)
T . (9)

Then the optimal transformations R and t can
be computed by⎧⎨

⎩
R = V diag

(
1,1,det

(
V UT

))
UT,

t = gq −Rgp,
(10)

where UΛV T is the SVD of H . Using Eq. (10), we
obtain a rigid transformation composed of the rigid
rotation matrix R and translation t.

Similar to ICP approaches and many other reg-
istration methods, our registration approach pro-
ceeds in an iterative manner. When a transformation
is calculated based on the corresponding predictive
point pairs in a given iteration, it becomes the ini-
tial transformation for the next iteration, and the
map construction process for the current frame of the
point cloud data P is repeated to refine the transfor-
mation. The iterative procedure continues until an
error metric is below a certain threshold.

As a termination condition, the error metric is
crucial. In ICP-based approaches, the error metric
is assigned as the sum of the squared distances be-
tween corresponding points or the distance from a
point to the plane perpendicular to the destination
normal (Chen and Medioni, 1991). As introduced
in our previous work, these types of error metrics
would not converge decreasingly as the iterative reg-
istration process proceeds in our approach, because
we reconstruct the point data P using the GP map
construction procedure in each iteration. In that re-
gard, we propose a new error metric, called “E-error,”
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which measures the difference between the eigenval-
ues of the covariance matrices of the corresponding
predictive point pairs P∗ and Q∗. The E-error works
well for a 2D situation, but it appears to be unsta-
ble when moving to 3D. We propose a more intrinsic
error metric, i.e., the difference between consecutive
transformations. Assuming Ri and ti the transfor-
mations calculated in the current iteration, and Ri−1

and ti−1 the transformations calculated in the last
iteration, this error metric is given by

error (R, t) � ΔT

= α‖Ri −Ri−1‖+ ‖ti − ti−1‖,
(11)

where α is a scale factor.
In our approach, the termination condition for

the iterative registration process is set as when
error (R, t) is smaller than a certain value, or when
the iterative procedure has been executed more than
20 times.

4 Results

In this section, we demonstrate the results of
the method described above. To fully and com-

prehensively test the performance of the proposed
method, we chose a challenging dataset provided
by Pomerleau et al. (2012). They claimed that the
dataset is designed for testing the robustness of reg-
istration methods and covers various types of chal-
lenging environments, ranging from structured in-
door environments to unstructured outdoor environ-
ments. Three sub-datasets were chosen for our re-
search: “Stairs” (indoor, structured, many repeated
elements) (Fig. 4a), “Gazebo” in summer (outdoor,
semi-structured) (Fig. 4b), and “Wood” in summer
(outdoor, unstructured) (Fig. 4c). For each sub-
dataset, an adjacent point pair was selected, as
shown in Figs. 4d–4f. The proposed method (GP
registration) was compared to two benchmark al-
gorithms, ICP and NDT. In the implementations
of ICP and NDT the MATLAB functions provided
by the MATLAB/Vision toolbox were used. In
addition, OctoMap was used for benchmarking the
mapping results. All methods were tested on a stan-
dard PC with a 3.4-GHz processor and run in a
MATLAB-2019a environment. There were many pa-
rameters and factors for the three methods. To set
up a uniform “baseline,” we selected the point pairs

(a) (b) (c)

(d) (e) (f)

Fig. 4 Real-world views of the environments of the Stairs (a), Gazebo (b), and Wood (c) datasets, and
point pairs from the Stairs (d), Gazebo (e), and Wood (f) datasets. (a)–(c) are directly downloaded from
https://projects.asl.ethz.ch/datasets/doku.php?id=laserregistration:laserregistration. The black and red dots
in (d)–(f) indicate the point cloud pair selected from each sub-dataset. References to color refer to the online
version of this figure
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with the minimum relative distance, so that we can
set the initial transformation as the identify matrix
I for all of the methods. In addition, there was not
any down-sampling process for any of the methods
during implementation.

4.1 Mapping results

Here, we use a frame of point cloud data from
Gazebo as an example to illustrate our mapping re-
sults. Three other types of map representation are
shown for comparison: raw point cloud, NDT map,
and OctoMap. Different information is stored for
each map representation. The raw point cloud stores
all of the 3D coordinates of the point cloud. The
NDT map stores the statistical information in each
NDT cell, including the mean value (center) of the
points contained in one cell and the covariance ma-
trix of these points. OctoMap stores the occupancy
value in each OctoMap cell. Our GP map stores the
coordinates of the predictive points and their vari-
ances. The GP map (Fig. 5b) and the raw point
cloud (Fig. 5a) are directly visualized as points. The
NDT map is visualized by a set of ellipses contained

in each cell, whose center is the mean value of the
points, and whose three axes are the eigenvectors of
the covariance matrix of the points (Fig. 5c). Oc-
toMap is shown as a set of cubes representing the
occupied cells (Fig. 5d). As shown in the figure, the
raw point cloud provides all information from the
measurement, and is the most detailed representa-
tion. The other three types of map representation
are all certain types of deformation of the raw point
cloud. Very similar to the point cloud map, the GP
map appears to be a down-sampled variant of the raw
point cloud map, as there are over 170 000 points in
the point cloud map, whereas there are 14 767 pre-
dictive points in the GP map. However, the GP map
inherits all of the structural signature, without losing
details. The NDT map and OctoMap do not express
the map as explicitly as the point cloud map and the
GP map do. They visualize the map in a manner
similar to covering the environment with a mosaic.

The respective resolutions of the NDT map and
OctoMap are equal to the length of their cube cells.
This is different from the GP map, as the predictive
points are used for the final mapping result in the GP
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Fig. 5 Mapping results of the point cloud map (a), GP map (b), NDT map (c), and OctoMap (d). Colors
indicate the height. The normal distribution in each cell including the mean value of the points and the
covariance matrix of the points is visualized as ellipses. References to color refer to the online version of this
figure
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map. Thus, the resolution of the GP map depends
on the density of the test locations. In the GP map,
assuming that the side length of a GP cell l is one
and that it is divided evenly into 10 segments, the
square where the test location is located will be cut
into 10×10 pieces, and the resolution will be 0.1. In
Fig. 5, the resolution of the NDT map is set as 0.8 m,
whereas the resolutions of the GP map and OctoMap
are both 0.2 m. We set these values because the
ellipses of the NDT map would be too small to be
shown clearly if the resolution was high.

By clarifying the definition of resolution, the
storage consumption of each method can be com-
pared (Table 1). As mentioned before, the point
cloud map stores the coordinates of the points and
requires the maximum amount of memory. Though
point-cloud-like, the GP map lowers the memory
consumption dramatically. It requires only 401 KB
of memory to store a point-cloud-like map with a
resolution of 0.2 m. The NDT map also needs much
less memory than the point cloud map, but it needs
more memory than the GP map and is almost twice
as large at resolutions of 0.2, 0.5, and 1.0 m. With
the help of the efficient octree data structure, Oc-
toMap consumes the minimum amount of memory.
The memory cost of OctoMap is an order of magni-
tude smaller than that of the GP map and the NDT
map. However, it has no matched efficient registra-
tion method. As compared to the NDT map and
OctoMap, which are well-known for consuming less
memory, our mapping method shares the same ad-
vantage while providing a point-cloud-like map.

Table 1 Memory consumption for each map repre-
sentation with different resolutions

Resolution Memory

(m) GP NDT OctoMap Point cloud

0.1 1.38 MB 1.42 MB 129 KB

3.2 MB
0.2 401 KB 787 KB 29.6 KB
0.5 93.5 KB 203 KB 5.35 KB
1.0 45.2 KB 68.5 KB 2.21 KB

4.2 Convergence results

As all the three registration methods calculate
the transformations iteratively, convergence perfor-
mance is an important criterion for evaluating the
robustness of each method. Convergence refers to
the process in which the error metric converges to a

certain value as the iteration proceeds, and its perfor-
mance is affected by the parameters. As introduced
before, the two most important parameters for our
method are the length of the sub-region l and the
threshold of variance σt. For the NDT method, the
parameter with the largest effect is the NDT cell
size ln. Notably, both our method and NDT divide
the space into small cubes; l and ln are actually the
same entity here, but they have a different signifi-
cance for each method. The situation of the ICP
method is rather simple. With the preset conditions
introduced at the beginning of this section, there is
no special parameter that requires adjustment.

The convergence performances with different
datasets are shown in Figs. 6 (Stairs), 7 (Gazebo),
and 8 (Wood). As the convergence situation changes
with the parameter when implementing the NDT
and GP registrations, multi-curves are shown to il-
lustrate the convergence results with different se-
lected parameters. Figs. 6c, 7c, and 8c show the
results of GP registration, in which parameters σt

and l are selected as 0.02–0.10 and 0.3–1.0 m, re-
spectively. As can be seen from these figures, the
ICP approach demonstrates the most stable conver-
gence performance among all three types of meth-
ods. Our GP registration method converges decreas-
ingly at most parts of the convergence curve, but
the convergence rate slows as the complexity of the
environments grows. In the Stairs and Wood exper-
iments, the convergence curves show some increases
at the beginning of the iterative process. This phe-
nomenon indicates that the point correspondence be-
tween the predictive point pairs may have some sig-
nificant changes in the first few iterations of the iter-
ative process. As compared to the ICP method and
our method, the convergence curves of NDT in all
three experiments are rather irregular, showing some
instability in the registration process. The differ-
ence between sequential transformations estimated
by NDT often changes drastically at the beginning
and suddenly converges close to zero. Moreover, the
difference between the transformations of two con-
secutive iterations of NDT can be zero. This means
that the convergence process would become stuck in
a local minimum, requiring the termination of the it-
erative registration process. This phenomenon never
occurs during the implementation of ICP or GP reg-
istration. Thus, NDT registration often stops before
the number of iterations reaches the maximum value.
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Fig. 6 Convergence results of experiment Stairs: (a) ICP; (b) NDT; (c) GP registration with different σt and
l

(a) (b) (c)
Fig. 7 Convergence results of experiment Gazebo: (a) ICP; (b) NDT; (c) GP registration with different σt

and l

(a) (b) (c)

Fig. 8 Convergence results of experiment Wood: (a) ICP; (b) NDT; (c) GP registration with different σt and
l

Though the NDT method has a faster convergence
speed, this does not mean that NDT has a faster
computational speed. A comparison between the
efficiencies of the three methods will be further dis-

cussed in Section 4.3. By analyzing the convergence
performance, we can set the termination conditions
for each method as follows: for the ICP method and
our method, parameter α in Eq. (11) is set at 5, and
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the threshold of the error metric ΔT is set to be
0.001; for NDT, α is set at 0.2, and the threshold of
ΔT is set at 0.0001, based on the value of α.

4.3 Registration results

Our registration method was tested using the
three aforementioned datasets, with different param-
eters selected. By selecting σt and l from small to
large, the performance of the proposed method was
thoroughly revealed. All of the results of GP reg-
istration from the three experiments, including the
errors in rotation (unit: rad), errors in translation
(unit: m), and runtime (unit: s), are listed in Ta-
bles 2 (Stairs), 3 (Gazebo), and 4 (Wood). From
these results, three main conclusions of regularity in
our method can be summarized as follows:

1. Registration results with large errors in both
rotation and translation might be obtained when l

and σt are set to be too small or too large.

Because we use the predictive points to build
the GP map and to calculate the rigid transforma-
tion, setting σt small means that only a small portion
of the predictive points will be used for the calcula-
tion. With most of the predictive points abandoned,
the information depicting the spatial relationships
between point clouds is inadequate, leading to trans-
formation results with large errors. As mentioned
before, our method models the GP of each sub-region
around the mean value ui of each sub-region to ap-
proximately maintain the continuity of the GP map.
Setting l to be too small would cause the discon-
tinuity problem to become severe. Owing to the

Table 2 Results of GP registration in the Stairs experiment

σt
Rotation error (rad)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.0140 0.0110 0.0096 0.0057 0.0058 0.0012 0.0209 0.0222
0.03 0.0080 0.0011 0.0062 0.0041 0.0020 0.0005 0.0199 0.0202
0.04 0.0130 0.0010 0.0053 0.0024 0.0022 0.0006 0.0197 0.0197
0.05 0.0082 0.0009 0.0022 0.0019 0.0027 0.0013 0.0199 0.0190
0.06 0.0017 0.0014 0.0018 0.0018 0.0028 0.0014 0.0202 0.0110
0.07 0.0019 0.0017 0.0013 0.0014 0.0035 0.0017 0.0203 0.0036
0.08 0.0016 0.0021 0.0019 0.0013 0.0035 0.0019 0.0184 0.0029
0.09 0.0018 0.0023 0.0020 0.0014 0.0035 0.0021 0.0085 0.0028
0.10 0.0013 0.0028 0.0024 0.0012 0.0034 0.0021 0.0071 0.0028

σt
Translation error (m)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.0280 0.0035 0.0072 0.0027 0.0108 0.0065 0.0117 0.0247
0.03 0.1550 0.0042 0.0079 0.0048 0.0041 0.0034 0.0150 0.0187
0.04 0.0390 0.0027 0.0104 0.0054 0.0067 0.0047 0.0169 0.0119
0.05 0.0158 0.0040 0.0040 0.0059 0.0099 0.0068 0.0179 0.0189
0.06 0.0180 0.0055 0.0038 0.0053 0.0094 0.0077 0.0206 0.0116
0.07 0.0122 0.0069 0.0035 0.0054 0.0119 0.0084 0.0217 0.0079
0.08 0.0106 0.0078 0.0047 0.0083 0.0132 0.0093 0.0206 0.0098
0.09 0.0109 0.0089 0.0064 0.0089 0.0140 0.0093 0.0165 0.0104
0.10 0.0109 0.0089 0.0064 0.0089 0.0140 0.0093 0.0165 0.0104

σt
Runtime (s)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 280.3 131.2 75.7 49.0 39.4 26.9 23.3 22.9
0.03 279.6 132.2 75.5 49.0 39.5 28.1 23.6 23.1
0.04 275.5 129.9 77.4 50.2 33.2 23.4 23.8 22.7
0.05 280.9 129.4 76.4 49.5 32.8 21.5 25.0 21.8
0.06 191.3 127.7 76.5 49.3 33.4 26.9 23.6 22.9
0.07 282.4 127.8 77.2 46.1 38.6 24.0 23.9 23.6
0.08 283.6 127.4 70.8 50.2 38.3 27.2 23.4 23.9
0.09 278.8 127.5 76.7 49.4 38.9 27.8 24.1 23.5
0.10 278.1 127.6 76.6 49.1 37.8 26.9 24.5 24.1
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Table 3 Results of GP registration in the Gazebo experiment

σt
Rotation error (rad)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.0078 0.0065 0.0137 0.0110 0.0094 0.0099 0.0101 0.0079
0.03 0.0057 0.0083 0.0070 0.0052 0.0055 0.0078 0.0043 0.0047
0.04 0.0081 0.0067 0.0040 0.0025 0.0038 0.0032 0.0022 0.0025
0.05 0.0075 0.0035 0.0020 0.0015 0.0021 0.0019 0.0012 0.0014
0.06 0.0051 0.0021 0.0023 0.0014 0.0015 0.0021 0.0011 0.0014
0.07 0.0042 0.0017 0.0020 0.0013 0.0014 0.0022 0.0011 0.0015
0.08 0.0027 0.0015 0.0018 0.0014 0.0014 0.0022 0.0012 0.0014
0.09 0.0023 0.0014 0.0019 0.0014 0.0013 0.0022 0.0011 0.0015
0.10 0.0022 0.0014 0.0018 0.0013 0.0014 0.0022 0.0012 0.0016

σt
Translation error (m)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.3593 0.3360 0.2374 0.2390 0.1854 0.2406 0.1845 0.1952
0.03 0.3584 0.2799 0.1365 0.1017 0.0940 0.1632 0.0663 0.1012
0.04 0.2983 0.1720 0.0749 0.0391 0.0637 0.0699 0.0278 0.0615
0.05 0.2511 0.0685 0.0417 0.0254 0.0321 0.0368 0.0153 0.0315
0.06 0.1816 0.0437 0.0277 0.0187 0.0244 0.0251 0.0124 0.0231
0.07 0.1559 0.0394 0.0245 0.0177 0.0233 0.0230 0.0106 0.0230
0.08 0.0986 0.0341 0.0233 0.0181 0.0247 0.0233 0.0131 0.0211
0.09 0.0768 0.0329 0.0219 0.0182 0.0245 0.0220 0.0129 0.0217
0.10 0.0726 0.0315 0.0233 0.0187 0.0255 0.0235 0.0145 0.0226

σt
Runtime (s)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 2317.3 1030.8 459.5 271.9 187.0 128.9 98.5 77.7
0.03 2300.5 909.5 456.9 276.8 186.4 129.7 97.4 76.8
0.04 2068.0 905.0 455.2 278.4 186.7 131.3 99.2 76.8
0.05 2036.7 905.8 471.6 275.6 185.3 131.5 98.3 76.3
0.06 2045.0 887.1 476.4 276.1 186.1 130.0 98.7 78.1
0.07 2198.6 888.9 480.6 272.6 184.0 128.8 98.3 78.2
0.08 2137.1 895.1 483.6 272.8 184.3 133.6 98.4 77.3
0.09 2032.9 893.3 479.2 276.2 183.6 129.8 98.3 77.4
0.10 2058.0 901.1 481.9 276.1 185.0 129.0 98.5 77.7

discontinuities, the GP approach often produces ob-
scure predictions at the boundary of the sub-regions,
causing a reduction in accuracy.

2. As l increases, the computational time will
dramatically decrease.

Theoretically, the computational time will de-
crease as l increases, as the larger sub-regions would
contain more training points, causing the computa-
tional cost of calculating the inverse matrix in Eq. (2)
to grow. However, with the utilization of the kd-tree-
based acceleration technique, this cost is limited. In
contrast, setting l to be small would cause the num-
ber of sub-regions to be enormous and would require
an excessive number of for-loops in the procedure,
causing a decrease in the computation speed.

3. The simpler and more structured the environ-

ment is, the better the performance of the method
in terms of accuracy and efficiency.

A GP approach often needs more sub-regions
to model an unstructured environment as compared
to modeling a structured environment, as the point
cloud measured from unstructured environments is
more dispersed. Thus, the cost for modeling an un-
structured environment is higher than that for mod-
eling a structured environment. It is also harder for a
GP to define a clear functional relationship for each
sub-region in an unstructured environment. There
are more incorrect predictive points generated when
using GP to model an unstructured environment.
Thus, the more unstructured the environment, the
worse the transformation results.

The registration results for NDT and ICP from
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Table 4 Results of GP registration in the Wood experiment

σt
Rotation error (rad)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.0217 0.0184 0.0210 0.0142 0.0179 0.0155 0.0243 0.0204
0.03 0.0108 0.0266 0.0289 0.0223 0.0256 0.0236 0.0258 0.0249
0.04 0.0188 0.0246 0.0249 0.0239 0.0261 0.0240 0.0266 0.0239
0.05 0.0210 0.0252 0.0255 0.0241 0.0263 0.0254 0.0260 0.0249
0.06 0.0218 0.0257 0.0259 0.0247 0.0263 0.0256 0.0261 0.0254
0.07 0.0250 0.0260 0.0261 0.0249 0.0264 0.0258 0.0263 0.0256
0.08 0.0233 0.0260 0.0262 0.0252 0.0265 0.0258 0.0266 0.0257
0.09 0.0246 0.0260 0.0262 0.0252 0.0266 0.0260 0.0266 0.0258
0.10 0.0242 0.0261 0.0261 0.0255 0.0267 0.0261 0.0268 0.0257

σt
Translation error (m)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 0.2393 0.0882 0.0731 0.0640 0.0600 0.1199 0.0623 0.0506
0.03 0.1365 0.0640 0.0653 0.0499 0.0690 0.0615 0.0806 0.0248
0.04 0.0628 0.0616 0.0629 0.0647 0.0790 0.0596 0.0765 0.0705
0.05 0.0444 0.0616 0.0698 0.0667 0.0796 0.0692 0.0741 0.0779
0.06 0.0445 0.0666 0.0739 0.0723 0.0785 0.0725 0.0753 0.0811
0.07 0.0444 0.0689 0.0773 0.0741 0.0774 0.0760 0.0785 0.0848
0.08 0.0495 0.0691 0.0767 0.0767 0.0788 0.0773 0.0804 0.0859
0.09 0.0601 0.0689 0.0778 0.0770 0.0802 0.0787 0.0817 0.0860
0.10 0.0557 0.0714 0.0795 0.0797 0.0815 0.0830 0.0833 0.0862

σt
Runtime (s)

l = 0.3 m l = 0.4 m l = 0.5 m l = 0.6 m l = 0.7 m l = 0.8 m l = 0.9 m l = 1.0 m

0.02 4719.5 2053.0 1071.9 640.0 425.2 299.7 214.0 164.3
0.03 4805.1 2059.8 1073.7 641.6 427.8 303.7 214.4 164.1
0.04 4875.8 2062.6 1076.5 644.1 431.8 305.9 214.5 163.3
0.05 4795.8 2068.2 1081.0 644.0 428.7 303.5 214.5 164.5
0.06 4775.6 2067.3 1081.7 649.7 429.0 303.7 214.0 164.6
0.07 4776.1 2076.6 1085.2 648.8 428.7 302.3 214.4 164.5
0.08 4776.0 2080.3 1084.6 648.7 434.5 300.7 214.5 164.9
0.09 4789.8 2079.3 1089.0 647.5 432.5 303.6 213.3 165.0
0.10 4989.4 2083.5 1088.5 653.6 429.1 303.2 215.5 165.1

the three experiments are listed in Tables 5 (Stairs),
6 (Gazebo), and 7 (Wood). NDT was implemented
with a different parameter ln, ranging from 0.1 to
2.0 m. As NDT can easily converge to the wrong
local minima, there are many results with extremely
low accuracy. Following the same concept in Mag-
nusson et al. (2007), we name these cases as failed
cases and the implementations with acceptable re-
sults as good cases. All of the good cases are marked
with boldface in these tables. As compared to these
two methods, the advantage of our method with re-
gard to accuracy is evident. The minimum rota-
tion errors of our method are 0.0005, 0.0011, and
0.0108 rad for the Stairs, Gazebo, and Wood exper-
iments, respectively. The rotation errors of NDT
and ICP in the Stairs experiment are 0.0008 and

0.0110 rad, respectively. For the other two exper-
iments, the accuracy of these two methods is even
worse. All of the rotation errors from the good cases
of NDT and ICP in the Gazebo and Wood exper-
iments are larger than 0.05 rad. The situation for
translation errors is almost the same. The minimum
translation errors of our method are 0.0027, 0.0106,
and 0.0248 m for the Stairs, Gazebo, and Wood ex-
periments, respectively. The minimum translation
error of the NDT method is 0.0034 m for the Gazebo
experiment (ln=0.4 m); however, except for that, the
translation errors of NDT and ICP in all of the ex-
periments are all larger than 0.02 m.

As for efficiency, our method has evident su-
periority as compared to NDT. The runtimes of
our method reach approximately 23, 77, and 165 s
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Table 5 Results of NDT and ICP in the Stairs
experiment

Method
ln Rotation error Translation error Runtime

(m) (rad) (m) (s)

NDT

0.1 0.0067 0.2692 289.8
0.2 0.0356 0.2901 331.3
0.3 0.0394 0.2823 272.6
0.4 0.0120 0.2563 361.9
0.5 0.0355 0.2666 457.3
0.6 0.0330 0.3140 199.6
0.7 0.0209 0.2269 197.4
0.8 0.0438 0.2763 806.6
0.9 0.0471 0.2907 293.9
1.0 0.0037 0.1803 339.9
1.1 0.0087 0.1253 154.6
1.2 0.0105 0.0560 308.9
1.3 0.0159 0.2165 435.4
1.4 0.0159 0.4171 450.4
1.5 0.0008 0.0673 549.0
1.6 0.0114 0.0266 394.5
1.7 0.0032 0.0338 230.0
1.8 0.0541 0.2864 323.3
1.9 0.0360 0.4218 245.8
2.0 0.0488 0.2526 885.3

ICP – 0.0110 0.0979 22.1

Good cases of NDT are in boldface

Table 6 Results of NDT and ICP in the Gazebo
experiment

Method
ln Rotation error Translation error Runtime

(m) (rad) (m) (s)

NDT

0.1 0.0572 0.2271 280.2
0.2 0.0995 0.2798 286.2
0.3 0.0088 0.3354 376.0
0.4 0.0674 0.0034 322.7
0.5 0.0651 0.0945 522.2
0.6 0.0529 0.4074 492.2
0.7 0.0686 0.0534 477.4
0.8 0.0708 0.1152 276.7
0.9 0.0687 0.0771 247.4
1.0 0.0682 0.0652 395.6
1.1 0.0686 0.1158 312.4
1.2 0.0655 0.0520 547.4
1.3 0.0660 0.4606 374.7
1.4 0.0666 0.0335 310.6
1.5 0.0688 0.1471 243.9
1.6 0.0681 0.1095 154.4
1.7 0.0670 0.0569 133.0
1.8 0.0650 0.0253 103.9
1.9 0.0702 0.2295 175.8
2.0 0.0660 0.0906 131.1

ICP – 0.0565 0.0566 13.3

Good cases of NDT are in boldface

for the Stairs, Gazebo, and Wood experiments, re-
spectively. For NDT, these values are 154.6, 103.9,
and 111.8 s. As a type of scan-to-scan registration

Table 7 Results of NDT and ICP in the Wood
experiment

Method
ln Rotation error Translation error Runtime

(m) (rad) (m) (s)

NDT

0.1 0.1320 0.4903 296.0
0.2 0.1386 0.4738 309.7
0.3 0.1332 0.3713 451.7
0.4 0.0759 0.3763 341.2
0.5 0.1255 0.3850 361.4
0.6 0.1195 0.3808 275.1
0.7 0.1193 0.3857 364.1
0.8 0.1170 0.3642 373.2
0.9 0.0907 0.3385 141.4
1.0 0.1040 0.2751 478.8
1.1 0.1046 0.3228 182.3
1.2 0.1000 0.3209 277.5
1.3 0.0975 0.4096 253.6
1.4 0.1044 0.1853 111.8
1.5 0.1001 0.3134 146.1
1.6 0.1025 0.2311 285.4
1.7 0.0866 0.5666 207.8
1.8 0.0955 0.3365 125.6
1.9 0.1049 0.1565 226.6
2.0 0.0984 0.2048 394.7

ICP – 0.0984 0.1641 23.1

Good cases of NDT are in boldface

method, the ICP method has the fastest computa-
tion speed. Nevertheless, the runtime of our method
is almost equal to that of ICP in the Stairs experi-
ment. This indicates that our method is competitive
with ICP with regard to efficiency in certain struc-
tured environments.

4.4 Discussion

As the goal of this study is to develop a scan-to-
map point set registration method for mobile IUSs,
NDT is our main comparison method. When ap-
plied to mobile IUSs, the robustness of the proposed
method is an important performance index. As in-
dicated from the results of NDT in Tables 5–7, the
NDT method is sensitive to the selected parameters.
There are only 4, 10, and 1 good cases out of 20 in the
Stairs, Gazebo, and Wood experiments, respectively.
The selection of parameters is rigorous when NDT
is being applied. Meanwhile, there is a wide range
of parameter choices for our method. As shown in
Fig. 9, as long as parameters σt and l are not set too
small or large, our registration can always result in
a stable estimation.

As mentioned in Section 4.3, our method works
well in a structured environment, but it is not very
good for an unstructured environment. In that
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(a) (b) (c)

(d) (e) (f)
σ t

Fig. 9 Contour plots of the rotation errors in experiments Stairs (a), Gazebo (b), and Wood (c) and the
translation errors in experiments Stairs (d), Gazebo (e), and Wood (f)

regard, NDT and ICP also fail to perform well in
unstructured environments. It is difficult to find a
specific value of l to make the proposed method work
well in most scenarios. In practice, we choose l by
rule of thumb. We admit that this is a major limi-
tation of our method. When our method is applied
to unstructured environments, we aim at the next
best criterion, i.e., robustness. As discussed in the
previous paragraph, our method is not sensitive to l,
as shown in Fig. 9.

The results from the NDT approach reported in
Magnusson et al. (2007) appear to be better than
those from the ICP approach, which is different from
the situation in this study. This is because in their
study, the initial transformation was set as an ad-
justable parameter. Good results can be obtained
with a small initial error. However, when a regis-
tration method is applied to mobile IUSs, the initial
transformation is provided by initial sensors or wheel
odometry and is not supposed to be adjustable. Ac-
cordingly, we did not set the initial transformation as
an adjustable parameter for our research purposes.

The NDT approach can be accelerated by a cer-
tain type of down-sampling process, which is not
used in this study. This may raise questions re-
garding whether this is a fair comparison, as the

kd-tree acceleration used for GP map construction
might be considered as a type of down-sampling pro-
cess. Our answer is that kd-tree acceleration is fun-
damentally different from ordinary down-sampling
processes. Using the nearest points of the test loca-
tions for calculation of the GP model barely affects
the predictions at the test locations. However, the
influence of the down-sampling process on the NDT
approach with regard to accuracy can be relatively
large. We prefer to considering our kd-tree acceler-
ation technique as a search method, rather than a
down-sampling method.

In the Gazebo and Wood experiments, the num-
ber of iterations for GP registration in all imple-
mentations reaches the maximum. A termination
threshold of ΔT=0.001 seems to be too low for GP
registration when it is applied to a more unstruc-
tured environment. We still set it at this value, so
as to compare the performance of our method with
a uniform standard.

5 Conclusions and future work

In this paper, we have introduced a novel 3D
point set registration method based on a new type of
map representation, namely, the GP map. Similar
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to the point cloud map, the GP map (which is
point-cloud-like) is compact and dense, and entails
a lower memory cost for storage. Based on this new
map representation, the registration problem has
been handled analytically using an SVD method.
The proposed method has been tested on three
challenging real-world datasets, along with the
ICP and NDT methods as benchmark algorithms.
The experimental results showed that our method
exhibits outstanding performance as compared to
the other two widely used point-set-registration
methods. We will extend this scan-to-map registra-
tion method to a complete SLAM framework in our
future work.
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