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Abstract: Discriminative correlation filters (DCF) are efficient in visual tracking and have advanced the field
significantly. However, the symmetry of correlation (or convolution) operator results in computational problems and
does harm to the generalized translation equivariance. The former problem has been approached in many ways,
whereas the latter one has not been well recognized. In this paper, we analyze the problems with the symmetry of
circular convolution and propose an asymmetric one, which as a generalization of the former has a weak generalized
translation equivariance property. With this operator, we propose a tracker called the asymmetric discriminative
correlation filter (ADCF), which is more sensitive to translations of targets. Its asymmetry allows the filter and the
samples to have different sizes. This flexibility makes the computational complexity of ADCF more controllable in
the sense that the number of filter parameters will not grow with the sample size. Moreover, the normal matrix
of ADCF is a block matrix with each block being a two-level block Toeplitz matrix. With this well-structured
normal matrix, we design an algorithm for multiplying an N ×N two-level block Toeplitz matrix by a vector with
time complexity O(N logN) and space complexity O(N), instead of O(N2). Unlike DCF-based trackers, introducing
spatial or temporal regularization does not increase the essential computational complexity of ADCF. Comparative
experiments are performed on a synthetic dataset and four benchmarks, including OTB-2013, OTB-2015, VOT-2016,
and Temple-Color, and the results show that our method achieves state-of-the-art visual tracking performance.
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1 Introduction

Visual tracking is an important and challenging
task in the field of computer vision. Discriminative
correlation filters (DCFs) have successfully been ap-
plied to this problem and rapid advances have been
witnessed in recent years (Henriques et al., 2015;
Danelljan et al., 2017b; Galoogahi et al., 2017; Sun C
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et al., 2018; Tang et al., 2018; Kart et al., 2019; Sun
YX et al., 2019). DCF can learn very efficiently in
the frequency domain via the fast Fourier transform
(FFT) by virtue of the circular convolution theorem
and the Parseval theorem. By introducing scale esti-
mation (Li Y and Zhu, 2014; Danelljan et al., 2017a),
better feature representations (Danelljan et al., 2014;
Ma et al., 2015), nonlinear kernel (Henriques et al.,
2015), spatial and temporal regularizations (Danell-
jan et al., 2015; Li F et al., 2018), continuous con-
volution (Danelljan et al., 2016b), region-of-interest
(ROI) based pooling (Sun YX et al., 2019), and so on,
DCF-based trackers have been improved greatly and
advanced the field significantly. The standard DCF
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is formulated by circular convolution (We use convo-
lution for mathematical convenience, though corre-
lation can equivalently be used) and target positions
are represented by filter responses. The translational
equivariance of the convolution operator guarantees
that the filter response faithfully reflects the transla-
tions of the target if the sample is just representing
the target. Another remarkable property of DCF is
that its normal matrix is a block matrix with each
block being a circulant matrix and becomes block-
wise diagonal in the Fourier domain (In the special
case of one block, it is just a circulant matrix and
becomes diagonal under discrete Fourier transform
(DFT)), which makes it very successful in real-time
visual tracking since FFT is efficient and the orig-
inal optimization problem is simplified. However,
circular convolution is a symmetry operator, in the
sense that two finite discrete signals being convo-
luted are extended with the same period and they
can exchange their positions without impact on the
response. This symmetry of the circular convolu-
tion operator incurs inconvenience and problems for
tracking applications.

For one thing, the symmetry requires the fil-
ter size equal that of the sample. This degrades the
scalability of the model, since the number of filter pa-
rameters and thus the model complexity grows non-
linearly with the size of the sample. It is not wise to
just control sample sizes, because small samples may
not contain the target if the translation of the target
is large. As the default settings of the ratio of the
sample size to the target size (Table 1) show, there
is a growing trend towards larger sizes, disregard-
ing scaling; even so, they seem insufficiently large in
some cases. Fig. 1 shows two examples in which
the competing trackers fail when the translations of
the targets between two neighboring frames are rela-
tively large, but the proposed tracker succeeds since
we use a larger ratio. Therefore, we need a tech-
nique that allows the sample size (ratio) to increase
without adding much model complexity.

Another issue is that the translation equivari-
ance of symmetric convolution is defined with respect
to the whole sample. If the ratio is greater than one,
then the background is contained in the sample and
the response will reflect not the translation of the
target but the mixed effect of the target and the
background. To clarify this problem, we need a new
definition that can describe the variation of the re-

sponse with respect to only the target rather than
to the whole sample, whereby we can study which
operator has this property and whether the tracker
constructed with it is faithful to the translations of
targets.

Table 1 The ratio of sample size Af to target size At

of six state-of-the-art trackers

Tracker Reference Af/At

DSST Danelljan et al. (2017a) 2.0
KCF Henriques et al. (2015) 2.5

SRDCF Danelljan et al. (2015) 4.0
ECO Danelljan et al. (2017b) 4.0

CCOT Danelljan et al. (2016b) 5.0
STRCF Li F et al. (2018) 5.0

In this paper, we give the definition of the
(weak) generalized translation equivariance property
(see Fig. 2a for an intuitive illustration) of a convo-
lution operator and propose an asymmetric convolu-
tion operator by which the proposed tracker asym-
metric discriminative correlation filter (ADCF) is
constructed. The asymmetry reflects that the two
operands (sample and filter) are not in an equal posi-
tion any more. The filter size is definitely required to
be smaller than or equal to that of the sample. When
they are equal, the convolution operator reduces to a
symmetric one; thus, our proposed convolution oper-
ator generalizes the symmetric case. Fig. 3 shows the
comparison of tracking frameworks between ADCF
and DCF. A concrete definition will be given in Sec-
tion 3.

As mentioned above, the generalized translation
equivariance of a generic convolution operator is a
desired property for visual tracking, since it describes
the faithfulness of the operator to translations of only
the target rather than the whole sample. Unfortu-
nately, neither the circulant convolution nor the pro-
posed one has this property, but we can prove that
the proposed operator, under a reasonable assump-
tion, has a weak generalized translation equivariance
property and also provides information about the
translations of the target. Because of its asymmetry
property, the proposed tracker ADCF allows differ-
ent sizes of filters and samples. Hence, one can train
the tracker with small samples and apply it to large
samples when necessary; moreover, the number of
filter parameters does not grow with the sample size,
which makes the model complexity of ADCF con-
trollable in terms of parameter optimization.
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Ours ECO-HC ECO SRDCF SRDCFdecon DeepSRDCF STRCF

Fig. 1 Qualitative comparison of our approach with state-of-the-art trackers on two sequences with large
translations of objects. Note that all the competing trackers fail on the sequences

(a) (b)

Fig. 2 Illustration of generalized translation equivariance (a) and inaccuracy of rectangular representation of
a target (b). The green and red rectangles indicate the sample and target, respectively. In the generalized
definition the response reflects the translation of the target instead of the whole sample, which proves its
superiority for visual tracking. References to color refer to the online version of this figure
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Fig. 3 Comparison of tracking frameworks between DCF and the proposed ADCF. Note that ADCF allows
different learning and detection sample sizes
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We prove that the derived normal matrix of
ADCF is a block matrix with each block being a
two-level block Toeplitz matrix, which generalizes
the case in DCF where each block is a circulant ma-
trix. However, a Toeplitz matrix dose not become
diagonal in the Fourier domain as a circulant matrix
does. It is helpless to solve ADCF in the Fourier do-
main. Therefore, in contrast to DCF, the proposed
ADCF is solved in the spatial domain. However,
the fact that a Toeplitz matrix can be embedded
into a circulant matrix can be used to design fast
algorithms for Toeplitz matrix-vector product (Lee,
1986), by which we can therefore use FFT to evalu-
ate the matrix-vector product in iteratively solving,
with the conjugate gradient (CG) method, the nor-
mal equation of ADCF. Opposite to the case of DCF
where the diagonal structure of a normal matrix in
the Fourier domain would change when spatial reg-
ularization is added, the structure of the Toeplitz
matrix does not change in ADCF with spatial and
temporal regularization being added, as explained in
Section 3. Consequently, whether with spatial and
temporal regularizations or not, the computational
complexity of ADCF would be essentially the same,
which is not true for DCF.

It is worth noting the similarities and differences
between the proposed ADCF and the weighted DCF
(WDCF), as formulated in Lukezic et al. (2017) and
Sun C et al. (2018), with a spatial reliability map
taken into account. Both DCF and ADCF can be
seen as a special WDCF with a specific reliability
map, i.e., a constant function for DCF and a rect-
angle function for ADCF. However, parameter opti-
mization is much harder in WDCF since the convo-
lution and the Hardamard product (point product)
are associated so that convolution is unavoidable in
either the spatial or Fourier domain. Only in DCF
and ADCF, do good structures of the normal ma-
trix and therefore better computational properties
appear.

To evaluate our approach, experiments for com-
parison are performed on four benchmarks, i.e.,
OTB-2013 (Wu et al., 2013), OTB-2015 (Wu et al.,
2015), VOT-2016 (Kristan et al., 2016), and Temple-
Color (Liang et al., 2015). Results show that our
algorithm is comparable to the baseline algorithms,
while its complexity is more controllable. The contri-
butions of this paper can be summarized as follows:

1. We analyze the problems with the symmetric

circular convolution operator and propose an asym-
metric one. It satisfies a weak generalized trans-
lation equivariance under certain assumptions and
allows the filter and the samples to have different
sizes. With the proposed operator, we construct
the tracker ADCF. The weak generalized transla-
tion equivariance guarantees the faithfulness of the
tracker to translations of the target rather than of
the whole sample, and the flexibility in size makes
the model complexity of ADCF more controllable.

2. The proposed ADCF generalizes DCF. We
show that the normal matrix of ADCF is a block ma-
trix with each block being a two-level block Toeplitz
matrix that generalizes the circulant matrix case of
DCF. This fact is very useful for training, and en-
ables us to design an algorithm for multiplying an
N × N two-level block Toeplitz matrix by a vector
with time complexity O(N logN) and space complex-
ity O(N).

3. We explore spatial and temporal regulariza-
tions to boost the performance of ADCF and demon-
strate the superiority of our proposed method on four
benchmarks, i.e., OTB-2013 (Wu et al., 2013), OTB-
2015 (Wu et al., 2015), VOT-2016 (Kristan et al.,
2016), and Temple-Color (Liang et al., 2015).

2 Related work

This section provides a brief survey on DCF-
based trackers. DCF exploits the properties of cir-
cular correlation for efficient computation. This has
had great success in visual tracking. Using DCF
for adaptive tracking was started with MOSSE by
Bolme et al. (2010). Henriques et al. (2015) im-
proved the tracking performance by extending the
correlation filter to multi-channel inputs and using
kernel tricks. Danelljan et al. (2017a) developed
new correlation filters to detect the scale changes
of targets. To reduce the boundary effects caused
by the periodic assumption of DCF, they also pro-
posed spatially regularized DCF (SRDCF) for track-
ing (Danelljan et al., 2015). Lukezic et al. (2017)
introduced the concept of channels and spatial relia-
bilities to DCF tracking in order to overcome the lim-
itations related to the rectangular shape assumption.
Mueller et al. (2017) proposed context-aware DCF
to incorporate global context to deal with fast mo-
tion, occlusion, or background clutter on the ground
that conventional DCF trackers are learned locally.
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By introducing temporal regularization to SRDCF,
Li F et al. (2018) proposed spatial-temporal regu-
larized correlation filters (STRCF) to achieve more
robust appearance models. As for feature represen-
tation, the DCF approaches were initially restricted
to a single-channel feature map and later extended to
multi-channel feature maps (Galoogahi et al., 2013;
Danelljan et al., 2014, 2016b), such as histogram of
oriented gradient (HOG) (Dalal and Triggs, 2005),
color names (Danelljan et al., 2014), and deep con-
volutional neural network (CNN) features (Ma et al.,
2015; Danelljan et al., 2016b; Qi et al., 2016; Sun C
et al., 2018; Tang et al., 2018; Kart et al., 2019; Sun
YX et al., 2019).

2.1 Discriminative correlation filters

Before the detailed discussion of our approach,
we first revisit the details of the conventional DCF.
DCF aims to learn a multi-channel convolution filter
f from a set of training samples {(xk, yk)}tk=1. All
samples are assumed to have the same spatial size
M × N . Each training sample xk, extracted from
an image region, consists of d feature maps with xl

k

denoting the lth one. yk, obtained from a predefined
2D Gaussian shaped label, is the target response map
corresponding to xk, which has the same size as xl

k.
f consists of d 2D convolution filters, each of which
will be applied to the corresponding feature channel.
The convolution response of f on a sample x is given
by

R(x; f) =

d∑

l=1

xl ∗ f l, (1)

where ∗ denotes the circular convolution operator.
DCF is formulated by the following objective:

argmin
f

t∑

k=1

αk‖R(x; f)− yk‖2 + λ

d∑

l=1

‖f l‖2, (2)

where αk ≥ 0 determines the impact of each training
smaple and λ ≥ 0 is the weight of the regulariza-
tion term (Danelljan et al., 2015). Expression (2)
defines a linear least-squares problem. Using Parse-
val’s formula, it can be transformed to the Fourier
domain where the resulting normal equations have
a block diagonal structure, and in the Fourier do-
main the filter f̂ = {F{f l}}dl=1 can be obtained by
solving MN d × d complex linear equation systems
(Danelljan et al., 2015; Galoogahi et al., 2017).

2.2 Spatial regularization

Although the circular convolution in Eq. (1) can
be efficiently computed by DFT, it comes at a cost.
The operation of circular convolution corresponds to
applying the filter f l, in a sliding window fashion, to
the periodic extension of the sample xl. This peri-
odic extension creates synthetic examples not truly
representative of the shifted ones and thus causes
unwanted boundary effects which have a dramatic
impact on the detection and tracking performance
(Danelljan et al., 2015; Galoogahi et al., 2017). To
deal with this problem, Danelljan et al. (2015) re-
placed the regularization term in expression (2) by a
more general Tikhonov regularization and proposed
SRDCF, which is formulated as follows:

argmin
f

t∑

k=1

αk‖R(x; f)− yk‖2 +
d∑

l=1

‖w ◦ f l‖2, (3)

where w is the spatial regularization weight and ◦
denotes the Hadamard product. The Gauss-Seidel
method is exploited to iteratively update the filter f
(Danelljan et al., 2015).

2.3 Temporal regularization

Although SRDCF is effective in suppressing
the boundary effects, it also increases the com-
putational complexity since Eq. (3) results in a
dMN×dMN large linear equation system without a
well-structured normal matrix, which is much more
computationally expensive than Eq. (2). On the
other hand, SRDCF learns its filter with multiple
samples from historical tracking and assigns larger
weights to the recent ones. Consequently, it may
suffer from overfitting to the recent inaccurate or
noisy samples, especially in the case of occlusion. To
overcome these problems, motivated by the online
passive-aggressive (PA) algorithm, Li F et al. (2018)
introduced a temporal regularization term and re-
laxed the multi-sample formulation in SRDCF to the
one with a single sample, leading to the following
STRCF model:

argmin
f

‖R(xt; f)− y‖2 +
d∑

l=1

‖w ◦ f l‖2 +μ‖f − ft−1‖2,
(4)

where ft−1 denotes the filter learned in the (t− 1)th

frame, and μ is the regularization parameter. The
alternating direction method of multipliers (ADMM)
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algorithm was used to solve problem (4) in Li F et al.
(2018).

3 Asymmetric discriminative correla-
tion filters

In this section, the formulation and optimiza-
tion algorithm of the proposed ADCF will be given.
Spatial and temporal regularizations are introduced
to improve ADCF. Because of space limitations,
most proofs and strict definitions are given in the
appendix.

3.1 Formulation of asymmetric discriminative
correlation filters

ADCF also aims to learn a multi-channel con-
volution filter f from a set of training samples
{(xk, yk)}tk=1 with the same spatial size M ×N , but
the filter may have a smaller size m×n because of the
asymmetry we impose on the proposed operator of
which we expect the generalized translation equiv-
ariance. For such an operator, we therefore need
to define how to “convolute” a filter with a possibly
larger sample. Our definition is similar to the convo-
lution used by the CNN but with special boundary
processing, so that it is equivalent to the circular
convolution of the sample with a new filter. In this
way, the convolution theorem can still apply when
evaluating this “convolution.” This is not generally
correct in CNN but crucial for fast detection. This
new filter can be constructed by just padding the
original one with zeros as we will explain. The way
to pad with zeros is not unique. Hence, without loss
of generality, we choose a simple implementation.

Assuming for simplicity that the size differences
M −m and N − n are even numbers, the proposed
asymmetric circular convolution is defined as follows
(for a more strict definition see Appendix A):

xl∗̂f l = x ∗ P (f l;xl), (5)

where ∗̂ and ∗ denote the proposed convolution and
the circular convolution respectively, P denotes the
symmetric padding operation such that P (f l;xl),
symmetrically padded from f l with zeros, has the
same size as xl. The convolution response of filter f
to a sample x is now given by

R̂(x; f) =

d∑

l=1

xl ∗ P (f l;xl). (6)

The translation equivariance of circular convolu-
tion is defined by the property that convolution com-
mutes with translations, i.e., τΔ(xl∗f l) = τΔ(xl)∗f l,
where τΔ(xl) represents the translation of xl by Δ.
By generalized translation equivariance, we mean

τΔ(xl � f l) = TΔ(tl;xl)� f l, (7)

where TΔ(tl;xl) represents the translation of the tar-
get tl ⊂ xl by Δ, and � can be any well-defined
binary operator. When samples are larger than the
target, we would not have τΔ(xl) = TΔ(t

l;xl), so
the circular convolution operator ∗ does not satisfy
Eq. (7). Although the proposed ∗̂ does not satisfy
Eq. (7) either, we can prove that under a reasonable
assumption it satisfies the weak generalized transla-
tion equivariance defined as follows:

τΔB(xl � f l) = B(TΔ(tl;xl)� f l), (8)

where B(x) is a binary map masking the maximum
value of x as 1 and others 0. If filter f l and target
tl are of the same size, the assumption we impose
just states that tl̂·f l > bl̂·f l, where ·̂ is the flipped
inner product and bl is any subsample of xl that
contains background and is of the same size as f l.
This assumption is reasonable if filter f is sufficiently
discriminative. This weak property says that there
is a peak in the filter response that faithfully reflects
the translations of the target. We will not give the
proof here and leave the details to the appendix.
ADCF is formulated by the following objective:

argmin
f

t∑

k=1

αk‖R̂(xk; f)− yk‖2 + λ
d∑

l=1

‖f l‖2. (9)

In contrast to DCF, problem (9) cannot be sim-
ply solved by transformation into the Fourier do-
main. In the next subsection we will derive the
normal equation and give a fast algorithm for its
solution.

3.2 Optimization algorithm

Let gi,j = uT
i vj , where ui and vj are the ith

and jth canonical basis vectors for the M - and
N -dimensional spaces respectively, that is, ui =

[0, ..., 0, 1, 0, ..., 0]M , vj = [0, ..., 0, 1, 0, ..., 0]N . De-
noting the value of P (f l;xl) at coordinates (i, j)

(The sample and filter are coordinated in a uni-
fied way, such as the one used in Matlab) by P l

i,j ,
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P (f l;xl) can be represented by

P (f l;xl) =

M∑

i=1

N∑

j=1

P l
i,jgi,j . (10)

Since P (f l;xl) is a padded f l, denoting the
set of coordinates of f l in the coordinate system of
P (f l;xl) by D, we have

P (f l;xl) =
∑

(i,j)∈D

P l
i,jgi,j =

∑

q(i′,j′)=(i,j)∈D

f l
i′,j′gi,j ,

(11)
where q is a coordinate mapping function that maps
the coordinates of f l in the coordinate system of
itself into that of P (f l;xl). Then, we have

R̂(xk; f) =

d∑

l=1

∑

q(i′,j′)=(i,j)∈D

f l
i′,j′x

l
k ∗ gi,j

=

d∑

l=1

∑

q(i′,j′)=(i,j)∈D

f l
i′,j′Ti,j(x

l
k), (12)

where Ti,j(x
l) denotes the circular translation (shift)

of xl by i and j in vertical and horizontal directions,
respectively. Therefore, problem (9) is equivalent to

argmin
f

t∑

k=1

αk‖
d∑

l=1

Al
k
�f l − �yk‖2 + λ

d∑

l=1

‖�f l‖2, (13)

where �f l denotes the vectorized f l and Al
k =

[�T i1,j1(x
l
k) · · · �T im,jn(x

l
k)], (ix, jy) = q(x, y) ∈ D. To

further simplify the notations, we define concatena-
tions Ak = [A1

k · · · Ad
k] and �f = [(�f1)T · · · (�fd)T]T.

Problem (13) then becomes

argmin
f

t∑

k=1

αk‖Ak
�f − �yk‖2 + λ‖�f‖2. (14)

Finally, expression (14) is minimized by solving
the normal equation Bt

�f = �bt, where

Bt =

t∑

k=1

αkA
T
kAk + λ2I, �bt =

t∑

k=1

αkA
T
k �yk. (15)

Here, Eq. (15) defines a real dmn × dmn lin-
ear system of equations, which is (m/M)2(n/N)2

times that of SRDCF. In spite of this, Ak is an
MN × dmn matrix and is not sparse in general
cases. It is computationally costly to evaluate AT

kAk

and even AT
k �yk. Fortunately, as we will prove in

Appendix B, AT
kAk is a block matrix with each

block (AT
kAk)i,j = (Ai

k)
TAj

k being a two-level block
Toeplitz matrix. We find that (Ai

k)
TAj

k is a sub-
matrix of the cross-correlation function (or auto-
correlation function if i = j) of the periodically

extended xi
k and xj

k, while (Al
k)

T�yk is a subvec-
tor of the circular convolution of xl

k and �yk, both
of which can be evaluated by FFT. Therefore, we
can compute (Ai

k)
TAj

k or (Al
k)

T�yk much faster if for
the former m2n2 >> 2log(MN) or for the latter
mn >> 2log(MN). The fact that (Al

k)
TAl

k is an
mn×mn two-level block Toeplitz matrix allows us to
store it with spatial complexity O(mn) and multiply
it by a vector with time complexity O(mnlog(mn))

(Lee, 1986), which is very useful when we have
to evaluate the matrix-vector product in iteratively
solving the normal equation of ADCF with the CG
method.

Despite the fact that the properties of the nor-
mal matrix are favorable for parameter optimization,
the number of submatrices (Ai

k)
TAj

k (1 ≤ i, j ≤ d)
increases quadratically with the increase of the num-
ber of feature channels. To further reduce the time
cost, we impose the condition that the inner prod-
uct < Ti,j(x

l
k), Ti′,j′(x

l′
k ) > equals zero if l �= l′, so

that AT
kAk is block-diagonal and therefore the num-

ber of submatrices (Ai
k)

TAj
k equals that of feature

channels. This simplification is in fact equivalent to
learning, separately, one filter for each feature chan-
nel, not as problemmatic as it seems. Under this
simplification, problem (13) reduces to

argmin
f

d∑

l=1

( t∑

k=1

αk‖Al
k
�f l − �yk‖2 + λ‖�f l‖2

)
, (16)

which is equivalent to minimizing d separate sub-
objectives, defined by the terms inside the parenthe-
ses, and finally equivalent to solving the following
normal equations:

Bl
t =

t∑

k=1

αk(A
l
k)

TAl
k + λ2I, �blt =

t∑

k=1

αk(A
l
k)

T�yk.

(17)

3.3 Spatial and temporal regularizations

We introduce spatial regularization, in contrast
to SRDCF, by the motivation that the rectangular
representation of the target is not always accurate
(see Fig. 2b for an example), which has been studied,
for instance, in Lukezic et al. (2017) and Sun C et al.
(2018). These studies used a spatial reliability map
to suppress the possibly wrong values of a learned
filter. However, in their formulations the Hadamard
product, between the filter and the spatial reliabil-
ity map, and the convolution are associated, which
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complicates parameter optimization so much that
they had to use very complex optimization algo-
rithms for learning.

Since the inaccuracy of the rectangular repre-
sentation is caused mainly by its inaccurate bound-
ary, we use, for simplicity, a bowl shaped function
to regulate the filter in the same way as SRDCF.
Although the inaccurate bowl shape may punish the
correct filter values on the boundary, it gives special
importance to the center area where the target over-
laps most often. Despite the fact that the same trick
is used for two different motivations, in SRDCF and
here, we still call it spatial regularization.

The introduction of temporal regularization
prohibits STRCF from overfitting too fast to recent
inaccurate samples, which, however, also stops it
from updating fast enough if it is necessary, espe-
cially when the target is fast changing. Moreover,
to exploit the circulant matrix structure for reliev-
ing the computational burden, STRCF is formulated
with one sample (Li F et al., 2018), which makes the
model focus on local time and it tends to forget his-
torical information. As a result, STRCF would fail
when the target is occluded for a long time or the
input is polluted by much noise. Therefore, we pre-
fer the formulation with multiple samples and use an
adaptive weight for temporal regularization so that
we can increase or decrease temporal regularization
when needed. With spatial and temporal regulariza-
tions, problem (9) turns into

argmin
f

t∑

k=1

αk‖R̂(xk; f) − yk‖2 + λ
d∑

l=1

‖w ◦ f l‖2

+ λt‖f − ft−Δt‖,
(18)

where 1 ≤ Δt ≤ t−1 is a predefined frame difference,
λ is a predefined weight, and λt is adapted by the
following formula:

⎧
⎪⎪⎨

⎪⎪⎩

λt = c0 + μ1μ2,

μ1 = ea1<xt,xt−Δt1
>+b1 ,

μ2 = 1/(1 + ea2<xt,xt−Δt2
>+b2),

(19)

where c0 is a constant, Δt1 and Δt2 (Δt2 < Δt1)
are two predefined frame gaps, and a1 and b1 are
predefined so that μ1 is a monotonically increasing
function which will increase temporal regularization
when the target is experiencing fast change or being
occluded. Once the target is occluded, the detection

samples tend to change very slowly or do not change
at all, when the temporal regularization should be
strong to slow down filter updating. μ2 is a soft
step function. a2 and b2 are predefined to distin-
guish when the target is being occluded from the one
experiencing fast change, so that the temporal reg-
ularization is strong in the former case and weak in
the latter. The incorporation of spatial and tempo-
ral regularizations does not result in a more complex
optimization problem. We just need to adjust the
normal Eq. (15) to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Bt =
t∑

k=1

αkA
T
kAk + λId ⊗D (w�◦w) + λtI,

�bt =
t∑

k=1

αkA
T
k �yk + λt

�ft−Δt,

(20)

where Id and ⊗ denote the d× d identity matrix and
Kronecker product respectively, and D( �w ◦ w) de-
notes the diagonal matrix created by the vectorized
Hadamard product w ◦ w. Eq. (17) can be adjusted
analogously.

4 Our tracking framework

Compared with existing DCF-based trackers,
we have more flexibility in the sizes of training and
detection samples. In our implementation, training
samples have smaller size than detection samples, to
reduce the training time. The sizes of these samples
are determined in the first frame according to the
target size and image size, and will not change in the
tracking process. On one hand, this simplifies our im-
plementation; on the other hand, frequent changes of
the sample size may introduce many untrue feature
variations. The following discussion of training and
detection is for the simplified model only, but is also
applicable to the full model.

4.1 Training

Like most DCF-based trackers, our model is up-
dated iteratively in the training stage after each de-
tection. We use Bt

�f = �bt to denote the normal
equation to be solved at frame t. In the first frame,
the model is set to Bl

1 = (Al
1)

TAl
1 + λD( �w ◦w) and

�bl1 = (Al
1)

T�y1, where At and yt are the concatena-
tion and vectorized response respectively as defined
in Section 3.2, and the spatial regularization term
D′ = λD( �w ◦ w) is computed once for all. Using A′l

t
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and �b′
l

t to record the weighted sum of (Al
t)

TAl
t and

(Al
t)

T�yt, then the model is updated with a learning
rate γ ≥ 0 as follows:
⎧
⎨

⎩
A′l

t = (1− γ)A′l
t−1 + γ(Al

t)
TAl

t, �b′
l

t = �b′
l

t−1 + (Al
t)

T�yt,

Bl
t = A′l

t +D′ + λtI, �b
l
t = �b′

l

t + λt
�f l
t−Δt,

(21)
which corresponds to using exponentially decaying
weights αk in Eq. (20). After the model is up-
dated, we use the CG method with a fixed number
of iterations (NCG) to obtain the updated filter co-
efficients. This is because the CG method produces
the exact solution, if existing, after a finite number
of iterations, disregarding the round-off error; more
importantly, the CG method is good for exploiting
the properties of the normal matrix we have shown.
In the first frame, the filter coefficients are set to 1 for
the initial iteration, while in frame t they are set to
the updated filter coefficients in the previous frame.

4.2 Detection

The location of the target in frame t is esti-
mated by applying the filter that has been updated
in the (t − 1)th frame to the detection sample ex-
tracted from the current frame at the last posi-
tion. As in Danelljan et al. (2016a), we learn a
scale filter online and apply it at multiple resolu-
tions to estimate the scale changes of the target size.
The total computational complexity of our tracker is
O((d+2)MN log(MN)+ dNCGmnlog(mn)+MN),
excluding feature extraction and scale estimation.
Since, theoretically, NCG ≤ mn by the convergence
properties of the CG method, if the area of the target
mn is taken as fixed, as in our realization, and the
samples for training or detection are large enough,
then the main computational complexity of ADCF
is O((d + 2)MN log(MN) + MN). That is to say,
the time cost for parameter optimization is negligible
in this situation. Despite this, the Toeplitz matrix-
vector product shows significant computational ad-
vantage over direct matrix-vector product only when
log(mn) 
 mn/4, but in our implementation mn

is bounded by 1600 to reduce the number of filter
parameters. Therefore, in our implementation, the
computational advantage of ADCF is not significant.
However, we will show experimentally the compu-
tational advantage of Toeplitz matrix-vector prod-
uct over direct matrix-vector product with respect
to mn.

5 Experimental results

5.1 Implementation details

The samples for training and detection are all
squares and set according to a predefined two-valued
step function, defined by

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(yt, yd) = (hi ∧ wi)(β0, γ0)I(0 < p(ht, wt) < p0)

+
n∑

i=1

√
htwt(βi, γi)I(pi−1 ≤ p(ht, wt) < pi),

p(h,w) =
h

w
∨ w

h
,

(22)
where pn = ∞, yt and yd denote the edge lengths
of the training and detection samples respectively,
(ht, wt) and (hi, wi) represent the sizes of the tar-
get and the image respectively, ∧ and ∨ return the
smaller and greater numbers of two elements respec-
tively, and I denotes the indicator function. The
constants n and {(pi, βi, γi)}n1 are successively set to
4, (1.5, 0.5, 1), (2, 2, 3), (3, 3, 4), (∞, 3, 3). If the tar-
get size is small, the relative rounding error of the
target position will be significant. Moreover, the
size scales down after feature extraction, especially
when deep features are used. Since we do not inter-
polate the response maps to deal with this problem
as SRDCF does, we use only hand-crafted features
HOG (Dalal and Triggs, 2005) and color names (CN)
(Danelljan et al., 2014), with a cell size of 4 × 4,
to evaluate our approach, and resize the image by
the following strategy if the target is too small. If
hi ∧ wi < 10, 20, 30, the smaller edge length of the
target will be resized to 16, 24, 32 correspondingly,
and the other edge scales proportionally. The spa-
tial regularization weight is set to λ = 120, and the
weight function is constructed by

w(u, v) = (1− �g(u; ρ, h))(1− �g(v; ρ,w))T, (23)

where ρ = 1.5 and g is a Gaussian window defined
by g(u; ρ, n) = exp

{
− 1

2 [ρ
u

(n−1)/2 ]
2
}
. For temporal

regularization, a1 = −20ln10, b1 = 3 × 1014, a2 =

−400, b2 = 270, c = 500 and the frame differences
are set to Δt = Δt1 = 50,Δt2 = 5. The learning
rate and the number of iterations of CG are γ = 0.02

and NCG = 50, respectively. Note that there may
be small changes in different settings to adapt to
different datasets for better performance.
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5.2 Baseline trackers, datasets, and evalua-
tion measures

We use three DCF-based trackers KCF (Hen-
riques et al., 2015), SRDCF (Danelljan et al., 2015),
and STRCF (Li F et al., 2018) as baselines. Ta-
ble 2 summarizes these trackers. We also pro-
vide a comparison with 13 state-of-the-art methods:
MKCF (Tang et al., 2018), SiamTri (Dong and Shen,
2018), ACT (Chen et al., 2018), DAT (Pu et al.,
2018), DSST (Danelljan et al., 2017a), CF2 (Ma
et al., 2015), SAMF (Li Y and Zhu, 2014), Sta-
ple (Bertinetto et al., 2016), MEEM (Zhang et al.,
2014), SRDCF (Danelljan et al., 2015), SRDCFde-
con (Danelljan et al., 2016a), BACF (Galoogahi
et al., 2017), and ECO-HC (Danelljan et al., 2017b).

We perform comparative experiments on four
benchmarks. The OTB-2013 dataset (Wu et al.,
2013) contains 50 image sequences with 11 differ-
ent attributes. The OTB-2015 dataset (Wu et al.,
2015) is an extension of the OTB-2013 dataset, and
contains 50 more video sequences. The VOT-2016
benchmark (Kristan et al., 2016) contains 60 image
sequences with 5 challenges. These datasets have
been frequently used (Danelljan et al., 2015; Hen-
riques et al., 2015; Nam and Han, 2016; Choi et al.,
2017; Li B et al., 2018; Wang et al., 2019) as they
include a large variety of environments to evaluate
the general tracking performance. The Temple-Color
dataset (Liang et al., 2015) consists of 128 color se-
quences. As performance measures for OTB-2013
and OTB-2015 benchmarks, the One Pass Evalua-
tion (OPE) protocol (Wu et al., 2013, 2015) with two
measures, precision and success, is widely used. For
ranking trackers, the common threshold of 20 pixels
is used for the former and the area under the curve
(AUC) is used for the latter (Wu et al., 2013, 2015).
The success measure is also used in the Temple-Color
dataset (Liang et al., 2015). As for the VOT-2016
benchmark, accuracy, robustness, and the expected
average overlap (EAO) are used instead. Our track-
ers are implemented with Matlab 2017a, and all ex-

periments are run on a PC equipped with Intel i7
7700 CPU and 16 GB memory.

5.3 Quantitative results

5.3.1 OTB-2013 and OTB-2015 benchmarks

Table 3 shows the results of the mean overlap
precision (OP) and the number of frames per second
(FPS) on OTB-2013 and OTB-2015. As is shown,
the proposed ADCF and SRADCF significantly sur-
pass their counterparts KCF and SRDCF, respec-
tively, by 8.9% and 3.4% in terms of mean OP on
OTB-2013. As for FPS, our ADCF and STRACF
are inferior to their counterparts, but the proposed
SRADCF is 3.87 times faster than its counterpart
SRDCF. Note that on average we use larger detec-
tion sample sizes.

Table 3 The mean OP and FPS results of state-of-
the-art trackers on OTB-2013 and OTB-2015

Tracker
Mean OP (%)
(OTB-2013)

Mean OP (%)
(OTB-2015)

FPS
(OTB-2015)

KCF 45.5 55.2 211.4
ADCF 54.4 58.0 37.4
MEEM 54.2 62.2 27.6
SAMF 57.1 67.4 28.5
Staple 61.2 70.9 94.3
MKCF 65.6 72.2 64.7
SiamTri 67.2 74.7 30.6
SRDCF 66.5 72.7 7.1

SRADCF 69.9 74.0 27.5
SRDCFdecon 68.8 75.3 2.5

ECO-HC 72.3 78.4 51.7
STRCF 74.2 79.6 29.9

STRACF 73.4 79.7 25.4

OP: overlap precision; FPS: number of frames per second.
The best three results are in bold

Fig. 4 shows the precision and success plots
on OTB-2013 and OTB-2015. As shown in Figs. 4a
and 4b, ADCF outperforms KCF in terms of pre-
cision with significant gains of 10.4% and 5.0%,
respectively, on the two benchmarks; SRADCF is
slightly superior to SRDCF, but STRACF is slightly
inferior to STRCF. As shown in Figs. 4c and 4d,

Table 2 Baseline and the proposed trackers

Proposed Baseline Feature(s) Scale Reg.

ADCF KCF (Henriques et al., 2015) (TPAMI) HOG No No
SRADCF SRDCF (Danelljan et al., 2015) (ICCV) HOG Yes S
STRACF STRCF (Li F et al., 2018) (CVPR) HOG, CN Yes S & T

Reg.: regularization. S: spatial; T: temporal
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Fig. 4 Precision and success plots: (a) and (b) show the precision plots on OTB-2013 and OTB-2015,
respectively; (c) and (d) show the success plots on OTB-2013 and OTB-2015, respectively

ADCF performs better than the counterpart KCF
on both benchmarks with gains of 6.8% and 2.8%,
respectively, in terms of the success rate. SRADCF
slightly surpasses SRDCF on the two benchmarks,
but STRACF is slightly behind the counterpart
STRCF by gaps of 0.7% and 0.4%, respectively, in
terms of the success rate. In fact, the proposed
ADCF-based trackers tend to accumulate scale er-
rors in the long run. For one thing, we just adopt a
discrete scale estimation strategy and do not use sub-
grid detection that interpolates the response map
as used by SRDCF, SRDCFdecon, ECO-HC, and
STRCF. For another, the filter sizes of the pro-
posed ADCF-based trackers are small relative to
their counterparts, so the filters are more sensitive
to the noise caused by image scaling. In the future,
we will explore how to deal with these problems.

5.3.2 VOT-2016 benchmark

We try to integrate KCF into the VOT-2016
challenge but fail because KCF cannot run through

many sequences. The fact that there is no scale
estimation may be the cause. Therefore, KCF is ex-
cluded in this comparison. The results are reported
in Table 4. As shown, the proposed SRADCF is
inferior to its counterpart SRDCF but only with a
small gap of 0.01 in terms of accuracy. STRCF also
outperforms STRACF with small gains, 0.008 and
0.01, respectively, in terms of EAO and accuracy,
but STRACF surpasses STRCF in terms of robust-
ness by a gain of 0.04.

5.3.3 Temple-Color benchmark

We perform comparative experiments on the
Temple-Color dataset (Liang et al., 2015), which con-
sists of 128 color sequences. We compare the pro-
posed trackers, their counterparts, and some state-
of-the-art trackers. Fig. 5 shows the comparison
of overlap success plots for different trackers. We
note that STRACF is comparable to its counterpart
STRCF, and SRADCF and ADCF surpass SRDCF
and KCF by 0.7% and 4.4%, respectively.
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Table 4 A comparison with state-of-the-art trackers
on the VOT-2016 dataset

Tracker EAO Accuracy Robustness

DSST 0.173 0.50 2.58
SAMF 0.166 0.48 2.48
ACT 0.173 0.43 2.37

SRDCF 0.181 0.52 2.30
SRADCF 0.189 0.51 2.13

SRDCFdecon 0.193 0.51 2.23
DAT 0.217 0.46 1.72

BACF 0.239 0.54 1.67
SiamTri 0.240 0.48 1.85
ECO-HC 0.279 0.52 1.28
STRCF 0.259 0.53 1.42

STRACF 0.251 0.52 1.38
EAO: expected average overlap. The best three results
are in bold
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Fig. 5 The overlap success plot of different trackers
on Temple-Color. Only 10 trackers are displayed for
clarity

5.3.4 Evaluation on a synthetic dataset

As the previous evaluation experiments show,
little superiority is observed on the proposed
STRACF over its counterpart STRCF. However, the
traveling speed of targets in these benchmarks is gen-
erally low. The size of the detection sample is ba-
sically large enough for these video sequences in all
the competing trackers. Moreover, the importance
of the weak generalized translation equivariance is
not significant in these benchmarks. To show the
advantage of the proposed tracker, we need videos
in which targets are moving very fast when the size
of the detection sample does have large impact on
the tracking performance and videos in which the
weak generalized translation equivariance does man-
ifest itself. For one thing, to avoid cost and diffi-
culties involved in video collections, and for another
to make the experimental conditions controllable, we
synthesize a dataset to carry out the evaluation. To
get rid of other factors that may make difference on

the results, such as appearance and scale of any tar-
get, only translations are allowed in each video.

We use a single target to synthesize 100 videos,
in which there are 50 videos with a single color as
background, denoted by Syn-a, and the other 50
videos with a random noise as background, denoted
by Syn-b. See Fig. 6 for examples. In each video,
the target is moving with a constant speed but in a
random direction, under the condition that the tar-
get cannot cross the border of the image and the
background is fixed in each video. Both Syn-a and
Syn-b are synthesized with 50 speeds ranging from 5
to 250 pixels per frame. Each video has 100 frames
with target size 50 × 50 and image size 500 × 500.
We evaluate each competing tracker with two set-
tings of the ratio Af/At, the sample size to the tar-
get size, specifically Af/At = 5, 10. Since there is
no occlusion or other appearance changes of the tar-
get in these videos, we just use the proposed ADCF
to evaluate our tracker. The precision plots of all
competing trackers on Syn-a with ratios 5 and 10 are
shown in Figs. 7a and 7b, respectively, and the preci-
sion plot on Syn-b with ratio 10 is shown in Fig. 7c.
As can be seen, although Syn-a is a simple track-
ing task, the precisions of all trackers are below 0.6
when Af/At = 5. When Af/At = 10, all precisions
are above 0.8. Therefore, 5 is not large enough as
a ratio. However, it is the largest value of the ratio
in existing DCF-based trackers. More importantly,
simply increasing the ratio does not solve the prob-
lem. As shown in Fig. 7c, when the background is
complex, the precisions of all trackers drop dramati-
cally except for the proposed one. This demonstrates
the importance of the weak generalized translation
equivariance in visual tracking, especially when the
target is moving fast and the background is com-
plex. This, however, has not been well explored be-
fore. Moreover, the FPS of each tracker drops when
the ratio becomes larger. As shown in Table 5, the
FPS of the proposed ADCF drops slower than those
of all other trackers except for CF2 and ECO-HC.
However, CF2 uses deep features and all detection
samples will be resized to a fixed scale, while ECO-
HC updates its model only every five frames.

5.3.5 Evaluation of the algorithm for block Toeplitz
matrix-vector product

Although theoretically the algorithm proposed
in Lee (1986) is faster than the direct matrix-vector
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(a) (b)

Fig. 6 Example images from the synthetic dataset:
(a) image from the first 50 videos, i.e., Syn-a; (b)
image from the second 50 videos, i.e., Syn-b

Table 5 FPS of trackers with ratio Af/At = 5,10

Tracker FPS@5 FPS@10 FPS@5/FPS@10

KCF 69.71 8.89 7.84
DSST 8.81 1.95 4.52
CF2 1.20 0.65 1.85

SRDCF 0.62 0.13 4.77
ECO-HC 30.65 7.73 3.97
STRCF 9.24 1.79 5.16
ADCF 49.20 11.30 4.35
FPS@5/FPS@10 represents the ratio of FPS@5 to
FPS@10. The best three results are in bold

product, our implementation of the algorithm in
Matlab shows that direct multiplication is faster
when the size of the two-level block Toeplitz matrix
is small. There are many reasons for this. Direct
matrix-vector multiplication is more easily done in
parallel, whereas when the matrix is small, the time
cost of constructing the polynomials or other neces-
sary storage related operations is more than that of
the multiplication itself. To compare the two matrix-
vector multiplication approaches, we scale each video
to obtain the preset size of the normal matrix, and
study how the FPS of the proposed tracker varies
with the size of the normal matrix using the two

kinds of multiplication. To reduce the scaling er-
ror that may be caused by linear interpolation, we
choose a subset from OTB-2015 on the condition
that the minimum side length of the initial target is
greater than 30 pixels, resulting in 70 videos. We
use the proposed ADCF to carry out the evalua-
tion. The results are shown in Fig. 8. As shown,
when the filter size mn is approximately greater than
4000, the block Toeplitz matrix product is faster
than the direct matrix product; when mn is greater
than 14 000, the difference is less significant, which
confirms that when the sample size MN becomes
large enough, the main computational complexity of
ADCF is O((d + 2)MN log(MN) + MN), and the
time cost for parameter optimization is secondary.
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Fig. 8 FPS plot which shows how FPS varies with
the size of the normal matrix of ADCF

5.4 Qualitative results

We qualitatively evaluate different trackers on
six video sequences (i.e., Human9, Freeman2, Girl2,
Rubic, Biker, and Panda from the OTB-2015
dataset). The tracking results are shown in Fig. 9.
As shown, our STRACF performs visually more fa-
vorable. The sequences Human9, Freeman2, Rubic,
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Fig. 7 The precision plots of different trackers on the synthetic datasets. (a) and (b) show the precision plots
of all competing trackers on Syn-a with Af/At=5 and 10, respectively; (c) shows the precision plot on Syn-b
with Af/At=10
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Ours ECO-HC STRCF SRDCF SRDCFdecon

Fig. 9 Qualitative evaluation on six video sequences from OTB-2015 (i.e., Human9, Girl2, Rubic, Freeman2,
Biker, and Panda from top to bottom). The results of ECO-HC, STRCF, SRDCF, SRDCFdecon, and our
STRACF with different colors are given from left to right

and Panda show that the proposed STRACF is more
sensitive to the variations of the target, and there-
fore the tracking result by the proposed tracker seems
to scale more correctly; Girl2 and Rubic show that
STRACF succeeds in slowing down and speeding
up the filter learning, respectively, when occlusion
and fast change occur. When occlusion is removed,
the target may come into sight at any location, and
therefore the detection sample is supposed to be large
so that the target is tracked again. We successfully
track the girl because of the larger detection sample
we use. The sequence Biker shows that when the tar-
get moves fast, the detection sample should be large
too; otherwise, the tracking may fail.

6 Conclusions

In this paper, we propose an asymmetric
discriminative correlation filter (ADCF) to deal
with the problems from which DCF may suffer, that
is, inflexibility due to the restriction that training
and detection samples must be of the same size
as the filter and the lack of generalized translation
equivariance. Compared to DCF, ADCF has a weak

generalized translation equivariance and its filter
size can be smaller than the size of the training or
detection sample, which makes ADCF more control-
lable in terms of the number of filter parameters.
The normal matrix of ADCF is well structured,
which is good for fast parameter optimization.
By simplifying the normal matrix, we derive a
fast algorithm for ADCF learning. The proposed
STRACF is slightly inferior to the counterpart
STRCF on some performance measures. However,
in view of its good properties, its improvements over
the other two baselines, especially in the synthetic
dataset, and the factors that impact the perfor-
mance, i.e., the simple scale estimation method
exploited and the simplification made on the normal
matrix, ADCF is still an interesting and promis-
ing approach deserving further study for visual
tracking.
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Appendix A: Proof of the weak trans-
lation equivariance of the asymmetric
convolution operator

Definition A1 For 2D real-valued arrays
(xxi,yi), 0 ≤ xi < M, 0 ≤ yi < N , and (fx′

i,y
′
i
), 0 ≤

x′
i < m ≤ M, 0 ≤ y′i < n ≤ N , where M − m and

N−n are even numbers, the asymmetric convolution
of x and f is defined as

x∗̂f = x ∗ P (f ;x), (A1)

where ∗ is the circular operator and P is a padding
operation defined by

P (f ;x)|xi,yi

= fxi−δx,yi−δyI(δx ≤ xi ≤ m+ δx, δy ≤ yi ≤ n+ δy),

(A2)

whereδx = (M −m)/2, δy = (N − n)/2, and I(·) is
the indicator function.
Definition A2 Let x and f be 2D arrays as defined
in Definition A1. A binary operator � is said to have

the property of generalized translation equivariance
if it satisfies

τΔ(x � f) = TΔ(o;x)� f, (A3)

where τΔ(x) represents the translation of x byΔ, and
TΔ(o;x) represents the translation of the subarray
o ⊂ x by Δ in x. If o = x, Eq. (A3) becomes
τΔ(x�f) = τΔ(x)�f , and then � is said to have the
property of translation equivariance. If � satisfies

τΔB(x � f) = B(TΔ(o;x)� f), (A4)

where B(x) is a binary map masking the maximum
value of x as 1 and others 0, then � is said to have
the property of weak translation equivariance.

Lemma A1 Let x, f , and o be as defined in Defi-
nition A2. Suppose o and f are of the same size and
ô·f > b̂·f for any real-valued array b with the same
size as o, where ·̂ represents a flipped inner product
defined by

ô·f =

M−1∑

xi=0

N−1∑

yi=0

o[(M − xi) mod M, (N − yi) mod N ]

· f [xi, yi].

(A5)

Denoting the set of coordinates of o in x and f in
P (f ;x) as R0 and Rf , respectively, we have

B(x ∗ P (f ;x)) = B(xI(z ∈ R0) ∗ P (f ;x)). (A6)

Proof The lemma obviously holds for the case
m = M and n = N . Next, we prove that it also
holds for m < M or n < N . Let (Δo1,Δo2) and
(Δf1,Δf2) denote the coordinates in x and P (f ;x),
respectively, corresponding to the coordinates (0, 0)

of o and f . Since

x[u, v] = o[u−Δo1, v −Δo2]I((u, v) ∈ Ro)

+ x[u, v]I((u, v) ∈ (R\Ro)),

P (f ;x)[u, v] = f [u−Δf1, v −Δf2]I((u, v) ∈ Rf ),

(A7)

letting ui and vi denote (u − xi) mod M and (v −
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yi) mod N respectively, we have

x ∗ P (f ; x)[u, v]

=

M−1∑

xi=0

N−1∑

yi=0

x[(u− xi) mod M, (v − yi) mod N ]

· P (f ;x)[xi, yi]

=

M−1∑

xi=0

N−1∑

yi=0

o[ui −Δo1, vi −Δo2]I((ui, vi) ∈ Ro)

· f [xi −Δf1, yi −Δf2]I((xi, yi) ∈ Rf )

+ x[ui, vi]I((ui, vi) ∈ (R\Ro), (xi, yi) ∈ Rf )

· f [xi −Δf1, yi −Δf2]

=

M−1∑

xi=0

N−1∑

yi=0

o[ui, vi]f [xi, yi]

+ x[ui, vi]I((ui, vi) ∈ (R\Ro))f [xi, yi]

=

M−1∑

xi=0

N−1∑

yi=0

(o[ui, vi] + x[ui, vi])I((ui, vi) ∈ (R\Ro))

· f [xi, yi]. (A8)

Similarly, we have

xI(z ∈ R0) ∗ P (f ;x)[u, v] =

M−1∑

xi=0

N−1∑

yi=0

o[ui, vi]f [xi, yi].

(A9)

According to Eq. (A5) and ô·f > b̂·f for any real-
valued array b, and because I((M,N) ∈ Rf ) = 0,
we know that x ∗ P (f ;x) and xI(z ∈ R0) ∗ P (f ;x)

achieve the same maximum value at (M,N), i.e., ô·f .
Therefore, it follows that B(x∗P (f ;x)) = B(xI(z ∈
R0) ∗ P (f ;x)).
Theorem A1 Let x, f , and o be as defined in
Definition A2. Suppose o and f satisfy the condi-
tions in Lemma A1. Then the asymmetric convolu-
tion operator ∗̂ has the property of weak translation
equivariance.
Proof Denote the set of coordinates of x by R and
that of o in x by R0 ⊂ R. Then the set of coordinates
of translated o is R1 = R0 + Δ. Let z denote the
coordinate of a point in x and x[z] the value of x

at z. If z ∈ R0 and z /∈ R1, using y[z] to denote
TΔ(o;x)[z], we have

TΔ(o;x)[z] =x[z −Δ]I(z ∈ R1) + y[z]I(z ∈ (R0\R1))

+ x[z]I(z ∈ (R\(R0 ∪ R1)))

=τΔx[z]I(z ∈ R1) + y[z]I(z ∈ (R0\R1))

+ x[z]I(z ∈ (R\(R0 ∪ R1))).

(A10)

Therefore, we have

B(TΔ(o;x)∗̂f) = B(TΔ(o;x) ∗ P (f ;x))

=B((τΔxI(z ∈ R1) + yI(z ∈ (R0\R1))

+ xI(z ∈ (R\(R0 ∪ R1)))) ∗ P (f ;x))

=B((τΔxI(z ∈ R1)) ∗ P (f ;x)) by Lemma A1. (A11)

Because

τΔB(x∗̂f) = τΔB(x ∗ P (f ;x))

= τΔB(xI(z ∈ R0) ∗ P (f ;x)) by Lemma A1

= B(τΔ(xI(z ∈ R0) ∗ P (f ;x)))

= B(τΔ(xI(z ∈ R0)) ∗ P (f ;x))

= B(((τΔx)I(z ∈ R1)) ∗ P (f ;x)), (A12)

we finally have

τΔB(x∗̂f) = B(TΔ(o;x)∗̂f). (A13)

Appendix B: Proof of the block Toeplitz
property of the coefficient matrix

Let A = (AI,J )1≤I,J≤N denote an nN × nN

matrix, where AI,J ∈ Cn×n is a submatrix of A,
denoted by AI,J = (ai,j)1≤i,j≤n.

A is a block Toeplitz matrix if AI1,J1 = AI2,J2

whenever I1−J1 = I2−J2, 1 ≤ I1, I2, J1, J2 ≤ N . If
meanwhile any submatrix AI,J is a Toeplitz matrix,
i.e., ai1,j1 = ai2,j2 whenever i1 − j1 = i2 − j2, 1 ≤
i1, i2, j1, j2 ≤ n, then A is called a two-level block
Toeplitz matrix, in which the sizes of the first and
second levels are N ×N and n× n, respectively.
Proposition B1 Let X = (xi,j) and Y = (yi,j)

(1 ≤ i ≤ H , 1 ≤ j ≤ W ) denote two real-
valued matrices and Ti,j(X) the circular transla-
tion of X by i and j in the vertical and hori-
zontal directions, respectively, i.e., (Ti,j(X))i′,j′ =

x(i′−i) mod H,(j′−j) mod W . A set of circular trans-
lations {Ti,j}i1≤i≤ih,j1≤j≤jw (1 ≤ i1 < ih ≤ H, 1 ≤
j1 < jw ≤ W ) can be used to construct an HW ×hw

matrix A(X), defined by

A(X) =

[�Ti1,j1(X) �Ti2,j1(X) · · · �Tih,j1(X) · · · �Tih,jw (X)],

(B1)

where �Ti,j(X) denotes the vectorized Ti,j(X) by
stacking columns. Then matrix B = (A(X))TA(Y )

is an hw × hw two-level block Toeplitz matrix, in
which the sizes of the first and second levels are w×w

and h× h, respectively.
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Proof Since circular translation and vectorization
can be seen as operators acting on any matrix, i.e.,
�Ti,j(X) = V (Ti,j(X)), where V denotes the vector-
ization operation, for simplicity, denote Eq. (B1) as

A(X) = [�Ti1,j1
�Ti2,j1 · · · �Tih,j1

�Ti1,j2 · · · �Tih,jw ](X).

(B2)
Let Sum(A) denote the sum of all entries of matrix
A. Then we have

(�Ti,j(X))T �Ti′,j′(Y ) = Sum(Ti,j(X) ◦ Ti′,j′(Y ))

= Sum(X ◦ Ti′−i,j′−j(Y )) = �XT �Ti′−i,j′−j(Y ), (B3)

where ◦ denotes the Hadamard product. Define by
Aj(X) = [�Ti1,j(X) �Ti2,j(X) · · · �Tih,j(X)] (j =

j1, j2, · · · , jw) a family of submatrices of A(X).
Then A(X) can be written in block matrix form as
A(X) = [Aj1 Aj2 · · · Ajw ](X). Therefore,

A(X)TA(Y ) =

⎡

⎢⎢⎢⎢⎣

AT
j1Aj1 AT

j1Aj2 · · · AT
j1Ajw

AT
j2Aj1 AT

j2Aj2 · · · AT
j2Ajw

...
...

...
AT

jwAj1 AT
jwAj2 · · · AT

jwAjw

⎤

⎥⎥⎥⎥⎦
(X,Y ),

(B4)

which is a block matrix with w×w partitions. Now,
we have

(Aj′(X))TAj(Y )

=

⎡

⎢⎢⎢⎢⎣

(�Ti1,j′(X))T

(�Ti2,j′(X))T

...
(�Tih,j′(X))T

⎤

⎥⎥⎥⎥⎦
[�Ti1,j(Y ) �Ti2,j(Y ) · · · �Tih,j(Y )]

=

⎡

⎢⎢⎢⎢⎣

(�Ti1,j′)
T �Ti1,j (�Ti1,j′)

T �Ti2,j · · · (�Ti1,j′)
T �Tih,j

(�Ti2,j′)
T �Ti1,j (�Ti2,j′)

T �Ti2,j · · · (�Ti2,j′)
T �Tih,j

...
...

...
(�Tih,j′)

T �Ti1,j (�Tih,j′)
T �Ti2,j · · · (�Tih,j′)

T �Tih,j

⎤

⎥⎥⎥⎥⎦
(X,Y ).

(B5)

For simplicity, let ti′−i,j′−j(X,Y ) =
�XT �Ti′−i,j′−j(Y ). Because ik − ik′ = k − k′, 1 ≤
k, k′ ≤ h, it follows that

(Aj′(X))TAj(Y )

=

⎡

⎢⎢⎢⎢⎣

t0,j−j′ ti2−i1,j−j′ · · · tih−i1,j−j′

ti1−i2,j−j′ t0,j−j′ · · · tih−1−i2,j−j′

...
...

...
ti1−ih,j−j′ ti2−ih,j−j′ · · · t0,j−j′

⎤

⎥⎥⎥⎥⎦
(X,Y )

=

⎡

⎢⎢⎢⎢⎣

t0,j−j′ t1,j−j′ · · · th−1,j−j′

t−1,j−j′ t0,j−j′ · · · th−2,j−j′
...

...
...

t1−h,j−j′ t2−h,j−j′ · · · t0,j−j′

⎤

⎥⎥⎥⎥⎦
(X,Y ).

(B6)

Therefore, (Aj′ (X))TAj(Y ) is an h×h Toeplitz
matrix and (Ai′ (X))TA(Y )i = (Aj′ (X))TAj(Y ) if
i′ − i = j′ − j. This completes the proof of the
proposition. In the special case where i1 = 1, ih = H

and j1 = 1, jw = W , h just equals H , and then
t−1,j−j′ = tH−1,j−j′ , since (−1) mod H = H − 1.
By the same token, t−i,j−j′ = tH−i,j−j′ ; there-
fore, (Aj′ (X))TAj(Y ) is a circulant matrix, so is
(A(X))TA(Y ).
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