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Abstract: In this study, we focus on the controllability of fractional-order damped systems in linear and nonlinear

cases with multiple time-varying delays in control. For the linear system based on the Mittag-Leffler matrix function,

we define a controllability Gramian matrix, which is useful in judging whether the system is controllable or not.

Furthermore, in two special cases, we present serval equivalent controllable conditions which are easy to verify. For

the nonlinear system, under the controllability of its corresponding linear system, we obtain a sufficient condition on

the nonlinear term to ensure that the system is controllable. Finally, two examples are given to illustrate the theory.
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1 Introduction

As a generalization of classical integer-order
calculus, fractional-order calculus, or more appro-
priately, arbitrary real-order calculus was born at
almost the same time as classical calculus. Re-
cently, fractional-order differential equations have
been widely used in assorted fields, including con-
trol theory, viscoelastic materials, and blood flow
phenomena. Their hereditary property makes them
precise in modeling the dynamic process (Miller and
Ross, 1993; Podlubny, 1998; Hilfer, 2000; Kilbas
et al., 2006; Monje et al., 2010).

Fractional control theory is an important and
basic topic of application-oriented fractional-order
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calculus for information science. In recent years, the
controllability of fractional-order systems has been
widely researched (Balachandran and Park, 2009;
Balachandran et al., 2015; Ge et al., 2016). It is
worth remarking that time delays often occur in
practical systems. There are many achievements
concerning systems with delays (Gu et al., 2003;
Zhou, 2014; Sikora and Klamka, 2017; Liu et al.,
2019).

The controllability of fractional-order systems
with time-varying delays in control was analyzed by
Balachandran et al. (2012a, 2012b). Balachandran
et al. (2012a) derived the necessary and sufficient
conditions for the following system with 0 < p < 1:

M
§Dly(t) = Ay() + 3 Balhi(t), t € [0,7],
1=0

where u represents the control input and h;(t) (i =
0,1,..., M) are continuous functions denoting the
time-varying delays. The control in Balachandran

et al. (2012a) was explicitly constructed. In our
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previous work (He et al., 2016a), we investigated the
following system:

6 DYy(t) — AS Diy(t) = Bu(t) + Cu(t — 1), t > 0,

where ASD{y(t) is the fractional-order damped
term, u the control input, and 7 the constant delay.
A necessary and sufficient condition for controllabil-
ity has been explored.

It is well-known that for a moving spring os-
cillator in oil or in a thicker liquid, the resistance
is proportional to its speed. By Newton’s Second
Law, the location y of the oscillator can be ex-
pressed as §j(t) + ay(t) + by(t) = 0, where a is a
constant related to the liquid and b a constant re-
lated to the spring. This system is called a damped
system. In fractional-order calculus, the system
§DVy(t) —a§ Diy(t)+by(t) = 01is often called a frac-
tional damped system because the fractional deriva-
tive replaces the integer-order derivative.
theoretical perspective, this extension from the inte-
ger order to the fractional order is meaningful.

Motivated mainly by Balachandran et al.
(2012a) and He et al. (2016a), we concern the con-
trollability of the following fractional-order damped
systems with multiple time-varying delays in control:

From a

M
§DYy(t) — ASDIy(t) = > Biult — 7i(t)]
i=0

+ f(t.y,u), t>0, (1)
y(0) = yq, ¥'(0) =y,
u(t) = (t), —ar(0) <t<0,

where 0 < ¢ <1 < p <2,y € R" is a state vec-
tor, u(t) € R™ is a control input vector, A € R"*"
and B; € R"*™ (; = 0,1,..., M) are any matrices,
7i(t) > 0 (i = 0,1,..., M) are the time-varying de-
lays satisfying 0 = 79(¢t) < 71 (t) < ... < 7am(t) and
t—m;(t) > 0fort > 0,(t) is the initial control func-
tion, and §DVy(t) and §DJy(t) denote the Caputo
fractional derivatives of orders p and ¢ for function
y(t), respectively.

In particular, if we choose 7;(t) as 7;, M = 1,
and f(t,y,u) = 0, then system (1) becomes

ngy(t) — AOCny(t) = Bou(t) + Biu(t — 1), ¢t > 0,

which is just the system in He et al. (2016a). Thus,
system (1) is more general and the results can be
regarded as a generalization of the theorem in He
et al. (2016a).

2 Preliminaries

In this section, serval basic concepts and lemmas
are presented, which are used throughout this study.
Definition 1
p (0 <n < p<n+1)in the Caputo sense for a
function f : R™ — R is defined as

1 A0
I'(n—p+1) /0 (t— 9)1’*"(19

The fractional derivative of order

§DLf(1) =

For fractional-order systems, a kind of function
called the Mittag-Leffler function is important for
obtaining the solutions.

Definition 2  The one-parameter Mittag-Lefler
function E,(z) with p > 0 and the two-parameter
Mittag-Leffler function E, 4(z) with p,q > 0 are de-
fined as

i

Ep(z)zzm, p>0, ZG(C,

EM(z)ZZm’ p>0,¢>0, z€C.

<
Il
=)

Definition 3 ~ We call system (1) controllable on
J = [0,T] if, for vectors yu,y,,y; € R™, we can
find a control input function u € C(J) such that the
corresponding solution to system (1) with y(0) =y,
and y'(0) =y, satisfies y(T') = y;.

For further discussion, we need to present two
assumptions about the delays.
Assumption 1 The delay functions 7; : [0,7] —
R (i = 0,1,..., M) are continuously differentiable.
Moreover,

7i(t) >0, t€[0,T],i=0,1,..., M.

Assumption 2 There exist functions r; :
T—-7(T)—[0,T](i=0,1,...
7i(t)] =t for t € [0, 7).

Lemma 1 (Balachandran et al., 2015)
tinuous function f : [0,7] — R", the general solution

[_Ti(0)7
, M) such that r;[t —

For a con-

to system
6 DYy(t) — AG Diy(t) = f(t), t >0,
¥(0) =y, ¥'(0) =yp
with 0 < ¢ < 1 < p <2 can be written as
Y(t) =Ep— (A" Ny, — AP TE, g pq1 (A7 M)y,
+ tEp*qJ(Atpiq)ny

+ /0 (t—s)PT Ep_gp[A(t — )P f(s)ds.
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Lemma 2 (He et al., 2016b) If A € R™*", then
matrix E.(At") — At"E,, ,1(At") is invertible for
v > 0.

Lemma 3 (He et al., 2016a) Let > —1. Assume
that gp(f s) is a nonnegative continuous function on
[T, T) with s and (T, s) meeting

T ~ ~
[ (T — s)!(T, s)ds = 0.

T

Then, ¢(T, s) = 0 for s € [T, T).

3 Controllability of linear systems

Consider the following linear damped system
with multiple time-varying delays in control:

M

= ZBi'u,[t —7:(t)], t>0,

=0

6D7y(t) — AGD{y(t)

y(0) =y, ¥'(0) = yo,
u(t) = p(t), —7(0) < t< 0.

(2)

From Lemma 1, Lemma 4 is immediately

derived.

Lemma 4 The general solution to system (2) can
be written as

— AP IE
Nyg

+ / (t— 5P E, g [A(t - 5)"]

Y(t) =Ep—q(At" )y,
+tE,_q2(AtP™

p—q,p—q+1 (A"~ M)y,

M
. ZBiu[s —7i(s)]ds. (3)
i=0
Using the properties of functions r;(t), the solu-

tion to system (3) becomes

y(t) =B,y (A" Ty, — APVIE
+tEy—q, 2(Atp7q)y/0

DY

E,_, {A[t — ri(s)]P79}B;r;(s)u(s)ds.

p—q,p—q+1 (A"~ M)y,

t—7i(t)
[t —ri(s)]P?

Note that 7;(¢) is increasing with . Then t—7;(#)

is decreasing with 7. Now using the properties of

7i(t), state y(t) can be expressed as

y(t) =E,— (At %)y,

—APTIE, g p—qr1 (AP )y,
+tE,_,2(AtP" )y,
M .0

2/
-Z —73(0)

=0

Ey—qp{Alt —1i(s)[P" 1} Biti(s)¥(s)ds

t—7i(t)
+Z/

[t —7ri(s )]p_l
E,—qp{A[t —1:i(s)[P71}Biri(s)u(s)ds
=E, (AP )y, — AtPTIE, g pq1 (AP )y,
+tEp—g2 (Atpiq)yé
[t —ri(s)]P~?

L

p—q7p{A[t —1i(s)]P7 1} Biti(s)(s)ds
t*T]u(t) M
- /0 > It —ri(s)!

i=0

E, o (Al — ()P~ "} Byi(s)u(s)ds
t—Tan—1(t) ]\/I 1
/t S - (st

T ( i=0

[t — i)~

E,_ q7p{A[t —ri(s)[PT}Biri(s)u(s)ds + . ..

/ t—’l“o ]p_l
Tl(t

E, g p{Alt —ro(s)]""*}Boro(s)u(s)ds.
(4)
For simplification, we introduce the notations as

J

Gj(t,s) = Y [t —ri(s)P  Epqp{Alt — ri(s)P 1}
=0
.Bﬂ‘l(S)7 ] = 071,...7]\47

H(t) = E,_ (A" Yo — A" “E, 4, i1

(AP Ny + tEy g 2 (AP 9)yg,

o-xf
p,q,p{A[t —1i(8)]PT 1} Biti(s)(s)ds,

and the controllability Gramian matrix as

[t —ri(s pfl

M—-1

WZ/

T— T]w(T)
+ / Gu(T,s)G (T, s)ds.  (5)
0

T—7;(T)
)G’;r (T, s)ds

TJ+1(T
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Therefore, the solution y(t) can be rewritten as

t—7n (t)
y(t)=H()+I(t)+ /0 G (t, s)u(s)ds

t*T]wfl(t)
+ / Grr—1(t, s)u(s)ds + . ..
t

—TM (t)

¢
+ / Go(t, s)u(s)ds.
t—T71 (t)

Theorem 1 The linear fractional damped

system (2) is controllable on [0,7], if and only if
the controllability Gramian matrix W is positive
definite.

Proof First, if W is positive definite, then W is
invertible. For any given vectors yo,¥j,y1 € R™, we
can construct the control input u(t) as

Gy (T, )W~ [yr — H(t) — I(t)],
te (0,7 —7p(T),
Gy (TOW ™y —H(t) — I(1)],
te (T —rmu(T), T —1m-1(T)], (6)

Gy (T, )W [y1 —H(t) — I(t)],
te (T —7(T),T).

Substituting Eq. (6) into Eq. (4) and using Eq. (5),
we can obtain

y(T') =H(T) + I(T)
T—7am(T)
+/0 Gy (T, s)G]TV[(T, s)
Wy, — H(T) — I(T)]ds
T—7m—1(T)
+/ Gr—1(T,s)Gy_1(T,s)

T*TJW(T)
Wy —H(T) - I(T)]ds + ...

T
+ / Go(T,5)Gy (T, s)
T—Tl(T)

Wy, — H(T) — I(T)]ds
=Y1.

This means that system (2) is controllable.

Now we show the necessity by reductio ad ab-

surdum. If W is not positive definite, then there

exists  # 0 such that

T—7;(T)
= zt / G;(T, .S)G';F (T, s)zds
T—74+1(T)

+

T*T]u (T)
.’L‘T / G]V[ (T, S)G}l\;j (T, S).’L‘ds.
0

Hence, for s € [0,T] and j = 0,1,..., M, we have

z'G;(T,s) =z" ij Ep g p{A[T —ri(s)]" "}
i=0

. [T — Ti(S)]pilBi’f.‘i(S) = 0 (7)

By Lemma 2, [E,_,(ATP"9) — ATP~1
“Ep_gp—q+1(ATP~9)]71 exists. Now we choose yo
and y(, such that
Yo =[Ep—q(ATP™1) — ATP9E,_, g1 (ATP~9)] 7!

e —TE) 4 2(AT" “)yq),
and choose 9 (s) = 0. By hypothesis, system (2) is
controllable. That is, there exists a control input
u € C[0,T] such that the state can be steered to the

origin from the initial state in the interval of [0, T].
It follows that

Y(T) =E,—q(AT" ")y,
— ATpinp,q,p,qul(ATpiq)yo
+TE,—¢2(AT" “)yq

T*T]w(T)
+ / Gy (T, s)u(s)ds
0

T—7rm-1(T)
+ / G]V[71(T, S)U(S)ds +...
T—7n(T)

T
+/ Go(T, s)u(s)ds
T—Tl(T)
T*T]w(T)
::1;+/ Gy (T, s)u(s)ds
0

T—1rm-1(T)
+ / Gr—1(T,s)u(s)ds + ...
T—7nm(T)

T
+ / Go(T, s)u(s)ds
T—Tl(T)

=0.

Therefore, we can obtain
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T*T]u (T)
0=xTz+ / zTG (T, s)u(s)ds
0

T TM 1(T)
+ / .’BTG]\/[_l(T, s)u(s)ds + ...
T—7m(T)

+/T zTGO(T,S)u(S)dS. (8)
T—71(T)

It follows from Egs. (7) and (8) that zTz = 0.
This is a contradiction to the fact that z is nonzero.
Thus, W is invertible.

4 Two special cases of the linear system

Suppose that the delays in system (2) are inde-
pendent of t. Then system (2) becomes

Z Bu(t

6DYy(t) — AGD{y(t) , 120,
¥(0) =yo, ¥'(0) = yy,
u(t> = "l)(t)v _TM(()) <t<0,
9)
where 0= < <...<7tpm <T.
Then for j =0,1,..., M, functions G, (¢,
be expressed as

s) can

Gj(t,s) =Y (t—s—m)"!
1=0

’ Ep*q,p[A(t —s—1;)'" 1B,

and we can obtain the controllability Gramian ma-
trix as

W z/“ S

Tj+1 i=0

'Ep—q,p[A(T -5 Ti>p_q]Bi}

: { zj:(T s 7Pl

=0

—5— Ti)z)—l

T
B, o AT — s — 1)~ q]BZ} ds

T—7nm M
—|—/0 {;(T—S—Ti)p
Ey—4plA(T — s —7:)" B, }
M
'{Z(T—S—Tl)p !
i=0

(10)

Then, the controllability of system (9) can be
verified by the invertibility of Gramian matrix (10).
Corollary 1 The fractional-order damped
system (9) with multiple constant delays is control-

lable if and only if

I‘ank[Bo,ABo,A2B0, N ,An_lBo,Bl,ABl,AQBl,

. ,An_lBl, R ,BM,ABM,AQB]\/[, . ,An_lB]\/[]
=n.
Proof Denote
(A|By,By,...,Buy)
=0y + Aby +A26‘0 +... +A"‘160 + 0, + A0,
+ A% 4+ AT 4 O+ Ay
—|—A29]V[ +... —|—An719M,

where n is the order of A and 6;
we view matrices B; (i = 0,1,...

= ImB,;. Here,
,M) as the lin-
ear transformations from R™ to R", and denote
ImB; the images of these linear transformations

which are subspaces of R™. It is easy to see that

(A|Bg,B1,...,Bys) is spanned by the columns of
matrix

[Bo,ABy,A*By,...,A" 'By,B,,AB,A’B,, ...,
A"'B,,...,By,AB),A’Byy,..., A" 'By,].

Note that W(T) is invertible and is equivalent

to ImW(T') = (A|By,B1,...,Bu).
Now we prove that ImW = (A|By,By,...,
B)). This is equivalent to show
n—1 ) n—1 ) n—1
KerW = ﬂ KerB; (A")" ﬂ KerB] (AT)% ﬂ
i0=0 i1=0 i2=0
n—1 .
() KerBj (A")™.
ire=0
(11)
First, we show that
n—1 n—1
KerW C () KerBj (A™)" ﬂ KerBi (AT)"
10=0 11=0 12=0

n—1
- [ KerBj (A")™

in =0

Indeed, for any given y € KerW (T') and y # 0,
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0=y W(T)y

VRIS

By JA(T - 5)pq]Bo}Ty} as

T—71
+ /
T—71o

+ (T —s—m)P?

{(T B, AT — 5By

2

T
By plA(T — s — Tl)p_q]B1} yl| ds+...

T—7m-1
+ / {(T —5)P1
T—7Twn

By plA(T —s)P71
+(T—s—71a_1)P !

1By + ...

2

T
By plA(T — 5 - 7'Ml)pq]BM1} y|| ds

1 M
_l’_/

oo+ (T —s =)™
Ep g plA(T — s —7ar—1)" Y| By—a
+ (T —s—1ar)P?

{(T B, AT — 5By

T |2
EpqplA(T — s - TJV[)pq]BM} y|| ds,
which means that
T
| |{e-or
T—11
T |12
"By pA(T - 5)pq]BO} y|| ds =0, (12)

/Tn
T—1o

+(T—S—T1)p71

{(T B, [A(T — 5B,

2

T
By g plA(T — s — Tl)pq]Bl} yl| ds =0, (13)

/T—TM1
T—7m

4o (T —s—Tpr )Pt

{(T B, AT — 5By

2

T
B, g p[A(T — 5 — TM—1)p_q]BM—1} y|| ds =0,

/TT}W
0

+(T—S—TM_1)p_1
By g plA(T — s —1a-1)P By
_|_(T_5_7.M)p71

{(T —s)P T E, g p[A(T —5)P "By + ...

2

T
By plA(T — 5 - TM)p_q]BM} y| ds = 0.

By Lemma 3 and Eq. (12), for s € [T — 7,71,

we have
0 :BTEP q, p[A(T - 5)p_q]Ty

AT ) P—q)
_BT
Z —q)+p

(14)

Let s = T in Eq. (14). Then B}y = 0. Together
with Eq. (12), we have

T
/ -
T*Tl
k
It follows from Lemma 3 that for s € [T — 71, T,

OBi

P —q)+p

S)p*Hp*q

)(kfl)(P*q)

ds =0.
k(p —q) + 1]

Y

)(k—l)(p—Q)

y. (15)

By taking s = T in Eq. (15), we have Bf ATy = 0.
By mathematical induction, we can have

BY ATz =0, k=2,3,...,n—1.  (16)

According to the Cayley-Hamilton theorem, there
exist functions (), v1(¢),...
[0, 00) such that

,Yn—1(t) defined on

pP— q
P lLP AT

Z%

This together with Eq. (16) yields
[Ep—q.p (ATP_Q)BO]Ty =0.
Also, combined with Eq. (13), we have
T*Tl
~/TT2

) Ep—qm[A(T —T1 = 5)p_q]Br1ry

(T—Tl —S)p_l

2
ds =0.
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Similar to Egs. (14)—(16), we have

BT (AYYz =0, k=0,1,...,n—1.  (17)
Similarly, we can derive that for i = 2,3,..., M,
Bl (AT)Yz =0, k=0,1,...,n—1.  (18)
From Egs. (16)—(18), we obtain
n—1 n—1 n—1
y € [ KerBj(A") (] KerBT(A")"
i0=0 i1=0 i2=0
n—1 .
. [ KerBj(A")",
iA1:O
that is,
n—1 ) n—1 . n—1
KerW C ﬂ KerB; (A")% ﬂ KerB] (AT)" ﬂ
i0=0 i1=0 in=0
n—1 )
. ﬂ KerB}, (A7),
irr=0
(19)
Conversely, for any given
n—1 . n—1 ) n—1
y € () KerBj(A")" (] KerBf (A")" )
i0=0 i1=0 i2=0
n—1
. [ KerBj(AT),
iA1:O

Eq. (18) is true. For T — 1 < s < T,
By (T = )" Epq p[A(T — )"~y
= ni:l Yio (T — 8)(T — s)P "' By (AT)"y = 0; (20)
i0=0
forT—m <s<T—m,
{(T = )P By o [A(T — 5)"~|Bo
+ (T =71~ 8)Epqp[A(T — 71 — 5)"|B1} 'y
= nil Yio (T = 8)(T — s)"~ By (AT)"y

10=0
n—1

+> 7 (T =11 —5)
11=0

(T —71 — )" BI(AT)y = 0;

for 0 < s<T—7n,

{(T - 5>p_lEp—q,p[A(T - 3)p_q]BO +...
+ (T —TM — S)Ep,q,p[A(T — TV — S)piq]BM}Ty

= 3 (T = $)(T — sy BE(A Yoy + ...

10=0
n—1 )
+ ) Yin (T—7ar—)(T—7as —5)" ' B}, (A7) My
in=0
=0. (22)
Therefore, y € KerW (T'), that is
n—1 ) n—1 . n—1
KerW> (1) KerBj (A")" (1] KerB{ (A")"
i0=0 i1=0 i2=0
n—1 )
... [) KerBj,(AT). (23)
i =0

From Egs. (19) and (23), we know that Eq. (11) is
correct and the proof is finished.
In particular, taking M = 1, system (9) becomes

§DYy(t) — ASDiy(t) = Bou(t) + Biu(t — 71), (24)

and we can have Corollary 2 immediately, which is
just Theorem 3.1 in He et al. (2016a).

Corollary 2  The controllability of the fractional
damped system with control delay (24) holds if and
only if

rankU?ml4BoyA%Bg,”
A’By, ..

. 7An71307BlvABlv

. ,AnilBl] =n.

Remark 1 By Eq. (10), the controllability
Gramian matrix of system (24) can be written as

T
W=
T—T1

A - B, AT - s>P-q1Bo}Tds

{r =B, A - 980}

T—11
+ /0 {(T = )P B, p[A(T — s)P7 1By
+(T—-s— Tl)pilEp*q,p[A(T - 5= Tl)pq]Bl}
. {(T —SPLE, AT — s)P1B,
+(T—s—7)P !

T
. Ep_q7p[A(T — S5 — Tl)p—q]Bl} ds.
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This matrix is in accordance with the results in
He et al. (2016a), and thus the results in this study
have a broader range of applications than the results
in He et al. (2016a).

5 Controllability of the nonlinear

system

Consider the nonlinear fractional damped sys-
tem whose linear part is the same as system (2) de-
scribed in the following form:

M
§DYy(t) — ASDiy(t) = > B[t — 7i(t)]
i=0

+ f(t,y.u), >0, (25)
y(0) = o, ¥'(0) =y,
u(t) =9(t), —m(0) <t<0,

where the nonlinear term f : [0, 7] x R"” x R™ — R"
is a continuous function.

Denote
Q={(z,v):z€Cp(J), veClCy,(J)}

with the uniform norm ||(z,v)|| = ||z|| + ||| =
maxe g ||2(t)|] + maxe s ||v(¢)]], where C,, (J) = {f :
[0,T] — R™|f is continuous on [0, T} and C,(J) =
{f : [0,T] = R™|f is continuous on [0,T]} are Ba-
nach spaces with the sup norm. For each (z,v) € Q,
consider the nonlinear fractional damped dynamical
system as

M
6DYy(t) — AGDIy(t) = > Biult — 7i(t)]
i=0

+ f(t,z,v), t>0, (26)
y(0) =yo, ¥'(0) =y,
u(t) = 4(t), —1ar <t<0.

Then, by the properties of ;(t), the solution to sys-
tem (26) can be written as

Y(t) =Epo (At NNyo — At Ep g p—q11 (A" ")yo
+tE,_,2(AtP" )y,

+ /Ot(t —S)P E,_,o[A(t — s)P 9 f(s,z,v)ds

M 0

+
Z /Ti(())

i=0
By p{Alt —7i(s)P I} Biri(s)(s)ds

[t —ri(s)]"~!

t—7a (1) M
+ /0 SE=ris)P!

=0
By p{Alt = ri(s)]" U} Biri(s)u(s)ds

t—7a—1(t) M—1
+ /t St —ri(s)Pt

—7um (t) i=0

By g p{A[t —7ri(s)[P}Biri(s)u(s)ds + . ..

t
R
t*Tl(t)
“Ep_gp{A[t —r0(s)]"""}Boro(s)u(s)ds.
For simplification, we can introduce the nota-
tion as
1Yo, Yo, Y1;2,v)
=y1 — Ep— (AT T)yo — TE),— 2(AT" ")yj
+ ATP B, p—q+1 (AT ")y

T
- /0 (T - s)p_lEp_q)p[A(T — )P f(s,2z,v)ds

M 0
- T —r;(s)]P~t
S [T

Ti (O
“Ep g p{A[T —ri(s)]P7 1} Byri(s)(s)ds.
We define the control function as
GFI{/I(T7 t)Wil’r](y()?yE)?yl; Z,'U),
te (O,T — T]V[(T)],

Gr]I\‘/I—l(T7 t>W_1n(y07y/07yl;z7v)7
te (T — T]\/[(T>,T — 7']\/[_1(T>]7

GE(T7 t)W_ln(y07yI07y1;zav)7
t e (T —n(T),T],

(27)
where the initial states yo and y(, and vector y; € R"
are chosen arbitrarily.
To prove our main results for a nonlinear system,
the following lemma is needed:
Lemma 5 (Dauer, 1976)  If function f is bounded
locally with respect to v and satisfies

1/ )| _

|||

lim 0

lv||—o0
uniformly in w € [0,T], then for each pair of con-
stants ¢ and d, there exists a constant r such that if
[lv|] <7, then ¢||f(w,v)|| +d < r for w € [0,T].
With Lemma 5, we will present the main results
for the fractional nonlinear system.
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Theorem 2 Let f be a continuous function Then
ui(t) =G7 (T,t)/W " ny(0,y1: 2,v)]
=GHT W {y1 — By (AT )y
+ATPIE g p—qr1(ATP )y,
—TE),2(AT"" ")y

satisfying

|Lf(ty, w)ll
wallseo (@)l =0 (28)

T
uniformly on ¢ € [0, T]. Let the linear fractional sys- — / (T — s)P'E,_ 4 p[A(T — 5)P71]
tem (2) be controllable. Then, the nonlinear system 0
(25) is controllable on [0, T]. s,z s — Z/ —ry(s)P
Proof By hypothesis, system (2) is control- TZ(O
lable. According to Theorem 1, W given by Gramian -E,_ g, {A[T — ri(s)]p*q}Bﬁ’i(s)'z/J(s)ds}.
matrix (5) is invertible. We define the operator (30)

P Q — Q as follows:
Next, we claim that constant r > 0 exists such

that
Y(z,v) = (y,u), Y(Q(r)) C Q(r),

where Q(r) = {(z,v) € Q : ||z|| < r/2and |v| <

where u({) is given by Eq. (27) and r/2}. For simplication, we introduce the following

constants:
aip = sup HEp*q(Atpiq)yO - Atpinpfq,pqurl
y(t) =Ep—q(AtP")yo — A" E,_gp—q+1 (A" )yo tel0.7]
¢ (AP Dy + tE g 2 (AP Dy |,
B, 2(Ar g+ [ (-9 e
0 az = SlépT 1Ep—qp[AT = s)P~|,
By plA(t = )7 )f[5.2(s), w(s)]ds e
- az = sup / t—ri(s)P!
+2/T(O)t_n = o= |3 [
Ey—qplAlt —ri(s)[P7 1} Bitti(s)9(s)ds “Ep_gp{A[t —ri(s)]P7} By (s)(s)ds|,
t—rn(t) M _ T
wf e 04 = gmax, sup [GE(T 0
" . t—rny M
Ey—qp{A[t —ri(s)]P7 1} Byt (s)u(s)ds 4s = sup / S[t - rals)P
t—rar—1(t) M1 te[0, 7111 Jo i=0
" ~/t—TM(t) ; = ral By p{Alt - rz(s)]pfq}Bm(S)dS
— . t—rj_1(t) I
Ep_qp{A[t —ri(s)]"" 1} Biri(s)u(s)ds =+ Z/ t —ri(s)]P!
t 7 (%) i=
+...+/ [t —ro(s)]P?
i By qp{Alt = ri(s)]P~ )} Biti(s)ds
Ep—qp{Alt — ro(s)]"""}Boro(s)u(s)ds.
(29) dy = 4aq| W |(|ly2] + a1 + a3), d2 = 4(a1 + as),
c1 = 4a2a4Tp||W_1||p_l,CQ = 4axTPp L,
Denote ¢ = max{ascy, c1, 2},
d = max{a5d17 dl, d2}7
sup || f[| = sup{]| f[s, 2(s),v(s)]|l; s € J}.

'U,l(t) = G;F(Ta t)Wiln(y07y/07y1;zav)7i =0,1,..., M. (31)
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By Egs. (29) and (30), we have

[fas ()] </IGE (T HW I ([[ya]] + ar + as
+axT?p™ " sup || 1]) < aul[WHI(|ly1]|+ax
+a3) + aa|[W[axTPp~ " sup || f]]

d
< I1+Z—lsup||f||, i=0,1,..., M,
(32)
and

@Il < a1 + as + a5 max [fuq(s)]]

t
—|—a2/ (t— s)p_l sup || f]|ds
0

d d c

< Z+as( 5+ s llfll) + a7 sup £
4 4 4
d

< 5+ 5sullfll (33)

Since function f satisfies property (28), by
Lemma 5, for any fixed ¢,d > 0, there is a positive
constant r such that if ||(z,9)|| < r, then

c||f(t,z,0)|| +d < r holds for all ¢t € [0,T]. (34)

Now we can choose ¢ and d given by Eq. (31) and
take r such that Eq. (34) holds. Thus, if ||z]| < g

and |jv| < g, then ||z(s)|| + [Jv(s)|| < r for all s €
[0, T, which leads to d + ¢sup||f|| < r. Therefore,
by inequality (32), we derive [lu;(s)|] < g for all

s € [0,T], and hence |Ju;(s)|| < g by inequality (33),

and |ly|| < g Thus, ¥(Q(r)) C Q(r).

Analogous to the proof of Theorem 4.1 in our
previous work (He et al., 2016b), we can verify
that 9 has a fixed point (2,v) € Q(r), which reads
Y (z,v) = (2,v) = (y,u). Therefore, y(t) is the so-
lution to system (25). We can see that y(T') = y;
and the control function u(t) actuates the state of
system (25) from the initial state yo to y1 on [0, T].
That is, system (25) is controllable on [0, T].

6 Examples

In this section, we use our main results to prove
the controllability of the fractional delay systems.
Example 1 Consider a linear fraction damped

system
6D7y(t) + ASD{y(t) = Bou(t) + Brult — 7(1)]
(35)

with p = 1.5,¢ = 0.5, y(t) € R2,7(t) = t/2, and A,
By, and B; given by

0 2 2 0 10
(G 0) 20 2= )

The Mittag-Leffler matrix function is given by

o (apn
Eq15(At) = Z F((i'g);tfz%i)l Pg%g);rt%‘])
=\ TT@s+2j)) TUH+2))
Then
(t = 8)" " Ep_gqplA(t — 5)P 7]
[ cosp(t—s) sin,(t—s)
- ( —sin,(t —s) cosy(t —s) ) 7
where
& ()it = 0
cosp(t — s) —;0 r(1.5+25)
| N o ki
siny (t — ) _jgo I'(25+ 2j)
[ 2cosp(t—s) 2sin,(t — s)
GO(tvs) - ( ) sinp(t — 5) 2COSp(t - 5) ) ’
[ 2cosy(t—s) 2sin,(t —s)
Gi(t,s) = ( —2sin,(t —s) 2cos,(t —s) )

n 2cosy(t —2s)  2sin,(t — 2s)
—2sin,(t — 2s) 2cos,y(t —2s) )~
By a simple computation, one can see that the
controllability matrix is

W (T)

_/TT [4cos?(T — s) + 4sin (T — s)] ( (1) (1) )ds

2

+ /0% {[2 cos, (T — s) + 2 cos, (T — 2s)]?

+ [25in, (T — ) + 2sin, (T — 25)]2} ( (1) (1) )ds.

We can see that W (T') is positive definite for
any T > 0. So, system (35) is controllable on [0, T].
Fig. 1 shows that under a suitable control input, we
can transfer the state from (0,0)T to (9.3,7.5)T. The
results of the control function are shown in Fig. 2.
Example 2 Consider the nonlinear system

6DYy(t) + AFD]y(t) =Bou(t) + Biult — 7(1)]
+ fly(®)] (36)
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10 . . . :
— ¥ ()
8t Final state (9.3, 7.5)".
0.10
=T 0.05 /
41 O3 7 5
2 tInitial state (O, O)T/
0

0 1 2 3 4 5 6 7 8 9 10

Fig. 1 State y(t) of linear system (35)

20 :
15t
10

S 5
0
-5t T
~10l —— uy(t) u,(t) ]
-15
0

1.5
0f

-1.5
6

‘0.

0
-0.
-0.

Sooo=
oG Gio
o L& \

1 2 3 4 5 6 7 8 9 10
Fig. 2 Control input u(t) for linear system (35)

with p= 15,(] = 057 y(t) = (yl(t)va(t))Tv Av BOv
and B; given by Example 1, and f(y) given by

1+ 1y 1+ )
L+yi+ys’ 1+y7 +u3

= ( (37)

We can see that f(y) is continuous and meets
condition (28) in Theorem 2; nonlinear system (36)
is thus controllable on [0, T']. Fig. 3 shows that under

the control input as shown in Fig. 2, we can transfer
the state from (0,0)T to (9.5,7.3)".

L — % AU Final state (9.3, 7.5)

Initial state (0, 0)"

Fig. 3 State y(t) of nonlinear system (36)

7 Conclusions

We have studied the controllability problem for
the fractional-order damped systems in linear and
nonlinear cases with multiple time-varying delays in
control. We have provided a necessary and sufficient
condition of the controllability of the linear system.
Based on this, we have also proposed a sufficient
condition which guarantees the controllability of the

nonlinear fractional-order damped system. The de-
lays considered in the study are time-varying delays,
which is a continuation of our previous research (He
et al., 2016a, 2016b). Numerical simulations have
been carried out to illustrate the effectiveness of the
proposed theory.
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