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Abstract: In this study, we focus on the controllability of fractional-order damped systems in linear and nonlinear
cases with multiple time-varying delays in control. For the linear system based on the Mittag-Leffler matrix function,
we define a controllability Gramian matrix, which is useful in judging whether the system is controllable or not.
Furthermore, in two special cases, we present serval equivalent controllable conditions which are easy to verify. For
the nonlinear system, under the controllability of its corresponding linear system, we obtain a sufficient condition on
the nonlinear term to ensure that the system is controllable. Finally, two examples are given to illustrate the theory.
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1 Introduction

As a generalization of classical integer-order
calculus, fractional-order calculus, or more appro-
priately, arbitrary real-order calculus was born at
almost the same time as classical calculus. Re-
cently, fractional-order differential equations have
been widely used in assorted fields, including con-
trol theory, viscoelastic materials, and blood flow
phenomena. Their hereditary property makes them
precise in modeling the dynamic process (Miller and
Ross, 1993; Podlubny, 1998; Hilfer, 2000; Kilbas
et al., 2006; Monje et al., 2010).

Fractional control theory is an important and
basic topic of application-oriented fractional-order
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calculus for information science. In recent years, the
controllability of fractional-order systems has been
widely researched (Balachandran and Park, 2009;
Balachandran et al., 2015; Ge et al., 2016). It is
worth remarking that time delays often occur in
practical systems. There are many achievements
concerning systems with delays (Gu et al., 2003;
Zhou, 2014; Sikora and Klamka, 2017; Liu et al.,
2019).

The controllability of fractional-order systems
with time-varying delays in control was analyzed by
Balachandran et al. (2012a, 2012b). Balachandran
et al. (2012a) derived the necessary and sufficient
conditions for the following system with 0 < p < 1:

C
0 D

p
tyyy(t) = AAAyyy(t) +

M∑

i=0

BBBiuuu[hi(t)], t ∈ [0, T ],

where uuu represents the control input and hi(t) (i =

0, 1, . . . ,M) are continuous functions denoting the
time-varying delays. The control in Balachandran
et al. (2012a) was explicitly constructed. In our
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previous work (He et al., 2016a), we investigated the
following system:

C
0 D

p
tyyy(t)−AAAC

0 D
q
tyyy(t) = BBBuuu(t) + Cuuu(t− τ), t ≥ 0,

where AAAC
0D

q
tyyy(t) is the fractional-order damped

term, uuu the control input, and τ the constant delay.
A necessary and sufficient condition for controllabil-
ity has been explored.

It is well-known that for a moving spring os-
cillator in oil or in a thicker liquid, the resistance
is proportional to its speed. By Newton’s Second
Law, the location y of the oscillator can be ex-
pressed as ÿ(t) + aẏ(t) + by(t) = 0, where a is a
constant related to the liquid and b a constant re-
lated to the spring. This system is called a damped
system. In fractional-order calculus, the system
C
0D

p
tyyy(t)−aC0 Dq

tyyy(t)+byyy(t) = 000 is often called a frac-
tional damped system because the fractional deriva-
tive replaces the integer-order derivative. From a
theoretical perspective, this extension from the inte-
ger order to the fractional order is meaningful.

Motivated mainly by Balachandran et al.
(2012a) and He et al. (2016a), we concern the con-
trollability of the following fractional-order damped
systems with multiple time-varying delays in control:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) =

M∑

i=0

BBBiuuu[t− τi(t)]

+ f(t,yyy,uuu), t≥0,

yyy(0) = yyy0, yyy
′(0) = yyy′0,

uuu(t) = ψψψ(t), −τM (0) ≤ t≤ 0,

(1)

where 0 < q ≤ 1 < p ≤ 2, yyy ∈ R
n is a state vec-

tor, uuu(t) ∈ R
m is a control input vector, AAA ∈ R

n×n

and BBBi ∈ R
n×m (i = 0, 1, ...,M) are any matrices,

τi(t) ≥ 0 (i = 0, 1, . . . ,M) are the time-varying de-
lays satisfying 0 = τ0(t) < τ1(t) < . . . < τM (t) and
t− τi(t) ≥ 0 for t ≥ 0, ψψψ(t) is the initial control func-
tion, and C

0D
p
tyyy(t) and C

0D
q
tyyy(t) denote the Caputo

fractional derivatives of orders p and q for function
yyy(t), respectively.

In particular, if we choose τi(t) as τi, M = 1,
and f(t,yyy,uuu) = 000, then system (1) becomes

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) = BBB0uuu(t) +BBB1uuu(t− τ1), t ≥ 0,

which is just the system in He et al. (2016a). Thus,
system (1) is more general and the results can be
regarded as a generalization of the theorem in He
et al. (2016a).

2 Preliminaries

In this section, serval basic concepts and lemmas
are presented, which are used throughout this study.
Definition 1 The fractional derivative of order
p (0 ≤ n < p ≤ n + 1) in the Caputo sense for a
function f : R+ → R is defined as

C
0D

p
t f(t) =

1

Γ(n− p+ 1)

∫ t

0

f (n+1)(θ)

(t− θ)p−n
dθ.

For fractional-order systems, a kind of function
called the Mittag-Leffler function is important for
obtaining the solutions.
Definition 2 The one-parameter Mittag-Leffler
function Ep(z) with p > 0 and the two-parameter
Mittag-Leffler function Ep,q(z) with p, q > 0 are de-
fined as

Ep(z) =

∞∑

j=0

zj

Γ(pj + 1)
, p > 0, z ∈ C,

Ep,q(z) =

∞∑

j=0

zj

Γ(pj + q)
, p > 0, q > 0, z ∈ C.

Definition 3 We call system (1) controllable on
J = [0, T ] if, for vectors yyy0, yyy′0, yyy1 ∈ R

n, we can
find a control input function uuu ∈ C(J) such that the
corresponding solution to system (1) with yyy(0) = yyy0
and yyy′(0) = yyy′0 satisfies yyy(T ) = yyy1.

For further discussion, we need to present two
assumptions about the delays.
Assumption 1 The delay functions τi : [0, T ] →
R (i = 0, 1, . . . ,M) are continuously differentiable.
Moreover,

τi(t) ≥ 0, t ∈ [0, T ], i = 0, 1, . . . ,M.

Assumption 2 There exist functions ri : [−τi(0),
T − τi(T )] → [0, T ] (i = 0, 1, . . . ,M) such that ri[t−
τi(t)] = t for t ∈ [0, T ].
Lemma 1 (Balachandran et al., 2015) For a con-
tinuous function f : [0, T ] → R

n, the general solution
to system

{
C
0 D

p
tyyy(t)−AAAC

0 D
q
tyyy(t) = f(t), t ≥ 0,

yyy(0) = yyy0, yyy
′(0) = yyy′0

with 0 < q ≤ 1 < p ≤ 2 can be written as

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+

∫ t

0

(t− s)p−1EEEp−q,p[AAA(t− s)p−q]f(s)ds.
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Lemma 2 (He et al., 2016b) If AAA ∈ R
n×n, then

matrix EEEγ(AAAt
γ) − AAAtγEEEγ,γ+1(AAAt

γ) is invertible for
γ > 0.
Lemma 3 (He et al., 2016a) Let μ > −1. Assume
that ϕ(T̃ , s) is a nonnegative continuous function on
[T̄ , T̃ ] with s and ϕ(T̃ , s) meeting

∫ T̃

T̄

(T̃ − s)μϕ(T̃ , s)ds = 0.

Then, ϕ(T̃ , s) ≡ 0 for s ∈ [T̄ , T̃ ].

3 Controllability of linear systems

Consider the following linear damped system
with multiple time-varying delays in control:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) =

M∑

i=0

BBBiuuu[t− τi(t)], t≥0,

yyy(0) = yyy0, yyy
′(0) = yyy′0,

uuu(t) = ψψψ(t), −τM (0) ≤ t≤ 0.
(2)

From Lemma 1, Lemma 4 is immediately
derived.
Lemma 4 The general solution to system (2) can
be written as

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+

∫ t

0

(t− s)p−1EEEp−q,p[AAA(t− s)p−q]

·
M∑

i=0

BBBiuuu[s− τi(s)]ds. (3)

Using the properties of functions ri(t), the solu-
tion to system (3) becomes

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+

M∑

i=0

∫ t−τi(t)

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds.

Note that τi(t) is increasing with i. Then t−τi(t)
is decreasing with i. Now using the properties of

τi(t), state yyy(t) can be expressed as

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+
M∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

+
M∑

i=0

∫ t−τi(t)

0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds

=EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+
M∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

+

∫ t−τM(t)

0

M∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds

+

∫ t−τM−1(t)

t−τM(t)

M−1∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds+ . . .

+

∫ t

t−τ1(t)

[t− r0(s)]
p−1

·EEEp−q,p{AAA[t− r0(s)]
p−q}BBB0ṙ0(s)uuu(s)ds.

(4)

For simplification, we introduce the notations as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

GGGj(t, s) =

j∑

i=0

[t− ri(s)]
p−1EEEp−q,p{AAA[t− ri(s)]

p−q}

·BBBiṙi(s), j = 0, 1, . . . ,M,

HHH(t) = EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1

· (AAAtp−q)yyy0 + tEEEp−q,2(AAAt
p−q)yyy′0,

III(t) =

M∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds,

and the controllability Gramian matrix as

WWW =

M−1∑

j=0

∫ T−τj(T )

T−τj+1(T )

GGGj(T, s)GGG
T
j (T, s)ds

+

∫ T−τM(T )

0

GGGM (T, s)GGGT
M (T, s)ds. (5)
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Therefore, the solution yyy(t) can be rewritten as

yyy(t) =HHH(t) + III(t) +

∫ t−τM(t)

0

GGGM (t, s)uuu(s)ds

+

∫ t−τM−1(t)

t−τM (t)

GGGM−1(t, s)uuu(s)ds+ . . .

+

∫ t

t−τ1(t)

GGG0(t, s)uuu(s)ds.

Theorem 1 The linear fractional damped
system (2) is controllable on [0, T ], if and only if
the controllability Gramian matrix WWW is positive
definite.

Proof First, if WWW is positive definite, then WWW is
invertible. For any given vectors yyy0, yyy′0, yyy1 ∈ R

n, we
can construct the control input uuu(t) as

uuu(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

GGGT
M (T, t)WWW−1

[
yyy1 −HHH(t)− III(t)

]
,

t ∈ (0, T − τM (T )],

GGGT
M−1(T, t)WWW

−1
[
yyy1 −HHH(t)− III(t)

]
,

t ∈ (T − τM (T ), T − τM−1(T )],

...

GGGT
0 (T, t)WWW

−1
[
yyy1 −HHH(t)− III(t)

]
,

t ∈ (T − τ1(T ), T ].

(6)

Substituting Eq. (6) into Eq. (4) and using Eq. (5),
we can obtain

yyy(T ) =HHH(T ) + III(T )

+

∫ T−τM (T )

0

GGGM (T, s)GGGT
M (T, s)

·WWW−1
[
yyy1 −HHH(T )− III(T )

]
ds

+

∫ T−τM−1(T )

T−τM (T )

GGGM−1(T, s)GGG
T
M−1(T, s)

·WWW−1
[
yyy1 −HHH(T )− III(T )

]
ds+ . . .

+

∫ T

T−τ1(T )

GGG0(T, s)GGG
T
0 (T, s)

·WWW−1
[
yyy1 −HHH(T )− III(T )

]
ds

=yyy1.

This means that system (2) is controllable.

Now we show the necessity by reductio ad ab-
surdum. If WWW is not positive definite, then there

exists xxx �= 0 such that

0 =xxxTWWWxxx

=

M−1∑

j=0

xxxT
∫ T−τj(T )

T−τj+1(T )

GGGj(T, s)GGG
T
j (T, s)xxxds

+ xxxT
∫ T−τM (T )

0

GGGM (T, s)GGGT
M (T, s)xxxds.

Hence, for s ∈ [0, T ] and j = 0, 1, . . . ,M , we have

xxxTGGGj(T, s) =xxx
T

j∑

i=0

EEEp−q,p{AAA[T − ri(s)]
p−q}

· [T − ri(s)]
p−1BBBiṙi(s) = 000. (7)

By Lemma 2, [EEEp−q(AAAT
p−q) − AAAT p−q

· EEEp−q,p−q+1(AAAT
p−q)]−1 exists. Now we choose yyy0

and yyy′0 such that

yyy0 =[EEEp−q(AAAT
p−q)−AAAT p−qEEEp−q,p−q+1(AAAT

p−q)]−1

· [xxx− TEEEp−q,2(AAAT
p−q)yyy′0],

and choose ψψψ(s) = 0. By hypothesis, system (2) is
controllable. That is, there exists a control input
uuu ∈ C[0, T ] such that the state can be steered to the
origin from the initial state in the interval of [0, T ].
It follows that

yyy(T ) =EEEp−q(AAAT
p−q)yyy0

−AAAT p−qEEEp−q,p−q+1(AAAT
p−q)yyy0

+ TEEEp−q,2(AAAT
p−q)yyy′0

+

∫ T−τM (T )

0

GGGM (T, s)uuu(s)ds

+

∫ T−τM−1(T )

T−τM (T )

GGGM−1(T, s)uuu(s)ds+ . . .

+

∫ T

T−τ1(T )

GGG0(T, s)uuu(s)ds

=xxx+

∫ T−τM(T )

0

GGGM (T, s)uuu(s)ds

+

∫ T−τM−1(T )

T−τM (T )

GGGM−1(T, s)uuu(s)ds+ . . .

+

∫ T

T−τ1(T )

GGG0(T, s)uuu(s)ds

=000.

Therefore, we can obtain
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000 =xxxTxxx+

∫ T−τM (T )

0

xxxTGGGM (T, s)uuu(s)ds

+

∫ T−τM−1(T )

T−τM (T )

xxxTGGGM−1(T, s)uuu(s)ds+ . . .

+

∫ T

T−τ1(T )

xxxTGGG0(T, s)uuu(s)ds. (8)

It follows from Eqs. (7) and (8) that xxxTxxx = 000.
This is a contradiction to the fact that xxx is nonzero.
Thus, WWW is invertible.

4 Two special cases of the linear system

Suppose that the delays in system (2) are inde-
pendent of t. Then system (2) becomes

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) =

M∑

i=0

BBBiuuu(t− τi), t≥0,

yyy(0) = yyy0, yyy
′(0) = yyy′0,

uuu(t) = ψψψ(t), −τM (0) ≤ t ≤ 0,
(9)

where 0 = τ0 < τ1 < . . . < τM < T .
Then for j = 0, 1, . . . ,M , functions GGGj(t, s) can

be expressed as

GGGj(t, s) =

j∑

i=0

(t− s− τi)
p−1

·EEEp−q,p[AAA(t− s− τi)
p−q]BBBi,

and we can obtain the controllability Gramian ma-
trix as

WWW =

M−1∑

j=0

∫ T−τj

T−τj+1

{ j∑

i=0

(T − s− τi)
p−1

·EEEp−q,p[AAA(T − s− τi)
p−q]BBBi

}

·
{ j∑

i=0

(T − s− τi)
p−1

·EEEp−q,p[AAA(T − s− τi)
p−q]BBBi

}T

ds

+

∫ T−τM

0

{ M∑

i=0

(T − s− τi)
p−1

·EEEp−q,p[AAA(T − s− τi)
p−q]BBBi

}

·
{ M∑

i=0

(T − s− τi)
p−1

·EEEp−q,p[AAA(T − s− τi)
p−q]BBBi

}T

ds. (10)

Then, the controllability of system (9) can be
verified by the invertibility of Gramian matrix (10).
Corollary 1 The fractional-order damped
system (9) with multiple constant delays is control-
lable if and only if

rank[BBB0,ABABAB0,AAA
2BBB0, . . . ,AAA

n−1BBB0,BBB1,ABABAB1,AAA
2BBB1,

. . . ,AAAn−1BBB1, . . . ,BBBM ,ABABABM ,AAA
2BBBM , . . . ,AAA

n−1BBBM ]

= n.

Proof Denote

〈AAA|BBB0,BBB1, . . . ,BBBM 〉
=θ0 +AAAθ0 +AAA2θ0 + . . .+AAAn−1θ0 + θ1 +AAAθ1

+AAA2θ1 + . . .+AAAn−1θ1 + . . .+ θM +AAAθM

+AAA2θM + . . .+AAAn−1θM ,

where n is the order of AAA and θi = ImBBBi. Here,
we view matrices BBBi (i = 0, 1, . . . ,M) as the lin-
ear transformations from R

m to R
n, and denote

ImBBBi the images of these linear transformations
which are subspaces of R

n. It is easy to see that
〈AAA|BBB0,BBB1, . . . ,BBBM 〉 is spanned by the columns of
matrix

[BBB0,ABABAB0,AAA
2BBB0, . . . ,AAA

n−1BBB0,BBB1,ABABAB1,AAA
2BBB1, . . . ,

AAAn−1BBB1, . . . ,BBBM ,ABABABM ,AAA
2BBBM , . . . ,AAA

n−1BBBM ].

Note that WWW (T ) is invertible and is equivalent
to ImWWW (T ) = 〈AAA|BBB0,BBB1, . . . ,BBBM 〉.

Now we prove that ImWWW = 〈AAA|BBB0,BBB1, . . . ,

BBBM 〉. This is equivalent to show

KerWWW =
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .

n−1⋂

iM=0

KerBBBT
M (AAAT)iM .

(11)

First, we show that

KerWWW ⊂
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .
n−1⋂

iM=0

KerBBBT
M (AAAT)iM .

Indeed, for any given yyy ∈ KerWWW (T ) and yyy �= 000,
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000 =yyyTWWW (T )yyy

=

∫ T

T−τ1

{{
(T − s)p−1

·EEEp−q,p[AAA(T − s)p−q]BBB0

}T
yyy

}2

ds

+

∫ T−τ1

T−τ2

∥∥∥∥

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ (T − s− τ1)
p−1

·EEEp−q,p[AAA(T − s− τ1)
p−q ]BBB1

}T

yyy

∥∥∥∥
2

ds+ . . .

+

∫ T−τM−1

T−τM

∥∥∥∥

{
(T − s)p−1

·EEEp−q,p[AAA(T − s)p−q]BBB0 + . . .

+ (T − s− τM−1)
p−1

·EEEp−q,p[AAA(T − s− τM−1)
p−q]BBBM−1

}T

yyy

∥∥∥∥
2

ds

+

∫ T−τM

0

∥∥∥∥

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ . . .+ (T − s− τM−1)
p−1

·EEEp−q,p[AAA(T − s− τM−1)
p−q]BBBM−1

+ (T − s− τM )p−1

·EEEp−q,p[AAA(T − s− τM )p−q]BBBM

}T

yyy

∥∥∥∥
2

ds,

which means that
∫ T

T−τ1

∥∥∥∥

{
(T − s)p−1

·EEEp−q,p[AAA(T − s)p−q]BBB0

}T

yyy

∥∥∥∥
2

ds = 0, (12)

∫ T−τ1

T−τ2

∥∥∥∥

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ (T − s− τ1)
p−1

·EEEp−q,p[AAA(T − s− τ1)
p−q]BBB1

}T

yyy

∥∥∥∥
2

ds = 0, (13)

...
∫ T−τM−1

T−τM

∥∥∥∥

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ . . .+ (T − s− τM−1)
p−1

·EEEp−q,p[AAA(T − s− τM−1)
p−q]BBBM−1

}T

yyy

∥∥∥∥
2

ds = 0,

∫ T−τM

0

∥∥∥∥

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0 + . . .

+ (T − s− τM−1)
p−1

·EEEp−q,p[AAA(T − s− τM−1)
p−q]BBBM−1

+ (T − s− τM )p−1

·EEEp−q,p[AAA(T − s− τM )p−q]BBBM

}T

yyy

∥∥∥∥
2

ds = 0.

By Lemma 3 and Eq. (12), for s ∈ [T − τ1, T ],
we have

000 =BBBT
0EEEp−q,p[AAA(T − s)p−q]Tyyy

=BBBT
0

∞∑

k=0

(AAAT)k(T − s)k(p−q)

Γ[k(p− q) + p]
yyy. (14)

Let s = T in Eq. (14). ThenBBBT
0 yyy = 0. Together

with Eq. (12), we have

∫ T

T−τ1

(T − s)p−1+p−q

·
∥∥∥∥∥BBB

T
0

∞∑

k=1

(AAAT)k(T − s)(k−1)(p−q)

Γ[k(p− q) + p]
yyy

∥∥∥∥∥

2

ds = 0.

It follows from Lemma 3 that for s ∈ [T − τ1, T ],

000 =BBBT
0

∞∑

k=1

(AAAT)k(T − s)(k−1)(p−q)

Γ[k(p− q) + p]
yyy. (15)

By taking s = T in Eq. (15), we have BBBT
0AAA

Tyyy = 000.
By mathematical induction, we can have

BBBT
0 (AAA

T)kxxx = 000, k = 2, 3, . . . , n− 1. (16)

According to the Cayley-Hamilton theorem, there
exist functions γ0(t), γ1(t), . . . , γn−1(t) defined on
[0,∞) such that

EEEp−q,p(AAAT
p−q) =

n−1∑

i=0

γi(T )AAA
i.

This together with Eq. (16) yields

[EEEp−q,p(AAAT
p−q)BBB0]

Tyyy ≡ 000.

Also, combined with Eq. (13), we have

∫ T−τ1

T−τ2

∥∥∥∥(T − τ1 − s)p−1

·EEEp−q,p[AAA(T − τ1 − s)p−q]BBBT
1 yyy

∥∥∥∥
2

ds = 0.
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Similar to Eqs. (14)–(16), we have

BBBT
1 (AAA

T)kxxx = 000, k = 0, 1, . . . , n− 1. (17)

Similarly, we can derive that for i = 2, 3, . . . ,M ,

BBBT
i (AAA

T)kxxx = 000, k = 0, 1, . . . , n− 1. (18)

From Eqs. (16)–(18), we obtain

yyy ∈
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .

n−1⋂

iM=0

KerBBBT
M (AAAT)iM ,

that is,

KerWWW ⊂
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .

n−1⋂

iM=0

KerBBBT
M (AAAT)iM .

(19)

Conversely, for any given

yyy ∈
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .

n−1⋂

iM=0

KerBBBT
M (AAAT)iM ,

Eq. (18) is true. For T − τ1 < s ≤ T ,

BBBT
0 (T − s)p−1EEEp−q,p[AAA(T − s)p−q]Tyyy

=

n−1∑

i0=0

γi0(T − s)(T − s)p−1BBBT
0 (AAA

T)i0yyy = 000; (20)

for T − τ2 < s ≤ T − τ1,

{(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ (T − τ1 − s)EEEp−q,p[AAA(T − τ1 − s)p−q]BBB1}Tyyy

=
n−1∑

i0=0

γi0(T − s)(T − s)p−1BBBT
0 (AAA

T)i0yyy

+

n−1∑

i1=0

γi1(T − τ1 − s)

· (T − τ1 − s)
p−1

BBBT
1 (AAA

T)i1yyy = 0; (21)

...

for 0 < s ≤ T − τM ,

{(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0 + . . .

+ (T − τM − s)EEEp−q,p[AAA(T − τM − s)p−q]BBBM}Tyyy

=

n−1∑

i0=0

γi0(T − s)(T − s)
p−1

BBBT
0 (AAA

T)i0yyy + . . .

+

n−1∑

iM=0

γiM (T−τM−s)(T−τM−s)p−1BBBT
M (AAAT)iMyyy

= 000. (22)

Therefore, yyy ∈ KerWWW (T ), that is

KerWWW⊃
n−1⋂

i0=0

KerBBBT
0 (AAA

T)i0
n−1⋂

i1=0

KerBBBT
1 (AAA

T)i1
n−1⋂

i2=0

. . .

n−1⋂

iM=0

KerBBBT
M (AAAT)iM . (23)

From Eqs. (19) and (23), we know that Eq. (11) is
correct and the proof is finished.

In particular, takingM = 1, system (9) becomes

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) = BBB0uuu(t) +BBB1uuu(t− τ1), (24)

and we can have Corollary 2 immediately, which is
just Theorem 3.1 in He et al. (2016a).
Corollary 2 The controllability of the fractional
damped system with control delay (24) holds if and
only if

rank[BBB0,ABABAB0,AAA
2BBB0, . . . ,AAA

n−1BBB0,BBB1,ABABAB1,

AAA2BBB1, . . . ,AAA
n−1BBB1] = n.

Remark 1 By Eq. (10), the controllability
Gramian matrix of system (24) can be written as

WWW =

∫ T

T−τ1

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

}

·
{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

}T

ds

+

∫ T−τ1

0

{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ (T − s− τ1)
p−1EEEp−q,p[AAA(T − s− τ1)

p−q]BBB1

}

·
{
(T − s)p−1EEEp−q,p[AAA(T − s)p−q]BBB0

+ (T − s− τ1)
p−1

·EEEp−q,p[AAA(T − s− τ1)
p−q]BBB1

}T

ds.
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This matrix is in accordance with the results in
He et al. (2016a), and thus the results in this study
have a broader range of applications than the results
in He et al. (2016a).

5 Controllability of the nonlinear
system

Consider the nonlinear fractional damped sys-
tem whose linear part is the same as system (2) de-
scribed in the following form:
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) =

M∑

i=0

BBBiuuu[t− τi(t)]

+ f(t,yyy,uuu), t≥0,

yyy(0) = yyy0, yyy
′(0) = yyy′0,

uuu(t) = ψψψ(t), −τM (0) ≤ t≤ 0,

(25)

where the nonlinear term f : [0, T ]×R
n×R

m → R
n

is a continuous function.
Denote

QQQ = {(zzz,vvv) : zzz ∈ Cn(J), vvv ∈ Cm(J)}
with the uniform norm ||(zzz,vvv)|| = ||zzz|| + ||vvv|| =

maxt∈J ||zzz(t)||+maxt∈J ||vvv(t)||, where Cn(J) = {f :

[0, T ] → R
n|f is continuous on [0, T ]} and Cm(J) =

{f : [0, T ] → R
m|f is continuous on [0, T ]} are Ba-

nach spaces with the sup norm. For each (zzz,vvv) ∈ QQQ,
consider the nonlinear fractional damped dynamical
system as
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

C
0D

p
tyyy(t)−AAAC

0D
q
tyyy(t) =

M∑

i=0

BBBiuuu[t− τi(t)]

+ f(t, zzz,vvv), t≥0,

yyy(0) = yyy0, yyy
′(0) = yyy′0,

uuu(t) = ψψψ(t), −τM ≤ t≤ 0.

(26)

Then, by the properties of τi(t), the solution to sys-
tem (26) can be written as

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0

+

∫ t

0

(t− s)p−1EEEp−q,p[AAA(t− s)p−q]f(s,zzz,vvv)ds

+

M∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

+

∫ t−τM (t)

0

M∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds

+

∫ t−τM−1(t)

t−τM (t)

M−1∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds+ . . .

+

∫ t

t−τ1(t)

[t− r0(s)]
p−1

·EEEp−q,p{AAA[t− r0(s)]
p−q}BBB0ṙ0(s)uuu(s)ds.

For simplification, we can introduce the nota-
tion as

η(yyy0, yyy
′
0, yyy1;zzz,vvv)

=yyy1 −EEEp−q(AAAT
p−q)yyy0 − TEEEp−q,2(AAAT

p−q)yyy′0
+AAAT p−qEEEp−q,p−q+1(AAAT

p−q)yyy0

−
∫ T

0

(T − s)p−1EEEp−q,p[AAA(T − s)p−q]f(s,zzz,vvv)ds

−
M∑

i=0

∫ 0

−τi(0)

[T − ri(s)]
p−1

·EEEp−q,p{AAA[T − ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds.

We define the control function as

uuu(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

GGGT
M (T, t)WWW−1η(yyy0, yyy

′
0, yyy1;zzz,vvv),

t ∈ (0, T − τM (T )],

GGGT
M−1(T, t)WWW

−1η(yyy0, yyy
′
0, yyy1;zzz,vvv),

t ∈ (T − τM (T ), T − τM−1(T )],

...

GGGT
0 (T, t)WWW

−1η(yyy0, yyy
′
0, yyy1;zzz,vvv),

t ∈ (T − τ1(T ), T ],

(27)
where the initial states yyy0 and yyy′0 and vector yyy1 ∈ R

n

are chosen arbitrarily.
To prove our main results for a nonlinear system,

the following lemma is needed:
Lemma 5 (Dauer, 1976) If function f is bounded
locally with respect to ν and satisfies

lim
||ν||→∞

||f(w, ν)||
||ν|| = 0

uniformly in w ∈ [0, T ], then for each pair of con-
stants c and d, there exists a constant r such that if
||ν|| ≤ r, then c||f(w, ν)||+ d ≤ r for w ∈ [0, T ].

With Lemma 5, we will present the main results
for the fractional nonlinear system.
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Theorem 2 Let f be a continuous function
satisfying

lim
||(yyy,uuu)||→∞

||f(t,yyy,uuu)||
||(yyy,uuu)|| = 0 (28)

uniformly on t ∈ [0, T ]. Let the linear fractional sys-
tem (2) be controllable. Then, the nonlinear system
(25) is controllable on [0, T ].

Proof By hypothesis, system (2) is control-
lable. According to Theorem 1,WWW given by Gramian
matrix (5) is invertible. We define the operator
ψψψ : Q→ Q as follows:

ψψψ(zzz,vvv) = (yyy,uuu),

where uuu(t) is given by Eq. (27) and

yyy(t) =EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1(AAAt

p−q)yyy0

+ tEEEp−q,2(AAAt
p−q)yyy′0 +

∫ t

0

(t− s)p−1

·EEEp−q,p[AAA(t− s)p−q]fff [s,zzz(s), vvv(s)]ds

+

m∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

+

∫ t−τM (t)

0

M∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds

+

∫ t−τM−1(t)

t−τM (t)

M−1∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)uuu(s)ds

+ . . .+

∫ t

t−τ1(t)

[t− r0(s)]
p−1

·EEEp−q,p{AAA[t− r0(s)]
p−q}BBB0ṙ0(s)uuu(s)ds.

(29)

Denote

uuui(t) =GGGT
i (T, t)WWW

−1η(yyy0, yyy
′
0, yyy1;zzz,vvv), i = 0, 1, . . . ,M.

Then

uuui(t) =GGG
T
i (T, t)WWW

−1η[y(0, yyy1;zzz,vvv)]

=GGGT
i (T, t)WWW

−1
{
yyy1 −EEEp−q(AAAT

p−q)yyy0

+AAAT p−qEEEp−q,p−q+1(AAAT
p−q)yyy0

− TEEEp−q,2(AAAT
p−q)yyy′0

−
∫ T

0

(T − s)p−1EEEp−q,p[AAA(T − s)p−q]

· f [s,zzz(s), vvv(s)]ds−
M∑

i=0

∫ 0

−τi(0)

[T − ri(s)]
p−1

·EEEp−q,p{AAA[T − ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

}
.

(30)

Next, we claim that constant r > 0 exists such
that

ψψψ(Q(r)) ⊂ Q(r),

where Q(r) = {(zzz,vvv) ∈ Q : ‖zzz‖ ≤ r/2 and ‖vvv‖ ≤
r/2}. For simplication, we introduce the following
constants:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 = sup
t∈[0,T ]

‖EEEp−q(AAAt
p−q)yyy0 −AAAtp−qEEEp−q,p−q+1

· (AAAtp−q)yyy0 + tEEEp−q,2(AAAt
p−q)yyy′0‖,

a2 = sup
s∈[0,T ]

‖EEEp−q,p[AAA(T − s)p−q]‖,

a3 = sup
t∈[0,T ]

∥∥∥∥
M∑

i=0

∫ 0

−τi(0)

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ψψψ(s)ds

∥∥∥∥,

a4 = max
i≤m,i∈N

sup
t∈[0,T ]

‖GGGT
i (T, t)‖,

a5 = sup
t∈[0,T ]

∥∥∥∥
∫ t−τM

0

M∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ds

+

M∑

j=1

∫ t−τj−1(t)

t−τj(t)

j−1∑

i=0

[t− ri(s)]
p−1

·EEEp−q,p{AAA[t− ri(s)]
p−q}BBBiṙi(s)ds

∥∥∥∥,

d1 = 4a4||WWW−1||(||yyy1|+ a1 + a3), d2 = 4(a1 + a3),

c1 = 4a2a4T
p||WWW−1||p−1, c2 = 4a2T

pp−1,

c = max{a5c1, c1, c2},
d = max{a5d1, d1, d2},
sup ||f || = sup{||f [s,zzz(s), vvv(s)]||; s ∈ J}.

(31)
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By Eqs. (29) and (30), we have

||uuui(t)|| ≤||GGGT
i (T, t)||||WWW−1||(||yyy1||+ a1 + a3

+a2T
pp−1 sup ||f ||)≤a4||WWW−1||(||yyy1||+a1

+ a3) + a4||WWW−1||a2T pp−1 sup ||f ||
≤ d1

4
+
c1
4
sup ||f ||, i = 0, 1, . . . ,M,

(32)

and

||yyy(t)|| ≤ a1 + a3 + a5 max
i

||uuui(s)||

+ a2

∫ t

0

(t− s)p−1 sup ||f ||ds

≤ d2
4

+ a5

(
d1
4

+
c1
4
sup ||f ||

)
+ a2T

pp−1 sup ||f ||

≤ d

2
+
c

2
sup ||f ||. (33)

Since function f satisfies property (28), by
Lemma 5, for any fixed c, d > 0, there is a positive
constant r such that if ||(z̄zz, v̄vv)|| ≤ r, then

c||f(t, z̄zz, v̄vv)||+ d ≤ r holds for all t ∈ [0, T ]. (34)

Now we can choose c and d given by Eq. (31) and
take r such that Eq. (34) holds. Thus, if ‖zzz‖ ≤ r

2
and ‖vvv‖ ≤ r

2
, then ||zzz(s)|| + ||vvv(s)|| ≤ r for all s ∈

[0, T ], which leads to d + c sup ||f || ≤ r. Therefore,
by inequality (32), we derive ||uuui(s)|| ≤ r

4
for all

s ∈ [0, T ], and hence ||uuui(s)|| ≤ r

4
by inequality (33),

and ‖yyy‖ ≤ r

2
. Thus, ψψψ(Q(r)) ⊂ Q(r).

Analogous to the proof of Theorem 4.1 in our
previous work (He et al., 2016b), we can verify
that ψψψ has a fixed point (zzz,vvv) ∈ Q(r), which reads
ψψψ(zzz,vvv) = (zzz,vvv) ≡ (yyy,uuu). Therefore, yyy(t) is the so-
lution to system (25). We can see that yyy(T ) = yyy1
and the control function uuu(t) actuates the state of
system (25) from the initial state yyy0 to yyy1 on [0, T ].
That is, system (25) is controllable on [0, T ].

6 Examples

In this section, we use our main results to prove
the controllability of the fractional delay systems.
Example 1 Consider a linear fraction damped
system

C
0D

p
tyyy(t) +AAAC

0D
q
tyyy(t) = BBB0uuu(t) +BBB1uuu[t− τ(t)]

(35)

with p = 1.5, q = 0.5, yyy(t) ∈ R
2, τ(t) = t/2, and AAA,

BBB0, and BBB1 given by

AAA =

(
0 2

−2 0

)
, BBB0 =

(
2 0

0 2

)
, BBB1 =

(
1 0

0 1

)
.

The Mittag-Leffler matrix function is given by

EEE1,1.5(AAAt) =

∞∑

j=0

⎛

⎜⎜⎝

(−2)jt2j

Γ(1.5 + 2j)

(−2)jt2j+1

Γ(2.5 + 2j)

− (−2)jt2j+1

Γ(2.5 + 2j)

(−2)jt2j

Γ(1.5 + 2j)

⎞

⎟⎟⎠ .

Then

(t− s)p−1EEEp−q,p[AAA(t− s)p−q]

=

(
cosp(t− s) sinp(t− s)

− sinp(t− s) cosp(t− s)

)
,

where
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cosp(t− s) =

∞∑

j=0

(−2)j(t− s)2j+0.5

Γ(1.5 + 2j)
,

sinp(t− s) =

∞∑

j=0

(−2)j(t− s)2j+1.5

Γ(2.5 + 2j)
.

GGG0(t, s) =

(
2 cosp(t− s) 2 sinp(t− s)

−2 sinp(t− s) 2 cosp(t− s)

)
,

GGG1(t, s) =

(
2 cosp(t− s) 2 sinp(t− s)

−2 sinp(t− s) 2 cosp(t− s)

)

+

(
2 cosp(t− 2s) 2 sinp(t− 2s)

−2 sinp(t− 2s) 2 cosp(t− 2s)

)
.

By a simple computation, one can see that the
controllability matrix is

WWW (T )

=

∫ T

T
2

[
4 cos2p(T − s) + 4 sin2p(T − s)

]( 1 0

0 1

)
ds

+

∫ T
2

0

{
[2 cosp(T − s) + 2 cosp(T − 2s)]2

+
[
2 sinp(T − s) + 2 sinp(T − 2s)

]2}
(

1 0

0 1

)
ds.

We can see that WWW (T ) is positive definite for
any T > 0. So, system (35) is controllable on [0, T ].
Fig. 1 shows that under a suitable control input, we
can transfer the state from (0, 0)T to (9.3, 7.5)T. The
results of the control function are shown in Fig. 2.
Example 2 Consider the nonlinear system

C
0D

p
tyyy(t) +AAAC

0D
q
tyyy(t) =BBB0uuu(t) +BBB1uuu[t− τ(t)]

+ f [yyy(t)] (36)
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Fig. 1 State y(t) of linear system (35)
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Fig. 2 Control input u(t) for linear system (35)

with p = 1.5, q = 0.5, yyy(t) = (y1(t), y2(t))
T, AAA, BBB0,

and BBB1 given by Example 1, and f(yyy) given by

f(yyy) =

(
1 + y2

1 + y21 + y22
,

1 + y1
1 + y21 + y22

)T

. (37)

We can see that f(yyy) is continuous and meets
condition (28) in Theorem 2; nonlinear system (36)
is thus controllable on [0, T ]. Fig. 3 shows that under
the control input as shown in Fig. 2, we can transfer
the state from (0, 0)T to (9.5, 7.3)T.

0

2

4

6

8

10
y1(t) y2(t)

Initial state (0, 0)T

Final state (9.3, 7.5)T

y

0 1 2 3 4 5 6 7 8 9 10
t

−2

Fig. 3 State y(t) of nonlinear system (36)

7 Conclusions

We have studied the controllability problem for
the fractional-order damped systems in linear and
nonlinear cases with multiple time-varying delays in
control. We have provided a necessary and sufficient
condition of the controllability of the linear system.
Based on this, we have also proposed a sufficient
condition which guarantees the controllability of the

nonlinear fractional-order damped system. The de-
lays considered in the study are time-varying delays,
which is a continuation of our previous research (He
et al., 2016a, 2016b). Numerical simulations have
been carried out to illustrate the effectiveness of the
proposed theory.
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